
Mathematical Modelling and Analysis Publisher: Taylor&Francis and VGTU

Volume 18 Number 3, June 2013, 374–385 http://www.tandfonline.com/TMMA

http://dx.doi.org/10.3846/13926292.2013.804889 Print ISSN: 1392-6292

c©Vilnius Gediminas Technical University, 2013 Online ISSN: 1648-3510

Data Filtering Based Stochastic Gradient
Algorithms for Multivariable CARAR-Like
Systems∗

Dongqing Wanga, Tong Shanb and Rui Dingc

aCollege of Automation Engineering, Qingdao University

266071 Qingdao, China
bSchool of Computer Science, Fudan University

201203 Shanghai, China
cSchool of Internet of Things Engineering, Jiangnan University

214122 Wuxi, China

E-mail(corresp.): dqwang64@163.com

E-mail: 10300240057@fudan.edu.cn

E-mail: rding2003@126.com

Received July 8, 2012; revised April 30, 2012; published online June 1, 2013

Abstract. This paper considers identification problems for a multivariable con-
trolled autoregressive system with autoregressive noises. A hierarchical generalized
stochastic gradient algorithm and a filtering based hierarchical stochastic gradient
algorithm are presented to estimate the parameter vectors and parameter matrix of
such multivariable colored noise systems, by using the hierarchical identification prin-
ciple. The simulation results show that the proposed hierarchical gradient estimation
algorithms are effective.
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1 Introduction

Multivariable system modelling has received much attention in various practi-
cal systems, including magnetic compressors and magnetic fluids [9,17], piston
engines [8], distillation columns [13, 14], fault detection systems [12, 18] and
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travelling waves [11], etc. As a consequence of this wide variety of applica-
tions, different identification algorithms for multivariable systems have been
vastly reported in the literature, e.g., the gradient based iterative algorithm
and the least squares based iterative algorithm for multivariable CARARMA
systems [7], the hierarchical gradient-based iterative identification algorithms
for multivariable CARAR-like systems [21], the stochastic gradient estimation
algorithm for multivariable equation error systems [15], the auxiliary model-
based multi-innovation stochastic gradient algorithm for multiple-input single-
output systems [16], the bias compensation based identification algorithms for
multivariable systems [22, 23], and the coupled-least-squares identification for
multivariable systems [1].

In the previous work, Wang and Ding studied a filtering based least squares
algorithm for CARARMA single variable systems [20]. Wang discussed filtering
based recursive and iterative least squares algorithms for OEMA single variable
systems [19]. Ding et al. proposed the hierarchical least squares and stochastic
gradient algorithms for Hammerstein nonlinear systems [2, 6]. Ding and Chen
presented the hierarchical least squares and stochastic gradient algorithms for
multivariable systems [4, 5].

On the basis of the above research, this paper studies the identification
problems for multivariable controlled autoregressive systems with autoregres-
sive colored noises (multivariable CARAR-like systems) by using the data filter-
ing technique [19,20] and the hierarchical identification principle [4,5]. First, by
directly transforming the CARAR-like system, we get an identification model
contains a parameter matrix and a parameter vector. By using the hierarchi-
cal identification principle [4, 5], a hierarchical generalized stochastic gradient
(HGSG) algorithm is used to estimate the parameter matrix and the parameter
vector in an alternating manner. Further, through filtering the input-output
data of the system, we get an identification model contains a parameter ma-
trix and two parameter vectors. Then a filtering based hierarchical stochastic
gradient (F-HSG) algorithm is presented to estimate the parameters of the
multivariable CARAR-like system by combining the filtering technique [19,20]
and the hierarchical identification principle [4, 5].

The basic idea of the F-HSG algorithm is to use a rational polynomial
to filter the input-output data of the system, to transform a multivariable
CARAR-like system into two identification models: a multivariable ARX-like
system model which is parametrised by a parameter matrix and a parameter
vector, and a multivariable AR noise model which is parametrised by only
a parameter vector, and then to estimate the system parameter matrix and
the two parameter vectors in an alternating manner by using the hierarchical
identification principle.

The rest of the paper is organized as follows. Section 2 gives description of
the HGSG algorithm for the multivariable CARAR-like system. Section 3 em-
ploys the filtering technique and presents the F-HSG identification algorithm.
Section 4 gives an illustrative example to show the effectiveness of the proposed
algorithms. Finally, the concluding remarks are given in Section 5.
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376 D.Q. Wang, T. Shan and R. Ding

2 Hierarchical Generalized Stochastic Gradient Algo-
rithm

Let us introduce some notations first. The symbol 1n (or 1m×n) represents an
n-dimensional column vector (or an m × n-dimensional matrix) whose entries
are 1; the superscript T denotes the matrix transpose; the norm of a matrix X
is defined by ‖X‖2 := tr[XXT].
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Figure 1. The considered multivariable CARAR-like model.

This section extends the Ding and Chen’s hierarchical stochastic gradient
method for multivariable systems [4] to study identification problems of mul-
tivariable controlled autoregressive systems with autoregressive colored noises
(multivariable CARAR-like systems) described by the following equation [3]

α(z)y(t) = Q(z)u(t) +
1

C(z)
v(t), (2.1)

where y(t) ∈ Rm is the system output vector, u(t) ∈ Rr is the system input
vector, v(t) ∈ Rm is a white noise vector with zero mean, α(z) is the system
characteristic polynomial in the unit backward shift operator z−1: z−1y(t) =
y(t− 1), Q(z) is a matrix polynomial in z−1, and C(z) is a polynomial in z−1,
which are defined as

α(z) := 1 + α1z
−1 + α2z

−2 + · · ·+ αnαz
−nα , αi ∈ R,

Q(z) := Q1z
−1 +Q2z

−2 + · · ·+Qnqz
−nq , Qi ∈ Rm×r,

C(z) := 1 + c1z
−1 + c2z

−2 + · · ·+ cncz
−nc , ci ∈ R.

The system model is depicted in Figure 1. Referring to Figure 1, the colored
noise has the following form

w(t) :=
1

C(z)
v(t) ∈ Rm, (2.2)

or

w(t) =
[
1− C(z)

]
w(t) + v(t). (2.3)

Then, (2.1) may be written as

α(z)y(t) = Q(z)u(t) +w(t). (2.4)
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Note that the colored noise w(t) := 1
C(z)v(t) is an autoregressive (AR) pro-

cess. Define the parameter vector ϑ, the parameter matrix θ, and the input
information vector ϕ(t) and the information matrix ψ(t) as

ϑ :=

[
α
c

]
∈ Rnα+nc ,

α := [α1, α2, . . . , αnα ]T ∈ Rnα , c := [c1, c2, . . . , cnc ]
T ∈ Rnc ,

θT := [Q1,Q2, . . . ,Qnq ] ∈ Rm×(nqr),

ϕ(t) := [uT(t− 1),uT(t− 2), . . . ,uT(t− nq)]T ∈ Rnqr,

ψ(t) := [ψs(t),ψn(t)] ∈ Rm×(nα+nc),

ψs(t) := [y(t− 1),y(t− 2), . . . ,y(t− nα)] ∈ Rm×nα ,

ψn(t) := [w(t− 1),w(t− 2), . . . ,w(t− nc)] ∈ Rm×nc .

Equation (2.4) can be written as

y(t) = −ψs(t)α+ θTϕ(t) +w(t) (2.5)

= −ψs(t)α−ψn(t)c+ θTϕ(t) + v(t)

= −ψ(t)ϑ+ θTϕ(t) + v(t). (2.6)

Equation (2.6) is the regression model suitable for identification of the mul-
tivariable CARAR-like system in (2.1), and contains one parameter vector ϑ
which consists of the coefficients of two polynomials, and one parameter matrix
θ which consists of the coefficients of the matrix polynomial. Define a quadratic
cost function [4]:

J1(ϑ,θ) :=
∥∥y(t) +ψ(t)ϑ− θTϕ(t)

∥∥2.
Let µ1(t) and µ2(t) be two convergence factors, and ϑ̂(t) :=

[
α̂(t)

ĉ(t)

]
and θ̂(t)

represent the parameter estimates of ϑ =
[α
c
]

and θ at time t. Based on the
hierarchical identification principle [4,5] and the negative gradient search [10],
minimizing J1(ϑ,θ) yields the generalized stochastic gradient algorithm:

ϑ̂(t) = ϑ̂(t− 1)− µ1(t)

2
gradϑ

[
J1
(
ϑ̂(t− 1), θ̂(t− 1)

)]
,

= ϑ̂(t− 1)− µ1(t)ψT(t)
[
y(t) +ψ(t)ϑ̂(t− 1)− θ̂

T
(t− 1)ϕ(t)

]
, (2.7)

θ̂(t) = θ̂(t− 1) +
µ2(t)

2
gradθ

[
J1
(
ϑ̂(t), θ̂(t− 1)

)]
,

= θ̂(t− 1) + µ2(t)ϕ(t)
[
y(t) + ψ(t)ϑ̂(t)− θ̂

T
(t− 1)ϕ(t)

]T
. (2.8)

The symbol gradx denotes the gradient with respect to x. Like in [10], we take
two convergence factors to be

µ1(t) := 1/r1(t), r1(t) = r1(t− 1) +
∥∥ψ(t)

∥∥2,
µ2(t) := 1/r2(t), r2(t) = r2(t− 1) +

∥∥ϕ(t)
∥∥2.

Math. Model. Anal., 18(3):374–385, 2013.
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Thus, we have

ϑ̂(t) = ϑ̂(t− 1)− ψ
T(t)

r1(t)

[
y(t) +ψ(t)ϑ̂(t− 1)− θ̂

T
(t− 1)ϕ(t)

]
, (2.9)

r1(t) = r1(t− 1) +
∥∥ψ(t)

∥∥2, r1(0) = 1, (2.10)

θ̂(t) = θ̂(t− 1) +
ϕ(t)

r2(t)

[
y(t) +ψ(t)ϑ̂(t)− θ̂

T
(t− 1)ϕ(t)

]T
, (2.11)

r2(t) = r2(t− 1) +
∥∥ϕ(t)

∥∥2, r2(0) = 1. (2.12)

Because the information matrix ψ(t) contains the unmeasurable noise term
w(t− i), the algorithms in (2.9)–(2.12) cannot be implemented. The problem
is solved by replacing the unmeasurable w(t− i) with its estimate ŵ(t− i).

Thus we have the hierarchical generalized stochastic gradient (HGSG) al-
gorithm for estimating ϑ and θ:

ϑ̂(t) = ϑ̂(t− 1)− ψ̂
T

(t)

r1(t)

[
y(t) + ψ̂(t)ϑ̂(t− 1)− θ̂

T
(t− 1)ϕ(t)

]
, (2.13)

r1(t) = r1(t− 1) +
∥∥ψ̂(t)

∥∥2, r1(0) = 1, (2.14)

θ̂(t) = θ̂(t− 1) +
ϕ(t)

r2(t)

[
y(t) + ψ̂(t)ϑ̂(t)− θ̂

T
(t− 1)ϕ(t)

]T
, (2.15)

r2(t) = r2(t− 1) +
∥∥ϕ(t)

∥∥2, r2(0) = 1, (2.16)

ϕ(t) =
[
uT(t− 1),uT(t− 2), . . . ,uT(t− nq)

]T
, (2.17)

ψs(t) =
[
y(t− 1),y(t− 2), . . . ,y(t− nα)

]
, (2.18)

ψ̂(t) =
[
ψs(t), ŵ(t− 1), ŵ(t− 2), . . . , ŵ(t− nc)

]
, (2.19)

ŵ(t) = y(t) +ψs(t)α̂(t)− θ̂
T

(t)ϕ(t). (2.20)

The procedures of computing ϑ̂(t) and θ̂(t) in the HGSG algorithm are listed
as follows

1) Let t = 1, ϑ̂(0) = 1nα+nc/p0, θ̂(0) = 1(nqr)×m/p0, ŵ(i) = 1m/p0, u(i) =
0, y(i) = 0 as i ≤ 0, p0 = 106.

2) Collect the input–output data u(t) and y(t), form ϕ(t), ψs(t) and ψ̂(t)
by (2.17)–(2.19).

3) Compute r1(t) and r2(t) by (2.14) and (2.16), respectively.

4) Update the parameter estimates ϑ̂(t) and θ̂(t) by (2.13) and (2.15), re-
spectively.

5) Compute ŵ(t) by (2.20).

6) Increase t by 1 and go to Step 2.
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3 Filtering Based Hierarchical Stochastic Gradient Algo-
rithm

For the CARAR-like model (2.1), if the input-output data are filtered through
the polynomial C(z) (a linear filter), model (2.1) can be transformed into two
identification models: a multivariable ARX-like model and a multivariable AR
noise model, then the hierarchical stochastic gradient algorithm can be applied.
The identification method based on this idea is called the filtering based hier-
archical stochastic gradient algorithm (F-HSG). Because C(z) is unknown, its
estimate Ĉ(t, z) is used to filter the input-output data [20].

Define the filtered input vector uf(t), the filtered output vector yf(t), the
filtered information vector ϕf(t) and the filtered information matrix ψf(t) as

uf(t) := C(z)u(t), yf(t) := C(z)y(t),

ϕf(t) :=
[
uT
f (t− 1),uT

f (t− 2), . . . ,uT
f (t− nq)

]T ∈ Rnqr,
ψf(t) :=

[
yf(t− 1),yf(t− 2), . . . ,yf(t− nα)

]
∈ Rm×nα .

Thus multiplying both sides of (2.1) by C(z) gives

α(z)yf(t) = Q(z)uf(t) + v(t),

which can be rewritten as

yf(t) +ψf(t)α = θTϕf(t) + v(t). (3.1)

Equation (2.3) can be written as

w(t) = −ψn(t)c+ v(t), (3.2)

For two identification models in (3.1) and (3.2) of the multivariable CARAR-
like system, we define two cost functions,

J2(α,θ) :=
∥∥yf(t) +ψf(t)α− θ

Tϕf(t)
∥∥2, J3(c) :=

∥∥w(t) +ψn(t)c
∥∥2.

Let µ3(t), µ4(t) and µ5(t) be three convergence factors. Using the negative
gradient search [10], and minimizing J2(α,θ) and J3(c) yields the following
filtering based stochastic gradient algorithm [4]:

α̂(t) = α̂(t−1)− µ3(t)

2
gradα

[
J2
(
α̂(t−1), θ̂(t−1)

)]
,

= α̂(t−1)− µ3(t)ψT
f (t)

[
yf(t) +ψf(t)α̂(t−1)− θ̂

T
(t−1)ϕf(t)

]
, (3.3)

θ̂(t) = θ̂(t−1) +
µ4(t)

2
gradθ

[
J2
(
α̂(t), θ̂(t− 1)

)]
,

= θ̂(t−1) + µ4(t)ϕf(t)
[
yf(t) +ψf(t)α̂(t)− θ̂

T
(t−1)ϕf(t)

]T
, (3.4)

ĉ(t) = ĉ(t−1)− µ5(t)

2
gradc

[
J3
(
ĉ(t−1)

)]
,

= ĉ(t−1)− µ5(t)ψT
n (t)

[
w(t) +ψn(t)ĉ(t−1)

]
. (3.5)

Math. Model. Anal., 18(3):374–385, 2013.
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Setting

µ3(t) :=
1

r3(t)
, r3(t) = r3(t− 1) +

∥∥ψf(t)
∥∥2,

µ4(t) :=
1

r4(t)
, r4(t) = r4(t− 1) +

∥∥ϕf(t)
∥∥2,

µ5(t) :=
1

r5(t)
, r5(t) = r5(t− 1) +

∥∥ψn(t)
∥∥2,

we have

α̂(t) = α̂(t− 1)− ψ
T
f (t)

r3(t)

[
yf(t) +ψf(t)α̂(t− 1)− θ̂

T
(t− 1)ϕf(t)

]
, (3.6)

r3(t) = r3(t− 1) +
∥∥ψf(t)

∥∥2, r3(0) = 1, (3.7)

θ̂(t) = θ̂(t− 1) +
ϕf(t)

r4(t)

[
yf(t) +ψf(t)α̂(t)− θ̂

T
(t− 1)ϕf(t)

]T
, (3.8)

r4(t) = r4(t− 1) +
∥∥ϕf(t)

∥∥2, r4(0) = 1, (3.9)

ĉ(t) = ĉ(t− 1)− ψ
T
n (t)

r5(t)

[
w(t) +ψn(t)ĉ(t− 1)

]
, (3.10)

r5(t) = r5(t− 1) +
∥∥ψn(t)

∥∥2, r5(0) = 1. (3.11)

Similarly, the polynomial C(z) is unknown, so are uf(t) and yf(t), and the
information vector ϕf(t) and matrix ψf(t) are unknown, the estimates α̂(t)

and θ̂(t) in (3.6) and (3.8) cannot be implemented. The information matrix
ψn(t) contains the unavailable noise term w(t− i), so the parameter estimate
ĉ(t) in (3.10) cannot be implemented.

The problem is solved by replacing the unknown filtered vectors uf(t) and
yf(t) with their estimates ûf(t) and ŷf(t) and replacing the unavailable noise
term w(t− i) with its estimate ŵ(t− i). Equation (2.5) gives

w(t) = y(t) +ψs(t)α− θ
Tϕ(t). (3.12)

Replacing the unknown α and θ in (3.12) with the estimates α̂(t − 1) and

θ̂(t− 1), the estimate ŵ(t) can be computed by

ŵ(t) = y(t) +ψs(t)α̂(t− 1)− θ̂
T

(t− 1)ϕ(t).

Use ŵ(t− i) to construct the estimate of ψn(t):

ψ̂n(t) =
[
ŵ(t− 1), ŵ(t− 2), . . . , ŵ(t− nc)

]
.

Use the parameter estimate ĉ(t) = [ĉ1(t), ĉ2(t), . . . , ĉnc(t)]
T to construct the

estimates of C(z):

Ĉ(t, z) := 1 + ĉ1(t)z−1 + ĉ2(t)z−2 + · · ·+ ĉnc(t)z
−nc .

By filtering u(t) and y(t) with Ĉ(t; z), one obtains the estimates of uf(t) and
yf(t):

ûf(t) = Ĉ(t, z)u(t), ŷf(t) = Ĉ(t, z)y(t).
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Also, ûf(t) and ŷf(t) can be recursively computed by

ûf(t) = u(t) + ĉ1(t)u(t− 1) + ĉ2(t)u(t− 2) + · · ·+ ĉnc(t)u(t− nc),
ŷf(t) = y(t) + ĉ1(t)y(t− 1) + ĉ2(t)y(t− 2) + · · ·+ ĉnc(t)y(t− nc).

Construct the estimates of ϕf(t) and ψf(t) with ûf(t−i) and ŷf(t−i) as follows:

ϕ̂f(t) =
[
ûT
f (t− 1), ûT

f (t− 2), . . . , ûT
f (t− nq)

]T
,

ψ̂f(t) =
[
ŷf(t− 1), ŷf(t− 2), . . . , ŷf(t− nα)

]
.

Replacing the unknown information vectorψf(t) in (3.6)–(3.8) with ψ̂f(t), ϕf(t)

in (3.6), (3.8) and (3.9) with ϕ̂f(t), and ψn(t) in (3.10) and (3.11) with ψ̂n(t),
the unknown filtered output yf(t) in (3.6) and (3.8) with ŷf(t), and the un-
known vector w(t) in (3.10) with ŵ(t), we obtain the filtering based hierarchi-
cal stochastic gradient (F-HSG) algorithm for estimating α, θ and c for the
CARAR-like systems:

α̂(t) = α̂(t−1)− ψ̂
T

f (t)

r3(t)

[
ŷf(t) + ψ̂f(t)α̂(t−1)− θ̂

T
(t−1)ϕ̂f(t)

]
, (3.13)

r3(t) = r3(t− 1) +
∥∥ψ̂f(t)

∥∥2, r3(0) = 1, (3.14)

θ̂(t) = θ̂(t− 1) +
ϕ̂f(t)

r4(t)

[
ŷf(t) + ψ̂f(t)α̂(t)− θ̂

T
(t− 1)ϕ̂f(t)

]T
, (3.15)

r4(t) = r4(t− 1) +
∥∥ϕ̂f(t)

∥∥2, r4(0) = 1, (3.16)

ĉ(t) = ĉ(t− 1)− ψ̂
T

n (t)

r5(t)

[
ŵ(t) + ψ̂n(t)ĉ(t− 1)

]
, (3.17)

r5(t) = r5(t− 1) +
∥∥ψ̂n(t)

∥∥2, r5(0) = 1, (3.18)

ϕ̂f(t) =
[
ûT
f (t− 1), ûT

f (t− 2), . . . , ûT
f (t− nq)

]T
, (3.19)

ψ̂f(t) =
[
ŷf(t− 1), ŷf(t− 2), . . . , ŷf(t− nα)

]
, (3.20)

ψ̂n(t) =
[
ŵ(t− 1), ŵ(t− 2), . . . , ŵ(t− nc)

]
, (3.21)

ϕ(t) =
[
uT(t− 1),uT(t− 2), . . . ,uT(t− nq)

]T
, (3.22)

ψs(t) =
[
y(t− 1),y(t− 2), . . . ,y(t− nα)

]
, (3.23)

ûf(t) = u(t) + ĉ1(t)u(t−1) + ĉ2(t)u(t−2) + · · ·+ ĉnc(t)u(t−nc), (3.24)

ŷf(t) = y(t) + ĉ1(t)y(t−1) + ĉ2(t)y(t−2) + · · ·+ ĉnc(t)y(t−nc), (3.25)

ŵ(t) = y(t) +ψs(t)α̂(t− 1)− θ̂
T

(t− 1)ϕ(t), (3.26)

α̂(t) =
[
α̂1(t), α̂2(t), . . . , α̂nα(t)

]T
, (3.27)

ĉ(t) =
[
ĉ1(t), ĉ2(t), . . . , ĉnc(t)

]T
, (3.28)

θ̂
T

(t) =
[
Q̂1(t), Q̂2(t), . . . , Q̂nq (t)

]
. (3.29)

The procedures of computing α̂(t), θ̂(t) and ĉ(t) in the F-HSG algorithm
are listed as follows:

Math. Model. Anal., 18(3):374–385, 2013.
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1) Let t = 1, ϑ̂(0) = 1nα+nc/p0 (i.e. α̂(0) = 1nα/p0 and ĉ(0) = 1nc/p0),

θ̂(0) = 1(nqr)×m/p0, ûf(i) = 1r/p0, ŷf(i) = 1m/p0, ŵ(i) = 1m/p0,
u(i) = 0, y(i) = 0 as i ≤ 0, p0 = 106.

2) Collect the input-output data u(t) and y(t), form ϕ̂f(t), ψ̂f(t), ψ̂n(t),
ϕ(t) and ψs(t) by (3.19)–(3.23).

3) Compute ŵ(t) by (3.26), and r5(t) by (3.18).

4) Update the parameter estimate ĉ(t) by (3.17).

5) Compute ûf(t) and ŷf(t) by (3.24) and (3.25), respectively.

6) Compute r3(t) and r4(t) by (3.14) and (3.16), respectively.

7) Update the parameter estimates α̂(t) and θ̂(t) by (3.13) and (3.15), re-
spectively.

8) Increase t by 1 and go to Step 2.

4 Example

Consider a two-input two-output controlled autoregressive systems with au-
toregressive noises,

α(z)y(t) = Q(z)u(t) +
1

C(z)
v(t),

y(t) =

[
y1(t)
y2(t)

]
, u(t) =

[
u1(t)
u2(t)

]
, v(t) =

[
v1(t)
v2(t)

]
,

α(z) = 1 + 0.24z−1 + 0.62z−2, C(z) = 1− 0.10z−1,

Q(z) =

[
1.20 −0.60
0.66 −1.05

]
z−1.

The inputs {u1(t)} and {u2(t)} are taken as two random signal sequences with
zero mean and unit variances, {v1(t)} and {v2(t)} are taken as two white noise
sequences with zero mean and variances σ2

1 = σ2
2 = 0.502. Using the HGSG

algorithm and the F-HSG algorithm to estimate the parameters of this example
system, the parameter estimates and the estimation errors

δ :=

√
‖ϑ̂(t)− ϑ‖2 + ‖θ̂(t)− θ‖2

‖ϑ‖2 + ‖θ‖2
× 100%

=

√
‖α̂(t)−α‖2 + ‖ĉ(t)− c‖2 + ‖θ̂(t)− θ‖2

‖α‖2 + ‖c‖2 + ‖θ‖2
× 100%

are shown in Table 1 and Figure 2.

From Table 1 and Figure 2, we can draw the following conclusions:
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Table 1. The F-HSG and HGSG estimates and their errors (σ2 = 0.502).

Algo-
rithms

t α̂1(t) α̂2(t) Q̂1(1, 1) Q̂1(1, 2) Q̂1(2, 1) Q̂1(2, 2) ĉ1(t) δ (%)

F-HSG 100 0.30662 0.58555 1.21531 −0.61010 0.63106 −1.04450 0.05751 9.13669
200 0.29706 0.59695 1.19650 −0.60943 0.62966 −1.05899 −0.00974 5.86469
500 0.26722 0.61028 1.21024 −0.62429 0.65396 −1.05652 −0.04840 3.35702

1000 0.23590 0.61142 1.20619 −0.61947 0.65490 −1.03340 −0.09153 1.52456

HGSG 100 0.25794 0.66565 1.11525 −0.55899 0.54916 −0.93779 0.05788 12.69383
200 0.26122 0.65567 1.12647 −0.57267 0.57009 −0.98298 0.05310 10.76113
500 0.25623 0.64438 1.16228 −0.60280 0.61349 −1.01063 0.04959 8.65297

1000 0.25003 0.63348 1.17669 −0.60784 0.62715 −1.00527 0.04407 8.07667

True values 0.24000 0.62000 1.20000 −0.60000 0.66000 −1.05000 −0.10000

0 200 400 600 800 1000
0
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0.2

0.3

0.4

0.5

F−HSG

HGSG

        t

δ

Figure 2. The estimation errors δ versus t (σ2 = 0.502).

• The parameter estimation errors generally decrease with the data length
t increasing, and parameter estimates are closer to their true values in
the case of the F-HSG algorithm.

• The parameter estimates given by the F-HSG algorithm converge faster
to their true values compared with the HGSG algorithm.

5 Conclusions

By filtering the input-output data of a multivariable controlled autoregressive
system with autoregressive noise using the estimated noise model, this paper
develops a filtering based hierarchical stochastic gradient algorithm to esti-
mate the system parameters of multivariable CARAR-like systems by using
the negative search and the hierarchical identification principle. The proposed
algorithm can be extended to other type of linear multivariable systems or
nonlinear multivariable systems.

Math. Model. Anal., 18(3):374–385, 2013.
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