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Abstract. The unique existence of classical solution of initial-boundary value prob-
lem for wave equation with a special integral boundary condition is proved in the
work. Classical solution of the problem in analytical form is also found in the article.
This problem arises at the modeling of electromagnetic fields with arbitrary time de-
pendence when interaction between the field and solids is simulated with impedance
boundary conditions.
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1 Introduction

Method of boundary value problems for modelling processes in electrodynamics
is strongly connected with formulation of boundary conditions on media inter-
face. Boundary conditions describe interaction processes between field and
interfaces and essentially depend on a field time mode and material structure
of near-surface layer. Models with impedance boundary conditions on strongly
conductive bodies are widely used in applied electrodynamics. Impedance
boundary conditions allow us to exclude the field calculation inside bodies.
Such an approach is used when material medium of conductive body has com-
plex physical and geometrical structure. In this case exact field calculation
inside the body is connected with solution of two-domain boundary-value prob-
lem with classical boundary conjugation conditions. A solution of the problem
becomes simpler when the effect of body on resultant electromagnetic field is
modelled by impedance boundary condition.

Shchukin—-Leontovich impedance boundary conditions are used for mod-
elling electromagnetic fields with harmonic time-dependance [2, 7, 13]. In case
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of arbitrary time-dependance impedance boundary conditions take an integral
form [2, 7, 18]. Problems for hyperbolic equations with non-local integral con-
dition are thoroughly examined lately. Articles [3, 4, 5, 8, 14, 15, 16, 17] are
devoted to analysis of solvability of non-local problems for hyperbolic equa-
tions with integral boundary conditions of different types with respect to space
variable.

The purpose of this work is to examine the existence and unique solvability
of classical solution of initial-boundary value problem with integral with respect
to time boundary condition of special kind and of certain physical meaning and
to find this solution.

2 Definition of Initial-Boundary Value Problem for Wave
Equation with Integral with Respect to Time Boundary
Condition

Let R? be a Euclidean space with fixed Cartesian coordinates Ozyz and basis
€z, €y, €. We put plane screen D = {0 < z <[, —00 < y,2 < oo}, filled with
material with permittivity €, magnetic permeability u and conductivity v = 0
into R3 space (Fig. 1). In half-space D;(z < 0) medium is characterized by
€1, 1, 71- There is electromagnetic field E = E(x,y,z,t), H = ﬁ(m,y,z,t)
penetrating in layer D.

X A Dz
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Figure 1. Plain screen.

Electromagnetic field satisfies Maxwell’s equations:

— —

rot H = 5%—?, rot E = —ua—ij7 t>0, (z,y,2) € D. (2.1)
Electromagnetic field E , H is generated by initial conditions

Eli—o = Ey,  Hl|j—o = Hy, (z,y,2)€D (2.2)
and given tangential component of electric field on plain I's(z =)

[ﬁ, [E, ﬁm =FEi, t>0, —00<y,z<00, (2.3)

=l



Classical Solution for Initial-Boundary Value Problem for Wave Equation311

where Ey = Ej (z,9,2), Hoy = ﬁo(:c, y, z) are electric and magnetic field inten-
sity at initial time ¢ = 0; El = El(m, y, 1) is vector tangent to plain I'.

We assume that field and medium of half-space Dy(x > 1) do not interact
and penetration of electromagnetic field from layer D into half-space D; is
modeled by impedance boundary condition that does not take into account
displacement currents induced in Dy [2]:

3 P (7 dn

EZ = , , t>0,
8, Bl oo = ,/ml/ann vz ]|

—00 <Y,z < 00, (2.4)

where 77 = €, is normal to layer D.
It is necessary to find fields E, H that satisfy equations (2.1)~(2.4). Elec-
trodynamic problems with boundary condition (2.4) were studied in [5, 18].
Let electromagnetic field not depend on space coordinates y, z and vectors
E, ﬁ, EO, ﬁo, E; be parallel to layer D of the kind:

E = E(z,t)é,, H=H(z,1)é., E\=x(t)&,, Eo=¢(x)&, Ho=uo(z)é.

Taking into consideration this assumption on electromagnetic field structure
we transform Maxwell’s equations (2.1) to wave equation. Hence we obtain
the following scalar initial-boundary value problem with respect to unknown
function E(z,t):

O?E(z,t) 1 0*E(x,t)

W o g~ (>0 0<a<i

8E(a: t) 1 Qg ()
E(z,t)],_, = == 0<z <,
(& )lmg = (2, R LT
[ 1 OE(z,T) dr
E(z,t)| t >0,
(@ 8)lo=0 = 7T’}/1/ o Vt=T
Bt = i), > (25)

Let us find solution of the problem (2.5). We shall change some variables
and formulate the problem in the following form.

Problem 1. Find function u(z,t) € C*(2), 2 ={0 <t < oo, 0 < x <[} that
satisfies conditions:

Pu(z,t) 5 0%u(x,t)

52 4 pE 0 in (2, (2.6)
ou(z,t)
U(Iat”tzo = 90(1‘)7 T =0 = ¢(I)a 0 ST < l7 (27)
dr

u(@,t)],_ = C/O aU(ag; = =0T —T ()
u(z,t)|._, = x(t), t=0, (2.8)

where o(z) € C2([0,1]), v (z) € C*([0,1]), x(t) € C*([0,00)), g(t) € C*([0, 00)),
a = const, a > 0, ¢ = const, ¢ > 0.

Math. Model. Anal., 17(3):309-329, 2012.
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Note that problems for hyperbolic equations with non-local boundary con-
ditions are often considered in literature recently. Particularly works [3, 4, 5, 8,
12, 15, 16, 17] study solvability of non-local problems for hyperbolic equations
with different integral conditions with respect to space coordinate.

3 Solution of Auxiliary Problem for Initial-Boundary Va-
lue Problem for Wave Equation with Integral Boundary
Condition in Orthogonal Domain

Let us consider auxiliary initial-boundary value problem in domain (2, =
{b<t<b+li/a, 0 <z <} (see, [6,9, 10, 11]).

Problem 2. Tt is necessary to find function u(®) € C2(2,) that satisfies condi-
tions:

*u® (x,t) 5 0%u®(x,t)

at2 —a 812 = 0 in Qba (31)
ou® (z,t
u(b)(x’t)|t=b = o (2), % = v (z), 0<z<I, (3.2)
dr

L ou® (z, 1)
O (gt — )
G P C/b 0xr  la=0/t—T

u®(z,0)],_, =x®), b<t<b+1/a, (34)

T

+g®(t), b<t<b+ é (3.3)

where () (z) € C2([0,1]), v (z) € C([0,1]), xV(t) € C*([b,b+ ]), 9 (t) €
C?([b,b+ é ), a = const, a > 0, ¢ = const, ¢ > 0.

Theorem 1. Let classical solution u®) (z,t) € C%(£2;) of problem (3.1)~(3.4)
exist and satisfy conditions

3u®) (x,t)
0t20x

0 S Ll([b7b+ 51)), 61 > 0. (35)

r=

Let finite limit for the solution exist and have the form

t a3, (b)
lim O u\) (z, 7)

dr
=A
t—=b f,  O0x0T?

z=0+/t — T ’

then coincidence conditions are fulfilled for initial and boundary functions in
the angular point (x,t) = (0,b) of domain (2

(3.6)

(0) =g 1), »"0)=g""®), P0)=0, p®(©0)=0, (3.7)
and in the angular point (z,t) = (1,b) the following conditions are fulfilled

PO =x0), OO =x""0), x"0)=a*"" (). (3-8)
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Proof. Let us proof fulfilment of coincidence conditions at the point (0,). We
consider the first initial condition (3.2) when z = 0 and boundary condition
(3.3) when t — b

dr
=0/t — T

£ 9y®)
©®(0) = lim u® (z,t)] _, =clim u(z, 7)
t—b »=0

(b)

As u(® (x,t) is the solution of the problem (3.1)~(3.4) hence % € C(82y).

D)

Thus we obtain that Mu o is bounded when b < ¢t < b+ ;. It means
that there is such a constant M; < oo that |M|170| < M; and then

. L ou® (z,7) 8u(b (x,7) dr

lim < lim ‘ ’

t—=b Jp ox o=0\t— T  t—b z=01+/t — T

t
d
< M; lim T_—0

t—b Jy, t—T1

Hence we obtain ¢ (0) = ¢ (b).
Let us consider the second initial condition (3.2) when x = 0 and the first
boundary condition when ¢t — b

ou® (z,t) oG(t)  g® (1)
(b) _ s T
v(0) = lim —, - et o . (39)
where
L ou® (z, ) dr
G(t) = : . 3.10
0= "5 = (3.10)
. . oull )(ac b _
We integrate function G(t) by parts taking into account that ===
©®(x), and thus we obtain
t 92, (b)
G(t) =2Vt —b®'(0) + 2/ Ou (e, Vt—rdr.
b oxor  |,_,
We differentiate derived expression
(b)1 0 t 52 (b) d
VvVt—>b b 0x0T =0 Vi—T
then coincidence condition (3.9) takes the form
ag® . (e®(0) . Eo2u® (z, 1) dr
®)0) = +ecl < +el / ’ .
v(0) ot |,y i Vi—1b i b 0xoT |, Vt—T
As u®(z,t) is the solution of )the problem (3.1)—(3.4) then %
C(2,). Hence we obtain that %\m o is limited when b < t < b+ da, it

Math. Model. Anal., 17(3):309-329, 2012.
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2,,(0) (o
means that there is such a constant My < oo that |8%178(:’t)|m:0\ < My, then

. L 92u® (z, 1) b 02u (z,7)
7Pm( | o= 0 | |z=o0 )
—=b\ Jp 0x0T Vi—T1 t—»b Ox0t Vi

dr
< M5 lim
2t—>b p VE—T

As g(®)(t) is generally an arbitrary function hence for time derivative
be determined at the point (0,b) we suppose that

¢ (0) =0, (3.12)

then coincidence condition (3.9) takes the form ®) (0) = ¢®)(b). Besides
coincidence condition of the second kind should be fulfilled. Let us consider
equation (3.1) at the point (0,b). Taking into account the first initial condition
(3.2), the first boundary condition (3.3) and expression (3.10) we obtain

cG" (b) + g (b) — a*>™"(0) = 0. (3.13)

=0.

ou® (z,t)
ot

Subject to condition (3.12) expression (3.11) takes the form

t a2, (b)
a1 :/ O*u\") (z, 7) dr
b

z=0 Vt— T
Let us transform function G’(t) integrating it by parts and taking into account

that 24700 — 0)/(0):

0xO0T

/ (b)r ! aBu(b)
Gt)y=2vt—-by""0)+2 | — Vit —Tdr.
b

0x0T? |, _,

We differentiate function G’(¢):

" ¢(b ( ) ‘ a3u(b)(x77_)
GI(t) = Vi—0b +/b O0xoT?

dr
z=0 VI — T

Let us find

(b)r t 93, (b) d
&) = tim ( LD 1 1im / Ou(z,7) T ).
t—b\ /t—b t=b \ Jp 0x0T? | _ Vt—T
As w(b)(x) is generally an arbitrary function hence for coincidence condition
(3.13) be determined at the point (0,b) when ¢ # 0 we suppose that 1)’ (0) =

0. Taking into account conditions (3.6) we obtain G”(b) = A, and hence
condition (3.13) takes the form

(IQQD(b)N( ) — g(b)//(b) + cA.

Let us prove coincidence condition at the point (I,b). We consider the first
initial condition (3.2) when z = [ and the second boundary condition (3.4)
when t =b

©® (1) = lim u® (z, t)’ _ = x® ).

t—b
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Considering the second initial condition (3.2) and the second boundary condi-
tion (3.4) we obtain

w(b) (l) = lim au(b) (’l;’,t)

— ()
t—b ot X (b)

=l

Second-order coincidence condition should be fulfilled at the point (I,b).
Let us consider equation (3.1) at the point (/,b). Taking into account the first
initial condition (3.2) and the second boundary condition (3.4) we obtain

CLZ()O(b)N(l) — X(b)//(b)
Thus coincidence conditions (3.7), (3.8) are proved. O

Let us find the solution of initial-boundary value problem (3.1)-(3.4). We
consider characteristics of equation (3.1) in domain 2,

x—at+ab=0, l—z—at+ab=0. (3.14)
LA
b+l/a S
D,
b
Dzb NS D;
2 b X X
b D, -
0 %

Figure 2. Division of domain 2, into four subdomains.

Characteristics divide domain 2 into four subdomains (see Fig. 2):

Dll’:{(Jc,t)‘b<t<b—i—l/2a7 at —ab < x <l+ab— at},

DY {(z,t)| 0<z<l/2, btafa<t<b+(l—x)/a},
Dg:{(x,t)|l/2<x<l, b+(—2)/a<t<b+z/a},

Dy :{(z,t)|b+1/2a<t<b+l/a, I +ab—at <z <at—ab}.

In each subdomain we solve equation (3.1) under its own boundary conditions.

Lemma 1. We suppose that o) (z) € C?([0,1]), ¥ (z) € C*([0,1]), x(t) €
C%([b,b+1/a)), g (t) € C*([b,b+1/a]) and coincidence conditions

Math. Model. Anal., 17(3):309-329, 2012.
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are fulfilled. Then solution u® (x,t) € C(2), u® (x,t) € C2(DY), i = 1,4 of
initial-boundary value problem (3.1)—(3.4) exists in domain (2 and takes the
form

u®(z,t) =u(@,t) in DY, j=1,....4, (3.17)
where
(b) 0O (z — at + ab) + ) (x + at — ab) 1 el ®)
Wl (2,) = L
2 2a
r—at+ab
x+at—ab
() t—ab) —®(at — 2 —ab) 1
o (1) = o (x + at — ab) — p®) (at — z a)Jri / W (¢) de
2 2a
at—x—ab

+ FO(z — at + ab),

b b
(1) = x© ( - +t> L ¢V —at+ab) —p® (2 — v —at + ab)
a

U3 5
1 2l—x—at+ab
il ®(e)d
toe [ PO
r—at+ab
b b
u (1) = x® <x il +t> _ ¢W(at —x — ab) +<§( )(2l — z — at + ab)
2l—x—at+ab
1
bor [ @ e+ PO —ar+a)
at—xz—ab

FO(y) = %g(b)(b)\/iyf 7TC\[/ (b) ( > N

Y ®)(—
+/0 e wez (v 5){7T629(b) <b§) w(b)/(g)wég)}

. erf{‘“fg”)d& g (b)e 7Y exfe ({/‘?) 7

erfe(z) = 1 — erf(x), erf(x) = % Iy e~ dn — is a probability integral [1].

Proof.  General solution of equation (3.1) in domain {2, has the form
u® (z,t) = fi(x — at + ab) + fo(l + ab— x — at), (3.18)

where fi(z), fo(x) are functions to determine.
Let us solve problem (3.1), (3.2) in domain D}. General solution of equation
(3.1) has the form (3.18). Let us satisfy initial conditions (3.2):

u® ’t:b = fi(z)+ foll —x) = sﬁ(b)(x),

Ou®)
| = —afi@) —af - ) = vV (@),
t=b
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Integrating the second equation and solving obtained system we have

(®)
hie) =5 - 0 [ ae-§

2

®) (1 _ l—x
= v 4 - de+ =
f2(z) 2 t 5 A Ve dE+ 5,
where C' is an arbitrary constant. Substituting obtained expressions into gen-
eral solution (3.18) we get solution of the problem (3.1), (3.2) in domain D¢ of
the kind

x+at—ab
®) (¢ — at b (®) t — ab 1
o, t) = £ (x —at+ab) + ¢ (z+a a)Jri / W (¢) de.
2 2a
x—at+ab

(3.19)
In domain D} we solve problem (3.1) under integral boundary condition
(3.3) and condition on characteristic:

©®(0) + o (2at — 2ab)

b
u® |w:at_ab = ug )(at —ab,t) = 5
1 2at—2ab ;
— ®)(e)de, b<t<b4 —. 3.20
+2a/w(£)£, <t<b+ o (3.20)
0

General solution of equation (3.1) has the form (3.18). Let us satisfy bound-
ary condition (3.3)

u(b)‘x = fi(ab — at) + fo(l + ab — at)

/{h B+ ab—an)}

t—1

We make two changes of variables in obtained expression: y = ab — at and
change in subintegral expression n = ab — at then expression takes the form

dn
Vi=y
Let us satisfy condition on characteristic (3.20). Taking into account coin-

cidence condition (3.15) we obtain

u®|

A+ 5040 =9 (0= 1) = = [(fi0) - 55040} (3.21)

= £1(0) + fo(l + 2ab — 2at)

r=at—ab
®) ®) _ 2at—2ab
g\ () + ¢'\"(2at —2ab) 1

— il (©)
= ; tor [ O
0

We change variable y = 2ab — 2at in obtained expression then

(b ®)(— -y
flt ) = O L [0 a- fo) 22

Math. Model. Anal., 17(3):309-329, 2012.
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Substituting expression (3.22) into (3.21) we obtain

/ fi(n
where

(b) ®)(— -y
i) = 710~ S g0 (b= ) %@’) -5 [ e ae

e Yy, P (=€) d§
v )y {@ (=) +— }g—y'

Let us mtegrate expression (3.23) by y in the range from 0 to z

d
y)dy + —= // il dy:/ Gi(y) dy
n—y 0

Changing order of integration in double integral and finding inner integral we
get

= G1(y), (3.23)

/Oz Fily) dy — \2/05/0 Fil) iy =z dn = /OZ G

We integrate the second integral by parts. Hence obtained expression takes the

form ; ;
c
/o fl(y)dy‘*‘%/o Ji(n)
where

c (b)
6a(0) =~ 220z + (70) - 1) -

A DG YRR S Ty €
2<go"(z)+a/0 w”<s>d§>+/ogb(b ‘) ae

2

a - = Gy(2), (3.24)

We multiply expression (3.23) by \/ylfz and integrate by y from 0 to z

| it R e
Vi—:  Va V== b VA=
Changing order of integration in double integral and finding inner integral

we get
e

/ fily ﬁ = 2R+ Ga(o) (3.25)
where
mc [ g®
Ga(2) = % (g - 10) +2 (00 - 10) v
Q\f o) (— / PO (&) d§

[ (a0 e [ -G

I\
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Substituting expression (3.25) into (3.24) we obtain

he+ = [ (e de=Gao) (3.26)

where

2 e

6i(2) = (10 - 50) (14 25) - 20z

v x/ozg@ (z)_j) (1_;6&172)@
s <¢<b><—z> w1 [ e d£> <(1-757)
a /OZ {(p(b)/(f) + w(b)c(zg)} <§+ j‘/%m) dg.

2mc?

Equation (3.26) is a Volterra integral equation of the second kind. Let us
solve it. We suppose that fi(z) = —-%C(2) + G4(z) where C(2) = [; f1(£) d¢
and C'(z) = fi(2), C(0) = 0. Thus solution of integral equation (3.26) is
equivalent to solution of Cauchy problem for ordinary differential equation:

C'(2) + -L0®() = Ga(2), C(0)=0.

e

Solution of Cauchy problem has the form

C(z) = /0 e 7= 06 (8 de,

then solution of integral equation (3.26) takes the form

filz) = == | e 7= EmOG,(€) de + Gul2).

WCZ 0

Taking into account expression G4(z) and performing some transformations we
obtain

®) a —az
A6 = 110 - S5 4 g0 e (22

mc Jo E—z 2 2

+/Oz JP— {Waczg(b) (b— i) — O (—g) - w(b)é_g)}
x erfc (a(\/ﬁ%;Z)) dg.

Math. Model. Anal., 17(3):309-329, 2012.
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Calculating integral foz g (b - %)% by parts and marking

PO = 20wy 2 [T (0= &) Ve ae

e

y ®)(_
- [ 4wy (3§ _ _M}
+/0 e Y {ng (b a) ©'(=€) .

x erfc(@)df gD (b)e 7 erfe <{/‘g> |

we obtain

O (==2) 1

_ 0 ®)
. 50 | PV©de+FOE). (3.27)

fi(z) = f1(0) =
Performing change of variable z = [ 4+ y in expression (3.22) we get

_ 0 —eWi-2) 1
2 2a

l—2z
fol2) / O dE - 11(0). (3.28)

Substituting expressions (3.27), (3.28) into solution (3.18) and performing
transformations we derive solution of problem with integral boundary condition
in domain D}

0O (z + at — ab) — p® (at — z — ab)

uy’ (@,1) = 5
1 r+at—ab
to / O (€)de + FO (z —at +ab).  (3.29)
at—x—ab

In domain D} we have to solve problem (3.1), (3.4) with condition on char-
acteristic

©®) (1 — 2at + 2ab) + o) (1)

b
u(b) |m:l+ab7at = Ug )(l + a’b - at7 t) = )
1 / l
— Gl ey de, b<t<b+ —. }
too [ wP©de b<t<bi @30
l—2at+2ab

General solution of equation (3.21) has the form (3.18). Let us satisfy boundary
condition (3.4)

u®| _ = fi(l — at + ab) + fo(ab — at) = X (t). (3.31)

Taking into account coincidence conditions (3.16) in condition on charac-
teristic (3.30) we obtain

() o (b
fi(l + 2ab — 2at) + f2(0) = PO (1 + 2ab — 2at) + x\V (b)

2
l
1 ®)
. / w0 (€) de. (3.32)

—2at+2ab
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Performing change of variable y = I + 2ab — 2at in expression (3.32) we get

(b) (b)

fl(y): 9

—f2 (0)+—+—/ P(E (3.33)

Taking into account (3.33) in (3.31) and performing change of variable we
obtain

(b) (b) !
R =x® (o= 2) 250 g0 - S 0@ 0

Substituting expressions (3.33), (3.34) into general solution (3.18) we derive
solution in domain D}

-1 ) (x — at + ab) — ¢®) (21 — x — at + ab
u® (z, 1) = (b)( - +t>+éﬂ (z —at + ab) </2> (2l — 2 — at + ab)

1 2l—x—at+ab
il (b)
+ %0 / (&) dE. (3.35)
r—at+ab

In domain DY we solve problem (3.1) with conditions on characteristics

b
u®| = s (at —ab ) = x® (2t — b~ 1/a)
2l—2at+2ab
®)(0) — o® (2] — 2at +2ab) 1
e e R AGLS
2 2a
0
(3.36)
®) (7 _ ,(b) g
b ) oW (1) — o\"(2at — I — 2ab)
U( ) r=l—at+ab = Uy (l —at+ ab t) >
l
1
+ o / »® () de + FO (I — 2at + 2ab). (3.37)
2at—I1—2ab

General solution of equation (3.1) has the form (3.18). Let us satisfy condi-
tion on characteristic (3.36). Taking into account coincidence condition (3.15)
we obtain

— ®) (21 — 2at + 2ab)

o)
£1(0) + fa(l + 2ab — 2at) = XV <2t_b_ i) L9V

2
1 2l—2at+2ab
il (b)
+ 7 / PP (&) dE. (3.38)
0

Math. Model. Anal., 17(3):309-329, 2012.
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Let us satisfy condition on characteristic (3.37). Taking into account coin-
cidence condition (3.16) we obtain

x® (b) — o®(2at — 1 — 2ab)
2

f1(l = 2at + 2ab) + f2(0) =

l

+ 2i / YO (&) de + FO (1 — 2at + 2ab).  (3.39)
a
2at—1l—2ab

By changing variable y = [ 4+ 2ab — 2at in expression (3.38) we obtain

®)(p) = p®) I+y
) =x (- £) - po)+ =D [P0 de. (s

By changing variable y = I + 2ab — 2at in expression (3.39) we get

©) ®(—
fin) = S0 gy - £

1 l

to [ V@ e+ FOG). @Ay
2a J_,

Taking into account coincidence conditions (3.16) in (3.40) we obtain

£(0) = g® (b) ;x(b)(b) )+ 7/ »®) (¢ (3.42)

Substituting expressions (3.40)—(3.42) into general solution (3.18) and per-
forming transformations we derive solution in domain D}

-1 ®) (21 — 2 — at + ab ®)(at —x — ab
uff’)(x,t)=x(”)<xa +t>_w( x —at+ab) ¢ (at —x —ab)

2 2
1 2l—xz—at+ab
+ 5 / PO (&) de + FO) (x — at + ab). (3.43)
a
at—x—ab

Thus we have found solution of initial-boundary value problem (3.1)—(3.4)
in the form (3.19), (3.29), (3.35), (3.43). Solution is obviously twice continu-
ously differentiable in domains Df , 4= 1,4. It is also obviously continuous on
characteristics « — at +ab =0, | — 2 — at + ab = 0. Hence u® (z,t) € C(12),
ugb)(x,t) cC?(Dh). O

Let us show that solution continuity up to second-order derivatives remains
on characteristics (3.14) when coincidence conditions (3.7), (3.8) are fulfilled.

Lemma 2. If (»”U) € C2([0,1]), ¥ (x) € C([0,1]), X (1) € C*([b,b+ ;).
g (t) € C%([b,b+L]) and there exists the solution u® (z,t) of initial -boundary
value problem (3. 1) —~(3.4) of the kind (3.17) then fulfillment of coincidence con-
ditions (3.7), (3.8) is sufficient for u® (z,t) € C2(12y).
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Proof. Under conditions of lemma the conditions of Lemma 1 are satisfied.
Thus u®(z,t) € C(§2;) and uz(-b) (z,t) € C*(DY), i = 1,4. Let us show
that u(® (x,t) € C%(12,). Comparing solutions u;(z,t) and us(z,t) and their
first and second-order derivatives between domains D?, D} and also solutions
uz(z,t) and ug(z,t) and their first and second-order derivatives between do-
mains Dg, DZ when x = at — ab, we arrive at the conclusion that solution
of initial-boundary value problem (3.1)—(3.4) is continuous on characteristic
x — at — ab = 0 up to second-order derivatives.

Similarly comparing solutions u(z,t) and ug(x,t) and their first and sec-
ond-order derivatives between domains D%, D5 and also solutions uz(z,t) and
u4(z,t) and their first and second-order derivatives between domains Dj, D}
when x = at—ab+1[ we can draw a conclusion that solution of initial-boundary
value problem (3.1)—(3.4) is continuous on characteristic | —x — at +ab = 0 up
to second-order derivatives.

Hence solution of initial-boundary value problem (3.1)—(3.4) is continuous
up to second-order derivatives in the whole domain 2, i.e. u(® (z,t) € C?(12;).
O

Lemma 3. If o) (z) € C*([0,1]), v®(z) € C([0,1]), x®)(t) € C*([b,b+ 1]),
gV (t) € C2(b,b+L]) and there exists the solution u®) (z,t) of initial-boundary
value problem (3.1)~(3.4) of the kind (3.17) then fulfillment of coincidence con-
ditions (3.7), (3.8) is necessary for u® (z,t) € C%(12;).

Proof. Tt is evident that u(® (z,t) € C?(D?), i = 1,4. Let us find conditions
necessary for solution u(%) (z,t) continuity up to second-order derivatives in the
whole domain £2,. We notice that () (z,t) satisfies equation (3.1). Hence we
obtain that conditions necessary for continuity of derivatives 8281;(;) and 828:?)
coincide.

Setting equal solutions ugb)(% t), ugb) (x,t) and uéb) (z,1), uflb) (z,t) (3.17) as
well as their first and second-order derivatives on characteristic x —at +ab =0
we find that for continuity of the solution and the first-order derivatives on
characteristic x — at 4+ ab = 0 the following conditions

p(0) =g (1), ¢®'(0)=0 (3.44)
should be fulfilled. For continuity of the second-order derivatives condition
B0y = — % (p® () — O O o (1 — - 1 4

B (0) = =5 (500) - g0 0) + ap®(0) (1- = lim =) (349

should be fulfilled. By the assumptions of theorem ®)(z) € C([0,1]) that
is ®)'(x) € C([0,1]) then ¥(®’(z) is limited on interval [0,1] i.e. there exists
C >0, C < oo such that [®/(z)| < C for all z € [0,1]. But we have that

To solve this contradiction we require that

$®(0) — g®' (b) + ap®’(0) = 0.
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Taking into account condition (3.44) and (3.45) we obtain
v(0) = g®"(b), ¥®"(0)=0. (3.46)

Thus for continuity of second-order derivatives conditions (3.46) should be ful-
filled.

Setting equal solutions ugb) (z,t), ugb) (x,t) and u(Qb) (z,1), uflb) (x,t) (3.17) as
well as their first and second-order derivatives on characteristic | —x —at+ab =
0 we obtain that for continuity of solution, its first-order and second-order
derivatives on characteristic [ — z — at 4+ ab = 0 the following conditions

(p(b)(l) — X(b)(b)a ¢(b)(l) — X(b)/(b)7 a2<p(b)"(l) — X(b)//(b) (3.47)

should be fulfilled. Hence for solution continuity up to second-order deriva-
tives conditions (3.44), (3.46) and (3.47) should be fulfilled i.e. coincidence
conditions (3.7), (3.8) should be fulfilled. O

Theorem 2. If o) (x) € C*([0,1)), ¥ (z) € C*([0, 1)), xV(t) € C*([b,b+ 1)),
g (t) € C2([b,b+ L]) and coincidence conditions (3.7), (3.8) are fulfilled then

there exists a unique solution u® (x,t) € C?(2) of initial-boundary value
problem (3.1)—(3.4) in domain (2, that takes the form (3.17).

Proof. Conditions of theorem yield the conditions of Lemma 1 and Lemma 2.
Thus solution u®)(x,t) of initial-boundary value problem (3.1)(3.4) exists,
takes the form (3.17) and u® (x,t) € C?(£2,). Uniqueness of the solution comes
from the way of its construction as a particular solution of initial-boundary
value problem from general solution of the differential equation. 0O

4 Solution of Initial-Boundary Value Problem for Wave
Equation with Integral Condition by Method of Char-
acteristic

In order to find solution of initial-boundary value problem (2.6)—(2.8) in do-
main {2 we divide time frame into intervals with the length I/a (Fig. 3).

Solutions in rectangles (2 = {% <t < @, 0<az<l}, ke NU
{0} can be found in sequence by formulas (3.17). Here initial and boundary
conditions in domain {2 have the form (2.7), (2.8) and initial and boundary
conditions in domain (2}, k € N are found from solution in domain {2;,_yj by
formulas

ul (2, kl/a) = olFl(z) = ugkfl] (x,kl/a), 0<z<lI, (4.1)
oulFl (z, kl/a) oulf= (x,kl/a)
: _ () = (@ kl/a) <
5 P (x) 9 , 0z <, (4.2)
uan = (o), L B
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tA
3l/a
o
2l/a
Q
l/a
v
11 1T
I »
0 1 x

Figure 3. Division of domain {2 into intervals with the length I/a.

toul0, ) dr ki k+ 1)l
“[k](o’t):c/m Qai )mww(”’ thg( 0 Loa)

a

where f[k] = f(%),

k—1

(G+1)i/a au“](o T) dr
(k] _ 2 )
gi(t) =g(t) +c E / .
®) ®) l/a or Ji—r

(4.4)
§=0

Finally, we have the following theorem.

Theorem 3. If p(x) € C*([0,1]), ¥(x) € C*([0,1]), x(t) € C*([0,00)), g(t) €
C?([0,00)) coincidence conditions at the point (x,t) = (0,0)

©(0) =g(0), ¥(0)=g'(0), ¢'(0)=0, ¥'(0)=0 (4.5)
and at the point (x,t) = (I,0)

p() =x(0), (1) =x"(0), x"(0)=a*¢"(]) (4.6)

are fulfilled then there exists unique solution u(x,t) € C (§2) of initial-boun-
dary value problem (2.6)~(2.8) in domain £2. At that in domain 2y solution
u(x,t) € C*(2)) and in domain 2y, k € N solution u(z,t) € C’Q(Dl[k]),
1 = 1,4 and has deriwative discontinuity on characteristics x — at — kl = 0,
(k+ 1)l —2—at=0.

Proof.  Conditions of Theorem 2 are fulfilled in domain §2jq; thus there ex-
ists a unique solution of initial-boundary value problem (2.6)—(2.8) u(z,t) €
C? (£2g)) in domain ) and has the form (3.17) when b = 0.

First, let us show that coincidence conditions (4.5), (4.6) are sufficient for

fulfillment of coincidence conditions:
ki ki
oMo =g (5, ot =x (1) (47)

a a
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in each domain {2, k € N.

We shall use mathematical induction method to prove theorem. In domain
{2(0) coincidence conditions (4.7) are fulfilled by the theorem data as they cor-
respond to coincidence conditions (4.5), (4.6). We suppose that coincidence
conditions (4.7) are fulfilled in domain (2;_y). Let us show that in that case
they are also fulfilled in domain (2.

Expression (4.4) for boundary function gl¥l(¢) can be presented in the form

Mo gy lk=1] (0,7) dr
K14y = glk—1] 2 ’
gi(t) =g t) + c/ . 4.8
( ) ( ) (k—1)l/a ox Vi—T ( )

Let us derive the form of initial and boundary functions ¥l (x), ¥ (z),
g™ (t) via functions "~ !I(x), pE=1(z), gl*=1(t). We shall use formulas (4.1),

(4.2), (4.8) and solution of initial-boundary value problem (2.6)—(2.8) in do-
main 2, _y].

M) =x (EEZ) i)y P ), (49)
() = (FHEE) gt - (4.10)
_ %g[kfu <kt$> @F[k e — 1)+ i

-2 =
h—1]r( pri(=g) 1 [k—l]/( _ f)} dg
X/O {“” O+ =+, O B Y

ki/a d 2./a
k] 4y — olk—1] a k=1 4T  2v@
g (t) = g () + gr (T

(k—1)l/a Vt—T1 ™

« {7:;9[’“ U((k=1)/a) + =gtk (W) o (1)
_ M} we @ dr — & g1l <("71)l)
( ye

(4.11)

a k—1)l/a vt—T a
. /kl/a o= = (k= Di—ar) erfC( a(ar — (k — 1)1)) dr
(k=1)l/a Ve vt—T1
_2va [ {_ RETr <(k—1>l—§> Lt ((k—l)l—f)
59 =9
T Jo mc a a a

[k—1]n w[k v ( 5)} K/ \/§+a7' (k-1 ld d
e O+ a /(kl)zg/a Vi—T T

_a [T {ag[kl] <(k1)l§) gy W“”(f)}
0

e

e a a
/e —a((k—1)l—aT—£) VaEtar—(k = 1))\ dr
X e we erfc d€
(k=1)i—¢/a Ve Vit—T

Substituting expressions (4.9), (4.11) into coincidence condition (4.7) and
performing transformations, we prove fulfillment of coincidence condition (4.7)
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in domain (2. Similarly substituting expression (4.9) into the second condi-
tion condition (4.7) we prove fulfillment of coincidence conditions (4.7) in do-
main {2 under the assumption that coincidence conditions (4.7) are fulfilled
in domain (2, _y). Thus conditions of Lemma 1 are fulfilled in domain (2,

k € N. Hence there exists unique solution u(z,t) € C(2p)), u(z,t) € C? (Dlm)7
i = 1,4 in domain (2 and has the form (3.17) when b = kl/a.

We can show that coincidence conditions ¥ (0) = [k]’(kl) ©*(0) = 0,

YF(0) = 0 are not fulfilled in the general case in domain 1) when they are
fulfilled in domain (2;,_), k € N. Then according to proof of Lemma 3 solution
U(Ji,t) §é Ol(Q[k])

Thus solution u(z,t) € C(2py), u(z,t) € C? (Dz[k]), i = 1,4 and first-order
and second-order derivatives has discontinuity on characteristics x —at+kl = 0,
l—x+at+ Kkl =0, k € N. This solution is obviously unique in each domain
DM,

Let us show that derivatives up to second-order remain continuous when
coming through border ¢ = kl/a between domains (2;,_;; and (2j;. Continuity
of solution and first-order time derivative obviously comes from expression for
initial functions ¢*(2) ¢Fl(z) (4.1), (4.2).

Let us prove a continuity of the first-order derivative by x.

oulf! (a,kl/a) { o' (@ — at + K1) + o' ( + at — k)

Oox 2
+¢[’<J(x+at—kz)—¢U<J(x—at+kz) _ ()
o = ™' (x).
t=kl/a
Using identity (4.1) we obtain
3u[1k] (x,kl/a) = Mk = 8u[k Y (x,kl/a)
Oz oz ’

that means that the first-order derivative by x is continuous. Let us prove a
continuity of the second-order derivative by x.

Ox? 2
YW (x4 at — ab) — PV (z — at + k) }
2a

o*ul (2, kl/a) {90““]”( —at + k1) + oM (& + at — k)

= " (2).
t=kl/a

_|_

Using identity (4.1) we obtain

82u[1k] (x,kl/a) _ [k]//( ) = 82u£1k—1] (z,kl/a)
dz? 0%z ’

that means that second-order derivative by x is continuous. Let us show a
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continuity of the second-order derivative by ¢.

0*ul! (¢, kl/a) { 20" (& + at — kl) + M (x — at + kl)
= a

ot? 2
K (z+at—kl) — ) (z—at+kl
+a¢ (lE a ) 5 w (IB a )} — azgom"(z).
t=kl/a
Using identity (4.1) we get
k k—
2ul (x, kil /a) — 2 () = o2 o2yl (a:,k:l/a).

ot? Oz

Using identity (2.6) we obtain

82u[1k] (x,kl/a) _ 2 82u£1k_1] (x,kl/a) _ 52u£1k_1] (x,kl/a)
ot? Ox? ot? ’
that means that second-order derivative by t is continuous.
Let us prove a continuity of the mixed derivative.

82u[1k] (v, kl/a) { oM (2 4 at — k) — oF (z — at + kI)
=<a

Ox0t 2
(k] — Kl (g —
n Y (2 + at — k) + PV (x at+kl)} ().
2 t=kl/a
Using identity (4.2) we get
k ke—
2ulf (z, ki /a) _ () — 02ul* (2, kl/a)

OzOt Oxot ’

that means that mixed derivative is continuous. Hence solution is continuous
up to the second-order derivatives when coming through borders of domain.
Thus we have proved that solution u(z,t) € C*(R2y)), u(x,t) € C(2p),
k€N, u(z,t) € C? (Dl[k]), i = 1,4 and first-order and second-order derivatives
have discontinuity on characteristics ¢ —at+kl =0, —xz4+at+kl =0. O

Hence we have proved the unique existence of classical solution of initial—
boundary value problem (2.6)—(2.8) when coincidence conditions (4.5), (4.6)
were fulfilled. We have also found analytical solution of the problem.
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