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Abstract. The Liénard type equation x′′ + f(x, x′)x′ + g(x) = 0 (i) is considered.
We claim that if the associated conservative equation x′′ +g(x) = 0 has period annuli
then a dissipation f(x, x′) exists such that a limit cycle of equation (i) exists in a
selected period annulus. Moreover, it is possible to define f(x, x′) so that limit cycles
appear in all period annuli. Examples are given. A particular example presents two
limit cycles of non-convex shape in two disjoint period annuli.
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1 Introduction

Limit cycles are of great importance from theoretical point of view and are
useful in applications. Due to famous problems aimed at the existence and lo-
calization of limit cycles of two-dimensional systems there is intensive literature
on the subject. One may consult the books [3, 6, 7], article [5] and literature
therein. The important special case is the system

x′ = y, y′ = −f(x)y − g(x),

which is known as the generalized Liénard equation

x′′ + f(x)x′ + g(x) = 0. (1.1)

Limit cycles can exist around the critical points.
If f is a polynomial of high degree then there may be multiple limit cycles

around the unique critical point even for a simple g(x) = x.
From physical point of view equation (1.1) describes oscillations in a system

where dissipation is given by the term f(x)x′. The respective conservative
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equation

x′′ + g(x) = 0 (1.2)

cannot have limit cycles. It can have continua of periodic solutions. These
continua form period annuli.

In this article we consider the Liénard type equations

x′′ + f(x, x′)x′ + g(x) = 0, (1.3)

where f depends also on x′. We show that in any period annulus of conservative
equation (1.2) a limit cycle may emerge under an appropriate dissipation.

We use period annuli of the associated conservative equation (1.2) as topo-
graphic systems [7] for equation (1.3).

2 Period Annuli

Consider the second order differential equation (1.2). It is supposed that g(x)
has simple zeros pi, then the respective primitive function has local extrema.
The equivalent two-dimensional differential system

x′ = y, y′ = −g(x) (2.1)

has critical points at (pi, 0), where pi are simple zeros of g(x).

Proposition 1. Critical points of the system (2.1) are “saddle points” and
“centers” which alternate.

Proof. When written in a two-dimensional form and linearized, this equation
possesses critical points with purely imaginary and real eigenvalues of opposite
signs which corresponds to respectively center points and saddle points. Be-
sides, these points alternate due to the fact that zeros of g(x) are simple. Recall
that a critical point zero of (2.1) is a center if it has a punctured neighborhood
covered with nontrivial cycles. ut

The two definitions below are in the form of [8, 9].

Definition 1. A central region is the largest connected region covered with
cycles surrounding zero.

Definition 2. A period annulus is every connected region covered with non-
trivial concentric cycles.

Definition 3. We will call a period annulus associated with a central region a
trivial period annulus. Periodic trajectories of a trivial period annulus encircle
exactly one critical point of the type center.

Definition 4. A period annulus enclosing several (more than one) critical
points will be called a nontrivial period annulus.

Math. Model. Anal., 18(5):708–716, 2013.
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Consider differential equation (1.2) where g(x) is of the form

g(x) = −(x− x1) · · · (x− x2n−1), 2n− 1 ≥ 5, x1 < · · · < x2n−1 (2.2)

Let G(x) =
∫ x

0
g(s) ds.

Theorem 1. [1, 2] Let m1 and m2 (m1 < m2) be non-neighbouring points
of maximum of the function G(x). Suppose that any other local maximum of
G(x) in the interval (m1,m2) is strictly less than min{G(m1);G(m2)}.

Then there exists at least one nontrivial period annulus.

To illustrate period annuli consider the example. Let the equation be

x′′ − (x+ 2.4)(x+ 1.8)(x+ 1)x(x− 0.8)(x− 1.7)(x− 2.4) = 0. (2.3)

The primitive G(x) is depicted in Fig. 1a.
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Figure 1. a) The primitive function
G(x) = − 1
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phase plane, there are three trivial and two non-trivial period annuli.

3 Limit Cycles

We consider equation (1.3) together with the associated conservative equation
(1.2). We assume that there is a period annulus in equation (1.2). To detect a
limit cycle in dissipative equation (1.3) we use the classical result [7, Th. 2.8.8].

Theorem 2 [Poincaré–Bendixson Theorem]. Suppose R is the finite re-
gion of the plane lying between two simple closed curves D1 and D2, and F is
the velocity vector field for the system

x′ = f(x, y), y′ = g(x, y).

If at each point of D1 and D2, the field F points toward the interior (or the
exterior) of R, and R contains no critical points, then the system has a closed
trajectory lying inside R.
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Definition 5. A limit cycle on plane is a closed trajectory in phase plane
having the property that at least one other trajectory spirals into it either as
time approaches infinity or as time approaches negative infinity.

The classical example is a limit cycle in Van der Pol equation

x′′ + µ
(
x2 − 1

)
x′ + x = 0, µ > 0.

As µ → 0 the limit cycle tends to a circular closed orbit of the limit equation
x′′ + x = 0.

Conservative equation (1.2) cannot have limit cycles, but they can appear
in equations of the type (1.3).

Lemma 1. Any period annulus of equation (1.2) (it is defined by the relation
W (x, x′) = 2G(x) + x′ 2 = const) is a topographic system for equation (1.3)
and the derivative W ′ along trajectories of (1.3) is given by

dW (x(t), x′(t))

dt
= −2f

(
x(t), x′(t)

)
x′ 2(t).

Proof. The first assertion follows from definition of a topographic system [7,
p. 65]. The second one is proved below.

dW (x(t), x′(t))

dt
= 2x′(t)x′′(t) + 2g

(
x(t)

)
x′(t)

= 2x′(t)
(
−f
(
x(t), x′(t)

)
x′(t)− g

(
x(t)

))
+ 2g

(
x(t)

)
x′(t)

= −2f
(
x(t), x′(t)

)
x′ 2(t). ut (3.1)

3.1 Existence

Our result is the following theorem.

Theorem 3. Let P be a period annulus in a conservative equation (1.2). Sup-
pose that f(x, x′) in associated equation (1.3) is a C1(R2) function such that
a set of zeros of f in P is a closed Jordan curve Z and f is of opposite signs
for (x, x′) inside and outside the region bounded by the curve Z. Then equation
(1.3) has a limit cycle in P .

Proof. Consider a period annulus P of (1.2). Let C1 and C2 be respectively the
inner and outer boundaries of P (if P is the central region then C1 is identified
with the respective critical point). Denote D the annular region between C1

and C2. Function f(x, x′) is equal to zero at (x, x′) ∈ Z and it is of opposite
signs for (x, x′) in the interior and the exterior of the region bounded by the
curve Z.

Consider the dissipative equation (1.3). The annular region D is the Poin-
caré–Bendixson region with the property that any trajectory of (1.3) which
starts at C1 or C2 enters D. The only exceptions are points at intersections of
C1 or C2 with the x-axis, where trajectories of (1.3) are vertically tangent to
C1 and C2.

Math. Model. Anal., 18(5):708–716, 2013.
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Consider the segment Σ of the x-axis lying in the “left” part of D. The
“left” part is naturally defined in case of a non-trivial period annulus. It is
the left part with respect to the central point in case of a central region. Let
x ∈ Σ. The Poincaré map (or first return map, [6, p. 206]) P (x) = x − x(T )
(T is the “period”) has different signs for x near Σ ∩ C2 and x near Σ ∩ C1,
due to (3.1). Therefore there exists a limit cycle in P . ut

Remark 1. In fact f(x, x′) may be of opposite signs in distinct components of
the set P \ Z.

Lemma 2. If there are multiple (but finite number of ) period annuli in equa-
tion (1.2) then a polynomial function f(x, x′) can be defined such that the re-
spective dissipative equation (1.3) has a limit cycle in any period annulus.

Proof. Any period annulus in equation (1.2) can be obtained from the relation

x′ 2 + 2G(x) = c, c1 < c < c2.

Choose fi(x, x
′) as fi = x′ 2 + 2G(x) − c1+c2

2 . Define f(x, x′) =
∏

i fi(x, x
′).

Obviously f is a polynomial (recall that g(x) and in turn G(x) are polynomials).
There is exactly one simple closed curve Z per period annulus. There exists at
least one limit cycle in any of period annuli by Theorem 3. ut

3.2 Number of limit cycles

The number of limit cycles that appear in a Liénard type equations (1.3) is not
less than the number of period annuli, both trivial and nontrivial ones, in an
associated conservative equation.

Theorem 4. A 2n−1-th degree polynomial g(x) satisfying (2.2) can be chosen
so that at least 2n − 3 limit cycles can be obtained by adding the dissipative
member in equation (1.2).

Proof. Let us count the number of period annuli, both trivial (center regions)
and nontrivial, in equation (1.2). There are exactly n − 1 centers since g(x)
satisfies the condition (2.2).

Any two non-neighboring points of maxima m1 and m2 of the function
G(x) =

∫ x

0
g(s) ds, which satisfy the condition of Theorem 1, form a regular

pair (Definition 3.1 in [4]). Accordingly to the result (Theorem 4.1) in [4]
g can be chosen in such way that the number of regular pairs of G is exactly
k−2, where k is the number of maxima of the function G(x). Each regular pair
generates a nontrivial period annulus due to Theorem 1. Therefore the number
of nontrivial period annuli in equation (1.2) (where g is the above chosen) is
not less than k − 2 or, in terms of the degree of g(x), not less than n− 2 (the
degree (2n− 1) + 1 of the primitive function G(x), divided by 2).

Totally there are at least (n−2)+(n−1) = 2n−3 period annuli in (1.2), and
therefore there are at least 2n−3 limit cycles in a Liénard type equations (1.3).
ut
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3.3 Examples

Example 1. Consider the conservative equation x′′ + g(x) = 0, where g(x) =
−x(x2 − 22). The primitive G(x) = 2x2 − x4/4 has a minimum at x = 0
(a double zero) and two symmetric maxima at x = ±2. The respective system
has the trivial period annulus around the critical point (0, 0).

Consider the Liénard type equation

x′′ = −
(
x2 + x′ 2/4− 1

)
x′ + x

(
x2 − 4

)
. (3.2)

As a result, in the trivial period annulus of the equation x′′ − x(x2 − 22) = 0
emerges a limit cycle of the equation (3.2), see Fig. 2.
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Figure 2. The middle dashed line represents a limit cycle in Example 1,
x(0) = 0, x′(0) = 2.0. Two solutions are shown tending to the limit cycle, x(0) = 0,

x′(0) = 0.8, x(0) = 0, x′(0) = 2.5. The period annulus of the conservative equation which
transforms to the Poincaré–Bendixson region for the Liénard type equation is marked by

two dashed closed inner and outer curves.

Example 2. Consider the conservative equation x′′ + g(x) = 0, where

g(x) = −x
(
x2 − 1

)(
x2 − (15/10)2

)(
x2 − (28/10)2

)(
x2 − (346/100)2

)
.

The graph of the primitive function

G(x) =

∫ x
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g(x) dx

= −13198689
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is depicted in Fig. 3.
Consider the Liénard type equation

x′′ = −10
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Figure 3. The function G(x) in Example 2. There are two symmetric non-trivial period
annuli and two symmetric pairs of trivial period annuli in the respective equation

x′′ + g(x) = 0.
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Figure 4. The middle dashed line represents a limit cycle, x(0) = 2.8, x′(0) = 11.39. Two
solutions are shown tending to the limit cycle, x(0) = 2.8, x′(0) = 2.5, x(0) = 2.8,

x′(0) = 14. The period annulus of the conservative equation which transforms to the
Poincaré–Bendixson region for the Liénard type equation is marked by two dotted closed

inner and outer curves.

obtained from the conservative one by adding the middle dissipative term. This
equation possesses two limit cycles located in two non-trivial period annuli of
the conservative equation.

Figure 4 shows one of the trivial period annulus of the conservative equation
(that around the critical point (2.8, 0)) and a limit cycle of the respective
dissipative equation inside.

3.4 Limit cycles of non-convex shape in disjoint nontrivial period
annuli

Consider equation
x′′ + g(x) = 0,

where g(x) is the same as in Example 2 and the Liénard type equation

x′′ +
(
2G(x) + x′ 2 + 440

)
x′ + g(x) = 0.

Two outer solutions (a), two inner solutions (b) and two respective limit
cycles (c) are depicted in Fig. 5.
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a) x(0) = ±0.45, x′(0) = 0; b) x(0) = ±0.54, x′(0) = 0; c) x(0) = ±0.5, x′(0) = 0.

Figure 5. a) x(0) = ±0.45, x′(0) = 0; b) x(0) = ±0.54, x′(0) = 0;
c) x(0) = ±0.5, x′(0) = 0.

4 Conclusions

Existence and location of limit cycles in polynomial differential equations are
difficult problems. They cannot appear in conservative equations. Conser-
vative equations may have regular continua of periodic solutions which form
period annuli in a phase plane. Period annuli may produce limit cycles under
perturbation of a conservative equation by dissipative terms. This process can
be traced and controlled in case the dissipation is dependent on both phase
variables x and x′. The main step in adding the dissipative member is defining
closed curves in period annuli. If there is enough space in a period annulus an
ellipse can be inscribed in it thus raising the degree of polynomials in equation
by two. If the shape of a period annulus is not simple, then the degree of an
inscribed closed curve is higher. Since g(x) is supposed to be polynomial the
integral of a conservative equation x′′ + g(x) = 0 is

2G(x) + x′ 2 = const , (4.1)

which is a polynomial in the left side. Trivially the same degree closed curve
can be inscribed in a respective period annulus.

The relation (4.1) may define several period annuli. Consequently a unique
relation of the type (4.1) may define several closed curves in multiple period
annuli. So the problem arises: to inscribe closed curves in all period annuli
by adding to a conservative equation a unique polynomial member f(x, x′) of
possibly lower degree.

Acknowledgments

The authors would like to thank the referees for careful reading of the manus-
cript and constructive remarks.

References

[1] S. Atslega and F. Sadyrbaev. Period annuli in the Liénard type equation. Int. J.
Pure Appl. Math., 44(1):117–123, 2008.

[2] S. Atslega and F. Sadyrbaev. Multiple solutions of the second order nonlinear
Neumann BVP. In Supplement Dedicated to the 6th Intern. Conf. on Differential
Equations and Dynamical Systems Held in Baltimore, U.S.A., May 22–26, Dyn.
Contin. Discrete Impuls. Syst. Ser. A, pp. 100–103. Watam Press, 2009.

Math. Model. Anal., 18(5):708–716, 2013.



716 S. Atslega and F. Sadyrbaev

[3] C. Chicone. Ordinary Differential Equations with Applications. Springer, 1999.

[4] Y. Kozmina and F. Sadyrbaev. On a maximal number of period annuli. Abstr.
Appl. Anal., 2011:8 pp., 1997. http://dx.doi.org/10.1155/2011/393875. Available
from Internet: http://www.hindawi.com/journals/aaa/2011/393875/. Article
ID 393875
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