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Abstract. We deal with a model equation for stochastic processes that results from
the action of a semi-Markov process on a system of ordinary differential equations.
The resulting stochastic process is deterministic in pieces, with random changes of the
motion at random time epochs. By using classical methods of probability calculus,
we first build and discuss the fundamental equation for the statistical analysis, i.e.
a Liouville Master Equation for the distribution functions, that is a system of hyper-
bolic PDE with non-local boundary conditions. Then, as the main contribute to this
paper, by using the characteristics’ method we recast it to a system of Volterra inte-
gral equations with space fluxes, and prove existence and uniqueness of the solution.
A numerical experiment for a case of practical application is performed.
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1 Introduction

Non-deterministic or stochastic modelling is nowadays one of the most active
research field of investigation for applied science, engineering and finance. Ran-
domness, or noise, can be included into modelling equations, roughly speaking,
in two different ways. First, for continuous time equations, a very popular
way is to sum a Wiener or Gaussian noise to deterministic differential equa-
tions, so that the randomness affects the state variables by overlapping the
motion at every instant time of its evolution. The number of examples is
enormous, a classical one from physics is the Langevin equation. The main
analysis tools for the treatment of this class of stochastic equation are pro-
vided by the well established It6 calculus, as well as the Fokker—Planck equa-
tion.

The second category of noise modelling is by “point processes”, where the
randomness affects the deterministic motion only at some random “epochs”.
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Historically, they find application to queues and renewal processes. For these
cases there are specific techniques of calculus and analysis. Not so long time
ago, the modelling field of “point processes” was extended to the motion al-
lowed to assume a certain number of deterministic states that can switch ran-
domly at random times [14]. Nowadays this model framework has potentially
a huge number of practical applications. This very wide class of stochastic
process is named Piecewise Deterministic Processes (PDP) [14, 15]. Within
this category, here we focus on processes that switch randomly between de-
terministic states driven by a semi-Markov process S(t), that is a discrete
stochastic jump process where the influence of the past is erased at the epochs
of jumps. Early work was made in [23] for the action of a Markov pro-
cess.

The equation model is a first order system of differential equation, where
the known driving vector function is affected by a semi-Markov process. The
state function X (t), X : [to,00[ — §2, 2 C R%, is described by:

a) It satisfies the equation:
X(t) = Aswy(X), t € [to,o0] (1.1)

where S(¢) : [to, 00 = S is a semi-Markov process (defined by c) and d))
with set of discrete states S = {1,...,S5} and, correspondingly, given
s € S we say that the dynamics is in the (deterministic) state s, driven
by the function A, : £2 — R, that is one of a set of {4;,..., Ag} known
functions (or controllers). We require that all A,(-), s € S, be Lipschitz
continuous, so that, for fixed s, X (t) exists, is unique and non-explosive
solution.

b) It satisfies the initial condition settled by the Cauchy problem to Eq. (1.1),
ie. X(to) = Xo € £2, and by the initial state so = S(to) of the same
equation.

¢) S(t) is characterized by a probability density function (p.d.f.) 15 : RT —
R*, of transition events:

¥s(t) € L'(RT), with /oo Ys(t)dt =1 (1.2)
0

for each state s € S. In other words it is the p.d.f. for the time holds in
the state s.

d) S(t) is also characterized by the stochastic transition probability matrix
(or transition measure) § := {g;;}:

S

0<g¢; <1, Y g;=1 Vijes. (1.3)
i=1

When a transition event occurs, the dynamics switches instantaneously
from a state s € S, i.e. A, randomly to a new state s’ € S, i.e. Ay. We
note that the stochastic matrix ¢ has spectral radius p(¢) = |||z = 1.
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Virtual transitions from the state s to itself, i.e. no true transition, are
allowed for this model, this means that can be gss > 0. The position X (¢)
of the process is not affected when the state switches, because it happens
instantaneously, so that the process is continuous.

Both ¢) and d) define the semi-Markov process S(t), that generates a temporal
sequence of transition events (to,t1,...,tk, tk+1,...). It is said that d) defines
the embedded discrete Markov chain of the process S(t), while ¢) defines a
continuous time process for the epochs where the Markov chain changes state.
Usually a semi-Markov process is defined by a matrix of distribution functions
for the sojourn time between two states of the Markov chain, but it can be
redefined, as in the present case, as a vector {11 (t),...,¥s(t)} of holding time
p.d.f. for each state [17]. Later, we will see that this is connected with the
important concept of memory. We note that both X(¢) and S(t) are non-
Markov, but the joint (hybrid) process (X, S) is Markov.

PDP’s are known by researchers working in probability calculus and op-
eration research, stochastic hybrid systems and reliability analysis (e.g. see
[8, 10, 12, 9]), but they are not very popular between those working in applied
sciences, nevertheless they unknowingly use it, at least in a simplified form.
This kind of modelling can be used for phenomenas where a deterministic mo-
tion is interrupted by a fast interaction that produces randomization of the
motion for a small amount of time compared to the deterministic time scale of
the process. For applications, the models including ‘dichotomic noise’, ‘random
telegraph process’, ‘binary noise’, and so on, as driving terms for determinis-
tic equations, fit in the PDP category. As examples of potential applications,
we can quote: reacting-diffusing systems [20], biological dispersal [19], non-
Maxwellian equilibriums [1, 5, 18], filtered telegraph signals [25].

From its definition we can guess that X (¢) is mostly locally determinis-
tic, but the whole trajectory is not: it represents a random sample path of
a probability space, so that the meaningful informations can be described by
the marginal distribution functions for each state of the system. The equation
for such distributions is the analogous of the Fokker—Planck equation for the
diffusive stochastic I1t6 equation. More precisely, it is a forward Kolmogorov
equation that in the present case we prefer to name Liouville-Master Equation
(LME), because of the joint origin of deterministic, in the case of Hamiltonian
system, and stochastic jumps motion of the semi-Markov process. Sometime
it is also referred as a generalized Fokker—Planck equation. We note that here
the LME is not the same as that known in Open Quantum Systems [7, 22], but
in a broad sense it is conceptually related to it.

The LME is a system of hyperbolic partial differential equations with non-
local boundary conditions. This is a non-classical boundary condition, like
Dirichlet or Neumann, where the value at the boundary of the domain depends
on the integral of the unknown function over the interior of domain. From
the mathematical point of view PDE’s with non-local boundary conditions are
a less investigated subject, but interest is growing [21]. A numerical scheme,
based on Courant-Isaacson-Rees jointly to a direct quadrature, for the solution
of the LME was investigated in [2, 3], where convergence, positivity and conser-
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vativity was proved under a Courant—Friederichs—Lévy-like conditions. Finite
volume schemes for the approximation of probability measures for a system of
hyperbolic PDEs arising in dynamics reliability of a system have been studied
in [11, 16].

In this paper we provide an analytical and modelling discussion about the
LME. As above mentioned the model equation studied here does not cover all
the cases of the general theory of PDPs [14], although it is enough to model
many cases of practical application. As we will see also for this reduced formu-
lation, when all the model parameters and functions are given explicitly, the
equation for the statistical description, i.e. the LME, can result into a little
tricky model equation. Hence, the choice of the discrete semi-Markov process
as source of randomness for deterministic motion seems to be a fair compromise
between generality of the model and practicality of the explicit model equation.

In the introductory Section 2 we show first the derivation of the LME for
the one-dimensional case, with simple classical arguments, then extend it to
processes in multi-dimensional space states. We show various cases that are
distinguished by the presence of memory or not, and for distributions or den-
sities. Section 3 is devoted to recast the LME to a Volterra Integral Equation
(VIE) with space maps, and to prove both an existence and uniqueness the-
orem. Finally, in Section 4 we will show a numerical result from a model of
practical application by using the numerical scheme proposed in [6]. A section
of conclusion completes the paper.

2 Building the Basic Equation

In this section we show how to build the LME, starting from the Chapman-
Kolmogorov-Smoluchowski equation for a process in one dimension, d = 1;
details of the basic theory can be found in any textbooks of stochastic processes
(e.g. [13]).

In terms of probability theory the configurational parameters can be de-
scribed according to the marginal density distribution functions:

ps(w,y,t)dvdy =P(x < X (1) <z +dr; y <Y (t) <y+dy; S(t)=s),

x €N CR,t >t >ty, y>0,that is ps(x,y,t) is the p.d.f. that at time ¢, the
configurational variables are close to the value z, and that they are in the state
s and having spent there the time y = t — ¢; from the last event ¢, generated
by the semi-Markov process S(t). Y (¢) is a random variable representing the
“memory” of the time spent from the last switching event ¢;. The normalizing

condition is:
S oo
Z/ da:/ ps(x,y,t)dy =1 VYt > t.
s=17% 0

We are assuming that the probability measure is absolutely continuous. Indeed,
for some stochastic processes also a discrete measure should be included, so that
for the completeness of the description, the Lebesgue—Stieltjes measure should
be used. The typical problem is to calculate ps(x,y,t) at every time, when

pgo)(:c, y) is known at the time ¢tg.

Math. Model. Anal., 17(5):650-672, 2012.
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The evolution is described in terms of the transport equation:
~ (0)
pulot) =3 [ | pustanitian, o, o) (o, o) dy o
—~JoJo
J

pi(,y,t0) = p¥ (x,y), t > to, y €]0,00], (2.1)

where ps;(x,y,t; o, Yo, to) (Yo > 0) is the transition probability density distri-
bution from the state (zo, yo,to0,j) € 2 x [0,00[ X |—00,00[ X S to (x,y,t,s)
defined as:

psj(@,y, t: 0,90, t0) :==P(z < X(t) <z +dw; y <Y(t) <y+dy; S(t) =5 |
X (to) = zo; Y (to) = yo; S(to) =J)-

The r.h.s. is the conditional probability to find the process X (¢) close to z, in
the state s having spent the time y since the last switching event, given the
process X (to) at xo, in the state j, having spent the time yq in the state j. The
transition p.d.f. owns the property:

Psj (2, Y, t0; 0, Yo, to) = 0550 (x — 20)6(y — yo),

where 6(z) is the -Dirac and ¢;; the Kronecker symbol, and it gives us the
complete information on the stochastic process. The basic method to obtain
it is by solving a Chapman-Kolmogorov-Smoluchowski equation that connects
the transition p.d.f’.s at different times of the process. However, solving such
an equation for the probability transition function is not useful in practice
because its general solution is difficult to find as the Green function of a partial
differential equation. Therefore usually one searches for solution to Eq. (2.1).
The main goal is to find the evolution equation to this p.d.f. according to the
dynamical law (1.1).
Now we build an equation for the marginal distributions

Fs(xvyvt):/ ‘/0 /QZpsj(m/,y,t;xo,yo,to)pgo)(xo,yo)dxodyodac' (22)
> €S

for y > 0. Here and in what follows we will set sometime the lower limit of
integrals to —oo rather than the lower value of (2, because we suppose that
the density of probability is vanishing outside (2. Note that Fs(z,y,t) is a
distribution for x, but a density with respect to y. The initial state (xq,yo, to)
is omitted.

An important function of the model is the hazard function [13]

A) = vl | T ) dy, g0 (2.3)

related to ¥;(t) of Eq. (1.2). It represents the density probability per unit of
time that an event of S(t) appears for S(t), having spent the time (memory) y
in the state s. It easy to see from its definition that the hazard function A (y)
not necessarily is L' or even continuous. In the most general case it could
be L}Oc, however we will not investigate its properties here.
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To build the LME let consider the motion of the process in small time
steps of size At. There are two cases. In absence of events, the motion is
deterministic, so that for a small interval of time At and displacement Az, the
change of distribution is

Fy(z + Az, y + At t + At) ~ (1 — A\s(y) At) Fs(, y, t).

The right hand side is the probability that the time event does not appear and
the equation follows a deterministic law. By approximating with differentials,
considering the first order terms and using the right continuity of F, we obtain:

at (.13 Y, ) = _As(x7t) 8$Fs(x’y7t) - 8yFs(x’yat) - /\b(y) Fs(xayvt)v (24)

for t > tg, y > 0. The r.h.s. is the infinitesimal generator of the process. This
equation is valid as longer as there is no a switching event.

In the other case, when an event occurs within the time interval At, we
have:

(2,0,t) qu/ (z,y, )\ (y) dy, t>to, (2.5)

that is the distribution function of the state when the process is just entered
in, i.e. y = 0. It results as the sum over all the probability from the previous
states. The single contribution takes in account of all the memory states y
spent in the state j: \;(y)At is the probability that an event occurs after the
sojourn time y in that state, and Fj(x,y,t) is that of the system, hence the
product is the joint probability, that have to be integrated over all the time
spent in j. In order to Eq. (2.5) be meaningful, we assume that integrals on
the r.h.s. be finite. Eq. (2.5) acts as a non-local boundary condition for the
Eq. (2.4).
The equation model is completed by the Cauchy initial conditions:

Fs(-r7 yvto) = F075(J?,y) = / p0,8($/7y) dl‘/, x7xl S Q? ) S [07 OO[ (26)

— 00

The distribution function of x at time ¢ regardless the memory state is

Fat)= [ Rty (27)
0

Finally, there are boundary conditions related to the conservation of the prob-

ability:
lim > Fula,t) =1, lim > Fula,t)=0. (2.8)
We note that the PDE (2.4) has boundary conditions for (y > 0, ¢t = tg) of
Eq. (2.6), and (y = 0, ¢ > t) of Eq. (2.5). According to the “nature” of
the hyperbolic equation, the values at the boundaries are “transported” along

the characteristics lines y = ¢t — t*, for (¢ > t*, y > 0). This means that the
initial condition (2.6) influences the region of the solution domain y > ¢ — to,

Math. Model. Anal., 17(5):650-672, 2012.
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while the nonlocal condition of Eq. (2.5) the region (0 <y <t —tg, t > t).
Further, we note that due to (2.5), in general the lim,_,,+ Fs (2,0,t) # Fo s(x,0)
because of Fy s is an arbitrarily assigned function, and F(z,0,t) depends on
the setting of the model. Therefore, this discontinuity propagates along y =
t —to, hence lim,_, 40+ Fs(2,y,t) # Fs(x,t —to,t). As a result, with smooth
enough conditions for Eq. (2.4), the solution Fs(z,y,t) can be continuous in
two separate regions and, as we will see in Section 3, it is defined in two pieces:

Fy(w,y,t) = Ff (z,y,t)(1 - H(y — (t —t0))) + F (2, y, ) H(y — (t — o)),

where H(y) is the step function H(y) =1 for y > 0, H(y) =0 for y < 0. If we
consider an absolute continuous measure of Fy(x,y,t) with respect to x, the
equation for the density probability ps(z,y,t) = 0, Fs(x,y,t) reads as:

Oups(x,y,t) + 0 [As(a, t)ps (2, y, )] + Oyps(z,y,t) = =N (y)ps(z,y, 1)
for t > tg, y > 0 and the boundary conditions:

x 0 t quj/ p] z,Yy, ))‘ ( )dyv t> tOv (29)

with Cauchy’s condition ps(x,y,to) = P )(x y), y > 0.
An important point is the determmatlon of the set {2 for which if X =
d(t; Xo,to) denotes the flux (or continuous map) for X (t), t > to, it is required

-1
that both Xo(to) € 2 2 X(t) € 2 and X(t) € 2 L= Xo(ty) € 2, where
Xo = &7 Y(tg; X, t) is the backward flux, so that p.d.f’s are defined in the set

{2 for which
Z// ps(x,y,t)dyde =1 Vit > 1.

s€ES
We will assume that (2 it is known a priori and is a simply connected set,
indeed it results from a non-trivial combination of the state spaces of each
individual dynamical state s € S of the system.

In what follows we show the formulation of the LME for some different cases
in many-dimension, and with the presence or not of memory.

Memoryless multi-dimensional. This is the case of switching events
distributed according to the Poisson statistics 1,(t) = Ase™ !, so that the
driving stochastic process S(t) is Markov.

Let pi(Z,t), T € D € R? for all t € [ty,00[ be the p.d.f. of the process at
time ¢. If D, is a subset of D, it is subject to evolution according to Eq. (1.1),
then Dy a¢ is the set D, “evolved” after the time At.

In absence of transition events, from the conservation probability

(1- )\At)/ p(7,t) dz :/ p(z',t + At) dz’
D, Diyat

By using the continuity equation (see textbooks of fluid mechanics or statistical
physics), at the first approximation order, from the r.h.s., we get:

/ (@ 1+ At) di ~ / [0(z, )+ A(2)Vp(, ) At +0,p(z, £) A] [T+ AtV A dz,

Dit At Dy
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where I is the identity matrix and |I + AtV A| is the approximation of the
Jacobian’s matrix for the change of variable. It follows

Opi(z,t) + div (Ay(Z2)pu (2, 1)) = —\ipu(Z, 1).

If we consider the contribute from the other states and introduce the probability
that in case of an event the transition occurs according to the stochastic matrix
{qis}, we write:

Aepu(7,t) + div (Ay(Z)pi(7, 1)) ZQZsps z,t), (2.10)

where Qs = (q1s —d15)As. This equation is a continuity equation with a Master
Equation for the Markov process. For non-autonomous systems we can write
A;(7,t). Dependence on space = in A\, can be included without modifications
on the equation.

Formulation with distribution functions. Eq. (2.10) can be written
for distribution functions defined as:

Xy Xrd
F(z,t) = / / p (T, t)dxy ... dx)),

Z:=(x1,...,2q). By integrating with respect to x1,xa,...,zq, Eq. (2.10), we
get:

O Fy(Z,t) —I—Z/ / "Np (T t) dx# Zle s (2.11)

where we used the vanishing conditions limg; AZ(J )pl =0(=1,...,d).
The symbol T4; € R means “exclude the component x;7, i‘;ﬁj =
(r1,...,%j-1,%j41,--.,%q), and the multiple integral is calculated to a (d—1)-
dimensional space.

If we use the Lebesgue—Stieltjes integral, for the definition of the marginal

distribution function:
Xy Td
F‘l(jat):/ / Fl(df/at)a

Eq. (2.11) turns into:

d T Tq
O F (T, )+ > jazj/ / A9 (Z)Fy(dz' 1) E:le
j=1 —o0 —0o0

As an example when d = 2:
Xy xro 1
OF(7,1) + Oy, / / AD (o ) Fy(da,, daty, t)

Xy o
+8z2/ / AP (a2 Fy(day, dahy, t) Zle (z1, 22, 1).

Math. Model. Anal., 17(5):650-672, 2012.
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Multi-dimensional case with memory. In this case the statistics of
transition events described by ;(t) is generic, non-Markovian. Let z € D,
where D C R? is compact, for all ¢ € [ty,00[, and Z = A(Z) with A := D — R
In absence of transitions, from the probability conservation:

(1= Ay)At) / p(z,y,t)dT = / p(z',y + At t + At) dz’.
D, Dyt

At the first order approximation, from the r.h.s. we get:

/ p(T',y + At t + At) dz’ ~ /p(i‘ + A(Z)At,y + At,t + At)|I + AtV A| dz
Diyat Dy

the term before the differential is the approximation of the Jacobian’s matrix
for the change of variable. By considering the first order terms only, we get:

6tpl(i'7 Y, t) + v;i (Al (f)pl(i‘v Y, t)) + aypl('fa Y, t) = _)‘l (y)pl (‘f’ Y, t) (212)

As from Eq. (2.9), complete the equation the non-local boundary condition:

(%,0,1) qu]/ i (Z,y,t)A;(y) dy, (2.13)

and the Cauchy initial condition:

i@, ,t0) = (. 9). (2.14)

Formulation with distribution functions. The formulation with dis-
tribution functions is similar to the case without memory:

4 T
atF‘l(‘f7y7t) +ayﬂ(§j7y7t) +Z//Al(])(j/)pl<§jl7y7t) d‘f;ﬁj
Jj=1" _ o

= _/\l(y)F‘l(j’:%t)' (215)

The non-local boundary condition is:

Fy(z,0,t) quj/ 32,5, 6)A;(y) dy,

and the Cauchy condition is:
Fl(jvyato) = Fl(O)(f7y)

As an example, in two dimensions the Eq. (2.15) read as:
Xy xro
at]?l(zlax%yat)+ayFl(x17x2;y>t)+am1/ / Al(l)(xllvx/Q)Fl(dzlladxéayat)

T xro
+ awz/ / Al(2) (x/lam/Z)F‘l(dx/17d$/27y7t) = —)\l(y)Fl(.’E17.'I}2,y7t)-
— 0o (oo}
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Hamiltonian Systems. In this paragraph we write the LME for an Hamil-
tonian system subject to a Markov process:

{q = apHS(t) (qv p)v

_ (2.16)
p = —0qHs)(q,p)

for I = 1...S Hamiltonian states H;(q,p,t) for a vector of position q and
momentum p variables. Let p;(q,p,t) the space phase density distribution,
from Eq. (2.10) we get:

s
Oip1 + Vap ((0pHi, —0qHi)p1) ZQlej

that is:

upr + (Op Hi) (0qp) — (O Hi)( ZQW

where we used Vp0qH; = Vq0pH; just as in the Liouville’s theorem. By
defining the Poissoin’s brackets:

d

OH; 0py  OH, apz)
H b a. a9 49 a9 b)
SOt ; (31% Oqr  Oq Opy,

it reads as:

S
Owpr +{Hi,pi} =Y Quipy,
j=1
that represents the LME for the stochastic Hamiltonian system of Eq. (2.16).
The initial distribution is p;(q, p,to) = po,(4, P). By summing on the Markov
states:

s
Z(atpz +{H;,p}) =
=1

we found just the Liouville’s equation.

As an example, let consider the motion of a massive point particle into
a potential Us(y)(q) that is subject to a 2 states Markov process S(t) with
stochastic matrix g1 = g22 = 0, q12 = ¢21 = 1 and Poissoin’s transition
rates A1 2. The Hamiltonian is Hgs)(q,p) = % + Us((q), and the LME
reads as:

depr — Ui(a)dpp1 + %%Pl = —A1p1 + A2p2,

dp2 — Us(d)dpp2 + %%02 = +A1p1 — A2p2.

Hamiltonian case with memory. When the statistics of the switching
events is not Poissonian, then S(t) is a semi-Markov process and the phase
space density, associated to (2.16), depends also on the memory y: p;(q, p,y,t),

Math. Model. Anal., 17(5):650-672, 2012.
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p,q € R According to Egs. (2.12) and (2.13) the Liouville Master Equation
with memory reads as:

atpl(qapay7 ) + aypl(q?paya ) + {thl} = _)‘l(y>pl(qapay>t)7
pi(a;p,0,t) Zqzj/ pi(a, P,y t)A;(y) dy,

p1(q, P, Ys to) = po,i(d, P, Y)-

The initial condition pg;(q, p,y) has the special meaning that for the initial
state of the system, the initial state of memory should be assigned or prepared.
An initial state prepared without past memory is proportional to §(y). The
former example, with hazard functions A 2(y), becomes:

Orp1 + Oyp1 — U1(Q)dpp1 + %aqpl = -\(y)p1,
dep2 + Oyp2 — Us(q)dppa + %&;pz = —X2(y)p2,
p1(q,p,0,t) :/ p2(q, Py, t) X2 (y) dy,

0

Pz(%onat) = / pl(q7p7yat))‘1(y) dy7
0

p1(a, P, y,t0) = po.1(d; P, y), p2(a, P,y to) = po2(q P, Y)-

3 Recasting to Integral Equation

Eq. (2.4) is a PDE, in this section we recast it in the form of Integral equation
for d = 1, with 2 = [a,b]. An advantage of this formulation is that the proof
of the existence and uniqueness theorem for the solution, can be obtained by
using the standard technique of the contraction theorem. Moreover, it would
be possible use numerical schemes for the solution of integral equation rather
than for PDE.

The recasting procedure is based on the characteristics’ method for hyper-
bolic PDE. It is shown in the following paragraphs, step by step.

Change of function. The change of function
Fy(z,y,t) = Gy, y,t)e Jo2dr 54 (3.1)
makes the Eq. (2.4) as
(As(2,1)05 + 0y + 0y) Gs(z,y,t) =0 (t >0, y >0, z € N=[a,b]). (3.2)

From Eq. (2.5) we have:

(@,0,1) quj/ Gy ) Ny()e My ¢ b,
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and by using the equations:
e~ Jo Xi(mdr / Pi(r)dr and  ;(y) = Aj(y)e” Jo (DA, (3.3)
Yy

that can be directly verified from the definition of hazard function, we obtain:

93]

Fy(,0,1) = Gy(z,0,1) qu]/m (@ )b dy (E> 1), (34)

The Cauchy condition (2.6) becomes:
Go(@,y, 0 70, Yo, to) = Go,s(x,y) = Fo,s(z,y)eld 2+ 7, (3.5)
Egs. (3.2), (3.4) and (3.5) is the problem we treat with the characteristics’
method.
Characteristics’ method analysis

In order to simplify Eq. (3.2), we use the characteristics’ method. The bound-
ary and Cauchy conditions are given on the following curves:

T = Uy, T = Uy,
Y(ur,uz)=qy=muz fory>0, ~o(ui,us)=4y=0, (3.6)
t=to, t=uy fort >t

for u; € [a,b], for the non local boundary condition. The values on these curves
are

GS (I, Y, tO) = GO,S(xv y) on v, (37)
¢s(x,t) := Fy(x,0,t) = G5(x,0,t) on o (3.8)

where ¢;(z,t) is a new unknown, that has the properties: ¢s(z,t) = ¢s(b,t)
if £ > b, and ¢s(x,t) = 0 if © < a. As we discussed in Section 2 there is no
continuous limit of the solution to ¥y = 0 memory value of the initial condition,
ie. 1imt_>t§ ¢s(x,t) # Go s(x,0). From now we drop the indexes of the discrete

states.
According to the characteristic’s method, we search for a change of coordi-

nates:
= P1(v,ur,uz), y=PBa(v,ur,uz), t=pP3(v,u1,us) (3.9)

established by the following equations:

{,311; = A(Br(v,ur,u2), Ba(...), B3(...)),
BQU = 17 6311 =1

with the Cauchy initial conditions Bs(0,u1, us) = Bo,s(u1, us2) given for v = 0.
With this choice Eq. (3.2) becomes:

{gv(v7u17u2) =0,
9(07u17u2) = G|71’“/2

(3.10)
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whose solution is trivial:
g(v, uy, u2) = g(O, Uy, u2) = Gl%ﬁz

and the solution in terms of coordinates (z,y,t) is given by inversion of the
change of coordinates (3.9):

G(z,y,t) :g(O,ul(x,y,t)mg(m?y7t)), (3.11)

calculated both on ; and v2. We have to solve Eq. (3.10). Let QsA(v,ul, uz)
be the solution to the first equation of (3.10) when the initial condition v, and
7o are given. Now we have:

T = éA(’U,U]_,UQ),
y = v+ as(uy,us), x € [a,b], (3.12)

t:v+a3(u1,u2) (t>f,0),

where «; have to be determined. We have two cases according to the curves
Y1, V2-

Initial condition y > t—%3. From the v, condition (3.6) and (3.12) we have:

ﬂl(oaulaUQ) =ux Bl - 5.4(1);“130)7
B2(0,u1, u2) = ug = B2 = v + ug, (3.13)
B3(0,u1,uz) = to B = v+ 1.

From the first equation of (3.6) and (3.12), we see that [1(0,u1,uz) =
4%,4(0, u1,u2) = u; that means the initial data of coordinates (ug,0) is mapped
to (x,v) by a function of u; only. Hence, it exists a map o = @ 4(v;u1, 0) solu-
tion to the first equation of (3.10). For the second equation it is B2(0, u1, uz) =
as(ug,uz) = up and for the third: B5(0,u1,us) = as(ur,us) = to. By using
Eq. (3.9) and inverting Eq. (3.13), we find:

——1
U1 :@A (O;Ib,t*to), xr € [CL,b]7
U2 :y_t+t07
’U:t—to,

——1 . . s
where @ = means to extract u;. We remind the important condition that the

codomain of & ' must be equal to the domain, that is in Eq. (3.9) if z € [a, ]
then u; € [a,b]. Finally, from Eqs. (3.7) and (3.11) we get:

G(x,y,t) = Glyy = Go(@4 (O, t —to),y —t+10) (y>t—to). (3.14)
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Boundary condition 0 < y <t —tg, t > tg. For the v5 condition (3.6) and
(3.12) we have:

B1(0,ur,u2) = u B1 = D4(viu1,0)
Bz(o,ul,l@)zo . Bo =
B3(0, u1, ug) = us Bs = v+ ug

—1
ur =@, (0;2,0)|v=y

== v=y (3.15)
ug =t—y fort—y>tg.

The first equation is treated as in the previous case. For the second it is
as(uy, uz) = 0 due to the second equation of Cauchy condition in (3.6) and for
the third is ag(u,u2) = ug. Therefore from Eq. (3.7) and (3.11):

G(z,y,t) =G|y, = ¢(5;1(0;x,y),t — y) (t —to>y, x € [a7b]). (3.16)

The dynamical mapping

Now we have to find the mapping @ 4. It is related to the dynamical equation
(1.1) whose solution can be written as a map x = &% (¢; xo, to) that transforms
the initial point (xg,%o) to the point z at time ¢, with the initial condition
xo = D% (to; 2o, t0). In this case the initial condition is S 1(u1, u2) = u1, given
for v = 0 for both 1 and 72 (see (3.13) and (3.15)).

This means that, if y > t —ty we see from Eq. (3.13) that the map connects
the initial (u1,t0) to the final point (z,t) (with v =t —to) as x = &% (¢; u1, to)
and its inverse is:

uy = &4 (to; a,t). (3.17)

If y < t—to, from Eq. (3.15) the map connects the initial (u1,us) = (u1,t —y)
to the final point (z,t) (with v = y), so that:

x =4 (tur,t —y) fort >ty and up =%t — y; o, t).

Since the codomain must be equal to the domain, the maps have to be subject
to restriction:

@, (n; 2,t) := min (b, max(a, &% (n; 2,t))). (3.18)

The integral equation

Now we insert the information obtained by the characteristics’ method into
Eq. (3.4). The integral over y is splitted in two parts, according to the values
of t — to:

S t—to
Gol(@,0,t) = ds(a,t) =Y gy (/0 $j (P (t —ys,t),t — y);(y) dy
j=1

+/ Go,;j (P4, (to; . 1),y — t +to)¥;(y) dy)

t—to

Math. Model. Anal., 17(5):650-672, 2012.
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and by using Eq. (3.5) and (3.3):
Fy(x,0,t) = ¢s(x,t)

S t—to
=Y ay (aj(w, tito) + /O 0j (P (t = ys,t),t — y)¥;(y) dy), (3.19)
j=1
where

> —EO N (7Y dr
aj(x,t;to) ::/ Fy; (@Z;(to;x,t),y —t+ t0)¢j(y)e o ON(nd dy (3.20)
t

—t9

that are both valid for ¢ > 5. We note that Eq. (3.19) is a system of Volterra
Integral Equations of the II kind, with space fluxes (or maps) inside the un-
knowns ¢;, and that is not a weak formulation of the PDE’s (2.4). When
¢s(x,t) is found, the unknown Fs(z,y,t) can be determined. From Eq. (3.16)
and Eq. (3.1) we get:

Fy(z,y,t) = 65 (D5 (t — g, t),t —y)e  JO T 0 <y <t — 1y, (3.21)

We note that if y ~ 0 then &~ (¢t;2,t) ~ 2 — F(z,0,t) ~ ¢(x,1).
The solution for memory y > ¢ — ¢y can be obtained from Eq. (3.14),
Eq. (3.5) and Eq. (3.18):

G, y,t) = Fo (@5 (to; 0, 1),y — (t—tg))els " A
so that by using Eq. (3.1), we get:
Fs(m;y7 ) FO s(¢ (to,fL‘ t) Yy — (t_to))e_fyy*(t*t[)) >\3(T)d7'

y>t—ty>0, (3.22)
EQ(may7t0):F0,S(x7y)a yZO

Summary

Here we summarize the procedure to get the solution to the LME from the
Volterra integral equation:

1. Determine the set of the space states 2. It results from a non trivial
combination of the space states of each deterministic dynamics. {2 can be
found heuristically by evaluating the dynamics of the resulting stochastic
process X (t).

2. From Eq. (1.1) for each j € S, find the solution map @ = &} (t;zo,%0)
numerically or analytically if possible. It relates an initial point (g, to)
to final (x,t), for xg,x € 2, t > to.

3. Find the inverse of the maps zy = @ !(to;x,t) that connect the final
point to the initial, analytically if possﬂgle or numerically.

4. Define the restricted map by Eq. (3.18), so that the codomain is equal
to the domain.
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5. From the p.d.f. of the switching events 14(t) defined in Eq. (1.2) and by
using the Eq. (2.3), write the hazard functions A;(y).

6. By using the initial condition of Eq (2.6) and Eq. (3.20), write the system
of integral equation (3.19) and solve it for ¢,(z,t), s € S.

7. By using Eq. (3.21) write the marginal distribution functions with mem-
ory as Fi (z,y,t), for y €]0,¢ — to[.

8. By using Eq. (3.22) write the marginal distribution functions with mem-
ory as E:(:L‘7y7t)7 for Y > t—1o.

9. At this point the solution is written as the sum of two pieces of functions
Fy(z,y,t) = Ff (z,y,6)(1 = H(y — (t — t0))) + F (2,y, ) H(y — (t — t0)),
where H(+) is the unit step function.

10. If we are not interested in the memory states, we can integrate over it
with Eq. (2.7) and find Fs(z,t).

11. The total memoryless distribution function that includes all states of
the semi-Markov process is the sum of the marginal distribution func-
tion Fr(x,t) = Zle Fo(z,t), and the density is its derivative P(x,t) =
OuFr(,1).

3.1 Existence and uniqueness theorem

Now we give a proof for the existence and uniqueness for the solution of the
system of integral equation (3.19). It will be proved by using the standard tech-
nique of the contraction theorem. We note that the presence of the continuous
maps @, 1 does not substantially affect the standard proof. We define the norm
191,00 :== Zf:l max, ¢ |¢;(x,t)| and the distance di oo (9, @) = ||¢ — @||1,00 for
the space of continuous functions C°(£2 x [tg, #1]). In that norm we prove that
the integral operator defined by the right hand side of Eq. (3.19) is a contrac-
tion, then there exists a unique continuous vector solution ¢;(z,t).

Theorem 1. Let @Z}(n;x,t) be a set of continuous maps from Eq. (3.18)
solution of (1.1) for x € 2 C R and t € [to,t1], j,8 € S, As(7) a set of
continuous hazard functions of Eq. (2.3), Fy ¢(x,y) a set of continuous known
functions from Eq. (2.6) and {qs;} the stochastic transition matriz (1.3) of a
semi-Markov process. Then the system of integral equations (3.19) has a unique
continuous solution ¢s(x,t) for (x,t) € 2 X [to,t1], s €S.

Proof. Set y =t —n in Egs. (3.19) and (3.20), and define the integral opera-
tors T;:

t
(Ti6)) (@, 1) = | &5(5) (m,),m) b5 (¢ — m) dn + oy (x, t50), j €S (3.23)

to

where

fo to—"n vy .
aj(z,t;to) = / Ey (@;}(to;x,t),to —n)Y;(t — n)elo’ "X dr g
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is a known set of functions. We stress that the maps &, A are supposed known
and to be part of the definition of the integral operators that transform the
functions ¢;(x,t). By defining also the matrix operator Q that symbolically
includes the action of the stochastic matrix ¢, = Ele 4s;(T;¢;), then the
Eq. (3.23) reads as: ¢ = Q¢. If Q acts as a contraction in the norm || -
then the above equation has a unique solution.

We begin by evaluating the norm of the difference of two transformed func-
tion samples ¢, ¢:

S
196 — Q¢|l1.00 = Zf{;&}fx quj(ﬁsz_ﬁj - T;9;)
s j;l
< ZH;@XZ 45| (Tidj = Tiby))|
s j;l . ~
<Smdun J 156 = 656 sy =)

where we have used gs; > 0. We see that the continuous map @Zj (z,t) does

not affect the maximum of the difference from ¢ and , since & € (2, so that:

S
< er;%xz:lqudeoo(qgjv $;)(t — to)
S J=

S S
:ZZQSijdOO(Q_Sj’Q;j)(t tftO Z ¢J7¢]
j=1 s j=1

= (t — to)Mdy oo ($, )

where M; = f:o it —m)dn <1, M = Zle M;. When the operator Q is
applied twice, we get:

Q26— Q% .. < S max Y any [ 105 Qdlwy(t—n)d
s =1 0

Trow)| d

S
< w0
s J=1
S t _ _
< ZH;%XZ qsj M; ZC]jk/ ‘77<:¢k — Tedr| dn
s =1 k to
S L t
< Zm%XZquMJ ZijMkdoo(Cbka(bk)/ (n—to)dn
s * Jj=1 to

_ZmaXZqS]M Zq]kMkd (¢k,¢k)( t())
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5 o (= to)?
= Z M; ZijMkdm(¢ka ¢k)TO
=1 k
S MMle,oo(é7 (Z;)

2

When the operator Q is applied n-times, the following estimation for the norm
is obtained:

Q"6 - |, ..
- (t—to)"
SN g My > @ik M, - Zan,lankndoo(d’kny¢kn)%
S k‘l kg kn ’
and in matrix notation:
@, L2100 rgra, ), =t

where M = diag(Mi, ..., Mg). This shows that when n is large enough, the
operator Q" is a contraction, and this prove the thesis. Moreover, we note that
IM™Q™||1 < 1, so that the semi-Markov process, does not affect the contraction
at all. O

Normalization verify

In this paragraph we verify, not in the general case, that the marginal distribu-
tions obtained by solving the integral equation (3.19), with the transformations
(3.21) and (3.22), satisfy the total conservation of Eq. (2.8), between the initial
time ¢ and to+e. As an example, we set the initial condition that the particle
is known to stay at the position xy with probability 1, with a memory state
concentrated to y = 0, that is:

Fos(z,y,0) = fH(z - 20)d(y), > fa=1. (3.24)

Let t —tp = € = 0, from Egs. (3.19) and (3.20), we get:

s
Bs(@,to+€) =Y as; [edj (@, b0+ )15(0) + fH(E — m0)Xi(e) + o(€%)]

j=1

where £ = &1 (to; 2,19 + €). From Eq. (3.21)
| Pty tydy = conlant) + o),
0

by substituting in the previous

. s
/0 (g, t)dy = €3 qu ey (2, 0005(0) + 3 H(E —20)A5(e) + 0(¢2)] + 0(e?).

=1
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From Eq. (3.22)

/m&ww¢My=ﬁH@—xwu—dxo+49»

By summing these last two equations and over all discrete states, we get:

S

s 0 S
Z/ijy,to—i-e SCfH(E —w0) + Z 65(x,to + €1 (0) + o(€%)
0 i=t

Jj=1 j=1

from what we see that if the solutions ¢; are regular enough for z — oo
and € — 0, the conservation of the total probability is verified, because of

S fi=1

4 A Practical Application Example

As an example of application, we set the deterministic initial condition (3.24),
with fi = fa, hence the integral equation (3.19) becomes:

) zyw(/@ N, 0),) it — )

JrfjH(@Zj(to;m,t)Io)i/’j(tfo)) (4.1)

that is of the following form:

S t
o)=Y ( [ ostma.0muste - man+ayen), ses.
for (x,t) € £2 x [0,T].

Numerical scheme. This equation can be discretized as in [6, 4], and then
solved numerically. Briefly, let Iy, := {:cl, ...,xp+ an uniform grid of size h
on the domain 2, and P;(§,n) = Zz I ( )¢j(x1,m) the Lagrange based
interpolating polynomial approximation of the solutions ¢;. Therefore, the
semidiscrete equation of the previous equation, reads as:

¢a m Z qsj (04] m ) + /0 q/jj (t - 7]) XZ: L (gj (77; T,y t))¢j,l(n) dﬁ) y

s=1,...,8, where o ,,,(t) = aj(zm,t) and ¢ m(t) = ¢s(xm,t). Discretization
in time is performed on the uniform grid IIy := {to = 0,¢1,...,ty = T} of
mesh size 7 on the interval [0, T], by using a r-step quadrature formula:

S n
d)s,m,n = quj (aj,m,n + Tan,k%‘(t - tk ZLI gj tka :L'ma ))¢] l k)
j=1 k=0
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for n > r. By ordering all indexes of ¢s ., n, that equation can be written in
the system of equation form:

k=0

for the unknown ¢,, that includes also the states of the process. The normal-
ized kernel scheme [4] guarantees the asymptotic convergence of the numerical
method. After which the discrete distribution functions can be evaluated by
the discrete version of the points 7-11 of the Summary.

In the following example we use trapezoidal method for quadrature and
linear interpolation.

Filtered telegraph signal. We study the relaxation process
X(t) =X +W,, X(to)=Xo, s=1,2,

with Wi = W, Wy = =W, 712 = 7. It is easy to see that the domain of the
process is (2 := [-W/~,4+W/~]. The forward map solution is:

@:(t7 Zo, tO) = (J?() - Ws/’Ys) e—’ys(t—to) + Ws/’Ys
and the backward is:
O Htg; x,t) = (. — W /vs) €700 L W, /.

From the forward map we see that X (¢) € {2 if the initial data is into the same
domain Xy € 2. Since the codomain must be equal to the domain, from the
backward maps according Eq. (3.18), we define:

g1.2(n; 2, t) = min(W/v, max(—W/~, & 5! (n; 2, t))).

The semi-Markov process is set by the stochastic matrix ¢11 = qo2 = 0, q12 =
g21 = 1, and by the switching time distributions 1 o(t) = ¥(¢) specified from
the model example. For convenience we set to = 0, so that Eq. (4.1) reads as:

o1 (x,1) = /0 62 (g2 2,8, ) o (t — 1) d + FoH (g2(0; 2, ) — 20) a(t),

p2(x,t) = /0 b1(g1(m; 1), m)r (t —n) dn+ fLH (g1(0; 2, ) — z0) ¢ (1).
(4.2)

When the solution of this system of integral equation is found, then the
marginal probability functions are determined by Eq. (3.21):

{F1<x7y7t> =¢1(g1(t — g, 1), t —y) e S MDA,

v O<y<t,
F2(x7y7t) = ¢2(92(t - y;x7t)=t - y) e_fo )\(T)d‘ra Y

then that one regardless the memory of Eq. (2.7) Fy(z,t) = fot Fy(z,y,t)dy or
its density Ps(z,t) = 0y Fs(x,t) are found.

Math. Model. Anal., 17(5):650-672, 2012.
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Figure 1. Numerical solution of the integral formulation
for the McFadden interval distribution at quasi-equilibrium (solid line), and the exact
solution at equilibrium (dashed line).

We solve numerically Eq. (4.2) with McFadden settings [24], that is switch-
ing time distribution 1 (¢) = 3e7/(1 — e~%)?, with Wy =1, v, = 1, 2 = [-1,1].
Space mesh size is h ~ 0.066, time mesh size is 7 = 0.01. The calculated den-
sity distribution function P(x,t) = Py(x,t) + Pa(x,t), at the time T = 7, is
plotted with solid line in Fig. 1. Dashed line shows the asymptotic distribution
lim; o P(x,t) = 3(7 + %) /44.

5 Conclusions

In this paper we studied the modelling of a stochastic process that results
from the action of a semi-Markov process on a system of ordinary differential
equation. ODE’s are the basic mathematical tools for the description of de-
terministic physical systems based on the material point approximation. The
insertion of semi-Markov process is a modern and not yet fully explored way
to model randomness, also as alternative to Gaussian noise based modelling.
Potentially this model has huge practical applications in many fields of applied
and theoretical research. We stress that the concept of memory is used in ad-
vanced modelling, that finds the natural description with this kind of stochastic
processes and related equations. We provided a discussion about this modelling
and write the basic equation for the statistical analysis, the LME, in the form
of Volterra renewal integral equation. We shown that this form is a valid
alternative to the formulation in PDE differential form, and an existence and
uniqueness theorem for the solution was proved. A numerical test to a practical
application problem confirmed the validity of the new formulation.

References

[1] M. Annunziato. Non-gaussian equilibrium distribution arising from the Langevin
equation. Phys. Rev. F, 65:021113-1-6, 2002.



On the Action of a Semi-Markov Process on a ODE System 671

http://dx.doi.org/10.1103/PhysRevE.65.021113.

[2] M. Annunziato. A finite difference method for piecewise deterministic processes
with memory. Math. Model. Anal., 12(2):157-178, 2007.
http://dx.doi.org/10.3846,/1392-6292.2007.12.157-178.

[3] M. Annunziato. A finite difference method for piecewise deterministic processes
with memory II. Math. Model. Anal., 14(2):139-158, 2009.
http://dx.doi.org/10.3846,/1392-6292.2009.14.139-158.

[4] M. Annunziato, H. Brunner and E. Messina. Asimptotic stability of solutions
to Volterra-renewal integral equation with space maps. J. Math. Anal. Appl.,
395(2):766-775, 2012. http://dx.doi.org/10.1016/j.jmaa.2012.05.080.

[6] M. Annunziato, P. Grigolini and B.J. West. Canonical and noncanonical equi-
librium distribution. Phys. Rev. E, 64:011107-1-13, 2001.
http://dx.doi.org/10.1103/PhysRevE.64.011107.

[6] M. Annunziato and E. Messina. Numerical treatment of a Volterra integral
equation with space maps. Appl. Num. Math., 60:809-815, 2010.
http://dx.doi.org/10.1016/j.apnum.2010.04.007.

[7] H.-P. Breuer and F. Petruccione. On a Liouville-master equation formulation of
open quantum systems. Zeitschrift fir Physik B Condensed Matter, 98(1):139—
145, 1995. http://dx.doi.org/10.1007/BF01318288.

[8] C.G. Cassandras and J. Lygeros. Stochastic Hybrid Systems (Automation and
Control Engineering). CRC Press Taylor & Francis Group, 2007.

[9] J. Chiquet and N. Limnios. A method to compute the transition function of
a piecewise deterministic markov process with application to reliability. Stat.
Prob. Lett., 78:1397-1403, 2008. http://dx.doi.org/10.1016/j.spl.2007.12.016.

[10] J. Chiquet, N. Limnios and M. Eid. Piecewise deterministic Markov pro-
cesses applied to fatigue crack growth modelling. J. Statist. Plann. Inference,
139(5):1657-1667, 2009. http://dx.doi.org/10.1016/j.jspi.2008.05.034. Special
issue on Degradation, Damage, Fatigue and Accelerated Life Models in Reliabil-
ity Testing

[11] C. Cocozza-Thivent, R. Eymard and S. Mercier. A finite-volume scheme for
dynamical reliability models. IMA J. Numer. Anal., 26:446-471, 2006.
http://dx.doi.org/10.1093 /imanum /drl001.

[12] O.L.V. Costa and F. Dufour. On the Poisson equation for piecewise-deterministic
Markov processes. SIAM J. Control Optim., 42:985-1001, 2003.
http://dx.doi.org/10.1137/50363012901393523.

[13] D.R. Cox and H.D. Miller. The Theory of the Stochastic Processes. Chapmann
& Hall/CRC, 1965.

[14] M. Davis. Piecewise-deterministic Markov processes: a general class of non-
diffusion stochastic models. J. Roy. Statist. Soc. Ser. B, 46:353—-388, 1984.

[15] M. Davis. Markov Models and Optimizations. Chapman & Hall/CRC, London,
1993.

[16] R. Eymard, S. Mercier and A. Prignet. An implicit finite volume scheme for a
scalar hyperbolic problem with measure data related to piecewise deterministic
Markov processes. J. Comput. Appl. Math., 222(2):293-323, 2008.
http://dx.doi.org/10.1016/j.cam.2007.10.053.

[17] W. Feller. On semi-Markov processes. Proc. Natl. Acad. Sci. USA, 51(4):653—
659, 1964. http://dx.doi.org/10.1073/pnas.51.4.653.

Math. Model. Anal., 17(5):650-672, 2012.


http://dx.doi.org/10.1103/PhysRevE.65.021113
http://dx.doi.org/10.3846/1392-6292.2007.12.157-178
http://dx.doi.org/10.3846/1392-6292.2009.14.139-158
http://dx.doi.org/10.1016/j.jmaa.2012.05.080
http://dx.doi.org/10.1103/PhysRevE.64.011107
http://dx.doi.org/10.1016/j.apnum.2010.04.007
http://dx.doi.org/10.1007/BF01318288
http://dx.doi.org/10.1016/j.spl.2007.12.016
http://dx.doi.org/10.1016/j.jspi.2008.05.034
http://dx.doi.org/10.1093/imanum/drl001
http://dx.doi.org/10.1137/S0363012901393523
http://dx.doi.org/10.1016/j.cam.2007.10.053
http://dx.doi.org/10.1073/pnas.51.4.653

672

[18]

[19]

[20]

21]

[22]

[23]

24]

[25]

M. Annunziato

R. Filliger and M.O. Hongler. Supersymmetry in random two-velocity processes.
Phys. A, 332:141-150, 2004. http://dx.doi.org/10.1016/j.physa.2003.09.048.

T. Hillen and H.G. Othmer. The diffusion limit of transport equations de-
rived from velocity-jump processes. SIAM J. Appl. Math., 61:751-775, 2000.
http://dx.doi.org/10.1137/S0036139999358167.

H. Horsthemke. Spatial instabilities in reaction random walks with direction-
independent kinetics. Phys. Rev. E, 60:2651-2663, 1999.
http://dx.doi.org/10.1103/PhysRevE.60.2651.

A.I. Kozhanov and L.S. Pul’kina. On the solvability of boundary value prob-
lems with a nonlocal boundary condition of integral form for multidimen-
sional hyperbolic equations.  Differ. Uravn., 42(9):1166-1179, 1293, 2006.
http://dx.doi.org/10.1134/S0012266106090023.

I. Kurniawan. Controllability aspects of the Lindblad-Kossakowski Master Equa-
tion — A Lie-theoretical approach. In Dissertation zur Erlangung des natur-
wissenschaftlichen Doktorgrades der Bayerischen Julius-Mazximilians- Universitdt
Wiirzburg, 2009.

G.N. Mil’shtein and Yu.M. Repin. Action of a Markov process on a system
of differential equations. Differ. Equ., 5:1010-1019, 1972. (Translated from
Russian)

R.F. Pawula. Approximating distributions from moments. Phys. Rev. A,
36:4996-5007, 1987. http://dx.doi.org/10.1103/PhysRevA.36.4996.

R.F. Pawula and O. Rice. On filtered binary processes. IEEE Trans. Inform.
Theory, 32:63-72, 1986. http://dx.doi.org/10.1109/TIT.1986.1057138.


http://dx.doi.org/10.1016/j.physa.2003.09.048
http://dx.doi.org/10.1137/S0036139999358167
http://dx.doi.org/10.1103/PhysRevE.60.2651
http://dx.doi.org/10.1134/S0012266106090023
http://dx.doi.org/10.1103/PhysRevA.36.4996
http://dx.doi.org/10.1109/TIT.1986.1057138



