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Abstract. In this article, we go on to discuss various proper extensions of Kannan’s
two different fixed point theorems, and introduce the new concept of o. function,
which is independent of the three notions of simulation function, manageable func-
tions, and R-functions. These results are analogous to some well-known theorems,
and extend several known results in this literature. An application of the new results
to the integral equation is also provided.

Keywords: fixed point, coincidence point, Kannan’s mapping, simulation function, R-

function, manageable function, o.-function.

AMS Subject Classification: 47H10; 54H25.

1 Introduction

The fixed point theory is one of the most useful and essential tools of nonlinear
analysis. Banach [1] has given the most important and fundamental theorem
of this branch by defining the concept of contraction operators. After that,
so many theorems and generalizations of it has been made over the course
of time. Recently, Khojasteh et al. [9] introduced the notion of simulation
function and Du and Khojasteh [3] presented a very close but the independent
concept of manageable function, both of which give a new way to extend the
Banach’s fixed point result. However, Lépez de Hierro and Shahzad [2] has
given the concept of R-function (the generalized concept of both simulation
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and manageable function) to obtain the extension of Banach’s theorem for the
R-contraction operator. A multi-valued version of such generalization can be
found in [6]. On the other hand, Kannan [7, 8] found a particular type of
operators which are not necessarily continuous, but satisfies the fixed point
property on complete metric spaces. The class of operators found by Kannan
and that of Banach are independent of each other [7,8]. Here, in this article,
we prove several proper generalizations of Kannan’s theorems, by finding fixed
points and coincidence points for two set of operators, via the new concept of o.-
functions. These new generalizations also extend several known theorems like
Koparde-Waghmode theorem [10] and Patel-Deheri’s theorem [13] by finding
the analogous results of Malceski theorem [12].

2 Preliminaries

Let T,S: (X,d) — (X,d) be two operators on metric space (X,d). Then, T
is said to have a fixed point ¢ in X, if Tc = ¢. The point ¢ is said to be a
coincidence point of the pair (7,5), if Tc = Sc. The space X is said to sat-
isfy the coincidence property with respect to the pair (7', S) if there is at least
one point ¢ for which T'c = Sc. The iterates of the self-mapping T is the set
{T": X — X}nenuqoy, where T° = Idx, and T"*! = T oT" for all n € N.
Given a point zg € X, the Picard sequence of T based on x( is the sequence
{#n}nenugoy given by x,, = Tw,,y for all n € N. Clearly, z,, = T"xq for all
n € N. The mapping T is said to be asymptotically regular at point z € X if
lim,, 00 d(T"x, T" 12) = 0. The mapping T is said to be sequentially conver-
gent if, for each sequence {z,} the following holds true: if {Tx,} converges,
then {x,,} also converges. We say that a sequence {, },enufoy is S-bounded if
{S2y} nenuqoy is bounded and S-Cauchy if { Sz, },enugoy is @ Cauchy sequence.

We now state the Kannan’s two theorems, for which we find the generaliza-
tions.

Theorem 1. (Kannan, [7]) If T is an operator on a complete metric space
(X, d), satisfying the condition that d(Tx,Ty) < a[d(Tz,z) + d(Ty,y)], for all
x,y € X, where 0 < a < 1/2, then T has unique fized point in X.

Theorem 2. (Kannan, [8]) Let X be a metric space with d as metric. Let T
be a map of X into itself such that

(i) d(Tz,Ty) < a[d(Tx,x) + d(Ty,y)] for all z,y € X, where 0 < a < 1/2;
(i) T is continuous at a point ¢ € X; and

(i11) There exists a point p € X such that the sequence of iterates {T™(p)} has
a subsequence {T™ (p)} converging to c.

Then c is the unique fixed point of T.

We state some definitions; starting with the concept of simulation functions,
which was initiated by Khojasteh et al. [9], to show a new way to study, fixed
point theory.
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DEFINITION 1. (Simulation function, [9]) Let ¢: [0, 00) % [0,00) — R be a map-
ping, then ( is said to be a simulation function if it satisfies the following
conditions:

(€1) ¢(0,0) =0;

(€2) ¢(t,s) < s—tforallt,s>0;

(¢3) if {t,} and {s,} are sequences in (0, c0) such that, if lim ¢, = lim s, >0,
n—oo n—oo

then lim sup (¢, $n) < 0.

n— oo
Ezample 1. Let ¢ : [0,00) x [0,00) — R be such that ((¢,s) = 1(s) — ¢(¢) for
all s,t € [0,00), where ¢, ¢: [0,00) — [0, 00) are two continuous functions such
that ¥ (t) = ¢(¢t) = 0 if and only if ¢ = 0 and ¥(t) < t < ¢(t) for all ¢ > 0.
Then ( is a simulation function.

More examples of simulation function can be found in [9].

DEFINITION 2. (Manageable function, [3]) A function 7 : R x R — R is said to
be manageable if the following conditions hold:

(n1) n(t,s) <s—tforalls,t>0;
(n2) for any bounded sequence {t,} C (0, 00) and any non-increasing sequence
{sn} C (0,00), we have that limsup(t, + 9(tn, sn))/sn < 1.
n—roo
Several examples of manageable functions can be found in [3].

DEFINITION 3. (R-function, [2]) For a nonempty set A C R, a function p :
Ax A — Ris said to be an R-function if it satisfies the following two conditions.

(p1) If {a,} C (0,00) N A is such that p(ant1,an) > 0, for all n € N, then
{an} — 0.

(p2) If {an}, {bn} C (0,00) N A are two sequences converging to the same limit
L > 0 satisfying that L < a,,, and p(an,b,) > 0, for all n € N, then L = 0.

In some cases, the following additional property is also considered:

(S) If {an}, {bn} C (0,00) N A are two sequences such that
{bn} = 0 and o(ay,b,) > 0, for all n € N, then {a,} — 0.

Various examples and properties of R-function can be found in [2].

Remark 1. (see [2]) Every simulation function and manageable function is an
R-function that also satisfies the property (S).

Remark 2. (see [5]) A Geraghty function is a function ¢: [0,00) — [0, 1) such
that if {¢,} C [0,00) and {¢(¢,)} — 1, then {¢,} — 0.

DEFINITION 4. (L-function, [11]) A function ¢: [0,00) — [0, 00) will be called
an L-function if:

(a) »(0) =0;
(b) ©(t) > 0 for all ¢ > 0; and
(c) for all € > 0, there exists § > 0 such that ¢(t) <e for all t € [¢,e + J].
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3 Main Results

Before going into our main theorems, we shall introduce some definitions, as
follows:

DEFINITION 5. (o.-function) Let A C R be a nonempty set and ¢ > 1 be a
fixed constant. A function o.: A x A — R is said to be a o.-function if it
satisfies the following two conditions:

(o) If {an} C (0,00) N A is a sequence such that o¢(an,an—1 + a,) > 0, for
all n € N, then a,, = 0 as n — o0;

(02) If {an}, {bn} C (0,00) N A are two convergent sequences such that, cL =
lim b, > lim a, =L >0 and o.(ay,b,) > 0 for all n € N, then L = 0.
n—oo n—oo

We denote by X4 the set of all o, functions on A, and we write simply X, for
e,

Remark 3. Unlike Remark 1, every simulation function (or manageable func-
tion) is not a o.-function. In fact, the notion of o.-function is completely
independent, from the three notions mentioned in Definitions 1, 2 and 3 which
can be seen by the following examples.

Ezample 2. Let «: [0,00) x [0,00) — R be the function defined for all t,s €
[0, 00) by

| s/2—3t/2, whent <s;
7t ) = { 0, when t > s.

Then it can be seen that v € Y. for any fixed ¢ € [1,3), which satisfies the
condition (S).

But, 7 is not a simulation function (or manageable function). For instance,
take a, = b, =1 for all n € N, then limsup~(a,,b,) = 0, hence the condition

(¢3) (or (n1)) is violated. A

Ezample 3. Let 8: [0,00) x [0,00) — R be the function defined for all ¢,s €
[0,00), by B(t,s) = s/2 —t. Then clearly § is a simulation function. In fact, it
is both manageable and R-function. But 8 does not satisfy the property (o1).
Because, if we take a,, = 1+ 1/n, and b, = a,, + ay—1, for all n € N, then
B(an,by) = (an—1 — an)/2 > 0 but {a,} does not converge to 0. Therefore,
B ¢ X, for any ¢ > 1.

Ezample 4. Let g: [0,00) x [0,00) — R be the function defined for all ¢,s €
[0,00) by
-1, ift <s;

g(t’s){ 1,  ift>s.

Then, for all n € N and for every {a,,} C (0,00), we have, g(an, a¢n—1+a,) <O0.
Hence, condition (o1) is trivially true. Also, if {an},{b,} C (0,00) are two

convergent sequences such that, ¢L = lim b, > lim a, = L > 0, (for ¢ > 1)
n—oo n—oo
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satisfying that, g(an,b,) > 0, for all n € N, then it implies that, a,, > b, for
alln e N = L > c¢L (for ¢ > 1) = L = 0. So g satisfies (02) and hence,
g € X, for every fixed ¢ > 1. But g is not an R-function which can be seen by
considering a,, = n, for all n € N.

Remark 4. The domain of the functions v and g can be chosen any subset A of
R, rather than [0,00), to get examples of o.-functions with different domain.
Also, the above function f satisfies (¢2) but still not a o.-function, which would
be very important when we state our conditions for the extension of Kannan
mapping to get fixed point.

We will now consider some more examples of o.-functions using Geraghty
functions and L-functions.

Ezample 5. Consider a function, 7: [0,00) — R, such that, 7(t) < ¢, for all ¢t €
[0,00). Define a new function O, : [0,00) X [0,00) — R by: O(t,s) = an(s)t,
for all ¢,s € [0,00), with, 0 < @ < 1/2. Then, O, is a o.-function for every
fixed ¢ € [1,2], which also satisfies the property (S), can be readily seen.

Ezample 6. In [2], it is highlighted about an important property of L-function
I, that, I(t) < t, for all t € [0,00). So by previous example, for every L-function
[, a function defined by: ©,(t, s) = al(s)t, for all t,s € [0,00); (0 < o < 1/2) is
a o.-function for every fixed ¢ € [1, 2], which also satisfies the property (S).

Proposition 1. Let g: [0,00) — [0,1) be a Geraghty function. Define the
function ©4: [0,00) x [0,00) = R by: O,4(t,s) = ag(s)s—t, for allt,s € [0, 00),
with, 0 < o < 1/2, is a o.-function for every fized c € [1,2] which also satisfies
the property (S).

Proof. For 0 < a < 1/2, the proof is clear from Example 5 and the fact that,
g(s) <1, 1ie., g(s)s < s. Now for a = 1/2, we have, O4(t,s) = g(s)s/2 — t, for
all t,s € [0,00).

(o1) If {a,} C (0,00) is a sequence such that Oy(ay,an—1 + an) > 0, then,
for all n € N, we have,

1 1
§g(an_1+an)(an_1 +ap)—a, >0 = 0<a, < ig(an_ﬁran)(an_ﬁran)
1 1
< i(a"_l +a,)] = a, < §(an_1 +a,) = a, < ap_1.

So, {a,} is strictly monotone decreasing sequence of positive reals, hence con-
vergent to L (say). Hence, L <limg(a,—1 +an) -2L/2 =L = limg(a,—1 +
an) = 1, and so by the property of Geraghty function we have that, (a,—1 +
an) — 0 as n — oo; which implies a,, — 0 as n — 0.

(02) If {an}, {bn} C (0,00) are two convergent sequences such that, cL =
limb,, > lima, = L > 0, satisfying that, O4(an, an—1 + a,) > 0, then, we have
g(bp)bn/2 —an >0 = an < g(bn)bn/2 < b,/2 = L <limg(b,)cL/2 <
cL/2 = limg(b,) =1, and so, b, — 0 as n — oco. This shows that a,, — 0
as n — oo.

By similar arguments one can check the property (S) and this completes
the proof of the proposition. 0O
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DEFINITION 6. Let T: X — X be an operator. A sequence {zp},>0 in X
is said to satisfy the asymptotic regularity property with respect to T, if
limy, o0 d(Txp41,Tx,) = 0. Now, if {x,}n>0 is formed by the Picard’s in-
teration, i.e., x,, = T™xg, then T is simply turns out to be the asymptotically
regular at the base point zg.

DEFINITION 7. (see, [12]) Given two self-mappings T,S: X — X and a se-
quence {z,}n>0 C X, we say that {z,}n>0 is a Picard sequence of the pair
(T,S) (based on x¢) if Szy41 = Tz, for all n > 0. We say that X verifies the
CLR(T, S)-property, if there exists in X a Picard sequence of (T, S) based on
some point xg.

DEFINITION 8. Let T: X — X be an operator. A sequence {x,} is said to be
S-asymptotically similar with respect to T, if lim,,—, oo d(T'Szy, SSx,) = 0.

DEFINITION 9. Let (X, d) be a metric space, and S: X — X be a function. A
mapping 7: X — X is called a X .-S-Kannan with respect to some o, € X, if,
it satisfies the condition that

o (d(Tz,Ty),d(Tx,Sz) + d(Ty,Sy)) > 0 for all z,y € X. (3.1)

The mapping T is called, Y.-Kannan with respect to some o. € X, if, it
satisfies the condition that

oc(d(Tx,Ty),d(Tz,z) +d(Ty,y)) > 0 for all z,y € X.

Lemma 1. Let (X, d) be a metric space verifies the CLR(T, S)-property and let
T: X — X be a X.-S-Kannan, with respect to some o. € X, then the Picard
sequence of (T,S) (based on xg) satisfies, either the coincidence property with
respect to the pair (T, S); or, the asymptotically reqularity property with respect
to the operator T.

Proof. Given that, (X,d) verifies the CLR(T, S)-property. So there exists in
X a Picard sequence {z,},>0 of (T,S) based on some point zo of X which
satisfying the condition that, Sz, 1 = Tz, for all n > 0.

Now we have the following two cases:

e Case I: We assume that, T'xz, = Txp_1, for some p € N. Then Tz, =
Tzp,—1 = Sz, and X satisfies the coincidence property with respect to
the pair (T, .5).

e Case II: Now we assume, Tz, # Tx,_; for all n € N.

Now as T: X — X be a X.-S-Kannan, with respect to some o. € Y., we have
that,
o(d(Tx, Ty),d(Tx,St) + d(Ty,Sy)) > 0 for all z,y € X.

So, oc(d(Txpt1, Txn), d(TTpi1, STni1) + d(Txy, Szy)) > 0 for all n € N.
Now as, Sty41 = Tz, for all n € N. We have,

oc(d(Txpy1,Tay), d(Txpi1, Tay) + d(Tay, Txp—1)) > 0.

Math. Model. Anal., 24(4):530-549, 2019.



536 S. Hazra and S. Shukla

Choose a,, = d(Txp41,Txy), then, a,—1 = d(Tzy,, Tx,—1); and so, a, > 0
with o.(an, an—1 + a,) > 0, for all n € N. Then by (c1) we get, {a,} — 0.
This clearly shows that, the Picard sequence of (T,S) (based on xg) satisfies
the asymptotically regularity property with respect to the operator 7. O

Lemma 2. Let (X,d) be a metric space verifies the CLR(T, S)-property; and
T: X - X be a X.-S-Kannan with respect to some o. € Y., satisfying, either
the condition that, o.(t,s) < s —1t for all s,t > 0, or satisfying the property
(S). Then the Picard sequence {x,} of the pair (T,S) (based on x), is an
S-bounded sequence.

Proof. On contrary, assume that {x,} is not S-bounded. Without loss of
generality we assume that Sx,4, # Sz, for all n,p € N; and so, clearly,
Txyyp # Ty, for all n,p € N. As {x,} is not S-bounded, for each k, there
exists two subsequences {Sz,, } and {Sz,,} of {Sz,} with k < nj < my, for
each k € N, my,n; are the minimum integers, such that,

d(Szn,, STm,) >1 and d(Sz,,,Sz,) <1 for ny<p<m;—1. (3.2)

Case I: Now, if T is a X .-S-Kannan with respect to some o, € X,
satisfying the condition that, o.(t,s) < s —t for all s,¢ > 0. So we have that,

d(Tz,Ty) < d(Tz,Sx) + d(Ty, Sy), for all z,y €Y,

where Y is the set of points x, y, of which both the sides of the above inequality
provides non-zero entries.

Now, we assume that Ta,,_1 = Sz,, # STn,—1, TTm,—1 = STy, #
Sy, —1. Also, Tz, # Ty, ie., Ty, —1,%m,—1 €Y, and we have,

AT, -1, TTm,—1) < d(TTpny—1,5Tn,—1) + AT Tmy—1, STmy—1)-
Now clearly,

1 <d(Szp,,Stm,) =d(Tzn,—1,TCm—1) < d(TTp,—1,5Tn,—1)
+d(T£L’mk,1,S(Emk,1)

as T is X .-S-Kannan. This implies

1< d(Txnk,_l, S«Ink—l) =+ d(TJEmk_l, Sxmk—l) = d(T«rnk—lyTxnk—Q)
+ d(Txmk—laTxmk—Z)-

Now we see that both the entries on the right hand side are the subsequence of
d(Tzy, Szy,) = d(Tx,, Tx,-1), such that, Tz, # Tx,_; for all n € N. Then by
Case IT of Lemma 1, then Picard sequence of (T, S) (based on z) satisfies the
asymptotically regularity property with respect to the operator T. So, taking
limit on both sides as k — oo, we get, 1 < 0, which is a contradiction. Hence,
{zn} is S-bounded.

Case II: Now suppose, o, satisfies the property (S). Then, we choose,
ar = d(S%p, , ST, ) and
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by = d(Txn,—1,5Cn,—1) + d(T Ty, —1, STm,—1). Then, by the given condition,
we have, ag, b, > 0 satisfying o.(ak, br) > 0 with by — 0. So by the property
(S) we have a;, — 0, which is again a contradiction to equation (3.2). This
proves the lemma. O

We now use a similar type of idea as given in [9] to prove the next lemma.

Lemma 3. Let (X,d) be a metric space verifies the CLR(T, S)-property; and
T: X — X be a X.-S-Kannan with respect to some o, € Y., satisfying, either
the condition that, o.(t,s) < s —t for all s,t > 0, or, satisfying the property
(S) . Then the Picard sequence {x,} of the pair (T,S) (based on xg), is an
S-Cauchy sequence.

Proof. Consider C,, = sup{d(Sx;,Sz;): i,j > n}. Note that the sequence
{C.,,} is a monotonically decreasing sequence of positive reals and by Lemma 2,
the sequence {x,} is S-bounded, therefore C,, < oo for all n € N. Thus {C,}
is monotone, bounded sequence, hence convergent. So there exists C' > 0 such
that lim,, ., C,, = C.

Now, if C' > 0, then by the definition of C),, for every k € N there exists
ng, my such that my > ng > k and

C—1/k <d(S%m,,Stn,) < C.

Hence, limy_, o0 d(STm, , Sy, ) = C.
Case I: Now, suppose T is a X-S-Kannan with respect to some o. € X,
satisfying the condition that, o.(t,s) < s —t for all s, > 0, so we have,
d(Sxp,, Stm,) = d(Txn,—1,TTm, -1)
< d(TiEnk,h ankfl) + d(TiL’mkfl, Sxmk,l)
= d(Sxn,, STm,,) < dTxn,-1,TTn,—2) + AT T, —1, TTm,—2)-

So, by previous argument, taking limit on both sides as k — oo, we get,

lim d(Szpm,,Sxy,, ) =C <0.

k—o0

This is a contradiction to the assumption that C' > 0. Hence C' = 0.
Case II: Suppose, o, satisfies the property (S). Then, we choose:

ar = d(Sxp,, ST, ) and by, = d(Txp,—1,5Tn,—1) + A(TTmp—1, STm,—1)-

Then, by the given condition, we have, ag, by > 0 satisfying o.(ag,bg) > 0
with b — 0. So by the property (S) we have a; — 0. Hence, C = 0, and this
completes the proof of lemma. 0O

We now state one of our main theorem for o.-function, which is a general-
ization of the Theorem 2 (Kannan, [8]).

Theorem 3. Let (X, d) be a metric space verifies the CLR(T, S)-property and
let {zy,}n>0 be a Picard sequence of the pair (T,S) (based on x). Let T be a
map of X into itself such that:

Math. Model. Anal., 24(4):530-549, 2019.
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(i) T: X — X be a X.-S-Kannan with respect to some o, € X, (forc=1),
satisfying either of the condition that

(a) oc(t,s) < s—t for all s,t > 0; or (b) o, satisfying the property (S).
(i) T and S both are continuous at a point Sq € X; and
(i) the Picard sequence Tz, has a subsequence {Txy, } converging to Sq.

Then, either the pair (T,S) has a coincidence point, or the following two con-
ditions hold:

(B1) {xn}n>0 is S-asymptotically similar, implies, Sq is a fized point of T';
(B2) Sq is a fized point of S, implies, Sq is a fized point of T.

Proof. If at least two consecutive terms of the Picard sequence of pair (T, )
are equal, then by the Case I of the Lemma 1, the pair (T, S) has a coincidence
point.

We now assume that no terms of the Picard sequence of the pair (7, 5) are
equal, and we show that both the conditions (By) and (Bz) hold.

(B1) Given that, T is continuous at Sq € X, {TTz,,} converging to T'Sq.
We assume, T'Sq # Sq, and will arrive at a contradiction. As, T'Sq # Sq, we
consider two disjoint open balls, say B(T'Sq,r1) and B(Sq,r2), with centres at
TSq, Sq, and radii r1, ro respectively.

We choose, » = min{ry,re,d(TSq, Sq)/4} > 0. Now, as the subsequence
{Tz,,} converging to Sq, and {T'Tx,, } converges to T'Sq; there exists a posi-
tive integer M, such that, for all k£ > M, we have that,

Tx,, € B(Sq,r) and TTx,, € B(T'Sq,r)
and so, clearly, for each k > M, we have that

0 <4r <d(TSq,Sq) <d(TSq,TTxy,) +dTxyn,, TTxy, )+ d(T2y,,Sq)
= 4r < 2r+d(Tzp,,TTx,,).
That is, we have,
d(Txy, , TTxy, ) > 2r > 0. (3.3)
Case I: If the condition (i)-(a) is satisfied, then we have that

0<d(Tzpn,,TTxy,) < d(TTy,,STn,) +d(TTTy,, STxy, )
=d(Tzp,, Ttn, 1)+ d(TSTp,+1,S5Tn, +1).

Now, as assumed in the condition (B1), {zn}n>0 is S-asymptotically similar;
and using Lemma 1, we see that, the right hand side tends to 0. So, we
get, limg o0 (T2, , TTxy,,) = 0, which is a contradiction to (3.3). Hence,
TSq= Sq, i.e., Sqis a fixed point of T.

Case II: If the condition (i)-(b) is satisfied, then we have,

0c(d(Txn,, TTxy, ), d(Tn,, Sy, ) + d(TTxy,, STy, )) > 0.
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We assume,
ar, = d(Txy,, TTx,, ) and by, = d(Txy,,, STy, ) + d(TTy, , STxy, ).

Then, since limg_, o b = 0, we have limy_, ar = 0. This is a contradiction to
(3.3). Hence, T'Sq = Sq, i.e., Sq is a fixed point of T.

(B2) If the condition (i)-(a) is satisfied by o, i.e, o.(t,s) < s —t, for all
s,t > 0. Then, we have that,

oc(d(Txy,, TTxy, ), d(TTy, , STy, ) +d(TTzy, , STx,,)) > 0.

Choose, ar, = d(Txp,,TTxy,,) and by = d(Txp,, Sxn,) + d(TTy, , STy, ).
Now, we see that ax — d(Sq,TSq) = L, b, — d(T'Sq,SSq) = d(TSq,Sq) = L,
(by the assumption made in (c)). Since T: X — X be a o.-Kannan with
respect to some o, € X, (for ¢ = 1), and L = limay < limb, = L; it then
implies that L = 0 and hence, d(Sq,T'Sq) = 0. So, T'Sq = Sq and Sq is a fixed
point of T.

Assuming the condition (i)-(b) to be satisfied by o, i.e, if o, satisfies the
condition (S), then similarly one can obtain the results, by using Lemma 1 and
Lemma 3. This completes the proof. O

Next, we state one of our main theorem for o.-function, which is the gen-
eralization of the Theorem 1 (Kannan, [7]).

Theorem 4. Let (X, d) be a metric space verifies the CLR(T, S)-property and
let T' be a map of X into itself such that:

(i) (S(X),d) is complete, (or (T(X),d) is complete);

(i) T is a X.-S-Kannan with respect to some o. € X, (for ¢ = 1) satisfying
either of the condition that;

(a) oc(t,s) < s—t for all s,t > 0; or (b) satisfying the property (S).

Then, X satisfies the coincidence property with respect to the pair (T, S).

Proof. Suppose, T is a X.-S-Kannan with respect to some o, € X, (for ¢ = 1),
satisfying the condition

oc(t,s) <s—t forall s,t>0.

Hence, by Lemma 3, the Picard sequence {z,,} of the pair (T, S) (based on x),
is an S-Cauchy sequence.

Now, suppose (S(X),d) is complete (similar process will work if (T(X), d)
is complete). Then, {Sz,} must be convergent and converges to a point z
(say) in S(X). Since, Sxy41 = T, for all n > 0, the sequence {T'z,} is also
convergent and converges to the same point z. As, z € S(X), there is at least
one point w (say) in X such that Sw = z. Also, if T satisfy the condition
(ii)-(a), i.e, oc(t,s) <t —s for all s,¢ > 0, then

o(d(Txy, Tw),d(Txy, Szy) + d(Tw, Sw)) > 0.
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Now choose a,, = d(Tx,,Tw) and b, = d(Tzy,Sz,) + d(Tw, Sw) for all
n € N. Then, lim, o a, = lim, o0 d(Tz,, Tw) = lim, 00 d(STpt1,Tw) =
d(z, Tw) = d(Sw, Tw) and

lim b, = lim [d(Tz,, Sx,) + d(Tw, Sw))

n—oo n—roo
= ILm [d(Szpi1, Szn) + d(Tw, Sw)] = d(Tw, Sw).
Hence,
d(Tw, Sw) = ILm b, > ILm an =d(Tw,Sw)=L>0

and so, L = 0 (by (¢2)). Hence X satisfies the coincidence property with
respect to the pair (T, 5).

Assuming that the o.-function satisfies the condition (ii)-(b), i.e, the prop-
erty (S). Then, using Lemma 1 and Lemma 3 and a similar process, one can
obtain the result. This completes the proof. O

Corollary 1. Let (X,d) be a complete metric space, and let T be a map of X
into itself such that T is a Y.-Kannan with respect to some o, € X, for ¢ = 1.
Suppose that o, satisfies either, the condition (S) or, that, o.(t,s) < s —t for
all s,¢ > 0. Then T has unique fixed point in X.

Proof. Putting, S = Idx, i.e, S(z) = z for all z € X in Theorem 4 we
obtain the existence of the fixed point of 7. Only to prove the uniqueness.
Note that, for S = I'dx the Picard sequence of the pair (7, .5) based on some
point zg € X, now reduces into the Picard sequence {x, } of T based on z for
arbitrary xzo € X, where x,, = T"x; and {x,} converges to u such that u is
a fixed point of T. If possible, assume Tv = v with u # v, for some v € X.
Then, we can choose a subsequence {z,, } of {«,} such that x,, # z,, 11 and,
Tx,, # Tv for all k € N (because, if not so, then taking limits u = Tv = v).

Now, if o.(t,s) < s —t, for all s, > 0 we have that, d(Tz,,,Tv) <
d(Txp,,, Tn, )+d(Tv,v), and taking limits we get, d(u, Tv) = 0, i.e.,u = Tv = v.
Also if, the condition (S) is satisfied, then we choose,

ar = d(Txy,,Tv) and by, = d(Txy, , Tn, ) + d(Tv,v)

and by — 0 as k — oo, we get ap, — 0 as k — oo. So, d(u,Tv) = 0, ie.,
u = Tv = v. This completes the proof of the corollary. O

Corollary 2. Let T: R™ — R™ be a function such that T'(R™) is closed and
for each € R”™ there is y € R® Te = —Ty. Suppose that the condition:
Tz — Tyl < 2a(||Tx| + |Ty||), for a fixed 0 < a < 1/2; is satisfied. Then,
there is root of the function in R™, i.e., there is a point a in R™ for which
Ta=0.

Proof. Put Sx = —Tx in the Theorem 4 and consider o.(¢,s) = as —t for all
t,s € [0,00), 0 < a < 1/2. (For the proof of being o.-function, see Remark 5,
below). O
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Remark 5. Theorems 3 and 4 are the generalizations of the Theorem 2 (Kannan;
[8]) and Theorem 1 (Kannan; [7]) respectively. Because for a fixed 0 < av < 1/2
if we choose a function x,: [0,00) x [0,00) — R defined by: xa(t,8) = as — ¢
for all ¢, s € [0,00), then y, is o.-function (for every fixed ¢ € [1,2)), for every
0<a<l1/2

Proof. (ol) If {a,} C (0,00) is a sequence such that xa(an,an—1 + an) > 0,
for all n € N, then we have
Qln—1

0 < Xal@n, an_1+ay)=c(an_1+a,)—ap=ca,—1—(1—)a, = a, < o

So, as 0 < a < 1/2, the quantity %~ < 1, and hence {a,} — 0.
(02) If {an},{bn} C (0,00) are two convergent sequences such that, cL =
limb,, > lima, = L > 0, satisfying that, x(an,bn) > 0, for all n € N, then

0 < Xalan,by) =ab, —a, = 0<a,<ab, = 0<L
<calL<cL/2<L = L=0asc<2.

This proves that x, is o.-function (for every fixed ¢ < 2), for every 0 < o < 1/2.
Now, if an operator satisfies the condition (3.1) of Definition 9; then for
0. = Xo and S = Idx we have that,

Xo(d(Tx,Ty),d(Tx,z) + d(Ty,y)) >0, for all z,y € X
= d(Tz,Ty) < a[d(Tx,x) + d(Ty,y)], for all z,y € X, (0 < a < 1/2).

Which is the Kannan’s contraction condition. All the other conditions of The-
orem 3 and Theorem 4 can be reduced into desired form, easily. O

Remark 6. The identity function is the simplest operator having fixed point,
without satisfying the Kannan’s contraction (or not even Banach’s contraction
condition). But it does satisfy our X.-S-Kannan contraction condition. Also
our X.-S-Kannan contraction condition is a proper extension of the Kannan’s
contraction condition even when we take S to be the identity operator. Also
Theorem 3 and Theorem 4 are the two proper generalizations of Kannan’s
theorem. These all facts follows from the next few examples.

Ezample 7. First let us consider Example 4, with a slight modification, that:
consider w: [0,00) x [0,00) — R be the function defined, for all ¢, s € [0, 00) by

-1, ift <s;
w(t’s):{l, if s < t.

Then, in view of Example 4 we have w € X, with every fixed ¢ > 1. Now,
if we take the operator T to be the identity function then it is a X .-Kannan
mapping. Since for any z,y € X, we have that,

w(d(Tz,Ty),d(Tz,z) + d(Ty,y)) = w(d(z,y),0) =1 > 0.

But T not a Kannan’s mapping; because if so, then for x # y, we would have
that,
d(z,y) = d(Tx,Ty) < o[d(Tz,x) + d(Ty,y)] = 0,
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which is a contradiction. Also if we take X an arbitrary metric space, and
T: X — X be any function with at least two different images, and we choose
S to be any constant function, then X satisfy the CLR(T, S) property and T
satisfying the Y.-S-Kannan contraction condition with respect to the above
function w. Also if would have chosen the last considered T, pre-assuming that
there exists a point a such that T'a = a then T satisfies all the conditions above
without the condition (ii) of Theorem 4; and this shows that the condition (ii)
of Theorem 4, is sufficient but not necessary to have fixed point.

Ezample 8. To prove our Y. -S-Kannan contraction condition is a proper ex-
tension of the Kannan’s contraction condition, we consider X = {1,2,3,4,5}
and define T: X — X as Tx = 3 if x # 4 and T4 = 2; and define S: X — X
as, Sz = 3, x # 4 and S4 = 5. Then clearly T does not satisfy the Kannan’s
contractive condition which can be seen by considering two points 3 and 4. But
this T is satisfying the X .-S-Kannan contraction condition with respect to the
0. € X., defined by o.(t,s) = 3s/7—t (for any fixed ¢ € [1,2)) (by Remark 5).
In fact X satisfies the CLR(T, S) property and S(X) is complete as well. So it
satisfy all the properties of Theorem 4, and hence X satisfies the coincidence
property with respect to the pair (T,5) and x = 1,2,3 are the coincidence
points of it.

Remark 7. In [2], it has been shown that every simulation function and every
manageable function is an R-function, as well as, both types of functions satisfy
the property (S). Notice that, the property (1) of o.-functions is quite different
from the property (pl) of manageable functions. This property is a major
difference between the manageable functions and the o.-functions, and it plays
an important role in the existence of fixed point of the class of X.-S-Kannan and
Y .-Kannan operators. The following example shows that one cannot replace
the property (1) by (pl) even when the property (S) is satisfied.

Ezample 9. Let X = {1,2,3} and consider the metric d(z,y) = |z — y| for all
xz,y € X. Clearly (X,d) is complete. Now, consider a function 7: [0, 00) X
[0,00) — R be the function defined by 7(¢,s) = 2s/3 — ¢, for all t,s € [0,00).
Clearly 7 is a manageable function which satisfies the property (S).

We now define an operator T: X — X by T1 = T2 = 3 and T3 = 2. To
show

7(d(Tz, Ty),d(Tz,z) + d(Ty,y)) >0

we show that d(T'z, Ty) < 2[d(Tx,x) 4+ d(Ty,y)]/3. Then, T satisfies the prop-
erty (02) with every fixed ¢ € [1,3/2). Thus, all the conditions of Theorem 4,
except the condition (c1), are satisfied, and T has no fixed point.

We now move to find another different types of generalizations of Kannan’s
theorems, starting with the following definition.

DEFINITION 10. Let (X, d) be a metric space and T: X — X and S: X — X
be two operators. Then T is said to be S-dominated X.-Kannan mapping of
degree w, if for some o, € X, the following holds:

0.(d¥(STx,STy),d" (Sz,STx) + d“(Sy, STy)) > 0 (3.4)
for all x,y € X, for any fixed w € N.
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In [12], Malceski proved the following generalization of Kannan’s theorem:

Theorem 5. Let (X, d) be a complete metric space, T: X — X and S: X —
X be two mappings such that T it is continuous, injection and sequentially
convergent. If a > 0,7 > 0 and 2a + v < 1, and, satisfies the condition that,

d(STz,STy) < a[d(Sz, STz) 4+ d(Sy, STy)] + vd(Sz, Sy)
for all x,y € X, then there is a unique fized point of T.

Now we find another different type of generalization of Theorem 1 (Kannan,
[7]), by using o.-function, which is quite analogous to the above Theorem 5 and
extends the theorems given in [10] and [13].

Theorem 6. Let (X, d) is a metric space, and T: X — X and S: X — X be
two operators, such that, T is S-dominated X.-Kannan mapping of degree w,
with respect to some o, € X (c = 1), with the following conditions hold: (a)
S(X) is complete; (b) S is injective; (c) either o.(t,s) < s —t; or, 0. satisfy
the condition (S). Then, there exists a unique fized point of the operator T in
X.

Proof. We first show the existence of fixed point. Let the sequence {x,, }n>0
is formed by the Picard’s interation, i.e., x, = T"zy, with initial base point
To We assume, Tpy1 7 T for every n € N, because if not so for some index
k, then Txy = xp11 = x; and we would get fixed point and our proof would
be over. So, assume that x,,+1 # x, for all n € N. Now, the injectivity of §
implies that, Sz, 1 # Sx, for all n € N.

Given, o.(d*(STx,STy),d" (Sx, STx)+d™¥(Sy, STy)) > 0 for all z,y € X.
So, o (d¥(STxpy1,STxy), d*(STxpi1, STn1) + d¥(STxy, Sxy,)) > 0 for all
n € N, which implies

0c(d¥(STns2, STnt1), Y (STpt2, STpy1) + d¥ (STny1, Szn)) > 0

as, Tpy1 = Tz, for all n > 0. Choose a,, = d*(Szpt2, STpi1)(> 0), then,
ap—1 = d”(Szpy1,Sz,) and so o.(an, by,) > 0, where b, = a,,—1+a, for all n €
N. So by (¢1) we have d*(Szy+1,ST,) = an—1 — 0, as n — co. That is

d(Szpt1,52,) — 0 as n — oo. (3.5)

Claim: The sequence {z,} is S-bounded.

Proof of Claim: On contrary, we assume, that {x,} is not S-bounded.
Without loss of generality we assume that Sx,4, # Sz, for all n,p € N; and
so clearly, T4, # T, for all n,p € N. Now as {x,} is not S-bounded, for
each k € N, there exist two subsequences {Sz,, } and {Sz,,} of {Sz,} with
k < ng < my such that, my is the minimum integer and for n; < p < my the
following is satisfied:

d(STxp,—1, ST xm,—1) = d(STn,, STm, ) > 1 and d(Sz,,,Sz,) <1. (3.6)
Subcase I: If 0.(t,s) < s — ¢, then, by equation (3.6), we have that

1 <d¥(Szy,, Stm,) =d“(STxp,—1,5TTm, —1) < dV(STZpn,—1,5Tn, —1)
+dY (ST -1, STmy—1) = d°(STn,, STny—1) + d¥ (ST, STmp—1)-
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Then, by (3.6), taking limit on both sides as k — oo, we arrive at a contradic-
tion.
Subcase II: If 0. satisfy the condition (S), then we assume,

arp = d¥(Szn,, STm,), bk =dY(Szy,,STn,—1) +d°(STm,, STm,—1)-

Then by the given condition, we have, o.(ag,bx) > 0 with by — 0 so by the
property (S) we have aj — 0.

Claim: The sequence {z,} is S-Cauchy.

Proof of Claim: Consider C,, = sup{d(Sxz;, Sz;): i,j > n}. Then, by
the S-boundedness and monotonicity of C,, we have lim, ,, C, = C (for
some C). If C > 0, then there exist qx,pr with px > gr > k such that
limy o0 d(Szp,,, Sxq,) = C. Then, similar to the previous cases (or by Subcase
I, Subcase II) we arrive at a contradiction.

Now by condition (a) there exists a point z (say) in S(X), for which Sz, —
z. Also, as z € S(X), there is a point say a € X such that Sa = z. Now as
the previous one, we consider a,, = d*(ST'z,, STa) and b,, = d*(STxy, Sx,)+
d¥(S8Ta, Sa), for all n € N such that, a,, = d*(z,STa) and b,, — d“(Sa, STa).
So by (02) we have, d¥(z,S8Ta) = 0, i.e., STa = z = Sa, and the injectivity
of S shows that T'a = a. Uniqueness of fixed point follows from the previous
arguments. 0O

Remark 8. Here, we only use the injectivity of S, not the continuity and se-
quential convergence of S, and still the theorem remains true, if we assume
that image of X under S is complete.

Corollary 3. (Koparde-Waghmode theorem, see [10]) If (X,d) is a complete
metric space and T: X — X is a mapping. Suppose that, there exists o €
(0,1/2) such that the following is satisfied:

d*(Tx, Ty) < ald*(x, Tz) + d*(y, Ty)] for all 2,y € X.
Then, T has a unique fixed point in X.

Proof. We assume o, function as o.(t,s) = as —t, with o € (0,1/2), and
consider operator S as, S(z) = z for all z € X, and put w = 2, in the
Theorem 6. 0O

Corollary /. (Patel-Deheri theorem, see [13]) In a complete metric space, if the
two operators S, T satisfy,

d(STxz,STy) < a[d(Sz, STz) + d(Sy, STy)],

where 0 < o < 1/2 and S is continuous, injection and sequentially convergent.
Then, T has a unique fixed point in X.

Proof. We assume o.-function as o.(t,s) = as —t, with a € (0,1/2), and put
w =1, in Theorem 6. O

We now prove another generalizations of Theorem 2 (Kannan [8]).
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Theorem 7. Let (X,d) be a metric space and T: X — X, S: X — X be two
operators such that, T is S-dominated X.-Kannan mapping of degree w = 1,

with respect to some o.-function (c =1). Suppose that the following conditions
hold:

(i) either o.(t,s) < s —t for all s,t > 0; or, o. satisfying the condition (S);

(ii) there exists a point p such that, the Picard sequence {Tx,} has a subse-
quence {Txy, } converging to ¢;

(ii) T and S both continuous at the point Sq € X; and,
(iv) S is injective and continuous at Tq.

Then, q is the unique fixed point of T.

Proof. Suppose Tq # q. Then, by (iv), STq # Sq. We consider two disjoint
open balls, say B(T'Sq,r1) and B(Sq,rs2), with centres at T'q, ¢, and radii 1,72
respectively and choose 0 < r < min{ry,rs,d(T'Sq, Sq)/3}.

Now, as the subsequence {Tx,, } converging to ¢, and S is continuous at
both g and T'q. So {STx,, } converges to Sq; and {STTx,, } converges to STq.
there exists a positive integer M, such that, for all £k > M, we have that,

STz, € B(Sq,r) and STTx,, € B(STq,r),
and so, clearly, for each k > M, we have that,

0<3r<d(STq,Sq) <d(STq,STTxy,)+d(STTxy,,STx,,)
+d(STxy,,Sq) < 2r 4+ d(STxy, , STTxy, ).

This implies that
d(STxy,,STTxy,) > . (3.7)

Now, T is S-dominated Y.-Kannan mapping of degree w = 1, so using (i)
and, a similar idea used in Theorem 3, S is asymptotically regular and hence
we have a contradiction to (3.7). This shows that STq = Sq or equivalently
Tq = q. The uniqueness follows from similar arguments as we used in previous
results. O

Ezample 10. The S-dominated X.-Kannan contraction condition is a proper
extension of the Kannan’s contraction condition we consider the example given
n [12], [13] with a little brief.

Let X ={0,1/4,1/5,1/6,...} endowed with the Euclidean metric. Define
T:X - X, byTO =0, and T(1/n) = 1/(n + 1). Consider S: X — X to be
S0 =0 and S(1/n) = 1/n", then T does not satisfy the Kannan’s contraction
condition for any constant > 0, but it is S-dominated X.-Kannan mapping of
degree w = 1 with respect to the X.-function defined by o.(t,s) = s/3 — ¢
(for 0 < ¢ < 2). (By Remark 5). Also by defining S to be, SO = 0 and
S(1/n) = 1/[e*n], T is a S-dominated ¥.-Kannan with respect to the X.-
function defined by o.(t,s) = s/6t (for 0 < ¢ < 2) (by Remark 5).
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We consider one more new example of this type, but in much simpler form.

Ezample 11. Let (X,d) and T: X — X be same as we have considered in
Example 8. Then, T does not satisfy the Kannan’s contractive condition. But,
T is a S-dominated X.-Kannan, with respect to the o.-function defined by
oc(t,s) = as —t (for every fixed ¢ € (0,2)); for all fixed o € (0,1/2).

4 Application to integral equations

In this section, we give an application of Theorem 4 in proving the existence
and uniqueness of the solution of a particular type of integral equations.

Suppose, K: [a,b] x R — R is a given function. We consider the following
integral equation:

u(t) = a/IK(tu(s))ds, (4.1)

where « is a nonzero real.
Let Cr[a,b] be the space of all continuous real-valued functions defined on
the interval [a,b] with the Bielecki’s norm given by:

lullz = sup [u(t)le™", u € Ckla, b],
t€la,b]

where p > 0 is arbitrary but fixed. The metric d induced by || - || g is given by:

d(u,v) = sup |u(t) —v(t)|e " for all u,v € Cgla, b].
tela,b]

Then (Crla, b],d) is a complete metric space.

Theorem 8. Suppose, the function K: [a,b] Xx R — R is continuous and the
following condition is satisfied: for all t,s € [a,b],u,v € R there exists a non-
decreasing continuous function v: [0,00) — [0,1/2) such that

(K (t,u(s)) = K(t,v(s))] < ¢(D(t7u(S)W(S))e_”s)D(tU(8)7v(S)% (4.2)

where D(t,u(s),v(s)) = |u(s) — afj K (t,u(s))ds| + |v(s) — af(f K(t,v(s))ds|.
Then the integral equation (4.1) has a unique solution.

Proof. To prove the existence and uniqueness of the solution of equation (4.1)
we first convert it into a fixed point problem. Define a function T': Cgla,b] —
C]R[a’a b] by

Tu(t)) = a / K(t,u(s))ds.

Then it is clear that the problem of finding the solution of (4.1) is equivalent
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to the problem of finding the fixed point of 7. Now

d(Tu,Tv) = Sup (T (u(t)) — T(v(t))le™"

:sup /Ktu ))ds — a/Ktv ))ds| e Mt

t€la,

< |a| sup / | K (¢, u(s) s))|ds - et
t€la,b]

< lal sup / o (D(t,us), v(s))e*f“)D(tm(s),v(s))dswt. (4.3)

Notice that
(D(t, u(s), v(s))e " = Hu(s) - a/: K(t, u(r))dr‘ v ‘1}(3) -

X /at K(t,v(r))dr”e‘“t < 821[16&] [ u(s) — a/at K(Lu(r))dr‘

+ ‘v(s) - oz/: K(t,v(r))drHe‘”t = sup Hu(s) - T(u(t))‘

s€la,b]
+ o) =T e e <a(u(t), D)) +a(o(0) T(w(e)) e~

and

Y((D(t,u(s),v(s))e ") = 1/}(|u(s) — oz/:K(t,u(s)) ds‘e_“s
fa/ K(t,v(s) ds ef"S < ( Zl[lpb] HU(S)

—a/Ktu d?" "+’ /Ktv dr

= o[ sup [Juls) = T(®)]e + [o(s) T(v(t»]e “S})

s€la,b)
< 0 (du(®). T((®) + do(®). T ).

Therefore, it follows from (4.3) that

AT, 70) <ol s [ (de), 7)) + dofe). (1))

t€la,b] Ja
X [d(U(t), T(u(t))) + d(v(t), T(v(t)))] ds - e~ (=9,
i.e.
d(Tu, Tv) < |a(d(u(t), T(u(t))) + d(v(t), T(v(t )))
 [d(u(t), T((®)) + d(w(t), T(E)] [(1 - 0
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Choose p = || in the above we obtain:

d(Tu, Tv) <4 (d(u(t), T(u(t))) + d(v(t), T(v(t)))) (4.4)
x [d(u(t), T(u(t))) + d(v(t), T(o())] [1 — e =]
< P(d(ut), T(u(t)) + d(v(t), T(v(t))) [d(u(t), T(u(t)) + d(v(t), T(u(t)))]-

Define a function o.: [0,00) x [0,00) — R by:
oc(t,s) = si(s) — ¢ for all ¢, s € [0, 00).

Then it is easy to see that o, € X, for ¢ = 1. Therefore, from (4.4) we obtain
that

Oc (d(Tu,Tv), d(u, Tu) + d(v,Tv)) > 0 for all u,v € Crla,b].
Since ¢: [0,00) — [0,1/2) we have
oc(t,s) =syP(s) —t <s—tforallt,se (0,00).

Thus, all the conditions of Theorem 4 (with S = Idx) are satisfied, and so,
the mapping 7" has a unique fixed point which is the unique solution of integral
equation (4.1). O

5 Conclusions

In this article, we tried to find several extension of Kannan’s two different
fixed point results, by introducing the concept of X -S-Kannan operator and
S-dominated Y -S-Kannan operator of degree w; via the new concept of o.-
function (shown to be independent of the other three concepts of Simulation
function, Manageable function and R-function). These new generalizations also
extends several known theorems in this branch and the similar ideas could be
profitably extended to the three dimensional case of o.-functions and would
be helpful to find the extension of the Fisher type (see, [4]) of mapping and
the similar type of operators. Now, by the above discussions, the following
interesting problems arise:

Problem 1. Can the Theorem 3 (or Theorem 4) and Theorem 6 (or Theorem 7)
be proved with an operator satisfying the condition (3.1) (or condition (3.4))
for a dense subset of X, instead of whole of X?

Problem 2. If we define an analogous Definition 9, and Definition 10 as fol-
lows: An operator T" on a metric space is called X.-S-Fisher if it satisfies,
o(d(Tx,Ty),d(Tx,Sy) + d(Ty,Sx)) > 0 for all z,y € X and said to be S-
dominated X -Fisher mapping of degree w, if, with for some o, function, we
have o.(d"¥(STz, STy),d" (Sy, STx) + d*(Sx,STy)) > 0 for all z,y € X, for
any fixed w € N. Then, can the Theorem 3 (or Theorem 4 ) and Theorem 6
(or Theorem 7) be proved, with an operator satisfying the above proposed
conditions for the Fisher type of operator?
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