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1 Introduction

A sequence x = {ξn} is called bounded with the rapidity λ = {λn}
(0 < λn ↑ ∞) if λn(ξn − ξ) = O(1) with lim ξn = ξ. Let

mλ =
{
x
∣∣ x = {ξn} ∧ lim ξn = ξ ∧ λn(ξn − ξ) = O(1)

}
.

A sequence x = {ξn} is called λ-bounded by Cesàro method (C, 1) if (C, 1)x is
λ-bounded. That means

λn
(
σn(x)− σ(x)

)
= O(1) (1.1)

with

σn(x) =
1

n+ 1

n∑
k=0

ξk ∧ lim
n→∞

σn(x) = σ(x).

Shortly we note this fact
x ∈

(
(C, 1),mλ

)
. (1.2)
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G. Kangro [7] and I. Tammeraid [9] proved several Tauberian remainder
theorems for method (C, 1) using summability with given rapidity. For example
see one of them in [9].

Proposition 1. If the sequences x and λ satisfy the conditions (1.2),

nλn∆ξn = O(1), (1.3)

where

∆ξn =

{
ξn − ξn−1, n ∈ N,
ξ0, n = 0,

and
λn
n+ 1

n∑
k=0

1

λk
= O(1), (1.4)

then x ∈ mλ.

If we study the condition (1.4) in the case λn = (n + 1)α, we get that α
has to satisfy the condition 0 < α < 1. That means we are not able to use the
Tauberian remainder theorems proved by G. Kangro and I. Tammeraid in the
case λn = (n+1)α with α ≥ 1. Therefore we are interested in the presentations
of G. H. Hardy [6], E. Landau [8], M. Dik [5], İ. Çanak, Ü. Totur and M. Dik
[1, 2, 3, 4, 10, 11]. Firstly this concept was used in the paper [5]. So we prove
several new Tauberian remainder theorems for (C, 1).

2 Tauberian Remainder Theorems for (C, 1)

Let N be the set of all natural numbers and N0 = N ∪ {0}. The classical
control modulo of the oscillatory behavior of the sequence {ξn} is denoted by

ω(0)
n (x) = n∆ξn. (2.1)

The general control modulo of the oscillatory behavior of order m ∈ N of
sequence x is defined by

ω(m)
n (x) = ω(m−1)

n (x)− σn
(
ω(m−1)(x)

)
(m ∈ N and n ∈ N0). (2.2)

G.H. Hardy [6] proved that the condition ω
(0)
n (x) = O(1) is a Tauberian con-

dition for the (C, 1) summability method.
E. Landau [8] extended Hardy’s Tauberian condition as follows

ω(0)
n (x) ≥ −M (n ∈ N0) (2.3)

for some M > 0.
M. Dik [5] showed that the condition (2.3) in E. Landau’s statement can be

replaced by the condition

ω(1)
n (x) ≥ −M (n ∈ N0).
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İ. Çanak and Ü. Totur (see [1] and [3]) proved: if for some {Mn} with Mn > 0

ω(2)
n (x) ≥ −Mn (n ∈ N0)

and x is (C, 1) summable, then x is convergent.
Let us start with the simplest Tauberian theorem using the general control

modulo.

Theorem 1. If the condition (1.2) is satisfied,

λnV
0
n (∆x) = O(1), (2.4)

where V 0
n (∆x) = 1

n+1

∑n
k=0 ω

(0)
k (x), then x ∈ mλ.

Proof. As (see [1])
ξn − σn(x) = V 0

n (∆x),

then
λn
(
ξn − σ(x)

)
= λn

(
σn(x)− σ(x)

)
+ λnV

0
n (∆x).

Using (1.2) and (2.4) we get the assertion of Theorem 1 is valid. ut

Let us prove the following statement.

Lemma 1. The assertion

ω(1)
n (x) = ω(0)

n (x)− ξn + σn(x) (n ∈ N) (2.5)

is valid.

Proof. Using (2.2) for m = 1 and (2.1) we get for n ∈ N

ω(1)
n (x) = ω(0)

n (x)− σn
(
ω(0)(x)

)
= ω(0)

n (x)− 1

n+ 1

n∑
k=0

ω
(0)
k (x) = ω(0)

n (x)− 1

n+ 1

n∑
k=0

k∆ξk

= ω(0)
n (x)− 1

n+ 1

( n∑
k=1

kξk −
n∑
k=0

(k + 1)ξk + (n+ 1)ξn

)

= ω(0)
n (x)− ξn +

1

n+ 1

n∑
k=1

ξk = ω(0)
n (x)− ξn + σn(x).

That means the statement of Lemma 1 is valid. ut

We use the result of Lemma 1 for the proof of the next theorem.

Theorem 2. If the conditions

λnω
(0)
n (x) = O(1), (2.6)

λnω
(1)
n (x) = O(1) (2.7)

and (1.2) are satisfied, then x ∈ mλ.
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Proof. Using (2.5) we get

λn
(
ξn − σ(x)

)
= λnω

(0)
n (x)− λnω(1)

n (x) + λn
(
σn(x)− σ(x)

)
.

As the conditions (1.2), (2.6) and (2.7) are satisfied the assertion of
Theorem 2 is valid. ut

Remark 1. The assertion (1.3) ⇔ (2.6) is valid.

Now we can prove the following result.

Lemma 2. The assertion

ω(2)
n (x) = ω(0)

n (x)− 2ξn + 3σn(x)− 1

n+ 1

n∑
k=0

σk(x) (n ∈ N)

is valid.

Proof. Let ξ−1 = 0. Using (2.2) for m = 2 and (2.5) we get

ω(2)
n (x) = ω(1)

n (x)− σn
(
ω(1)(x)

)
= ω(0)

n (x)− ξn + σn(x)− 1

n+ 1

n∑
k=0

(
k∆ξk − ξk + σk(x)

)
.

As
n∑
k=0

(
k∆ξk − ξk + σk(x)

)
=

n∑
k=0

(
k(ξk − ξk−1)− ξk + σk(x)

)
=

n∑
k=0

kξk −
n−1∑
k=0

(k + 1)ξk −
n∑
k=0

ξk +

n∑
k=0

σk(x)

=

n∑
k=0

kξk −
n∑
k=0

(k + 1)ξk + (n+ 1)ξn −
n∑
k=0

ξk +

n∑
k=0

σk(x)

= −2

n∑
k=0

ξk + (n+ 1)ξn +

n∑
k=0

σk(x),

then

ω(2)
n (x) = ω(0)

n (x)− 2ξn + 3σn(x)− 1

n+ 1

n∑
k=0

σk(x) (n ∈ N).

That means the assertion of Lemma 2 is valid. ut

Using Lemma 2 we get the next assertion.

Theorem 3. If the conditions (1.2), (2.6),

λnω
(2)
n (x) = O(1), (2.8)

λn

(
1

n+ 1

n∑
k=0

σk(x)− σ(x)

)
= O(1) (2.9)

are satisfied, then x ∈ mλ.
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Proof. Using Lemma 2 we get

2
(
ξn−σ(x)

)
= ω(0)

n (x)−ω(2)
n (x)+3

(
σn(x)−σ(x)

)
−
(

1

n+ 1

n∑
k=0

σk(x)−σ(x)

)

and

2λn
(
ξn − σ(x)

)
= λnω

(0)
n (x)− λnω(2)

n (x) + 3λn
(
σn(x)− σ(x)

)
− λn

(
1

n+ 1

n∑
k=0

σk(x)− σ(x)

)
.

While the conditions (2.6), (2.8), (1.2) and (2.9) are satisfied we get

λn
(
ξn − σ(x)

)
= O(1) +O(1) +O(1) +O(1) = O(1).

That means the assertion of Theorem 3 is valid. ut

Remark 2. The assertion (1.2) ∧ (1.4) ⇒ (2.9) is valid.

Analogically it is possible to prove Lemma 3 and Theorem 4.

Lemma 3. The assertion

ω(3)
n (x) = ω(0)

n (x)− 3ξn + 6σn(x)− 4

n+ 1

n∑
k=0

σk(x)

+
1

n+ 1

n∑
k=0

1

k + 1

k∑
ν=0

σν(x) (n ∈ N)

is valid.

Using Lemma 3 we get the following assertion.

Theorem 4. If the conditions (1.2), (2.6), (2.9),

λnω
(3)
n (x) = O(1),

and

λn

(
1

n+ 1

n∑
k=0

1

k + 1

k∑
ν=0

σν(x)− σ(x)

)
= O(1) (2.10)

are satisfied, then x ∈ mλ.

Remark 3. The assertion (1.2) ∧ (1.4) ⇒ (2.10) is valid.
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[2] İ. Çanak. A short proof of the generalized Littlewood Tauberian theorem. Appl.
Math. Lett., 23(7):818–820, 2010. http://dx.doi.org/10.1016/j.aml.2010.03.017.
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