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Abstract. This paper aims to develop a high-dimensional SI model with stage struc-
ture for both the prey (pest) and the predator, and then to investigate the dynamics
of it. The model can be used for the study of Integrated Pest Management (IPM)
which is a combination of constant pulse releasing of animal enemies and diseased
pests at two different fixed moments. Firstly, we use analytical techniques for impul-
sive delay differential equations to obtain the conditions for global attractivity of the
‘pest-free’ periodic solution and permanence of the population model. It shows that
the conditions strongly depend on time delay, impulsive release of animal enemies
and infective pests. Secondly, we present a pest management strategy in which the
pest population is kept under the economic threshold level (ETL) when the pest pop-
ulation is permanent. Finally, numerical analysis is presented to illustrate our main
conclusion.

Keywords: age-structured population, delay, impulsive differential equation, global asymp-
totic stability, predator-prey model.

AMS Subject Classification: 34B10.

1 Introduction

Large-scale pest outbreak may bring serious ecological and economic problems
to our society. For example, cotton bollworm outbreaks have caused severe
losses of cotton in Xinjiang, Henan, Shandong, Hebei provinces of China in the
past two decades; outbreaks of large-scale locusts, which feed on leaves, stems
of crops, can cause serious ecological disaster. Organic chemicals (chemical
insecticides) have been used to control bands and swarms for more than half a
century. It turns out to be useful since they can quickly Kkill a significant portion
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of a pest population. Extensive use of chemical pesticides greatly enhances the
human ability to control insects, however, it also brought well-known issues of
environmental pollution, ecological balance, food safety, and so on. Pesticide
caused environmental pollution is believed to be the number one killer to human
health and other creatures. Therefore, how effectively and without compromise
of environment to control insects has become an increasingly complex issue over
the past two decades.

A pest control problem is a problem of population dynamics. It is proved
to be more effective to control the pest by biological technologies, which in-
clude using predatory natural enemies, microbial, parasitic enemies, etc. It can
be cultivated in biological laboratory or natural environment. This method is
mostly welcomed by the people because it is harmless not only to environment
and human health, but also the development of population. Nowadays, this
method has been widely applied in the pest control of vegetables, fruits, some
trees in agriculture and planting. In recent years, impulsive systems are found
in many research areas of applied sciences [7,10,15,19,21]. Impulsive delay dif-
ferential equations play a significant role in various branches of applied sciences
including biology and population dynamics. Generally, the theory of impulsive
delay differential equations is relatively mature [9,13] and the introduction of
time delay and impulse to predator-prey models with stage-structure enriches
the biological background greatly. But the consequence is obvious because
the system becomes nonautonomous and quite complicated. Recently, two-
dimensional delayed stage-structured models with impulsive effect at one fixed
impulsive moment have been investigated in [5,16]. The predator-prey models
with stage structure for the predator have been extensively investigated, [4,20]
to name but a few. In the real world, as immature prey takes 7 units of time
to mature, it is necessary to consider the death toll during the juvenile period.
Hence time delay is endowed with more vital significance in stage-structured
models, for example [1,6,17].

In this paper, we aim to propose a pest control SI model which is stage-
structured for both the pest and the predator by introducing a constant periodic
releasing animal enemies and infective pests at two different fixed moments. As
the diseased and juvenile individuals of pests cause damage to crops very little,
we assume in our model natural enemies prey on mature pests, but the diseased
and juvenile pests, and we only need to control the adult pest (prey). Then
we propose a high-dimensional delayed predator-prey model with two stage
structures and two different fixed moment impulse effects. New technique is
also developed to investigate the dynamics of the model.

1.1 Model formulation

The basic model considered is based on the following SI epidemic model
S(t) = bS(t) — BS()I(t) — dS(¢t),
I(t) = BS(I(t) — dI(t) = rI(t),

where S(t) and I(t) denote the members of the population susceptible to the
disease, and the infective members, respectively. Aiello and Freedman intro-
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duced the following famous model [1]:

{a'c (t) = ax(t) —yx;(t) — e Ta(t — 1),

(t) = ae Tx(t — 1) — ex?(t),

where they assumed for the mature population that the death rate is of a
logistic nature, that is, proportional to the square of the population with pro-
portionality constant e. Meng and Chen introduced a stage-structured SI eco-
epidemiological model with time delay and impulsive controlling [14]. Cooke [3]
formulated an SIR model with time delay effect by assuming that the force of
infection at time ¢ is given by 8S(¢)I(t — 7), where (8 is the average number of
contacts per infective per day and 7 > 0 is a fixed time during which the infec-
tious agents develop in the vector and it is only after that time that the infected
vector can infect a susceptible human. Levin et al. adopted a incidence form
like BSP(t)I%(t), BSP(¢)19(t)/N, p,q € Ry which depends on different infective
diseases and environments [12]. We shall consider the case of p = 1, ¢ = 2,
N =1, ie. BS(t)I?(t). Motivated by recent work, we formulate the following
delayed pest management SI model with stage structure for both the pests and
the predators, and the effects of constant natural enemies and diseased pests
impulsive input periodically at two different fixed moments:

) _ st) — (1) —reTS(E—7), 1 (kL - DT, £ AT,
dS(t) — —diT 2
— o =re DTSt — 1) — da S%(2)
~ BS(IP() - 3 +(£yét; t+(n+l—1)T, t #nT,
MO sS0r(0) ~ dyl(t), 14 (41T, 1407,

Aill) _ A0SO _ (1, gy 0), £ (1 - T, £ £ 0T,

dt 1+ wy(t)
d?ili(? =my;(t) — dsy(t), t# (n+1—1)T, t#nT,

ASj(t) =0, AS(t)=0, AI{t)=0, Ay;t)=gq, Ay(t)=
t=(n+1-1T,
AS;(t) =0, AS(t) =0, AI(t) = p, Ay;(t) =0, Ay(t) =0, t=nT,

(1.1)
where S;(t) and S(t) represent the density of the immature and mature pest,
y;(t) and y(¢), the density of the immature and mature natural enemy, respec-
tively; I(t) represents the density of the diseased pest at time ¢, r is the growth
rate of the mature pest in the absence of the predator, di, u, d3, ds and ds
are the death rates of the immature pest, mature pest infective pest, immature
natural enemy and mature natural enemy. dy is the mature pest death and
overcrowding rate. [ is the infection rate of infective pest, « is the predation
rate of the predator, A represents the conversion rate at which ingested prey in
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excess of what is needed for maintenance is translated into predator population
increase, w measures the psychological or inhibitory effect respectively; 7 is the
mean length of the juvenile period; T is the period of the impulsive effect; ¢ is
the released amount of natural enemies at every impulsive period (n+1—1)T;
p represents the released amount of infective pests at every impulsive period
nT. From the point of biology, we only consider system (1.1) in the following
region: D ={(S;,5,1,y;,y|5;,5,1,y;,y > 0}. Let

CF = {p = (61(5), 92(5), 83(5), Da(s), ¥5(s)) € C: $;(0) > 0 (i = 1,2,3,4,5)},

where ¢;(s) is non-negative, bounded and continuous function for s € [—7,0].
C denotes the Banach space C([—7,0], R%) of continuous functions mapping
the interval [—7,0] into R°. Motivated by the application of systems (1.1) to
population dynamics, we assume that solutions of systems (1.1) satisfy the
initial conditions

peCt. (1.2)
For continuity of initial conditions, we require
0
#1(0) = / re? S (o) do.

Since the variables S;(t) only appear in the first equation of system (1.1),
we only need to consider the subsystem of system (1.1) as follows:

ds(t) _  _ar
o e DTSt — 1) — doS?(t)

— BSH)I2() — 1+(¢3yét§ t+(n+1—1)T, t #nT,
d;—sf) = BS(I*(t) — d3I(t), t# (n+1—1T, t#nT,

dyy(t) _ Ayl

dt 1+ wy(t)

dzii—it) =my;(t) —dsy(t), t#n+1—-1)T, t#nT,

AS(t) =0, AI({t)=0, Ay;t)=q, Ayt)=0, t=Mn+1-1)T
0

. AI(t)=p, Ay;(t)=0, Ay(t)=0, t=nT.

— (m+dy)y;(t), t#m+1-1DT, t#nT,

(1.3)

1.2 Boundedness

First we should point out the solution of (1.1), z(t) = (S;(t), S(¢), I(t),y;(t),
y(t)) is a piecewise continuous function on (nt,(n + 1)7], and z(n7t) =
lim;_,,,,+ x(t). For system (1.1) to be biologically meaningful, it is impor-
tant to prove that all its state variables are non-negative for all time. In other
word, solutions of system (1.1) with positive initial value remain positive for
all time ¢ > 0.
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Let S;(0) > 0, S(0) > 0, I(0) > 0, y;(0) > 0 and y(0) > 0. Then, one can
easily prove that the solutions (S;,5,1,y;,y) of system (1.1) are positive for
all ¢ > 0. First, we show that S(¢) > 0 for all ¢ > 0. Notice S(0) > 0, hence
if there exists to such that S(tp) = 0, then ¢y > 0. Assume that ¢g is the first
such time that S(t) = 0, that is tg = inf{t > 0 | S(¢) = 0}; then from the
second equation of (1.1) we get

S'(to) =re"M7S(t —7) > 0.

Hence for sufficiently small € > 0, S’'(tg — &) > 0. But by the definition of ¢g,
S’(to — ) < 0. This contradiction shows that S(¢) > 0 for all £ > 0.
From the third equation of (1.1) we get for t # nT, that

I(t) = I(O)efot(ﬁs(t)f(t)fds) dt

For t = nT', we have I(nT1) = I(nT) +p, p > 0, it is easy to see that I(t) > 0
for all ¢ > 0. From the fourth equation of (1.1) for t # (n 41— 1)T, we have
that
t, Aay(t) —m—dy
(1) = s (0)e T T

and for ¢t = (n+ 1 — 1)T, we have y;(nT") = y;(nT) + ¢, ¢ > 0, thus we have
y;j(t) > 0 for all t > 0. Similarly from the fifth equation of (1.1), we get for
t > 0 that

my;(t)

y(t) = y(O)efJ(W—ds) dt

Obviously we have y;(t) > 0 for all ¢t > 0.
Finally we consider the following equation:

u'(t) = —re”D7S(t — 1) — dyu(t) (1.4)

and comparing with (1.1), we note that if u(t) is the solution of (1.4) and if
S;(t) > 0 can solve (1.1), then S;(¢) > u(t) for 0 <t < 7. Solving (1.4) gives

u(t) = et (sj(c)) - / t re (=TS (g — 1) da>.

0

From ¢;(0) = fET re?19S(o) do, one can obtain

0 T
u(r) = ed”</ re1?S(o) do — / re 0" S (g — 1) da).
—T 0
Notice that fET re®175(0) do is equivalent to ) re® ("= S(c —7)do. And we
obtain u(7) = 0. Hence S;(7) > 0. Since u(t) is strictly decreasing, S;(t) >
uw(t) >0for 0 <t < 7. S0 S;(t)>0for0<t <.

We now show by induction that S;(t) is positive on nT < t < (n + )7,
n=0,1,.... We have just shown that this is valid for n = 0. Assume it is valid
forn=0,1,...,k —1. Then S;(k7) > 0. Consider the equation given by

u'(t) = —re 7S (t — 1) — dyu(t), w(kt) = y;(kT). (1.5)

Math. Model. Anal., 18(4):505-528, 2013.
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From (1.1), S;(t) > u(t) for t > kr. Now (1.5) is equivalent to the integral
equation

t

u(t) = e~ N (t=k7) (Sj(lm') — / ret(C=FT=T) G (5 — 1) da).
k

-
Hence

u((k+1)7) =e N7 <5j(k7) - /k

(k+1)7
re 0=+ g5 _ 1) dor) .

From ¢;(0) = LOT re?19S(o) do, one can obtain
kT (k+1)T
o1(kT) = / re Ok S (0) do = / re®t (=R G (5 — 1) do.
(

k—1)1 kT

So we obtain u((k+1)7) = 0 and so S;(7) > 0. Hence S;((k+1)7) > 0. Since
u(t) is strictly decreasing, we have S;(t) > u(t) > 0 for all ¢ > 0.

Let RT = [0,00), R}, = {z € R°: 2 > 0, z = (S;,5,1,y;,y)}. Denote
f = (f1, f2, f3, f1, f5)T the map defined by the right-hand side of the anterior
five equations of system (1.1), and N the set of all non-negative integers. Let
V : Ry X R, — Ry, then V is said to belong to class Vj if

i) V is continuous in ((k—1)T,kT]x R>, k € N, and for each z € R limits
+ +

li t,z) =V((k=1)T li t,z) =V(kT"
(t,z)%((llcrill)TJr,m)V(’Z) V((k-1)T,2), (t,z)ﬁl(IIICIITJr,:I:)V(’Z) VT, )

exist.
(ii) V is locally Lipschitzian in x.
Then we have the following definition:

DEFINITION 1. [3] Let V' € Vj, then for (¢,z) € ((k— 1)T,kT] x R, k € N,
the upper right derivative of V (¢, z) with respect to the impulsive differential
system (1.1) is defined as

1
DYV (t,z) =limsup — [V (t + h,x + hf(t,z)) — V(t,2)].
hoso+ N

Next, we will consider the boundedness of system (1.1). Let
V(t) = AS;(t) + AS(t) + M (t) + y;(t) + y(2).

Then the upper right derivative of V(¢) along a solution of system (1.1) with
t# (n+1—1)T, t+#nT is given by

V(t) = ’I")\S(t) - d2>\52(t) - dl)\Sj (t) - dg)\I(t) - d4yj (t) — d5y(t)
Since r, A\, dy,ds,ds3,dy,ds > 0, one can deduce that

V() < M(r+d)S(t) — d2S*(t)) — dV (t) < A—dV (t),
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where A = A\(r + d)?/(4dz) and d = min{dy,ds,ds,ds}. We consider the fol-
lowing impulse differential inequalities.

V()< A—dV(t), t# n+1—-1)T, t+#nT,

V(in+l-1)TT)=V(n+1-1)T)+q, t=(n+1-1T,
V(nTT)=V(nT)+ \p, t=nT.

According to impulse differential inequalities theory, we get

t
V(t) < V(0)e= + / Ae=t=3)gg
0

n Z (qe—d(t—(n-i-l—l)T) + /\pe—d(t—”T))

0<(n+l—-1)T<nT<t
A qele + )\pedT

- =+

=L
d edl — 1

as t — 0o, so V(t) is ultimately bounded. Therefore, by the definition of V(t),
we know that each positive solution of system is ultimately bounded.

2 Analysis of the Model

Then we have the following lemmas from previous work.

Lemma 1. [2,8] Let V : Ry x R3S — Ry, and V € V. Assume that

DTV (t,z(t)) < (=) g(t, V(t,2(t)), t+#nT,
V(t,z()") < (2) ¥ (V (L 2(t)), t=nT,

where g : Ry X Ry — R is continuous in (nt,(n + 1)7] x Ry and for each
x € Ry, ne N, imy ) nr)+0) 9t y) = g((n7)t,2) exist; ¥, : Ry — Ry is
nondecreasing. Let r(t) = r(t,0,ug) be the maximal (minimal) solution of the
scalar impulsive differential equation

u' = g(t,u), t # nr,
{u(t+) =W, (u(t)), t=nr (21)

on [0,00). Then V(0T 2) < (>) ug implies that V(t,z(t)) < (
where z(t) = z(t,0, z9) s a solution of system (2.1) on [0,00).

Y
~
=3
—~
~
~—
~

\Y
o

Lemma 2. [18] Consider the following delay differential equation

dx(t)
dt

=ax(t —7) — ba(t) — cx’(t),

where a, b, ¢, T are all positive constants and x(t) > 0 for t € [—7,0]. Then we
have

(1) ifa < b, limy_, o0 z(t) = 0.

Math. Model. Anal., 18(4):505-528, 2013.
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(2) if a > b, limy_, 00 x(t) = (a — b)/c.
Lemma 3. [11] System

d
d—: =—cv(t), t#nT, n€ N,

Av(t) = p, t=nT, ne N

(2.2)

has a unique positive T-periodic solution v*(t) = pe=t="1) /(1 —e=<T) for
t € (nT,(n+ 1)T), n € N with v*(0) = u/(1 —e~“T). And for each solution
v(t) we have v(t) — v*(t) as t — +oo.

Lemma 4. [22] System

du(t)
= av(t) — bu(t),
dt t#nT
du(t) _ ’ 2.3
7 = _CU(t), ( )

Au(t) =0, Av(t)=p, t=nT

has a unique positive T-periodic solution (u*(t),v*(t)), which takes the form

—b(t—nT) _ ,—c(t—nT) )

e (&

(c=b)(I—e=cT)
’U*(t) _ Mefc(tfnT)/(l o ech)’
oy — (e —e=T)
w0 = oA e ey
v*(0) = p/(1 —e™°T)
fort e (nT,(n+1)T) and n € N, and satisfies u(t) — u*(t) and v(t) — v*(¢)
ast — oo.

u* (t) = u* (O)G_b(t_nT) + a’/}’(

2.1 Global attractivity of the ‘mature pest-extinction’ periodic so-
lution

Firstly, in this section, we investigate the pest-extinction solution of the system
(1.3), in which the pest individual are entirely absent from the population
permanently, i.e. S(t) = 0, t > 0. In this case, system system (1.3) can be
rewritten as follows:

dIt) _
— = —dsl(t), t#nT, (2.4)
AI(t) = p, t=nT
and
dycﬂl't( ) _ —(m + da)y;(t),
t#m+1-1T, t#nT,
d:ili(tt) =my;(t) — dsy(t), 2

Ay;i(t) =q, Ay(t)=0, t=n+1-1)T.
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Then from Lemmas 3 and 4 we have

Theorem 1. System (1.3) has a ‘pest-extinction’ periodic solution (0,*(t),
—dg(t—nT)

Y (t),y*(t)) fort € ((n+I1-1)T, (n+0)T], n € N, where I[*(t) = Pe‘l_efdﬂ,
I“(0) = L&+ and

l—e

y* (t) _ y* (O)€7d5(t7(n+l71)T)

mg(e=ds(t=(n+=DT) _ o=(m+da)(t—(n+1-1)T))
+ (m +dy — d5)(1 — 6_(m+d4)T> ’
y;-‘(t) — qe—(m+d4)(t—("+l—1)T)/(1 _ e—(m+d4)T)’

*(0) B mq(e—d5T _ e—(m+d4)T)
Y = v ds —ds) (1 — e BT)(1 — e—(m+da)T)’
y; (0) = q/(1 — e~ (mHdT),

Secondly, we analyze the global attractivity of the ‘mature pest-extinction’
periodic solution. Denote

pe—d3T mq(e—dsT _ e—(m+d4)T)
A =———, A= )
1— e dsT (m+dy —ds)(1 — e~ dT) (1 — e(m+da)T)
ds
B mq(1 — mﬁf@)(mf@ (1 — e~ (mHda)T)) g, =a5 o re—diT
B __m+dg ’ 1= ﬁA2 + als
(m + d4 _ d5)(1 _ e—dsT) mFdi—ds 1 TtwAs

Then we have

Theorem 2. The ‘mature pest-extinction’ periodic solution (0,1*(t),y;(t),
y*(t)) of system (1.3) is globally attractive, provided that Ry < 1.

Proof. Let (S(t),1(t),y;(t),y(t)) be any solution of system (1.3) with initial
condition (1.2). From the second equation of system (1.3), it follows that
dI(t)/dt > —dsI(t), I(tT) = I(t) + p, for nT <t < (n+ 1)T. By Lemma 3,
impulse differential system

dz1(t
% = —dgzl(t), t 7é TLT,
Az (t) = p, t=nT

has a globally asymptotically stable positive periodic solution,

efdg(tfnT)

p
zi(t) = g

te (nT,(n+1)T].
Then the comparison theorem implies, for any sufficiently small € > 0, there
exists an integer n; such that

pe_d?’T

—e=A1—¢, t>mT. (2.6)

Math. Model. Anal., 18(4):505-528, 2013.
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Similarly, for any sufficiently small £; > 0, there exists an integer no > n; such
that
yi(t) > yi(t) —er, te((n+1—1T,(n+1)T], t > naT, (2.7)

from which and the fourth equation of system (1.3), we have

B0 > (a5 0) - 1) = ).

Consider the system

dz;it(t) = m(y;-‘(t) —e1) —dsz(t), t#(n+1-1T, (2.8)
Az (t) =0, t=mn+1-1)T.

It is not difficult to verify that system (2.8) has a globally asymptotically stable
positive periodic solution,

z3(t) = g(t) —mer/ds, te ((n+1-1)T,(n+1)T].
where ¢(t) is continuous function on [(n +1 — 1)T, (n + )T and

mq((l_e—(m+d4T))e—d5(t—(n+l—1)T)_(1_e—dg,T)e—(m+d4)(t—(n+l—1)T))
t)=
9(t) (m+dy —ds)(1 — e~ (m+daT))(1 — e=dsT")

It has a unique stationary point

7 1 (m +dy)(1 — e 9T

t= I-1)T 1
at which

% ( d )T ds
v dlrtam% (1 — e~ (mtda) T mza, —dg
g"(t)=—mq 5 (ds - ) :L+di < 0.
(m + dy) a5 (1 — e—dsT) mrda—ds
Note that
mq(e=4T — e~ (m+d)T)

I-1)T) = NT) = A
g((n+ ) ) g((n"' ) ) (m + d4 _ d5)(1 . €_d5T)(1 _ 8(77L+d4)T) 2
Thus we have

As < g(t) < g(t) = B. (2.9)

So for any sufficiently small €5 > 0, there exists an integer ny > n; and n > ny
such that

y(t) > z3(t) —e2, te ((n+1—-1T,(n+1)T],
which implies that

y(t) > Ay — m&l/dg, — €9. (210)
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Therefore, from the first equation of system (1.3), we have

LZ&” <re~ TSt — 1) — dyS3(t)
Of(AQ — e —62)
—(B(A; —¢)? 4 ), t>nmT+71. (211
(804~ 4 2y )50 T n 21

Now we consider the following comparison equation:

dz;t(t) = T67d1T23(t —7)— dgz§ (t)
a(Ag — B —g9)
—(B(4;, —)? ds ), t T+7. (212
(ﬂ( 1 5) +1—|—w(A2—n;il—€2))23( )7 >nd + 7 ( )

Since Ry < 1, we have
re”hT < BAT + ady /(1 + wAy). (2.13)

We can choose three sufficiently small positive constants e, €1, €2 such that

Oé(Ag - WCLl? - 82)

1+w(A2—%—52)'

re” 4T < B(A; — ) + (2.14)

By Lemma 2 we know lim;_,o 25(t) = 0. From (2.11), by impulsive compar-
ison theorem, we have S(t) < z3(¢) for ¢ large enough. Then we obtain that
lim; o, S(t) = 0. It implies, for a sufficiently small 5 > 0 and large ¢, we have
0 < S(t) < e3. Without loss of generality, we may assume 0 < S(t) < €3 as
t>0.

From the second equation of system (1.3), we have dI(t)/dt < (BesL —
ds)I(t). Consider the following comparison system

Azy(t) = p, t=nT.

By Lemma 3, system (2.15) has a positive periodic solution

pe—(dg—ﬁeL)(t—nT)

zZ(t) - 1 — e*(dgfﬁsgL)T ’

which is globally asymptotically stable. Thus, for a sufficiently small € > 0,
when ¢ is large enough, we have

I(t) < z4(t) < 25 () + <. (2.16)
Combining system (2.6) with (2.16), we obtain
21(t) —e < I(t) < z;(t) +e. (2.17)

Let €1,e3 — 0, (2.17) implies limy;_,o I(t) = I*(2).

Math. Model. Anal., 18(4):505-528, 2013.



516 T.Q. Zhang, X.Z. Meng, Y. Song and T.H. Zhang

Consider the third equation of system (1.3), we have

dy;(t) < AaeL

G S 1qer Mty

From the comparison system

dzs(t)  AaesL
dt  14+wlL (m+da)zs(t), t# (n+1-1)T,

Az (t) = g, t=Mm+1-1T,

there exists a positive periodic solution,

(1) Aaes L ge(mtda)(t=(n+l-1)T)
zZ =
5 (I1+wL)(m+dy) 1 — e—(m+d))T

, (n+1-1D)T <t < (n+D)T,

which is globally asymptotically stable. Hence, for a sufficiently small 4 > 0,
when t is large enough, we have

y;(t) < z5(t) < 25(t) + €. (2.18)
Combining system (2.7) with (2.18), we obtain
y;(t) —e1 < yj(t) < Z;(t) + &4,

which implies lim; o y;(t) = y;(t) as €1, €3 and &4 are all sufficiently small
constants. Since limy_, o y;(t) = (N (t), by Lemma 4, we obtain lim;_, ., y(t) =
y*(t). The proof is completed. O

Let Ry = 1, we can work out threshold value of parameter p, ¢ and 7
respectively. Denote

OéAQ

re-dhT — 1 r
* dsT 1+wAs *
pF= (e — 1) ——=== =
( ) E di o BAT + 1305
and
o (m+dy— d5)(1 = e T)(1 — T (=T _ 5A2)
m(e= 4T — e~ (m+d)T) (o — w(re= 17 — BA2))
We have

Corollary 1.If p > p* or ¢ > ¢* or 7 > 7%, then the ‘mature pest-extinction’
periodic solution (0, I*(t),y;(t),y*(t)) is globally attractive.

2.2 Permanence and the pest control strategy

In Section 2.2, we will prove the pest-eradication solution (0, 1*(t), y; (), y*(t))
of (1.3) is globally attractive when Ry < 1, that is, the adult pest population is
eradicated totally as time goes under the condition for the global attractivity.
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Considering the principle of ecosystem balance, biological diversity of popula-
tion and resources saving, we hope that the pest population can coexist with
its natural enemy population while the pests do not bring immense economic
loss, in other words, we only want to control the pest population under the
economic threshold level (ETL). So in the following, we will give the sufficient
condition for the permanence of (1.3), and discuss the strategy of regulating
the pest. The following definition is necessary before stating our theorems.
Denote

mAalL _ BpL aB
A= Ry = (re 47 —
di(l+wl)(m+dg) ~° (”3 1 _e—d3T>/1+wB’

By :wB( Rzad <d2+ ﬁQLg)) - (d2 LEE +aA),

1+wB B ds ds
o Bao1Bit \/Bf + dawAB(dy + ZE) (R, — 1)
Ro 2wA(dz + ZF°) '

Then we have

Theorem 3. If Ry, > 1, there exists a positive constant o such that each posi-
tive solution (S(t), I(t),y;(t),y(t)) of system (1.3) satisfies S(t) > o fort large
enough.

Proof. The first equation of system (1.3) can be rewritten as

: t) d [*

— —diT _ 12 _ % _ —dl‘ri/ .
$(t) = (re BS(0) ~ BI04 (t)>5(t) re o [ S)de
Let U(t) = S(t) + re 4T ftth S(0)do. Tts derivative along the solution of
system (1.3) is

_ 7(117’ 2 Oéy(t)
——= = {re —daS(t) — BI“(t) — ————= | S(t). 2.19
( LS() = B0 — i ) S (19)
Next, we claim that the inequality S(t) < k* cannot hold for all ¢ > ¢, here
to > 0 is arbitrary constant. Otherwise, there exists a positive constant ¢y such
that S(t) < k* for all t > tg. We shall prove that this can not happen. From
the second equation of system (1.3), when ¢t > ¢y, we have
dI(t) 2
——= < Bk*L* —d3I(t), t#nT,
a =P oI(t), ¢# (2.20)
AI(t) = p, t =nT.

Thus there exists a T} > to + 7 such that

k*L2 —d3(t—nT) k*L2
< 8 be +e1 < B + P

I(t
( ) ds 1— e dsT ds 1—e—dsT

+e2C, t>T).
(2.21)

Math. Model. Anal., 18(4):505-528, 2013.
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From the third equation of system (1.3), when ¢t > t,, we have

dy;(t) _ Aak*L
< - y J—

Ay;(t) = q, t=(n+1-1)T.
Thus there exists a T}’ > to + 7 such that

Aak* L ge—(m+da)(t=(n+l=1)T)
1+ wL)(m+dy) 1 — e—(m+da)T

yj(t) < ( +eo = :I]j(t) +e9, t> Tl//'

Let Ty = max{T],Ty'}. Then from the fourth equation of system (1.3), when
t > Ty, we have

di%f) < m(;(t) +e2) —dsy(®), ¢ # (n+1-1)T,

Ay(t) =0, t=(n+1-1)T.

Similarly, there exits a T, > T} such that

m ( ak*L
(

i) <o 1+wL)(m+dy

+ 52) +g(t)+es, t>Tn.
ds )

Then from (2.9), we have

m ( Aak*L

t) < — B 2D t>T. 2.22
yt) < o (1+wL)(m+d4)+€2>+ tes=D, 1> (2.22)

By the definition of k£*, one can easily get £* > 0. Choose €1,€2,c3 > 0 to be
small enough such that

re M7 > dyk* + BCL + aD/(1 + wD), (2.23)
inequality (2.23) is further proved in Appendix A. Then we have

aD
1+wD

%it) > <red” — dok* — BCL —

)S(t), t>T. (2.24)

Let S = minger, 7,4- S(t). We can show S(t) > S for all t > T. Actually,
if there exists a nonnegative constant T3 such that S(t) > S for t € [T, T 47+
Ts], S(T + 7+ T5) = S' and S(T + 7+ T3) < 0. Then from the first equation
of (1.3) and (2.21), we easily see that

S(T+7+Ts) =re” W7 S(T +Ty) — doS*(T + 7 + Ts)

aS(T + 7+ T3)y(T + 7+ T3)

—BS(T +7+T)IT + 1+ T3) — E
BS( 3 ) 1+wy(T+71+T5)

So we have

S(T+7+Ts) > (re™™™ —dok* — BCL — aD/(1 +wD))S" >0,  (2.25)
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which is a contradiction. Hence S(t) > S* > 0 for all ¢t > T. From (2.24), we
have

dUu(t)

dt 1+wD

which implies U(t) — 400 as t — 4oo. This is a contradiction to U(t) <
(1+r7e~47) L. Therefore, for any positive constant ¢y, the inequality S(t) < k*
cannot hold for all t > t,.

If S(t) > k* holds true for all ¢ large enough, then we finish the proof of the
theorem. Otherwise, S(¢) is oscillatory about k*. We shall show our conclusion
is also true in this case.

Let 0 = min{%k*, k* exp (—(doL + BL? + 1_?£L)T)}. In the following, we

shall prove that S(¢) > 0. Assume there exist two positive constants t, p such
that

> (Ted” — dok* — BCL — )Sl >0, (2.26)

S({t)=S({t+p)=k*, and S(t)<k*, fort<t<t+p. (2.27)

From (2.27), we know that S(t) < k* for t <t < ¢+ p, from the third equation
of system (1.3), when t > £, we have

dy;(t) _ Aak*L
< - 1 —

Ay;(t) = q, t=(n+1-1T.

Thus there exists a T} > t + 7 such that

Aak*L qe—(m+d4)(t—(n+l—1)T)
1+ wL)(m+dy) 1 — e—(m+da)T

yj(t)< ( +€2:gj(t)+€2, t>1T.

Then from the fourth equation of system (1.3), when ¢ > T3, we have

dl(/TEgt) <m(g;(t) +e2) —dsy(t), t#(n+1-1)T,

Ay(t) =0, t=mn+1-1)T.
Similarly, there exits a 75 > T7 such that

y(t) < m< Aak* L
ds \ (1 +wL)(m +dy

m Aak*L

ds ((1 +wL)(m + dy)

) + 52) +g(t) +e3

<

+€2)+B—|—€3=D-

Thus, we can eventually get y(t) < D for t +To < t <t + p.

Since S(t) is continuous and bounded, and is not effected by impulses, we
conclude that S(t) is uniformly continuous. Hence there exists a constant Ty
with 0 < Ty < 7 and independent of the choice of ¢ such that S(t) > 1k* for
allt <t <t+1Ty. If p<Ty, our aim is obtained.

If Ty < p < 7, from the first equation of system (1.3), we have

S(t) > —<d2L +BL% +aL/(1 —i—wL))S(t), F<t<i+p

Math. Model. Anal., 18(4):505-528, 2013.
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Then we have S(t) > ke~ (LB + 5007 for T < t < T + p < t+ T since
S(t) = k*. It is obvious that S(¢t) > o for t <t <t + p.

If p > 7, then we have that S(t) > ke (LABL +12i0)m (00 T < ¢
t + 7. Next, we will show that S(¢t) > fre~ (RLABLPHTE0)T for F 47 <
t + p. In fact, if this is not true, there exists a T5 > 0 such that S(¢)
fre~(@LHBLP A T250)T o1 F < ¢ < F47 4T St+7+T5) = fore (2 LHBL 0y
and S(t 4+ 7+ Ts) < 0.

On the other hand, from the second equation of system (1.3) and (2.21),
we easily see

S(T + T+ T5) = re_leS(T—i— T5) — ngQ(T+ T + T5)
aS(T + 7+ Ts)y(T + 7+ Ts)
14 wy(T + 7+ Ts)

TIVIA IA

—BS(T+7+T)I2(T+7+T5) —

)

thus we get

(o —dyT * aD !

S(T+T+T5)> <’/’€ dok BCL 1+wD)S > 0, (228)
which is a contradiction to S(f + 7 + T5) < 0. Hence we get that S(t) > o > 0
for all ¢t € [t,t + p]. Since interval [, + p| is arbitrarily chosen, we know
S(t) > o for t large enough. Please notice the choice of ¢ is independent of
the positive solution of (1.3) which satisfies that I(t) > o for sufficiently large
t. This completes the proof. O

Theorem 4. If Ry > 1, then system (1.3) is permanent.

Proof. Suppose that (S(t),I(t),y;(t),y(t)) is any positive solution of system
(1.3) with initial conditions (1.2). By Theorem 3, there exist positive constants
o and T* such that S(t) > o, for t > T*. From the proof of Theorem 2, we
can conclude that the following inequalities

qe—(m+d4)T

I(t)>A1—El, y](t)>y;(t)_51>m

— €1,
y(t) > Ay — m€1/d5 — €9

hold for ¢ large enough. Noticing the boundedness of (1.1) gives S(¢), I(t),y;(t),
y(t) < L for t large enough. Then system (1.3) is permanent, and the proof is
completed. 0O

Let Ry = 1, we can work out threshold value of parameter p, ¢ and 7
respectively. Denote
b — (1 — e 4T)(re~h7 — 15:%) S 1 n r
* 5 * — —— (5
AL dl 1—ig€3T + 14(:53

and

_ _mtdy re M7 _BpL/(1—e~ 3T
(m + da — ds)(1 — e~ T miasss (e L fpb/(oe 20, )

qx =

ds ds PRV
m(l — ) (- (1 — e (mtda)T)) mrdi=a
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We have
Corollary 2. If p < p. or q < g, or T < Ty, then system (1.3) is permanent.

As any pest control professional can tell us, large-scale eradication is in-
feasible. Therefore we aim to keep pests under the economic threshold level
(ETL) to protect the crop but to eradicate them. In the following, we consider
pest control strategy and give conditions under which the pest population is
under ETL. Then we have

Theorem 5. For system (1.3), if
re” M —dyFE < BA? + ady /(14 wAy) < re N7, (2.29)

then the pest and its natural enemy may coexist. Furthermore, when t is large
enough, we have S(t) < E, where the constant E is the economic threshold
level (ETL).

Proof. Suppose (S(t),1(t),y;(t),y(t)) is a positive solution of (1.3) with initial
conditions (1.2). Since

BAZ + ady/(1 4+ wAy) < re 47,
we may choose three sufficiently small positive constants €1, €2, € such that

a(Ay —mey/ds — e2)

7d17’ A — 2 ’
re > B(Ar —€) +1+w(A2—m51/d5_52)

Furthermore, from the following inequality
re M — dyF < BA? 4+ ady /(1 + wAy)

we can get

—diT a(Az—me1/ds—
re=hT — (B(Ay —e)? + p2lammel/dsca)

7 <E, (2.30)
and by (2.11), when ¢ is large enough, we have
asw _ 2 U
el P 1T ) _ _ 5
2 S reTTS(t-T) — dyS(1) (5(141 ) o = _52))5@)7

which implies S(t) < Z(t) for ¢ large enough.
Consider the comparison equation
dZ(t)

== re*dﬂZ(t—T)—dzz%t)—(5(A1—s)2+

a(Ay —mey/ds—eq)
1+ w(AQ — m&l/dg,—&‘g))z(t).

Using (2.28) and Lemma 2, we have

—diT a(As—m ds—
re BT — (B(Ar — £)? + picieldecs) )

)

Math. Model. Anal., 18(4):505-528, 2013.
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(c) Phase portrait of S(t), I(t),y;(t). (d) Phase portrait of S(t), I(t),y(t).

Figure 1. The results of numerical simulation on the threshold values R; = 0.3608, where
l=05p=03;,9q=03,T=0.3;7=0.

which along with (2.30) gives

—diT a(As—mey /ds—es)
re T — (B(A1 — €)® + i St T ) <E

limsup S(¢t) <
t—+o00 do

This completes the proof. 0O

3 Numerical Analysis and Discussion

In this paper, we further developed impulsive delayed models with staged struc-
ture, and investigated a high-dimensional delayed pest management SI model
with impulsive natural enemies and diseased pest transmission at different fixed
moments. Our main purpose is to study dynamics of the model such as attrac-
tivity of periodic solution, permanence of the system and to give pest control
strategies for Integrated Pest Management (IPM). Using the theory for im-
pulsive delay differential equation, we obtained some interesting results. In
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Figure 2. The results of numerical simulation on the threshold values Rg = 1.6742, where
l=05p=03;¢q=03,T=3;,7=0.

Section 2, we analyzed extinction of pests and coexistence of pests and natural
enemies. Section 2.1, discussed the conditions for the global asymptotical at-
tractivity of the ’pest-extinction’ periodic solution, and in Section 2.2, we got
the conditions for the permanence of the system and also considered the pest
control strategy. From Theorem 2, we can see that a large amount of infective
prey input, p or a large amount of natural enemy input, ¢ or a long juvenile
period of the predator, 7 is a sufficient condition for the global attractivity of
the ’pest-extinction’ periodic solution. From Theorems 3 and 4, we can see
that a small amount of infective pest or a small amount of natural enemy or a
short juvenile period of the predator (with 7) is a sufficient condition for the
permanence of the system. Theorems 2, 3 and 4 show that R; and Ro depend
on the time delay 7, so, we call it “profitless”, and we obtained critical values
of time delay 7* and 7.

To verify the theoretical results obtained in this paper, we will give some
numerical simulations by Maple and Matlab, which also show some new phe-
nomena different to previous work. For this purpose, parameters have been

Math. Model. Anal., 18(4):505-528, 2013.
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Figure 3. The results of numerical simulation on the threshold values Ro = 7.1749, where
1=0.5;p=0.05¢q=0.05,T=0.3; 7=0.

selected as follows, r = 1, d; = 0.2, dy = 0.2, d3 = 0.8, dy = 0.2, d5 = 0.2,
=13 a=13 A=1 w = 0.8, m = 0.4 with initial values S(0) = 1.2,
1(0) = 0.1, y;(0) = 0.2, y(0) = 0.1.

(1) From Theorem 3.2, we know that the mature pest tend to die out when
T=03p=03,¢=03,7=0 (R =0.3608 < 1, see Fig. 1(a)).

(ii) If we increase the period of pulses to T'= 3 (R = 1.6742 > 1) or we fix
T = 0.3 and decrease the natural enemy amount and diseased pest amount to
p=0.05, ¢ =0.05 (Ry = 7.1749 > 1), then the system (1.3) is permanent (see
Fig. 2(a) and Fig. 3(a), respectively), which follows from Theorem 4.

(iii) Also we can fix T'= 3, p = 0.3, ¢ = 0.3 and increase maturation time
delay to 7 = 5.8 (R; = 0.9787 < 1), then we find that the pest tends to be
extinct (see Fig. 4), which implies the great effect of the maturation time delay
on dynamics of the system.

(iv) Fig. 2(b), Fig. 2(c) and Fig. 2(d) show the system has a global stable
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Figure 4. Time series of system (1.3).

1=05p=03;¢=03T=3;7=1and R, = 0.9787.
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Figure 5. Time series of pests. Pests can be controlled under ETL.

positive periodic solution when it is permanent.

(v) From the standpoint of ecological balance and saving resources, we
maintain the pest population under the economic threshold level (ETL = 0.12)
only, but to eradicate the pests totally (see Fig. 5).

All these results show that dynamical behaviors of system (1.3) become

more complex under periodically impulsive effects.
Appendix A
The proof of inequality (2.23). Let
re” 47 > dok™ 4+ BCL + aD/(1 +wD). (3.1)

Math. Model. Anal., 18(4):505-528, 2013.
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From (2.21) and (2.22), and let €1,€2,e3 — 0, then we have

Bk L2 p )L L oAk + B)

_d T k%
1 d k .
re > dok™ + B( ds + 1 _ g—dsT 1+ w(Ak** + B)

Simplifying the inequality (2.23) we get

oAt + ZEY w2+ (L —re7) (1 4+ wB) 4 ap
+ ((1 + wB)(dg + BZSS) + (1 _i€d3T - re_d”)Aw + aA) k™ < 0.
Note that
pe—dat ppL aB

(B0 (11 PE)) (0 T ).

Then we have
62[/3
ds3

wA(dz + )(k**)2 ~ Bik™ +aB(1 - Ry) < 0. (3.2)

Solving the inequality (3.2), we get ki* < k** < k3*, where

By F \/B} + 4dwaAB(dy + B2L3/d3)(Ry — 1)

M= 2wA(dy + B?L3/d3)

In fact, inequality (3.1) holds for any k** (k* < k** < k3*). Thus, let

Ry —1
Ra

then inequality (2.23) holds for Rg > 1.

0<k*=

kS* < k3",
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