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Abstract. In this paper we consider a discrete dynamical system
Tny1 = PBxn — g(zn), n=0,1,...,

arising as a discrete-time network of a single neuron, where 0 < 8 < 1 is an internal
decay rate, g is a signal function. A great deal of work has been done when the
signal function is a sigmoid function. However, a signal function of McCulloch—
Pitts nonlinearity described with a piecewise constant function is also useful in the
modelling of neural networks. We investigate a more complicated step signal function
(function that is similar to the sigmoid function) and we will prove some results about
the periodicity of solutions of the considered difference equation. These results show
the complexity of neurons behaviour.
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1 Introduction

Dynamical characteristics of neural networks recently have become a subject
of intense research activities. Neural networks have been constructed from a
wide range of different views and this has been reflected in a variety of results
as well as in mathematical techniques used in their derivation. Although many
models have been constructed, the task of modelling neural networks is not
complete yet and being able to understand human behaviour and brain func-
tions is still a great motivation for modelling and analyzing neural networks.
In the last decades scientists have found that oscillations are an important fea-
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ture in the brain processing. Oscillations are temporal periodic changes in the
state of a system. In nonlinear systems like brain, oscillations define a stable
state.

In the literature [8] a delay differential equation

2'(t) = —g(z(t — 7)) (1.1)

is used as a model for a single neuron with no internal decay where g : R — R
is either a sigmoid or a piecewise linear signal function and 7 < 0 is a synaptic
transmission delay. From (1.1) we obtain a model for a single neuron with no
internal decay as the following equation

2(t) = —g((1])). (1.2)

where [t] denotes a greatest integer function. When we integrate (1.2) from n
tot € [n, n+ 1] we get

t
x(t) = z(n) — / g(z([s])) ds = z(n) — g(z(n))(t — n).
n
Letting ¢ — n + 1 and denoting x(n) = x,,, we obtain a difference equation

Tn+1 = Tn — g(xn)

Typical signal functions (activation functions, amplification functions or
input—output functions) are of the following types: a) step functions, b) piece-
wise linear functions, c¢) sigmoid functions.

A step function can be defined as follows

(z) = 1, >0,
RE)= 0, z<0.

Models involving such signal function are referred as McCulloch-Pitts models,
in recognition of the pioneering work of McCulloch and Pitts, 1943. This
function describes an all-or-none property of a neuron.

A piecewise linear function is given by formula

0, z <0,
g(x) = pr, 0<z<1/p,
1, x> 1/p.

This function describes the nonlinear off-on characteristics of neurons. Param-
eter p is called a neural gain. Note that a piecewise linear function can be
reduced to the step function if p tends to infinity. Such a function has been
widely used in cellular neural network models.

A sigmoid function is the most common form of a signal function. It is
defined as a strictly increasing smooth bounded function satisfying certain
concavity and asymptotic properties. Examples of a sigmoid function are an
arctangent function and a logistic function given by formula

g()

ey z €R,
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where p is a neuron gain. A step function takes only two values 0 or 1, whereas
a sigmoid function takes a continuous range of values in 0, 1[. But as u — oo,
a sigmoid function becomes a step function. Therefore we can consider signal
functions as step functions. In the literature several types of such functions
have been considered.

The signal function

oz) = {1, x €10,0],

0, z€]—00,0]U]o,+o0]

shows that if the activation of one neuron is between 0 and o, then it has a
constant active affection to another neuron, or else it has no affection to another
neuron [12]. The function

()_ _p7 x>0—7
9\& = P, r<o

is a McCulloch-Pitts signal function with the threshold ¢ and the synaptic
weight p > 0 [11]. In [2,7,9] the signal function

(@) 1, T > 0,
€Tr) =
g -1, z<o

has been considered. Here, o € R is referred as the threshold. The McCulloch—
Pitts nonlinearity reflects the fact that the signal transmission is of digital
nature: a neuron is either fully active or completely inactive.

In [10] a single neuron model has been considered

Tn41 :an_g(mn)a n:0a1727"'7 (13)

with a signal function given in the very simple form

1, x>0,
s ={"y 120 (14)

Equation (1.3) arises as a discrete-time network of single neuron, where 3 is the
internal decay rate, g is a signal function. In our work we consider the single
neuron model (1.3) but we propose to consider a more complicated step signal
function (a function that is similar to the sigmoid function). We will prove some
results about the periodicity of solutions of difference equation (1.3). These re-
sults were also presented in the International Conference on Differential Equa-
tions, Loughborough, UK, 2011 and International Conference Mathematical
Modelling and Analysis, Tallinn, Estonia, 2012. They generalize results of [10]
and show the complexity of neurons behaviour.

2 Basic Concepts and Definitions of Difference Equations

To analyze the behaviour of the model (1.3) some basic concepts of difference
equation theory (see [4,5,10]) are required.

Math. Model. Anal., 18(3):325-345, 2013.
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We consider a first-order difference equation
Tn+1 :f(xn)a TL:O,l,..., (21)

where f : R — R is a given function. A solution of equation (2.1) is a sequence
(zn)nen that satisfies equation (2.1) for all n = 0,1, .... If an initial condition
xo € R is given, then the orbit O(z¢) of a point xg is defined as a set of points

O(xo) = {wo, 21 = f(x0), 22 = f(21) = f*(20), 23 = f(22) = [*(0), ...}

DEFINITION 1. A point z, is said to be a fized point of the map f or a stationary
state of equation (2.1) if f(zs) = 5.

Note that for a stationary state x4 the orbit consists only of the point x,.
DEFINITION 2. A stationary state of (2.1) is stable if

Ve>036>0Vzo e RVREN |zg—a,| <8 = |f(w0) — x| <e.
Otherwise, the stationary state x is called unstable.

DEFINITION 3. An orbit O(xg), o € R, is said to be eventually stationary
state if

INVR >N z,41 =2y

DEFINITION 4. An orbit O(xg) = {0, 21,2, ...} of an initial point z( of equa-
tion (2.1) is said to be periodic of period p > 2 if

rp=x9 and x; #Fxo, 1<i<p—-1

DEFINITION 5. A periodic orbit {z¢,x1,%2,...,2p_1,...} of period p is stable
if each point x;, s =0,1,...,p— 1, is a stable stationary state of the difference
equation z,+1 = fP(x,). A periodic orbit of period p which is not stable is
said to be unstable.

DEFINITION 6. A point z is said to be a limit point of O(xg) if there exists a
subsequence (Zn, )k=0,1,2,... of O(zo) such that limy_, o |zn, — 2] = 0. The
limit set L(xg) of the orbit O(x¢) is the set of all limit points of the orbit.

DEFINITION 7. An orbit O(z) is said to be asymptotically periodic if its limit
set is a periodic orbit. An orbit O(z¢) such that z,4, = x, for some n > 1
and some p > 2 is said to be eventually periodic.

3 Results

In [10] a single neuron model (1.3)

Tnt1 = Bn — g(zn)

with a signal function (1.4) has been considered. Z. Zhou has proved two
theorems about the periodicity.
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Theorem A. [10] Assume that 5 €]0,1[. Then the periodic orbit O(ﬁ) is

a stable periodic orbit with period 2. And for every xo € R, the orbit O(xg) is
asymptotically periodic with L(xg) = {ﬁ, /3;4-11}

Theorem B. [10] Assume that B = 1. Then for every xo € R the orbit O(x)
1s eventually periodic with period 2.

We consider a model (1.3) with a new signal function in the following form

b, < —a,
—a, —a<z<0,
g(z) = 0, =0, (b>a>0and a>0), (3.1)
a, 0<z<a,
b, a<uz,

where —q, 0, « are three thresholds. Accordingly to the signal functions given
in the Introduction constants a and b could be in the interval ]0,1[, but in
this paper we consider arbitrary large constants a and b that satisfy conditions
0 < a < b. This signal function (3.1) is more similar to the sigmoid func-
tion (see Figure 1) than simple step functions that have been discussed in the
Introduction.

gx) g(x)
1 b
Py . —
0 a O
X @ X
ey =
-b

a) b)

Figure 1. Simple step functions: a) sigmoid function g(z) = %arctan x, b) step signal
function g(x).

Further we analyze model (1.3) with a signal function (3.1) depending on
the internal decay rate 3. We consider two situations: §=1and 0 < g < 1.

3.1 Model with g =1

In this part we prove two theorems, one about periodicity and one about sta-
bility.

Theorem 1. Assume that 3 = 1. Then

1) 0 is a stationary state.

Math. Model. Anal., 18(3):325-345, 2013.
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2) If there exists a positive integer ki such that 0 < x¢ = k1a < «, then the
point xg is an eventually stationary state, i.e.,

O(.To) = {k:la, (kl - 1)&, .. .,2&,&,0,0, .. }

3) If there exists positive integers k1 and ko such that xo = kia + kab > «
and kra < a but o < kya+0b, then the point xq is an eventually stationary
state, 1.e.,

O(l’o) = {kla + ]Cgb, kla + (k2 — 1)b, ey kla + b, kla, (kl — 1)(1, ey
2a,a,0,0,...}.

4) The cases —a < xg = —ki1a < 0 and xg = —k1a — kob < —a are similar
to Statement 2) and Statement 3) respectively.

5) If 1)-4) are not fulfilled, then the orbit O(z) is periodic with period 2 or
eventually periodic with period 2.

Proof.  The first four statements are obvious. We will prove the Statement 5).

Case 1. We assume that 0 < zg < «. Then g(zg) = a and x; = 2 — a.
Three cases are possible:

Case A.0<z;i=xz9g—a<a Since 0 < zg < aand 0 < 2y —a < « then
a < «a. Therefore if we consider o = xg —a — a = g — 2a, then only two cases
are possible: —a < 25 = 29 —2a < 0or 0 < T3 = Tg — 2a < «. In the first
case T3 = xg — 2a+a = rg—a = x1 and we obtain an eventually periodic orbit
with period 2:

O(z0) = {xo, z0 — a, wo — 2a,x9 — a,zo — 2a,...}.

In the second case x3 = xg — 3a. Similar to the previous case we have two
possibilities: —a < x3 < 0 or 0 < z3 < «. In the first case we obtain an
eventually periodic orbit with period 2:

O(xg) = {xo,x0 — a, ¢ — 2a, 9 — 3a,x9 — 2a,x0 — 3a,...}.
In the second case x4 = xg — 4a. Since 0 < x¢ < « is fixed then Ing € N:
0<Zpg-1=z0—(np—1la<a and —a<x,, =2x9—npa<0.

This means that in Case A the orbit of a point x( is eventually periodic with
period 2:

O(zo) = {xo,xo —a,...,x9 — (ng — 1)a, g — noa, zg — (no — 1)a,
o — Noa,. . }
Case B. —a < 21 = 29 —a < 0. In this case x93 = 9 —a+a = zo. We have
a periodic orbit with period 2: O(zg) = {xo, o — a, Zo, 20 — @, ...}.

Case C.x1 =xg—a < —a. If z1 = g — a < —a, then a > «. But since
b > a and xg > 0 then 2 = g —a + b > 0. Two cases are possible: a < x5 or
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0<xzy < Ifa<xy, thenzg=290—a+b—b=x9—a=x; and we obtain
an eventually periodic orbit with period 2:

O(w0) = {zo,20 — a,x0 —a+b,xo — a,x9 —a+b,...}.

If0 < z9 < @, then z3 = x5 —a = zg — 2a+b. Since a > « then 23 = x5 —a <
a —a < 0. Again we have two possibilities: —a < z3 < 0 or 3 < —a. If
—a < x3 <0,then zy =20—2a+b+a=29—a+b=xy. We obtain an
eventually periodic orbit with period 2:

O(z9) = {xo, 20 —a,z0 —a+b,xo0 —2a + b,x9g —a+b,xo —2a +0b,...}.
If 3 < —a, then x4 = 29 — 2a + 2b. Since b > a then
O<zpg=xzo+b—a<z4g=2x0+2(b—a).

Again two cases are possible: a < x4 or 0 < z4 < a. If a < x4, then
x5 = xo —2a+b = x3 and we obtain an eventually periodic orbit with period 2:
O(zo) = {zo, 0 —a,z0 —a+b,xg — 2a + b, 9 — 2a + 2b,

29— 2a+b,xg —2a+2b,...}.
If 0 < 24 < a, then x5 = 29 — 3a + 2b < 0 (note that a > «). Two cases
are possible: —a < x5 < 0 or x5 < —a. If —a < z5 < 0, then we obtain an
eventually periodic orbit with period 2:
O(zo) = {zo, 0 — a,z0 — a+b,xo — 2a + b, x9 — 2a + 2b, zy — 3a + 2b,
o — 2a + 2b,xg — 3a + 2b, .. .}.
If z5 < —a, then we consider xg and sort two possibilities. We have observation:
the orbit O(zg) is not eventually periodic orbit with period 2 only if
O<za=zp+b—a<ays=z0+2b—a)<zg=20+3(b—a)<---<a and
r1=a0—a<zz=xzo—a+(b—a)<azs=x0—a+20b—a)<- < —a.

Since b — a > 0 there are nqy,ns € N such that
Ton, =To+n1(b—a)>a or —a<zap,+1=x0—a+n2(b—a)<0.
Therefore we obtain an eventually periodic orbit with period 2 in both cases:
O(xo) = {xo,xo —a,xg—a+bxg—2a+b,...,20 —n1a+ (ng — 1)b,
zo+ni(b—a),zo —nia+ (n1 — 1)b,xo +ni(b—a),...} or
O(zo) = {xo,xo —a,z9g—a+b,xg—2a+b,...,x0+n2(b—a),
zo —a+na(b—a),zo +na(b—a),zg —a+na(b—a),...}.
Case 2. Now we assume that a < 5. Then g(zg) = b and 21 = z¢ — b.
Four cases are possible:

Case A. 1 = zg — b < —a. In this case xo = 9 — b+ b = ¢ and we have
a periodic orbit with period 2: O(z¢) = {0, zo — b,x0,x0 — b,...}.

Math. Model. Anal., 18(3):325-345, 2013.
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Case B. —a < x1 = 29—b < 0. Since b > a, then —a < 22 = zg—b+a < g
and three situations are possible: —a < xs < 0or 0 < 22 < @, or a < x5 < xg.
Case Bl. Inequalities —a < x2 < 0 hold only if b > o > a. Therefore
—a<z3=x90—b+2a<0or0<zz3=29—b+2a<a If0<zx3<a, then
x4 = xg — b+ a = x5 and we obtain an eventually periodic orbit with period 2:

O(z9) = {xo, 20 — b,20 — b+ a,x0 — b+ 2a,20 — b+ a,x0 — b+ 2a,...}.

If —a < z3 <0, then 4 = g — b+ 3a. Two cases are possible: —a < x4 <0
or 0 <xzy <a. If0<xy<a,then x5 = 29 — b+ 2a = x3 and again we obtain
an eventually periodic orbit with period 2:

O(z9) = {xo, 20 — b, 20 — b+ a,x0 — b+ 2a,z9 — b+ 3a,
xo—b+2a,29 — b+ 3a,...}.

If —a < x4 <0, then 25 = g — b + 4a and we have two cases. Since a > 0
there is kg € N such that

—a < xp—1 <0 and 0<xp, =20 —b+ koa < a.
Therefore we obtain an eventually periodic orbit with period 2:

O(l’o) = {1’0,1170 — b,l‘o — b+a,l‘0 — b+2&7...,1'0 —b+ (ko — l)a,
i) —b+k0a,x0 —b+ (ko — 1)&,%0 — b+k0a7...}.
Case B2. If 0 < 3 < a, then x3 = g — b = 1 and we obtain a periodic
orbit with period 2: O(xg) = {xo, 20 — b, 9,20 — b, .. .}.
Case B3. If a < x5 < zg then we consider next element z3 = xg — 2b + a.
Since b > a and b > « then two cases are possible: z3 < —a or —a < z3 < 0.

If z3 < —a, then x4 = g — b+ a = z2 and we obtain an eventually periodic
orbit with period 2:

O(z9) = {xo, 20 — b,20 — b+ a,x0 — 20+ a,z0 —b+a,x0 — 20+ a,...}.

If x3 < —a, then x4 = zg — 2b + 2a and we have two cases: 0 < x4 < « or
a<zy4 If0< x4 <, then x5 = g — 20+ a = x3 and we obtain an eventually
periodic orbit with period 2:

O(zo) = {xo, 0 — b,20 — b+ a,xo — 2b+ a, z¢ — 2b + 2a,
xg—2b+a,x9 — 2b+ 2a,...}.

If a < x4, then x5 = 2o — 3b + 2a and again we have two possibilities. The
orbit O(xg) is not eventually periodic orbit with period 2 only if

O0>x1=x0—b>z3=20—b+(a—b)>x5=20—b+2(a—b) > > —«
and

To>To=T9g—b+ta>xrg=x0—2b+2a>26=20—3b—3a>---> a.
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Since b — a > 0 there are ki, ko € N such that
Togy+1 =To — b+ ki(a—b) < —a or wop, =xo+ ka(a—b) < .
Therefore we obtain an eventually periodic orbit with period 2 in both cases
O(Jco):{:co,ajo—b,xo—b—i-a zo—2b+a,...,zo+ ki(a—0),
29 —b+ki(b—a),zo+ki(a—b),z0—b+ki(a—b),...} or
O(zo) = {mo,sro—b,aco—b—l—a,aco—2b—|—a,...,3vo—b—l—kg(a—b)7
zo + ka(a — b),z0 — b+ ka(a — b),zo + ka(a — b),...}.

Case C. 0 < 1 < «. This case can be reduced to the case that is considered
at the beginning of the proof with 0 < 2y < a (Case 1).
Case D. a < x1. In this case

Jks €N ap,_1=z0— (ks —1)b>a and zp, = x9 — k3b < a.

Therefore xx, < —a or —a < z, <0, or 0 < xg, < . These three situations
are discussed above.

Case 3. Situations with fixed zog < —a or —a < g < 0 are similar to the
previously considered. 0O

Theorem 2. Assume that 3 = 1. Then
1) 0 is an unstable stationary state.

2) Periodic orbit {xg,xo — a,xg,To — a,...} with 0 < xy < « is stable if
—a<xyg—a<0.

3) Periodic orbit {xzg,zo + a,x0,%0 + a,...} with —a < xg < 0 is stable if
0<xp+a<a.

4) Periodic orbit {xg, o — b, o, 20 — b, ...} with a < xq is stable if xg—b <
—a.

5) Periodic orbit {xo, xo+b, g, xo+b, ...} with xy < « is stable if o < xo+Dd.

Proof.  Proof of 1). We need to prove that there exists some £ > 0 such that
for any § > 0 there is some |xg| < 0 satisfying |z,| > ¢ for some n > 1. We fix
€ = §. For an arbitrary chosen § > 0 we fix x¢ such that

|zo] <6 and 0<zg<a and O<x0<%.

Then 21 = 29 —a < § —a = —%, that is, for n = 1 we have |z1| > § =¢.
Proof of 2). We fix 0 < zg < . For an arbitrary chosen ¢ > 0 we fix

§ < min{e, zo, 0 — g, a — xg, Lo — a + a}.

Then the orbit for every z(, € [xo — 0, zo + J] is periodic with period 2: O(z() =
{z(, x( — a,x(,xy — a, ...} and therefore
Ty = Thy,, =z —a=2ah,,,, n=12,....

Math. Model. Anal., 18(3):325-345, 2013.
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This leads to
lzg — xo| = |2h, —wo| < I <e and |x] — x| = |rh, . — 21| <6 <e.

The proof of cases 3)-5) is similar. O

3.2 Model with 0< <1

The situation with 0 < 5 < 1 is much more complicated. We begin with the
study of the stability of periodic points.

Theorem 3. Let us assume that 0 < 8 < 1. Then
1) 0 is an unstable stationary state.

2) If 0 < 515 < o, then the periodic orbit O(5%7) is a stable periodic orbit
with pemod 2.

3) Ifa< #, then the periodic orbit O(#) is a stable periodic orbit with
period 2.

Proof. Proof of 1). The proof is similar as in Theorem 2 for Statement 1).

Proof of 2). Let h(z) = Bz — g(x). Since 0 < 547 < a and g(5%7) = a then
h( a )_ Ba _a_Ba—Ba—a_ —a
g+1) pB+1 —  B+1  B+1
Since —a < 57% < 0 and g(57%) = —a then
( —a ) —fa —fBa+ Ba+a a
h = + a = == .
B+1 B+1 B+1 B+1
This implies that O(ﬂ+l) ={3%5; ﬁ_—fl, ...} is a periodic orbit with period 2.
Next we show that O( 747) is stable. For an arbitrary chosen & > 0 let

0<5<min{ ¢ o — ¢ €}<s
g+1" B+ )T

If xo satisfies the inequality |29 — 37| < & then zy € ]0,af and therefore
g(zo) = a. Then

xlzh(xo):ﬁxo—azﬁxo—a(ﬁﬁ_:_ll)
a a —a —
:ﬁ<x°_5+1)_5+1€]5+1_5 5+1+55[

We conclude that —a < 23 < 0. Then g(z;) = —a and
xy = h(z1) = h*(x0) = fa1 + a = B’z — Ba+a

_ al-=B)A+8) a(l - p?)
=0t Sy = Bt T

a a a
:/32(1;0_5+1)+B+1€}5+1_525 5+1+62 I
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We conclude that 0 < 22 < a. Then g(x2) = a and

x3 = h(xp) = h3(x0) = 320 — B2a+ Ba —a

3
1
=ﬁ3$0—a(32—5+1)zﬂ?’mo—a%:—l
3 a a —a 3 — 35
= - — — 326,
8 (a0 ,6’+1) 5+1€}6+1 p B+1+ﬂ i,
We conclude that —a < 3 < 0. Further we obtain that
2n 2n 2n—1 2n—2 2n 1- 52n
h (mo):$2n:ﬂ xo—ﬂ a—’—/B a—..._,_a:B x0+aﬁ
2n a a a omn om
(o0 - 531) taaT < lpeT e mr

= 0<zon<a, n=12,...,
2n+1+1
a:BQnJrlO 5

h2n+1($0)=$2n+1:5%“%0—52”&"'”'_ ro—a B+1
_ p2n+l . a )_ a } —4 g1y T4 2n+15|:
b (mo B+i) priclaer P 0 ts
= —a<Tywt+1<0, n=0,1,2,....
Therefore
th _ ‘_) 2n( _ a ) a _ a ’ 2n5 ) ;
‘ (o) 75-#1 B (o 11 +ﬁ+1 A1 <p <d<e
p2n+1 L2 _’2n+1( G )_ @, @
‘ (20) B+1 0= 5 7) 51 T ara
< Bl < <e.
We obtain that O(597) = {547, 577:-- -} is a stable periodic orbit with pe-
riod 2.

Proof of 3). Since

h(%) Bﬂfl bzﬁ%rbl and h(%) %er_%,

then O(ﬁ+1) = {/3+1’ 6+1" .} is a periodic orbit with period 2.
Next we show that O( 7 +1> is stable. For an arbitrary chosen € > 0 we fix

0<5<min{63_1—a,€}.

The ¢ is chosen such that o < ﬁ — 0, therefore an arbitrary fixed
xo € ]IBJrl -4, ﬁ + ¢[ satisfies the inequality o < z¢ and g(z¢) = b. Then
1
X1 Zh(xo) Zﬁxo—b:ﬁxo—b(gi_l)
b b —b —b
_5(91;0—5“)—5“ E]BH —ﬂ&,m+ﬁ6[ = 1 <-a

Math. Model. Anal., 18(3):325-345, 2013.
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Then

$2=h2(1‘0)2/32%0—354-5:52330-1-5(1—5)2521‘04—w

42 b b b o b 5

_ﬁ(xo ﬂ+1)+ﬂ+1e}5+1 FRo.5 g 00 = a<e
Further we get

3
25 = h3(x0) = Bz0 — B2 + Bb—b = BPzo — b% :11
—b . b —b . —b
:m—‘-ﬂd(ﬂfo—m)E}m—ﬂjd,m—Fﬁga{ = x3 < —qQ.

We conclude that

hQn(xO) = Zo, = ﬁanO + b

1—p2" b L gen (:Eo b )

B+1 B+l B+
b b
e}m—62n57ﬁ+ﬁ2n6[ = o< Ty n:172,...,
2n+1
+1 b b
p2n+1 = 2y = B2 gy — bﬁ _ 2n+1( _ )
(20) = Tant1 = BT 2o 71 5+1+B 05T
—b —b
G}ﬁ—ﬂ2n+15,ﬁ+ﬁ2n+l5[ = Toppr1 < —a, n=0,1,2....
Therefore
b b
2n _ 2n 2n+1 2n+1
‘h (0) —BH( <pE <5 <e, ‘h (r0) + 5| <FE<i<e
The orbit O(ﬁ) = {#, /3;4-1)17 ...} is a stable periodic orbit with period 2.
O

Corollary 1. If Bil < a< ﬁ then exists two stable periodic orbits with
period 2.

Corollary 2. There exists at least one stable periodic orbit with period 2.

In case 0 < 8 < 1 parameters a, b, « play a very important role. Depending
on these parameters, all real numbers are divided into three sets: points whose
orbits are asymptotically periodic with the limit set L(xg) = {ﬁ, ﬂ;fl}, points

—b

whose orbits are asymptotically periodic with the limit set L(zg) = {#, 1

and points whose orbits are an eventually stationary state 0.

Theorem 4. Assume that 0 < 8 < 1.
1) Ifo< 71 <a< #, then for every

S k+1 ps k s
To € 2 = [O‘_b7_a} U U [a—bzs_oﬁ a—b> i B }

ﬂ Pt 6k+2 ’ 5k+1
b— P fa+bd>r 8 —a+ bt B
e Y =
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the orbit O(zo) is asymptotically periodic with the limit set L(xo) = {/33-1’ 6+1}
2) If0< g7 <a< ﬁ and min{ 797, a — 345} = 347, then for every

o] o k s o k s
onQGZU} “ gk%:f_oﬂ’a bﬂ%isl—oﬁ |:U]—Ot,0[

k=0

oo - b k_ s b k_ s
010, U U] a+/@k§1805 ,Oé—i— 6%3_510/5 [\90

k=0

the orbit O(xq) is asymptotically periodic with the limit set L(xo) = { 5%, =%}
and

62 ’ 62 o 5k+1 ’ 6k+1

0 _{_g b b+pBb b+ b DDA 'D DNy ‘
0= 33’ Yoo

s a set of points whose orbits are eventually stationary state 0.

3) If0<ﬁ<a<ﬁ,min{ﬁ,a—ﬁ}=a—# anda <a<?®
then

,@ 2

(i) for every zo € [“E“,O[ U 10, “EO‘] and in general for every xo € 2, U
Oy the orbit O(xg) is asymptotically periodic with the limit set L(xg) =
{ﬁ;:-l’ ;;T-bl} where

=[5 o[ 0 25 Q[0

k=1 ps s
)

LJ“<[a—a—bZ&465—bziﬁw[
k=

BkJrl ’ ﬁk
] be 0B a—a—b>h 15‘”})

’ BkJrl

(ii) for every xg € |—a, *5*[U]%5%, af and in general for every o € (£2q \
) \ 20 the orbit O(xzg) is asymptotically periodic with the limit set

L(zo) = {57, 551} 2 is a set of points whose orbits are eventually
stationary state 0.

Proof. Proof of 1). At first we show that for every zy € [« b?ja] the orbit
O(z) is asymptotically periodic with the limit set {ﬁil’ B+1}
fa<z < b*Ta then z; = Bxg — b, that is

ﬁa—belsﬁﬁgg—bz—
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We notice that 2z% < Ba — b holds if

0<52a—a—5b+b:a(52—1)+b(1—5).

Since a < ﬁ and 2 —1 < 0, then

b
a(f?—1) +b(1-B) > m(ﬁQ

Since & B b < 2y < —a then

—1)+b(1=8)=bB—-1)+b(1—-p5)=0.

T2

Br1+b=p*xg— Bb+b
b(1 — 3?) b b
_ 2 _ p2 _
=[xy + 76 1 B (1’ 3 )
But on the other hand

—b h—
—M+b<x2:ﬁx1+b§ﬁ(—a)+b< “.
B B
In general, we have
b b b—a
=gy — =1,2,...
a < T2 B (Z‘O 5+1)+B+1< 5 ) n )4y )
a—1b 2n+1< b ) b
= YV <, n=0,1,2,....
3 < Topt1 =p xg Fr1 531= a, n
Therefore
lim = b and lim =z .
oo 2n*6+1 ns-too 2n+1*ﬁ+1.
This means that L(zg) = {53_1, ,6‘+1}
Proof for initial values zy € [O‘Tb -«

] is similar. If inequality I’_T"‘ < xg
holds and xg belongs to the interval

a+bSF B —at b g
Bk+1 ) BkT2 , ke{0,1,2,...},
then xy = Bxg — b:

Bla+bY i o)

a+bz§:055—5kb a+b3F Olﬁs
BE+1 —b= Bk 3k <
_ B0 8 —a) byl B —a— B by B —a
= [k+2 —b= 5k+1

Bk+1 ’

that is, if z¢ belongs to the k-th interval, then z; belongs to the (k — 1)-th
interval, x2 belongs to the (k — 2)-th interval, ..., zp € |a, bg“]. Therefore

orbit of z( is asymptotically periodic with the limit set { >~ EEsER: +1}
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Similarly, orbits of initial values that satisfy the inequality zq < "T_b and
belong to intervals

a—bY g —a—pYF e

Bk+2 ) BE+1

}, k=0,1,2,...,

are asymptotically periodic with the limit set { ﬁ_bH, 3 +1}

Remark. The before mentioned intervals are not empty. We can make the
following evaluations:

< b—
p+1 B

The length of the k-th (k =0,1,2,...) interval is

& af+l)<b & a< & b—a—af>0.

—a+bYMB atbYE B 1

pree ph+1 - 5k+2(*a+b+ﬂb+...+ﬁk+1b
_aﬂ—ﬂb—62b_..._6k+lb):b—ﬁo};i-’;aﬂ>o'

Since 0 < 8 < 1 then length of intervals tend to infinity as k tends to infinity.
Spacings between intervals are %, k=0,1,2,... that also go to infinity as k
goes to infinity.

bia > b+ﬂjl+a b fh
PR F

Figure 2. Illustration of Statement 1) of Theorem 4. Presentation of set (2.

In Figure 2 some intervals of the set (2, are presented. The set (2, is
symmetric with respect to 0. Points of bold intervals in Figure 2 belong to
(2, and orbits of these points are asymptotically periodic with the limit set

b
L(xo) = {5+17 54_1}
3 a

Pmof of 2). Since min{ %7, o —

If 5+1 < 5, then

527} = 527 then 545 < & (or 2

alf+1) a-2
a = B) < 9 = Q.

Let xg € ]0,a]. Then 1 = fxg —a and —a < —a < 21 < fa — a. We can
not guarantee that fa —a < 0 but

FeN ay = v —a(l+B+6+--+87") <.

Math. Model. Anal., 18(3):325-345, 2013.
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Then —a < z < 0 and therefore

0< —Pa+a<zxpy =Prr+a<a<a,
—a<—a<—P%+Pa—a<xpio=Prpi1 —a<Pa—a<0.

In general, we have

—a< —B"a+p*" o~ — fa+ fa—a < i,
<62717101_62717201_’_'”_’_BGJ_G<07
0<—B""a+p"a— -+ %0 — Ba+a< Tppant1
<p*a—p""la+---—Pa+a<a.
Since
. _ _ 2 . 2n
N
— 1 _ 1 _ 2 _ 3 .. _ p2n—-1 — —a
n_1>r_~r_100( a)(1-p8+p>-p>+ B ) B+1’
. . 2 _ ... _ p2n+1
e
— 1 1_ 2_ 3 P 2n = a
Jim a(l= B4+ 67— 04 67) = 2o
then
I — I ==
n—1>rfoo$’“+2” = 5+1’ n_l)ffooxk+2n+1 = 5+1-

This means that the orbit O(xg) is asymptotically periodic with the limit set
(35, 75

Proof for z¢ € |—a, 0[ is similar. Similarly to the Statement 1) we can find
intervals of points whose orbits are asymptotically periodic with the limit set
{ﬁ, ﬁ_—fl} However, it should be noted that there is a set of points whose
orbits are eventually stationary state 0, this set is

0 _{_g b b+pb b+ b CbYh B b3 B
0_ /87/37 ﬁ2 ) /82 PR ] Bk_;'_:l ) /Bk_;'_l 9t
k:0,1,2,...}.

Set of points whose orbits are asymptotically periodic with the limit set {ﬁ,
Froris

o) P k s _ k s
Ty € 2, = U } = ;Ef‘oﬂ ) - bﬂ%rsl_oﬁ [U]—a,O[
k=0

[e%s} _ b k_ s b k_ s
010, U U } o +Bk§1so B ’ o+ 6E_sloﬂ {\ 0.
k=0
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Proof of 3). Sinceﬁ<a<:>a<aﬂ+a<:> “ga < «a and a > « then in

statements (i) and (ii) considered intervals are not empty.

Proof of (i). We consider points from the interval |0, ag"}. Proof for points

a—a a—

from interval [T’ 0[ is similar. If 0 < zy < 50‘, then

a—>b Bla—a
3 §fa<x1:6xofa§%fa:fa.
If ag“ <z < 0, then
azﬁ(aﬂ_a)—i—a<x1:ﬁxo+a<a<b_ﬂa.

Therefore 21 € [¢

%, —a] or z1 € [a, b’Ta] and by Statement 2) of Theorem 4
point z( is asymptotically periodic with the limit set {,3;:'17 B;fl}

Proof of (ii). Let “5% <o < . Then

a—« a—a
—a:M—a<x1:ﬁmo—a<Ba—a<

B B

The last inequality is true by the following equivalences

a—a
fa—a< —— & [P-PBa<a-—a

B
& 0<a—a—ﬁ2a+ﬂa=a(1—ﬂ2)—|—a(ﬂ—1)

=a(l-B)(1+p)+a(B-1)=1-p)(a(1+8)—a)

and the expression in second brackets is positive because Bil <asa<

a(l + ). Now we can estimate other elements of the orbit O(zo):

(a—a)/B<—Ba+a<zy=Pr+a<pfa—Pata<a,
—a < —fPa+pfa—a<a3=Prs—a< fPa—pBPa+tpfa—a<(a—a)b

(a—a)/B <= ta+p*" 20— —Ba+a< o,
<pa—p*" o+ —Bata<a,
—a < —f*a+ " a— -+ Ba—a < 241

< P ot faa < (o ).

If we let n go to infinity then for the last two inequalities exist limits that are

equal to ﬁ and B;fl respectively, then

I =1 d i S—
n~1>IJIrloo Tan = ﬁ +1 an n~1>IJIrloo Tantl = ﬂ +1 ’

This means that the orbit O(xg) is asymptotically periodic with the limit set
{7 =1t
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B 5 4 B G D 4, B, G D,
e —— — ] ] ] L
b+ b
0 LA ;
B Vin

Figure 3. Illustration of Statement 3) of Theorem 4. Notations: A1 = a, By = bfTo‘,

Ag = e, By = biBla,

In Statement 3) of Theorem 4 we need to reduce the set {2, in comparison
with Statement 2) of Theorem 4. That is, interval ]—O‘, bi"[ |B1, As[ (see

Figure 3) contains a set of points that in the first iteration go to [O‘g ,0[U

10, “g“} (orbits of points of this interval are asymptotically periodic with the

limit set {5_?_1, ﬁJrl}) This set is

b}: [a—a—kﬁb b[U}b a— o+ pb '

[cl,Dﬂ\{E 73193

BB

This is not empty set and not intersect with §2,: since < a and a > « then

ﬂ-i—l
b—a - a—a+ Bb < b < a—a+ Bb < b+a.
B p? B pB? B
Then we can find another set of points such first iteration belongs to [Cy, D1].
This set is

on i (52 = [
b+pBb a—a+ Bb+ 5%
i B3 J

We conclude that the set
=[5 oo 5 () (2R P
]bZE 0165 a*OZ*i’bZé 158})
B ’ pr+1
(R 2
U]—b%fgéﬁs’a—a—ﬁsgf_lﬁsb

consists of points whose orbits are asymptotically periodic with the limit set
{53’_1, ﬁ+1} This implies that all orbits of points in the set 2, U (2, are

asymptotically periodic with the limit set {ﬁ, ﬁ} Orbits of points in the

set (2, \ ) \ 20 are asymptotically periodic with the limit set { g
O

ik
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Unfortunately, we have to admit that here we cannot look at all possible
situations with parameters. For example, one interesting situation arises when
741 +1 <a= g +1 holds. Experiments with initial values ¢ show (for example,
a=9,b=12, « =8, § = 0.5) that in this case the set of points whose orbits
are asymptotically periodic with the limit set { ﬁ«bH’ 7 +1} are isolated points
(in the mentioned example such points are {—2,2, —8,8, —20, 20, —40,40, .. .}).

4 Some Illustrative Examples and Conclusions

In this paper we have demonstrated that a step signal function with more than
two steps make the analyze of a neuron model z, 1 = Bz, — g(z,), 0 < < 1,
very complicated. With our signal function (3.1) in this model we have found
many periodic orbits and eventually periodic orbits with period 2 if § = 1.

If 0 < B < 1, then the situation is even more interesting. If ﬁ < a <

ﬁ+1’ then we have two stable periodic orbits with period 2 {ﬁﬂ, ﬁfl} and
{ i B +1} and all other orbits are asymptotically periodic with the limits sets
{[3+17 1) or {ﬁ+17 +1} or eventually stationary state 0. One interesting

case is considered in the following example.

Ezample 1.1f 8 = 0.5, « = 8, a = 9, b = 15, then conditions of Statement 3)
of Theorem 4 are satisfied:

a 9 9 a
88— —t=min{6,2} =2=a — ——
mll’l{ 1 1 } mll’l{ 1. 5 15 } Hlln{ 5 } « 1,

a b 9 15
e ——, thati — 1
5+1<a<5+1’ at is, 15<8<15 & 6<8<10,
b—a 15-8
<———: 8<9<L = 14.
a<as 3 <Y = 05

In this case a real line is divided in to infinity many intervals. Orbits of points
of these intervals are asymptotically periodic with the limit set { Bil’

{6,—6} or {B—?-l’ 5+1} = {10, -10}.

Bt =

-10 -6 0 6 10 30 20
e —— —— —— ——  ——
-14 -8 -2 2 3 14 26 34 46 58 82 928

1

-15 0 10 20 E
L(-12)={10-10} L(30)={0} L(64)=(6:6}

Figure 4. Ilustration if z¢9 € {—12;30;64}.

In Figure 4 orbits of bolded intervals are asymptotically periodic with the
limit set {10, —10}, orbits of thin intervals are asymptotically periodic with the

Math. Model. Anal., 18(3):325-345, 2013.
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limit set {6, —6} and orbits of “empty” points are eventually stationary state
0.

We conclude that model (1.3) with our new signal function (3.1) describes
more general situation as considered in [10] (also [2,7,9,11,12]). The model
with our signal function shows that it is difficult to simulate even a single
neuron behaviour. The reader interested in the other aspects of the neuron
simulations is recommend to [1, 3, 6].
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