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Abstract. In this paper, two hybrid difference schemes on the Shishkin mesh are
constructed for solving a weakly coupled system of two singularly perturbed convec-
tion - diffusion second order ordinary differential equations subject to the mixed type
boundary conditions. We prove that the method has almost second order convergence
in the supremum norm independent of the diffusion parameter. Error bounds for the
numerical solution and also the numerical derivative are established. Numerical re-
sults are provided to illustrate the theoretical results.
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1 Introduction

Singular perturbation problems may arise from viscous flow, edge effects in
certain shell problems and the concentration or thermal layers in mass and
heat transfer problems. Singularly perturbed Initial Value Problems (IVPs)/
Boundary Value Problems (BVPs) in Ordinary Differential Equations (ODEs)
are characterized by the presence of a small parameter (0 < ¢ < 1) that mul-
tiplies the highest derivative term. Solution of such problems exhibits sharp
boundary and/or interior layers when the small parameter ¢ is much smaller
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than 1. The numerical solution of such problems exhibits significant difficul-
ties, particularly when the diffusion coefficient is small. Therefore, the interest
in developing and analyzing efficient numerical methods for singularly per-
turbed problems has increased enormously (see [3,5,6,12,17] and the references
therein). Most of this work has concentrated on problems involving a single
differential equation. Only a few authors have developed robust parameter-
uniform numerical methods for system of singularly perturbed ordinary differ-
ential equations (see [2,4,8,9,10,11,15,16,19] and references therein). While
many finite difference methods have been proposed to approximate such so-
lutions, there has been much less research into the finite difference approxi-
mations of their derivatives, even though such approximations are desirable in
certain applications (flux or drag). As far as author’s knowledge goes only few
works are reported in the literature (see [7,13,14] and references therein) for
finding approximations to scaled derivatives of the solution for problems in-
volving singularly perturbed second order ordinary differential equations with
smooth /non-smooth data.

For a singularly perturbed convection—diffusion problem, M. Stynes and
H.-G. Roos [18] have established that a numerical method composed of the
central difference operator in the layer region (1 — 7,1) combined with the
midpoint scheme outside the layer (0,1 — 7] on the Shishkin mesh with 7 =
min{0.5, 2 In N'} is a monotone numerical method and when 7 < 0.5, it satisfies
a parameter-uniform error bound of the form

1Y -yl < CN=l(e+N7Y, ifz; €[0,1-1],
I=low-1mNy?,  ifae(1-n1).

In [16], the authors have analyzed a robust computational method that uses
a cubic spline scheme in the fine mesh region and a classical central differ-
ence scheme in the coarse mesh region for singularly perturbed coupled sys-
tem of reaction-diffusion boundary value problems. In [6], for singularly per-
turbed convection—diffusion problems with a continuous convection coefficient
and source term for a single differential equation estimates for numerical deriva-
tives have been derived. Here the scaled derivative is taken on the whole domain
whereas Natalia Kopteva and Martin Stynes [7] have obtained approximations
of derivatives with scaling in the boundary layer region and without scaling in
the outer region. It may be noted that the source term and convection coef-
ficient are smooth for the problem considered in [7]. Mythili Priyadharshini
et al. [14], have determined an estimate for the scaled derivative in the bound-
ary layer region and non-scaled derivative in the outer region for the system
of singularly perturbed convection—diffusion equations with Dirichlet boundary
conditions. In [13], the authors have estimated the scaled derivative for a singu-
larly perturbed second order ordinary differential equation with a discontinuous
convection coefficient using a hybrid difference scheme.

Motivated by the above works, in this paper two hybrid difference schemes
are proposed to approximate the solution and its scaled first derivative of a
weakly coupled system of two singularly perturbed convection—diffusion equa-
tions. Here, bounds on the errors in approximating the first derivative of the
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solution with a weight in the fine mesh and without a weight in the coarse mesh
are also obtained.

Throughout this paper, C denotes a generic constant (sometimes subscrip-
ted) which is independent of the singular perturbation parameter ¢ and the
dimension N of the discrete problem. Let y : D = [a,b] — R. The appropriate
norm for studying the convergence of numerical solution to the exact solution of
a singular perturbation problem is the supremum norm ||y||p = sup,ep |y(z)|.
In case of vectors § = (y1,y2)", we define

7@) = (ly1 @) @) 17l = max {yllp, lysllp}

and § > 0 provided 3; > 0 and y» > 0.

We shall assume that ¢ < CN~! throughout the paper as is generally the
case in practice for discretization of convection-dominated problem [18]. The
assumption e < C'N~! makes the proof of higher order convergence significantly
easier to complete. The higher order may reduce to first order in the case
1>e>CN7 1]

2 Continuous Problem

2.1 Statement of the problem
Find y1,y2 € Y = C°(£2) N C?(£2) such that

Ly = —ey! —ai1(z)yy + bi1(2)yr + biz2(2)y2 = fi(z), (2.1)
Loy = —eyhy — az(x)yy + ba1(x)y1 + boz(2)y2 = fo(x), =€
with the boundary conditions
Bioy1(0) = B1191(0) — €B12y1(0) = Aq, (2.2)
Bagy2(0) = Ba1y2(0) — £B22y5(0) = Aa,
Biiy1(1) = vy (1) + me2yi (1) = By, (2.3)
B1y2(1) = v2192(1) + v22u5(1) = B

Assume that ai(z) > a1 > 0, az(x) > as > 0, bia(z) < 0, bar(z) < 0,
{b11(z) + b1a(x)} > 0, {baa(z) + b21(z)} > 0, where § = (y1,y2)” and the
functions a; (), f;(z), bij(z) are sufficiently smooth on 2, 2 = (0,1),0 < e <1,
5]'2 > 0, 2ﬂj1 +6ﬂj2 > 1, 792 >0 and vi1 — Y2 = 1, for 7,7 = 1,2. Let
a = min{ay, as}. The above system can be written in the matrix form as

I\ a _ed 0 _
=)= (TF ) Aws e Bwr=fla). aco
2y 0 —€9=
with the boundary conditions
<B10y1(0)) _ (A1> (B11y1(1)> _ (Bl)
Baoy2(0) Az )’ Ba1y2(1) By)”’

_ (ai(z) O _ (b1i(z) bia(z) o — (fi(=)
where A(z) = ( N a2(x)), B(z) = (b;(w) b;z(x)) and f(r) = (f;(w)).

Math. Model. Anal., 18(5):577-598, 2013.
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2.2 Analytical results

In the following, the maximum principle, stability result and derivative esti-
mates are established for BVP (2.1)—(2.3).

Theorem 1 [Maximum Principle]. Suppose that a function y(x) =
y2(2)T, y1,92 € CO(02) N C?(2) satisfies Bjoy;(0) > 0, Bjiy;(1) > 0, for
j=1,2 and Ly(z) > 0, Vo € 2. Then §(x) >0, Vz € .

Proof.  Define 5(z) = (s1(), so(x))T as s1(x) = 2(1‘

2 —x. Then s1,589 €
CY(2)NC?(N2), 5(x) > 0, for all x € 2 and L3(x) > 0,2 € 2. So, we further

) =
0
define
€N 81 rEQ

sy
Assume that the theorem is not true. Then p > 0 and there exists a point
zg € {2, such that either (= ) (o) = poor (52)(z9) = p or both. Also
(g + ps)(z) >0, Vo € 0.

Case (i): (y1 + ps1)(zo) = 0, for zg = 0. It implies that (y; + ps1) attains
its minimum at xg. Therefore,

0 < Bio(y1 + ps1)(zo) = Bia(y1 + ps1)(xo) — eBr2(yr + ps1) (zo) <0,

which is a contradiction.
Case (ii): (y1 +ps1)(zo) =0, for z¢ € £2. It implies that (y; + ps1) attains
its minimum at xg. Therefore,

0 < Lig(x) = —(y1 + ps1)"(x) — ar(x)(ys + ps1)’(x) + bir () (y1 + ps1)(x)

(z)
+ b1 () (y2 + ps2)(z) <0,

which is a contradiction.
Case (iii): (y1 +ps1)(zo) = 0, for zg = 1. It implies that (y; + ps1) attains
its minimum at xg. Therefore,

0 < Bi1(y1 + ps1)(zo) = y11(y1 + ps1)(@o) + y12(y1 + ps1) (zo) <0,

which is a contradiction.

Case (iv): (y2 + ps2)(zo) = 0, for g = 0. Similar to Case (i), it leads to
a contradiction.

Case (v): (y2 + ps2)(zg) = 0, for zg € §2. Similar to Case (ii), it leads to
a contradiction.

Case (vi): (y2 4+ pus2)(xo) =0, for o = 1. Similar to Case (iii), it leads to
a contradiction.

Hence (z) > 0,Yz € 2. O

In the rest of the problem for continuous case the norm || - || means || - |7
Theorem 2 [Stability Result]. If y;,y2 € C°(2) N C?(£2) then

ly;(2)| < Cmax{|Bioy1(0)|, |Br1y1(1)], |B20y2(0)|, | Ba1y2(1)|,
IL1glle, |L2glle}, =€, j=1,2.
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Proof. Set
M = Cmax{|Bioy1(0)|, | Bi1y1(1)], |B20y2(0)|, | Bary2 (1), | L17l 2. | L2 ]| 2 } -

It is easy to see that M (28311 +&B12,2B21 +B22)T £ (B1oy1(0), Baoy2(0))T and
M (11 — 712,721 — Y22) 7 £ (B11y1(1), Ba1y2(1))T are non-negative. Further

L(M2 2,2 - 2)" + §(z) = MA(z) + M(2 - 2) (Z;g”fg : zzg;) 4 F(z)

> (May £ fi(z)Mag £ fo(2)) >0,

by a proper choice of C. Application of Theorem 1 yields that M(2 — z,
2—x) £ y(x) >0,z € 2, and the desired result follows. O

Sharper bounds on the derivatives of the solution are obtained by decom-
posing the solution ¢ into regular and singular components as, § = v+w, where
U= (vl,vg)T and w = (wl,wg)T. The regular component v can be written in
the form v = vg + €01 + 52172 + 53173, where 79 = (’U01,1102)T, U1 = (’Uu,’l}lg)T,
Vo = (va1,v22)T, U3 = (v31,v32)7 are defined respectively to be the solutions of
the problems

_A(@)d + B(a)io = f(x), z €0, (311“01(”) _ (Bﬂyl(l));

Ba1vp2(1) Bs1y2(1)
d2
_ _ 01\ _ Biiv11(1) -
B , _ [ = 11011 — 0
A(z)v] + B(z)ty ( 0 ddj2> 0o, (321012(1)> 0;
d2
_ _ o= 0\ _ Biiv21(1) ~
B , N 11021 _
A@)t) + B(@)ss (0 dd;)m, (pretd)) =0 o

d2
_ -5 O _ 8101131 (0) = B11’U31(1) =
Log = [ do? , =0, =0.
v < 0 (f;) 2 <320U32(0) Ba1v32(1)

Lo = f(z), z €, (2.4)

(Blo’Un (0)) + 52 (BloUQl (0)))

(3201)12 (O)) + 52 (BQ()UQQ (O))
(2.5)

Byivi(1 Buiyi(1)
Bojva(1) Bo1y2(1)
Then the singular component @ is the solution of

Lw =0, (2.6)

(Bolo)) = (B ~po®)) . () -0 e

The following lemma provides the bound on the derivatives of the regular and
singular components of the solution 7.

Math. Model. Anal., 18(5):577-598, 2013.
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Lemma 1. [14] The solution § can be decomposed into the sum § = U + w,
where, v and w are reqular and singular components respectively. Further, these
components and their derivatives satisfy the bounds for j = 1,2

[oP] < C(1+%*), k=0,1,2,34,
') ()| < CeFe/2, | =0,1,2,3,4, ¥z € 2.

3 Discrete Problem

On {2 a piecewise-uniform mesh of N mesh interval is constructed as follows.
The domain (2 is subdivided into the two subintervals [0, 0] U [o, 1] for some
o that satisfies 0 < o < % On each subinterval a uniform mesh with N/2
mesh-intervals is placed. The interior points of the mesh are denoted by 2V =
{z; | z;, =2ic/N, 0< i< N/2; z; =x;-1+2(1 —0)/N, N/2+1<i< N}
condensing at the boundary point ¢y = 0. The transition parameter o is chosen
to satisfies o = min{%7 %‘f In N'}. For our analysis we assume that o = 2075 In N,
since otherwise N~! is exponentially small compared with ¢. Then the mesh

widths are

b — Hy =20/N, i=1,...,N/2 -1,
"7 |Hy=2(1-0)/N, i=N/2,...,N.

The application of second order central difference and cubic spline difference
schemes on the whole domain using a Shishkin mesh may result in oscillations
in the coarse mesh region. However, the use of a midpoint scheme in the whole
domain results in an oscillation free scheme but with a first order convergence
rate. In order to retain second order convergence and also to avoid an oscilla-
tion, we propose two hybrid difference schemes that use the central difference,
cubic spline in the fine mesh region and a midpoint scheme in the coarse mesh
region.

Yi(@iy1) =Y (zs Yj(@i)—Yi(zi— —
Let 52Yj($i) = hi+ii—1( ( HIZ,; (zi) _ Y5( )hq‘,—l( 1))7 DOYj(:ci) _
Yi@it1)—Yj (@i — Yi(@ip)—Vi(zs — .

(o) Xi@it) Dy (a;) = HE)=1E) and a;401/0 = a;((wis1 + 24)/2);

similarly for bll,i+1/27 b12,i+1/27 b22,i+1/2» b21,i+1/2 and fj,1'+1/27 for j =1,2.

Hybrid Difference Scheme - I (HDS - I) uses the central difference scheme
in the fine mesh region and a midpoint difference scheme in the coarse region,
that is,

—e0?Y (i) — a1 (2:) DY () + by (@) Y1 (24)
+ b1o(z)Ya(z;) = fi(mi), 0<i< N/2,
o —e6%Y7 (x;) — a1,i41/2D7Y1(2)
+b11iv172(Y1 (i) + Yi(wi41))/2
+ b12ir1/2(Ya () + Ya(2i41))/2
= (fi(zi) + fi(zit1))/2, N/2<i<N,
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—£62Ys(x;) — as(x;) DOYs () + boy (z;) Yo (z;)
+ boo () Y1 () = fa(m;), 0<i<N/2
SN —e0?Ya(;) — agip1/2 D Yo ()
+ bariv1/2(Ya () + Ya(2ig1))/2
+ bagip1/2(Y1(zi) + Yi(2it1))/2
= (fo(zs) + fa(wiv1))/2, NJ/2<i<N,

We now approximate the boundary conditions (2.2) and (2.3). The first
order derivative in the left boundary conditions are approximated by the central
difference operator,

BinYj(wo) — eBj2D Yj(x0) = Aj, (33)
vi1Yj(@n) + 72D Yj(zn) = B;, j=1,2.
From (3.3), we have for j = 1,2
_ 2H1Bj 2H,
Yi(a_ Sy Y; Sy 3.4
(o) = Bss (@) + Yj(z1) + By (3.4)
B H2 + v QY‘(Z’N,l)
Yi(zn) = 29 j2¥; 7 35
]( ~) vi1Ha + ;2 (3.5)

where Yj(x_1) are the functional values at x_;. The node z_; lies outside the
interval [0,1] and is called a fictitious node.

The values Y (z_1) may be eliminated by assuming that the difference equa-
tion (3.1) holds also for i = 0, that is, at the boundary point xy. Substituting
the values Yj(z_1) and Yj(zn) from (3.4) and (3.5) into the equations (3.1) for
1 =0and i = N — 1, we get respectively

2e 2H
BiYYa(an) = (77 + buan) = 2252 (5o + S5 ) aGoo
— (?{2>Y1(1’1) + blg(l‘o)y (Io)
1

2H1A1 e al(l’o)
Gy ()

H? 2H,
2e 2H € as(x
BN Ya(wo) = <H2 + b (0) — 1521 ( 2(xo)

S 2T am, >)Yz($0) 56

(;)le) + bas (o) Y1 (o)
= falao) - 2H1A2( : +a2<xo>>

€22

H? 2H,
BYi(zy) = <H2>Y1($N 2)
—  a1.n— b _
+( Y12 <2_ 1,N—1/2 + 11,N 1/2)
Y11Ha +y12 \ Hj H, 2

Math. Model. Anal., 18(5):577-598, 2013.

= fi(zo) —




584 R. Muythili Priyadharshini and N. Ramanujam

and
N E N aj N-1/2 n bll’N_l/Q)Yl(xN_l)
12 , 2
51271\[—1/2 Y22b12, N —1/2
+ < 2 2(v21Hs +722)>Y2(IN_1)
_; B (_6 _OuN-1j2 bll,N1/2>
T LN y1He + 112\ Hj H, 2

_ BaHsbian—1/2
2(v21 Ha + 722)’

By Ys(zn) = (HQ)YQ(xN 2)

i < V22 <—6 _ G2N-1/2 4 b22,N1/2>
o1 Ha + 22 \ H3 Ho 2

2¢ azn-1/2 | baan-1/2

o) . . Y5 _
+ H2 + HQ + 2 2($N 1)

bz1 N-1/2 M2b21,N—1/2 )

+ : : Yi(zn—

< 2 2('711H2+’Y12) 1( N 1)

—f B H232(_5 _GaN-1j2 bzz,N1/2)

PN N Hy +y2s \ H3 H, 2

_ BiHbyn-1/2
2(y11Hz + m12)

(3.7)
Thus the scheme is given by
LYY () = ryYiwio) + 7§ Vi (@) + 17 Y1(2i41) + a1, Ya(io1)
) +af i Yo(ws) + a4 ;Yo (wit1) = Fi(zi), (3.8)
LYY () = 1y, Ya(wi1) + 15 Yo (2:) + 13, Yo (2i41) + 65, Y1 (2i-1)

+ 45 Y1(2i) + ¢3,Y1(xig1) = Fa(y)
with the following equations corresponding to the boundary points
BiYi(zo) = 75 oY1 (o) + rigYi(z1) 4 qf g Ya(x0) + ¢ o Ya(21) = Fi(0),

BYYi(en) =iy Yilen—2) + 75 v 1 Yi(zn-1) + 4§ x_ Ya(zn-1)
=Fi(zn_1),

BRYa(x0) =15 oYa(x0) + 75 0Ya2(21) + 45 oY1 (20) + 50 Y1(21) = Fa(o),

By Ya(zn) =1y n  Ya(rn—2) +75 y 1 Ya(an—1) + 5 1 Yi(zn-1)
= Fy(xn_1),

(3.9)
for i = 0, we have

2e 2H 511 € ay(xo) 2e
c b +
10 Hf 11 (130) 5ﬂ12 ng 2H, o T10 HlQ )

2H, A € ai(x
5o =bi2(0), aio =0, Fi(zo)= filwo) - “(— i 0)),

ePi2 H? + 2H,
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2e 2H, € as(x 2¢
7’5’0:?—"1)22(«7;0)_ 1721 ( + 2( 0))7 r;:O:_< >’
1

By \ H? ' 2H, w2
2 2H, A e as(x
G50 =ba(z0), 439 =0, Fo(xo) = fa(zo) — 561222 <H2 i ;gif)>;
1
fori=1,...,N/2 -1, we have
L —2€ a1 (i) 2¢
= o _ .
1 hic1(hi+hi—1)  hi+hi—1’ T, il 1 + b11 (),
—2e a1(w;) _
+ . .
.= —_ s .= 0, i — b i), o 0’
1 hi(h; +hi—1)  hi+hi—a 41, ay, 12(x;) ar

Fl_,i:Oa Flc,izla F;:i:()a

_ —2¢ as(x;) 2e
.= 5. = b i)y
7”271 hi*l(hi T hl‘,1> hi + hifl’ 2.4 hihi71 + 22(1' )
—2¢ as(x;) _
+ c +
.= — s ;= 0, i b i)y i Oa
T2 hi(hi +hi—1)  hi+hiy Tai %, 2(@i), g

Fy 0, FQC,izla F;,_i:Oa

32

for i = N/2,...,N — 2, we have

- —2¢ oo 2¢e aiit1/2 . bitigiy2

Y (b +hicn)” 0T hihi h; 2
I —2e _ @1it1)2 " b11,i+1/2 + _ bzt

Y hi(hi + hiz1) h; 2 W 2 7

B bi2,iv1/2 _ - c
1 = T/’ 0, =0, F;=0, F;=1, FlJ,ri =0,
— —2 o _ 2 agiy1/2  baoiviy2

20 b (hi +hish)) P hihi h; 2 7
o = —2¢ _ 02,i41/2 n ba2it1/2 + ba1,i+1/2
2,1 hz(hz +hi71) hz 2 ) 2,1 2 )

ba1,i
q§7i — m’TW, q2’i — 0’ FQj’L — 0’ F2C,i = 17 FQJ’:’L = 07
for i = N — 1, we have
- ( Y12 (—6 _ AG1,N-1/2 I b11,N—1/2> e = €
b Y11 Ha 4+ 712 \ H3 H, 2 ki g
2¢  ajn_172 b N1/2)
+ 7o + : + : I
H2 H, 2
¢, = b12,N71/2 722b12,N71/2
L 2 2(y21Hs + 722)’
HyB, € ai,N—1/2  bii,n—1/2
F -~ — _ e - K K
xn-1) = fin—1/2 iHy + ( E , + 9

_ BaHabian—1/2
2(va1 Ha + 722)’

Math. Model. Anal., 18(5):577-598, 2013.
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g, = ( V22 (—E B a2N vz b, N— 1/2>

Yo1Ha + v22 \ H3
+27€2+02,N 2 bQQN 1/2 .
H2 , : H
= (b21,N1/2 712521N 1/2 )
e 2 2(y11Hz + 12)
Hjy By < asgN-1/2  bao N1/2>
Fo(zn1) = fory 1/g— —222 (£ _ 4222
2(TN-1) = fan-—1/2 YorH + s\ HZ , 5

B B1Habyy N—1/2
2(y11H2 + m2)

and
fi(@i ) F + Az FE 4+ fi(eip) FY,, for 1<i<N/2-1,
Fi(zi) = 4 fi((@igr + 2)/2)F, + fil(@ig + 33) [2)FF,
+ fil(ziga —‘y—.%‘i)/?)Ffi? for N/2<i< N -2
fo(@ic)Fyy + fo(i)FS, + fa(wiy1) Fyy, for 1<i< N/2-1,
Fy(2i) = 4 fol(wig1 + 7)/2) Fyy + fo((mig1 + 1) [2)FS,;
+ fo((wig1 +2i)/2)F5,, for N/2<i< N -2

Remark 1. The truncation error for (3.6) is given by

2 2H
’Hi—i-bll(xo)—i— eﬁlill(_I;+ 23;;1)))1/1( 0)

(12{2>Y1(351) + biz(z0)Y2(z0) — f1(zo) + 25[511?1 <_I§12 i a;gf)> ‘

S C€H1|y§3)(l‘o)|. (310)

|Bio (Y1 — y1)(w0)| =

Similarly, |B3(Ya — y2)(x0)| < CeHilys (wo)| and |BN(Y; — y)(zn)| <

C’H2|yj(-2)(gvj\/)\7 for j = 1,2. Further, the truncation error bounds for the mid-
point scheme and central difference scheme for j =1, 2,

L3 (Y — g) ()]
3 3 2 .
- {5H1||%(' N+ Cllantary H2NGD N+ 1920, i=1,...,N/2,
4 3 )
eH3 |y, | + lar|[H3 |y, |, i=N/2+1,... N 1.
(3.11)
[15] Hybrid Difference Scheme - IT (HDS - IT) uses the cubic spline difference
scheme in the fine mesh region and the midpoint difference scheme in the

coarse mesh region. Note that the elements in the system matrix changes for
i=0,1,...,N/2 — 1. Thus, we have for i = 0,

c _ (3511 _ Bizai(zo)

r =
1,0
ho ho

+ Brabuy (20) + Biz2ai(w1) N 35512),

2hg h
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o=  Br2ai(zo)  Przar(x1) n Przbii(w1) 3Bz
1o ho 2hy 2 hZ )’
bia(z
in = ﬂ12b12(x0)a qio = ﬁm%ﬂﬂ,
3A T
Fi(z0) = o4y Brafi(zo) + M7
ho 2
3821 Pazaz(wo) Bazaz(x1) 3P
c _ b
50 = ( ho ho + Baabaa(zo) + ho 02 ),
rto— 752202(500) . 522(12(1’1) + 522522(1171) . 3eBa2
20 ho 2hy 2 h )’
bo1(x
450 = Prabai(x0), g3 = 6222#1(1),
3A T
Fy(z0) = TQ + Baz fa(xo) + %(1),
0
fori=1,...,N/2—-1,
_ h? h; (hi + 2h;—1)
T T B e ) ) R ) gy )
hi, 3e
+ 1b11(ﬂb"@>1) i
i—1
—(h; + hi_ hi —hi hi + hi_
Tf,i = _%al(lﬁﬁrl) - (hihi_ll)al(%) - (2T1)(11(33i71)
3e(h; + hi—
+ (hi + hi—1)bii(z;) + u,
hihi—1
+ _ (2hithi) oy hia ‘ hi ‘
rl,i - Z(hl +hi_1)a1(xl+1) h’l al(xl) + 2hz(h1 +hi_1)a1(x171)
hi 3e
+ Ebll(xl) — hj"
_ hiabia(wi- hibia(z;
4= $, q1; = (hi + hi—1)bia(z;), in = %,
_ hi_ h;
Py =—5 LOFfy=(hi+hisy), F= 5
- hZag(wiy1) hi (hi 4+ 2h;_1)
Ty B LT A
hi,1 3e
b i_1) — ,
+ 5 22 (2i—1) Ty
c —(hi + hi1) (hi —hi_y) (hi + hi_1)
Toi = _Tﬂlz(wﬂ) - T_ll@(xi) - Taz(%q)
3e(h; + hy;—
(i + hat)bas (@) + 2 Fhi)
hihi—1
+ _ (th + hifl) . _ hi,1 ) h?ﬁlag(.ﬁi_l)
3 50t hi) hi_l)ag(xzﬂ) T az(x;) Milhs +ho 1)
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hi 3e
—b i) T 7
+ 9 22(;) h,
__ hig c + _ hi
D= 5 ba1(zi-1), a5; = (hi +hi—1)ba1(wi), ¢5,; = 5b21(3«"i+1),
hi_ hz
Fy, = Tl Ffy = (hithisa), Ffi= <

Remark 2. The truncation error bounds at z¢ is given by

| B (Y1 — 1) (o)

- <3ﬁ11 ~ Brzai(zo)
N ho ho

3
+ Buabir (20) + Br2ai(z1) + 55212 Y1 (z0)
2hg h§

Bizai(zo)  Prear(z1) | Brzbu(zi)  3ePiz
i <_ ho © 2hg + 2 T ng )Yl(l"l)
+ Brabiz(wo)Ya(zo) + 512191#2(961)}/2(%) - % + Bi2f1(xo) + 612f;(x1)
< Cetily" (wo)| (3.12)

Similarly, |BY)(Ya — ye)(z0)| < CEnglle) (x0)|. Further, the truncation error
bounds for i =1,...,N/2 -1,

LN = g)(a)| < CeH2D|, =12 (3.13)

Note: It may be noted that the same operator symbols L;-V, B% and Bﬁ,
j = 1,2 are used for both the schemes. In the following whatever discussion is

carried out, it is true for both the schemes.

3.1 Numerical solution estimates

To guarantee the monotonicity property of the difference operator LY, we
impose the following mild assumption on the minimum number of mesh points

laill llazll
— >2 _— . 14
InN — max{ a « (3.14)

Analogous to the continuous results stated in Theorem 1 and Theorem 2 one
can prove the following results.

assume that B%Wj(aro) >0,

Theorem 3. [14] For any mesh function ¥(z;)
>0, foralli=1,...,N — 1. Then

?ﬁ‘llj(x]l/) >0 for j = 1,2 and LN (z;)
U(z;) >0, foralli=0,1,...,N.

Theorem 4. [14] If Z(x;) = (Z1(x:), Zo(x))" is any mesh function then, for
allz; € QN j=1,2

7 )

|Z;(2:)] < Cmax{| B} Z1(x0)|,| B Z1(xn)|, | BooZ2(x0)|, | BN Z2(zn)|,

1SI%%\}/{—1’L{VZ(%) , 1S%%<_1|L§Z(xi)’}.
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3.2 Error analysis

The discrete solution Y( x;) can be decomposed into the sum Y (z;) = V(z;) +
W (x;) where V(z;) and W (z;) are regular and singular components respec-
tively defined as

LYV (z) = f(z;), i=1,...,N—1, (3.15)
vavl(x ) o B1 ’01(0) BﬁVl(x ) _ Bll’l)l(l)
<32N2v2(x2)> = (32302(0)) ) (B%‘fg(xz)) = <321v2(1)> (3.16)
and
LYW(z;) =0, i=1,...,N—1, (3.17)
BiyWi(xzo)\ _ (Biow:(0), BYWi(zn)\ -
(i) = o) (i) =% 619

The error in the numerical solution can be written in the form (Y — ¢)(z;) =

(V= 0)(@:) + (W — o) ().

Lemma 2. At each mesh point z; € ﬁN, the error of the reqular component
satisfies the estimate

7 = o] =GN 27)-

Proof. Using ¢ < CN~1, (3.10), (3.12) and (3.11), (3.13) and the bounds on
the derivatives of v, we have for j = 1,2

‘B%(Vj —vj)(z0)] < CEH1|’UJ(-3)($0)’ <CN72

_ CN-2, i=1,...,N/2—1,
YV — o] <N i /
CN~'(e+NY, i=N/2,...,N—-1

<CN72, i=1,...,N—1,
’ J)N)’<CH2’U )‘SCN_Q

Consider the barrier functions W (x;) = (Wi (x;), ¥ (2;))T, where
= CN~2%(2— ;) 5
N i _ _
U (z;) = (CN‘2(2 — ) + (V= 0)(x).
Then, we have B%LP;—L(:EO) = 2CN_2(rj,0 + r;-fo +q50+ q;fo) — CN_za:l(rij +
q;.fo) > 0 and Bﬁ%i(:r]\r) = QC’N’Q(T;N +7ri N+ qJC-VN) — C’N’2xN,1(r§7N +
q]C-,N) —CN_QxN,Qr;N >0,j=1,2.For j=1,2;i=1,...,N — 1 we have
N g+t _ —2(,.— c + — c +
LW (x;)) = CN =“(rj, +ri, +rj,+ ¢, +4dj, +4;) —CN~ ([ p
+ a5 (@iea) + 5 + g5al(xa) + [ + ¢ ) (2ig)) £ ONT2
>CN2(r;, =1+ —a, £1)>0.

Applying Theorem 3 to ¥+ (x;),x; € ﬁN, we get the required result. 0O

Math. Model. Anal., 18(5):577-598, 2013.
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—N
Lemma 3. At each mesh point x; € {2, the error of the singular component
satisfies the estimate

o CN=?(lnN)?
(W — @) ()] < <CN 2(lnN)? )

Proof. Suppose o = % In N, so the mesh is non-uniform. We split the argu-
ment into two cases depending on the localization of the mesh point. In the

first case z; € oV n [0, 1], using the arguments in [1] and [14, Lemma 6], for
N/2 <i < N we have

07— o)) < (N2 )

Now for z; € VN [0,0), using (3.11), (3.13) and the bounds on the derivatives
of w, we have for j = 1,2

2
|L§V(W —w)(z;)| < C% exp(—z;afe).

For all 4, 0 <1i < N/2 — 1, we introduce the mesh functions

_ ON=2+C % i .
TE(z;) = N EW( mr)) (W — w)(z;).
CN— 4—C73N2( mﬂ
It is easy to show that BNLDi(;EO) = (CN2+C 3‘,7;20)( r$o t Tjo + g5+

q]()) —CE3N23:1( O—&-qjo) > 0 and y'/i(xN/Q) >0,5=1,2. For j = 1,2;
i=1,. N—lwehave

N7+ _ -2/ .— c —+ — c +
Ly (z) = ON = (r, + 75+ + 45 65+ 45)
2
+ Oz ([ + 4o — i) + [ + g5l (0 — )
+ + o?
+ [rj,i + qj,l](d - ﬂfz_l,.l)) :l: CE3N2 > 0

Then by Theorem 3 we get ¥+ (x;) > 0. Thus we get the required result. O

Theorem 5. Let §(x) = (yi(x),y2(x))",x € 2 be the solution of (2.1)~(2.3)
and let Y (z;) = (Yi(2:), Ya(2:))T, ;s € 2V be the numerical solution of problem
(3.8)~(3.9). Then we have

sup ||[Y1—willovy SCN2(InN)® and sup ||[Ya—y2llov < ON2(InN)3.
0<e<1 0<e<1

Proof. The proof of the theorem follows 1mmed1ately, if one applies the above
Lemmas2and 3toY —g=V -0+ W — O
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Theorem 6. [14,15] Let y(x) be the solution of (2.1)~(2.3) and Y (x;) be
the corresponding numerical solution of (3.8)~(3.9). Then, for j = 1,2, and
x € £2; = [x;,211], we have

sup |le(D°Yj(z:) = 9)|lg < CN*(InN)*, 1<i<N/2,

0<e<1 %
Obugl|’D+Y ;) = yjllg, <ON"'InN, N/2<i<N.
<

Remark 3. Let 17]-, j = 1,2, denote the piecewise linear interpolant of the
finite difference solution {Y;(z;)}*,. As done in [6, p. 66], we get for j = 1,2
and T € Ql = [131',131'_;,_1],

sup ||e(D°Y; — ¢j)|l5, <CN>(InN)?, i=1,...,N/2—1 and
0<e<1
sup [|[DTY; —Y/||g, <CN'InN, i=N/2,...,N—1,
0<e<1
where, ﬁon(x) = DY (z;), for all @ € [x;_1,2i41), ¢ = 1,...,N/2 — 1 and
DTY;(x) = DVYj(x;), for all z € [z, x441), i = N/2,...,N — 1.

4 Numerical Results

In this section, we consider the following examples to illustrate the results
obtained in the paper:

Ezample 1.
—eyf(z) — myi(x) +2y1(2) — y2(x) = (3 +2)/3,
— (@) — (@) — A (0) + Bale) = B+ 0)/2, 7 e

y1(0) —ey1(0) = 2, ya(1) + 41 (1) =2, 2(0) —ey5(0) = 2, y2(1) + y5(1) = 2.

Ezample 2.

— ey (z) = 3yi(x) + 3y () —ya(z) =14 €77,
—eyy (@) —ya(x) —y1(2) + 3ya(z) =1 —e™%, 2 €8,
3y1(0) — ey1(0)=0, 2y1(1) +y1(1)=1, 3y2(0) — ey5(0)=2, 2ya(1) + yo(1)=2.

Let (YN, Y3Y)T be a numerical approximation for the exact solution (y1,y2)7

on the mesh 2V and N is the number of mesh points. Since the exact solutions

are not available for the above test problems, for a finite set of values € € R, =

{20,271 .. 2725} we compute the maximum pointwise error for j = 1,2,
N _ N _ y2048

Shy =1 =Y o

0y N _ 10772048 :
DN max |e(D"Y; —~D YO%) (xi)], 0<i< N/2,
max|D+YjN — D+Yj2048)(aci)|, N/2<i< N -1,

Math. Model. Anal., 18(5):577-598, 2013.
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Table 1. Values of S{V,T{V and Sév,rév for the Example 1.

N 32 64 128 256 512

Hybrid Difference Scheme - 1

S{V 9.9694e—3 3.5633e—3 1.1948e—3 3.9575e—4 1.3294e—4
r{v 1.4843 1.5764 1.5941 1.5738 -
Sév 9.3473e—3 3.3411e—3 1.1202e—3 3.7094e—4 1.2169e—4
rév 1.4842 1.5766 1.5945 1.6080 -

Hybrid Difference Scheme - 11

S{V 1.3008e—2 4.7605e—3 1.6042e—3 5.2783e—4 1.7402e—4
T{V 1.4502 1.5693 1.6037 1.6008 -
Sév 1.1630e—2 4.2553e—3 1.4336e—3 4.7161e—4 1.5545e—4
ré\] 1.4505 1.5696 1.6040 1.6011 -

log, (N) 100, (110 log, (N)

Figure 1. Surface plot of the maximum pointwise errors as a function of N and ¢ for the
solution components Y7 and Y3 of the Example 1 using HDS - 1.

log, (1/e)

log, (N) log, (N)

Figure 2. Surface plot of the maximum pointwise errors as a function of N and ¢ for the
solution component Y7 and Y2 of the Example 1 using HDS - II.

where 322048 is the piecewise linear interpolant of the mesh function ¥;?**% onto
[0,1]. From these values the e—uniform maximum pointwise difference

SJJ-V:maxDéVj, D;-V:maxDéVj, j=12
e€R. c€R.  ©
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Table 2. Values of D{V,pllv and Dév,pév for the Example 1 in the fine mesh region.

N 32 64 128 256 512

Hybrid Difference Scheme - I

D{V 1.3089e—2 6.1793e—3 2.4958e—3 8.8598e—4 2.7041e—4
pf’ 1.0828 1.3079 1.4942 1.7121 -
Dév 1.2273e—2 5.7938e—3 2.3399e—3 8.3061e—4 2.5349e—4
pé\’ 1.0829 1.3081 1.4942 1.7122 -

Hybrid Difference Scheme - 11

D{V 5.4954e—3 2.7453e—3 1.1371e—3 4.0770e—4 1.2367e—4
p{v 1.0013 1.2716 1.4798 1.7210 -
Dév 4.9110e—3 2.4532e—3 1.0160e—3 3.6422e—4 1.1046e—4
pév 1.0014 1.2718 1.4800 1.7213 -

log, (N) log, (1/e) log, (N) log (1/¢)

Figure 3. Surface plot of the maximum pointwise errors as a function of N and e for the
scaled discrete derivative components eDY; and eDOY5 using HDS - I for the Example 1.

7 log, (1/e) 78
log, (N) log, (N)

log, (1/e)

Figure 4. Surface plot of the maximum pointwise errors as a function of N and ¢ for the
scaled discrete derivative components eDY; and e D°Y> using HDS - II for the Example 1.

are formed for each available value of N satisfying N,2N € Ry. Approxima-
tions to the e—uniform order of local convergence are defined, for all N,4N €

Math. Model. Anal., 18(5):577-598, 2013.
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Table 3. Values of D{V,pf’ and Dé\’,pé\] for the Example 1 in the coarse mesh region.

N 32 64 128 256 512

Hybrid Difference Scheme - I

D{V 3.6576e—2 2.2318e—2 1.2230e—2 6.1025e—3 2.7078e—3
p{v 7.1269e—1 8.6778e—1 1.0030 1.1723 -
Dév 6.3123e—2 4.5302e—2 2.6854e—2 1.3922e—2 6.2944e—3
pé\' 4.7859e—1 7.5444e—1 9.4777e—1 1.1452 -

Hybrid Difference Scheme - 11

D{V 3.6576e—2 2.2318e—2 1.2230e—2 6.1025e—3 2.7078e—3
p{v 7.1269e—1 8.6778e—1 1.0030 1.1723 -
Dév 6.3123e—2 4.5302e—2 2.6854e—2 1.3922e—2 6.2944e—3
pév 4.7859e—1 7.5444e—1 9.4777e—1 1.1452 -

Figure 5. Surface plot of the maximum pointwise errors as a function of N and e for the
solution components Y7 and Y2 using HDS - I for the Example 2.

6 log, (1f¢) g, N 6 log, (1/¢)
2

log, N

Figure 6. Surface plot of the maximum pointwise errors as a function of N and e for the
solution components Y7 and Y2 using HDS - II for the Example 2.

Ry, by

SN DN .
7”;-\[ = 10g2 (SQJN)a p‘é\f = 10g2 <D2JN)’ J= ]-7 2.
J
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Figure 7. Surface plot of the maximum pointwise errors as a function of N and € for the
scaled discrete derivative components eD9Y; and eD°Ys using HDS - I for the Example 2.

log, (1/e)

Figure 8. Surface plot of the maximum pointwise errors as a function of N and ¢ for the
scaled discrete derivative components eD9Y; and eD?Y5 using HDS - II for the Example 2.

Table 4. Values of S{V,T{V and Sé\[,rév for the Example 2.

N 32 64 128 256 512

Hybrid Difference Scheme - I

SN 3.1272e—2 1.5401e—2 6.1397e—3 2.1772e—3 7.2595e—4
v 1.0218 1.3268 1.4957 1.5845 -
SN 3.5627e—3 1.3153e—3 4.6795¢—4 1.5959e—4 5.1024e—5
iy 1.4376 1.4910 1.5520 1.6451 -

Hybrid Difference Scheme - I1

S{V 1.3661e—2 5.4383e—3 2.0449e—3 9.0192e—4 4.4958e—4
r{v 1.3288 1.4111 1.1810 1.0044 -
Sé\f 8.2171e—3 4.2905e—3 2.1935e—3 1.1092e—3 5.5774e—4
rév 9.3748e—1 9.6791e—1 9.8372e—1 9.9185e—1 -

Surface plots of the maximum error for the solution as well as scaled first
derivative of the above test problems are presented. In Figures 1, 2, 5, 6

Math. Model. Anal., 18(5):577-598, 2013.
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Table 5. Values of D{V,pf’ and Dév,pév for the Example 2 in the fine mesh region.

N 32 64 128 256 512

Hybrid Difference Scheme - I

D{V 2.7430e—2 6.5634e—3 3.4578e—3 2.1703e—3 9.5036e—4
p{\’ 2.0632 9.2459%e—1 6.7196e—1 1.1913 -
Dév 1.9461e—3 1.0750e—3 4.7343e—4 1.8143e—4 6.3543e—5
pé\’ 8.5625e—1 1.1831 1.3837 1.5136 -

Hybrid Difference Scheme - 11

DN 2.2139e—2 1.5070e—2 8.0334e—3 3.5627e—3 1.3950e—3
pY 5.5491e—1 9.0760e—1 1.1730 1.3527 -
DY 3.8384e—3 1.8550e—3 7.1561e—4 2.2432e—4 5.2987e—5
pY 1.0491 1.3742 1.6736 2.0818 -

Table 6. Values of D{V,p{\r and Dév, pé\’ for the Example 2 in the coarse mesh region.

N 32 64 128 256 512

Hybrid Difference Scheme - I

D{V 7.4364e—3 3.8860e—3 1.9826e—3 1.0009e—3 5.0280e—4
p{v 9.3632e—1 9.7089e—1 9.8610e—1 9.9324e—1 -
Dév 2.5901e—2 1.4260e—2 7.4885e—3 3.8370e—3 1.9409e—-3
pé\’ 8.6103e—1 9.2923e—1 9.6470e—1 9.8325e—1 -

Hybrid Difference Scheme - 11

DN 5.0791e—3 2.4669¢—3 1.2173e—3 6.0486c—4 3.0151e—4
p 1.0419 1.0190 1.0090 1.0044 -
DY 4.8219e—2 2.4453e—2 1.2325e—2 6.1889¢—3 3.1012e—3
pY 9.7959e—1 9.8842¢—1 9.9383e—1 9.9686e—1 -

and 3, 4, 7, 8 respectively we observe that as ¢ — 0, the maximum error for
the numerical approximation Yi,Y> and eD%Y7,eD%Y; to the exact solution
y1,y2 and ey}, ey respectively using HDS - T and HDS - II decreases and gets
stabilized at a constant value. Tables 1 and 4 present eé—uniform maximum
pointwise two-mesh difference and e—uniform order of local convergence to the
solution components Y7 and Y3 generated by HDS - I and HDS - II. Tables 2,
3, 5 and 6 present e—uniform maximum pointwise two-mesh difference and
e—uniform order of local convergence to the scaled derivatives in the fine mesh
region and the non scaled derivative in the coarse mesh region. From the
tables, the performance of the two schemes appears to be almost the same but
these two schemes are derived from different methods. It is expected that they
may significantly differ for certain problems as the truncation error derived for
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HDS - II is smaller than HDS - I

5 Conclusion

A weakly coupled system of two singularly perturbed convection—diffusion sec-
ond order ordinary differential equations subject to mixed type boundary con-
ditions was examined. Two hybrid difference schemes on the Shishkin mesh
were constructed for solving this problem which generate e —uniform convergent
numerical approximations to the solution as well as to the scaled first derivative
of the solution. Numerical results were presented, which are in agreement with
the theoretical results. These schemes give better accuracy than the classical
upwind scheme.
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