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Abstract. We study the applicability of the standard spline collocation method,
on a uniform grid, to linear Volterra integral equations of the second kind with the
so-called cordial operators; these operators are noncompact and the applicability of
the collocation method becomes crucial in the convergence analysis. In particular,
piecewise constant, piecewise linear and piecewise quadratic collocation methods are
applicable under wide, quite acceptable conditions. For higher order spline colloca-
tion, it is more complicated to carry out an analytical study of the applicability of
the method; however, a numerical check is rather simple and this is illustrated by
some numerical examples.
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1 Introduction

In the present article we study the applicability of spline collocation methods
to the Volterra integral equation

t
pu(t) = / t ot s )u(s)ds + f(t), 0<t<T, (1.1)
0
where ¢ € L1(0,1) is the core of the (cordial) Volterra integral operator

(Vou)(t) = -/Ot tro(t ts)u(s)ds, 0<t<T.


http://www.tandfonline.com/TMMA
http://dx.doi.org/10.3846/13926292.2013.756072
mailto:tdiogo@math.ist.utl.pt
mailto:gennadi.vainikko@ut.ee

2 T. Diogo and G. Vainikko

Equations and systems of type (1.1) can appear e.g. when solving differential
equations with certain singularities and some partial differential equations with
symmetries. A special case of (1.1) is equation (4.4) which arises in connection
with a heat conduction problem with mixed-type boundary conditions (see [3]
for details).

As known from [10], V,, : C™[0,1] — C™[0,1], m > 0, is bounded but
noncompact (if ¢ # 0) and its spectrum o,,(V,,) is non-discrete:

o0(Vy) = {03 U{a(N): A€ C, ReA >0}, @A) := /0 o(x)zr dx,  (1.2)
om(Ve) ={0}U{@(k): k=0,....m =1} U{p(N): ReA>m}, m>1.

By 00(V,) = C\ 00(V,,) we denote the resolvent set of V,, : C[0,1] — C[0,1].
Let us also recall that for A € C, Re A > 0, the following relation holds

Vouy = ¢(MNuy, where uy(t) =t*, 0 <t <T. (1.3)

In particular, V,, maps polynomials into polynomials and, due to this property,
it is easy to solve (1.1) approximating f by a polynomial. The polynomial
algorithms become more complicated [11] if we have to solve a more general
equation

pu(t) = /0 tro(t1s)alt, s)u(s)ds + f(t), 0<t<T; (1.4)

here spline collocation methods are preferable. Since the applicability and
convergence conditions of spline collocation methods for equations (1.1) and
(1.4), and even for a class of related nonlinear equations, are the same in their
essence [12, 13], we confine ourselves to the case of the model equation (1.1).

Let us describe the method. For N € N, denote h = T/N. For m € N,
introduce the space S§[0,T] of splines uy such that

un |jin,(i+1)h] € Pm-1, ©=0,...,N -1,

where P,,_1 is the set of polynomials of degree not exceeding m — 1. We
accept that a spline uy € Sp[0,7] may have at the interior spline knots ih,
1 <4 < N—1, two values, so that un|[in,i+1)n) € C[ih, (i+1)h],i=0,...,N—1.
For uy € Sy[0,T], we denote by uy,; € Sy[0,T] the spline coinciding with
uy on [ih, (i + 1)h], being zero on other subintervals [lh, (I + 1)h], I # i. The
functions uy ; compose an m-dimensional subspace Sy ; = Si; C SF[0,T].
Let us introduce the interpolation (collocation) parameters 7, k = 1,...,m,

< << <71, < 1.

For v € C[0,T], denote by IIyv € Sy, 0 < i < N — 1, the interpolation
polynomial defined by

(IIn,v)(ih + k) = v(ih + Th), k=1,...,m.
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Let Ly € Piu—1, k=1,...,m, be the Lagrange fundamental polynomials asso-
ciated with the interpolation knots 75, k = 1, ..., m, that is,

Li(7;) = 6jr (Kronecker symbol), j,k=1,...,m
Then the L; (t) := Li(h~'t—14), k = 1,...,m, are the fundamental polynomi-
als associated with the interpolation knots ih+7ih € [ih, (i+1)h], k=1,...,m
that is,
Liy(ih+ 7;h) = Ly (k™' (ih + 7jh) — i) = Ly(7j) = 6k, Jk=1,...,m

For v € C[0,T] we have the representation
(Inv)(t) =Y w(ih+1h)Lik(t), t€ [ih,(i+1)h], i=0,...N -1,
k=1

Define the interpolation operator Py : C[0,T] — S¥[0,T] by
(Pyo)(t) = (IIn,v)(t) for t € [ih, (i+1)h], i=0,...,N —1,
and consider the spline collocation method
puy = PnvVouny + P f (1.5)

for the approximate solution to equation (1.1).

We say that the collocation method (1.5) is applicable to equation (1.1)
if the homogeneous equation puy = PyV,uy has in SF[0,T] only the trivial
solution uy = 0, that is, if there exist the inverses to the m-dimensional oper-
ators pul — IIn;V, : Sni — SNy, 1 =0,1,..., N —1; then we can recurrently
find uy,; from the equations

i—1
PUN; = HN’Z‘VQP’U,N,Z‘ + HN,if + Z HN77;V¢U,N’[, i=0,1,...,N -1, (16)
1=0
where for ¢ = 0 we have adopted the agreement that Zz_:lo ...=0.

For pu € 0o(V,,), the operator ul — IIn oV, : Sno — Sno is invertible
since due to (1.3) V,, maps Sy, into Sy . It is less obvious that ul — Iy ;V,, :
Sn.i — Sn,; is invertible also for all sufficiently large i > 4o, with ¢y independent
of N. This claim is more clear from the matrix form of equations (1.6). The
ith equation of (1.6) is equivalent to the m x m-system of linear equations to
determine the knot values up ;(ih + 7;h) of un,; (see [12]):

pun,i(th + ;h) = Z ;zkuNl(zh + 7h) + f(ih + ;h)
k=1

—1 m
+ZZd;’kuNl (Ih+1ch), j=1,...,m, (1.7)
1=0 k=1

where for j,k=1,...,m,

Math. Model. Anal., 18(1):1-21, 2013.
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1
d;zk:/ o(x)Li((i + 7))z —i)dx, i=0,...,N—1,
’ i/ (i+75)

1
with d(fg = 6;671/ p(x)de, fori=0, 1 =0,
0

. (I+1)/(i+75)
d;k :/ gp(x)Lk((i—i—Tj)x—Z)dac, 1=0,...,1—1,s=1,...,N — 1.
1/ (it+7;)

Hence the collocation method (1.5) is applicable to equation (1.1) iff

det(uly, — D;) #0, i=1,...,N—1,
where I, is the m x m identity matrix and D; = (d;;);”kzl For sufficiently
large 4 this condition is fulfilled since

m i m
. i,
1D = e 31433 < [l max > Jrato)

implies that ||D;|| — 0 as i — oo. Thus the applicability condition of the
collocation method (1.5) reduces to

det(pl, — D) #£0 fori=1,... i —1, (1.8)

where ig > 1 is such that || D;, || < |u|-

We further note that the matrices D; are independent of h (of N), so (1.8)
implies the applicability of the collocation method (1.5) for all N > 1. In
(@)

particular, if the eigenvalues pi,j=1,...,m, of D; are such that

W eao(Ve), j=1,..,m i=1,... i —1, (1.9)

then the applicability condition (1.8) is fulfilled for any p € go(V,,).

The following theorem [12] tells us that, roughly speaking, if equation (1.1)
is uniquely solvable and the collocation method (1.5) is applicable to (1.1) then
the method converges and the convergence is of optimal accuracy order.

Theorem 1. Let ¢ € L*(0,1), f € C[0,T] and p € 0o(V,) in (1.1), and let
the applicability condition (1.8) be fulfilled. Then the collocation equation (1.5)
has, for N > 1, a unique solution un € S§[0,T], and

lu —un|oo < collu — Pnulloc =0 as N — oo,

where u € C[0,T] is the unique solution of equation (1.1). If f € C™[0,T],
then also u € C™[0,T] and

lu — unlloo < cmhmHu(m) Hoo

The constants ¢y and c,, are independent of N and f.
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We note that the cordial integral equation (1.1) is a special case of the
Mellin convolution equations [6, 8]. In general, the solution of those equations
(or perhaps its higher derivatives) will have a singularity at ¢ = 0. A survey
of numerical methods for Mellin-type integral equations based on piecewise
polynomial approximation is presented in [7]. The use of graded meshes in
conjunction with collocation methods is one approach to deal with the loss of
optimal convergence order; the convergence analysis of these procedures has
been treated in [1, 6, 8, 9].

Due to (1.2), we see that the solution u of a cordial integral equation
(1.1) has no boundary singularities: if p € go(V,) and f € C™[0,T] then
u € C™[0,T]. Thus the possibility of using a uniform grid to achieve optimal
convergence orders is a privilege of the cordial integral equations. As easily
seen [12], for m = 1 (piecewise constant approximation of the solution u), the
applicability condition (1.8) is fulfilled for any non-negative ¢ € L'(0,1) and
any ft € po(Vy,). The main purpose of the current article is to analyze the
case m = 2 (piecewise linear approximation of u); some theoretical results are
obtained also in the case m = 3 (piecewise quadratic approximation of u). An
analytical examination of condition (1.8) for m > 3 in the general case is a
complicated task and remains as an open problem. On the other hand, in the
course of the computation process (1.7) it is easy to check whether (1.8) is
fulfilled or not; and there are different possibilities [12] to modify the method
if (1.8) is violated or if y, the parameter of equation (1.1), happens to be too
close to the set of eigenvalues of some D;, 1 <i < iy — 1.

In Section 2 we reformulate the applicability condition (1.8) for m = 2,
using the basis {1, ¢t} of P; instead of the Lagrange basis. The main theoretical
results of the article concern the case m = 2 and are established in Section 3.
In Section 4 we apply these results to some concrete cordial equations including
the Abel equation. In Section 5 we partly extend the results to the case m = 3.
In Section 6 we comment on the numerical check of the applicability condition
for different values of m and present some illustrative numerical examples.

2 Reformulation of the Applicability Condition

In theoretical considerations concerning the applicability of the collocation
method (1.5), the Newton basis {1,¢,...,t™ '} of P,,_1 is sometimes prefer-
able to the Lagrange basis used in Section 1. Below we reformulate the appli-
cability condition (1.8) for m = 2 using the Newton basis {1,¢} of P;. Let the
collocation parameters 7;, 0 < 7 < 7o <1, be given. Representing

uNﬂ'(t) = 70,i + 'Yl,it for ih S t § (l + 1)h, 0 S ) S N — 1,

we have, for ih <t < (i + 1)h,
t

(Voun,i)(t) = / t7o(t7's) (Yo, + v1,is) ds
ih

1 1
270,1'/ o(z) dm+’yl,it/ xp(x) dx.

h/t ih/t

Math. Model. Anal., 18(1):1-21, 2013.
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The ith equation (1.6) is uniquely solvable iff the corresponding homogeneous
equation pun,; = IIn;V,un,; has only the trivial solution uy ; = 0, that is, iff

puni(ih +7ih) — (Voun i) (ih +7;h) =0, j=1,2 = v, =m, =0,

or, equivalently, iff the 2 x 2 homogeneous system

(M—/il o(z) dl’)’yo,i"’(i“rTj)(lu—/

/(i+75) i/ (i+75)

1
xp(x) dm)'yuh =0, j7=1,2

has only the trivial solution vy ; = 71,;h = 0. Denoting

. 1 . 1
S I L B B
i/ (i+71) i/ (i+711)
o_ [ o_ [
Ay :/ o(x)dr, ay :/ xp(x) dr, (2.1)
i/(i+T2) i/(i+T2)

we obtain the following formulation: for m = 2, the collocation method (1.5) is
applicable to equation (1.1) iff the parameter p of equation (1.1) is such that,
fori=1,...,N —1,

@ (1)
—a 14T —a
det (M Eil) (' Dk 212))> = (1o —T1)p* — bip+c; #0,
p—as (i+T72)(1—asy)
where
b= (i + ) (af] +afd) = (i + ) (ald +af)), (2:2)
G=(+ Tg)agzl)agz) — (i + Tl)aglz)aézl). (2.3)

If for some i, 1 <1i < N — 1, it happens that
(TQ*Tl)M2fbip,+Ci:0, (24)

then the collocation method (1.5) is inapplicable to equation (1.1).

So we are interested in sufficient conditions onto the core p € L*(0,1), the
collocation parameters 7; (0 < 71 < 7 < 1) and the parameter p € go(V,,)
which guarantee that p is different from the roots

(@) _ bi = (0] —4(m2 — m)ei)'/?
1 2(7‘2 —7'1) ’

o b+ (02— A2 — 1)) Y2
2(7’2 —7'1)

of the quadratic equations (2.4), for ¢ = 1,..., N — 1. Some results in this
connection are presented in Section 3.

3 Applicability of Piecewise Linear Collocation

The main results of the present article are contained in Theorems 2 and 3.
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Theorem 2. (i) Let ¢ € L'(0,1) be non-negative and p € 0o(V,,) in (1.1), and
let the collocation parameters be such that 0 =1 < 7o < 1. Then the piecewise
linear collocation method is applicable to equation (1.1) and hence convergent.

(i) Let ¢ € L'(0,1) be non-negative and pn € R be such that y > fol o(z) dx
(= IVol) in (1.1), and let the collocation parameters satisfy 0 < 1 < 1o < 1.
Then the piecewise linear collocation method is applicable to equation (1.1) and
hence convergent.

(iii) Let 71 € (0,1) and p < 0 be given. Then, for any T2 > 71, sufficiently
close to 11, there exists a non-negative core ¢ € L>=(0,1) (explicitly presented
in the proof) such that p < ffol w(x)dz and p coincides with ugl) (defined
by (2.5), with i = 1). Thus the piecewise linear collocation method is inappli-
cable to equation (1.1) with this particular ¢ and the above u, 11, T2, although
p € 00(Vi).

Proof of claim (i). Assume that ¢ € L*(0,1) is non-negative and let 0 = 7 <
T < 1. From (2.1)—(2.5) we observe that agll) = (z) =0,

' _ 1
bi=(i+ Tg)aég — iagl) = / ((z + To)x — z)go(x) de >0, ¢ =0,

i/(i+T2)
i i b; 1 1+ 7'2)1‘ —1 1
,pzq,y:f:/ Q————ﬂ@mg/ () dx,
72 i/(i+72) T2 i/(i+72)
where we have taken into account that
(Z + TQ)I' —1 .
0<——— <1 for - <z<l i>1
To 14+ To

Due to (1.2) and (1.3), we have [0, fol p(x)dx] C o¢(V,), thus ,U,g),/J,() €
GO(V) therefore for any p € 09(Vy,) (¢ > 1) it is true that p # ull) and
W # ,u2 , that is, the applicability condition of the piecewise linear spline
collocation method is fulfilled.

Proof of claim (ii). Assume that ¢ € L'(0,1) is non-negative and let 0 < 71 <
T < 1. If u() and u( " are complex, the claim (ii) is trivial. Assuming that

,ug) and Mz) are real, we shall prove that ,uli) < ,uéi) < [|[V4]]; ¢ > 1. Note that

IR CINOING) ()
ay] — Qyg T Qg — Ao = / (1 —2z)p(x)dr <0, (3.1)
i/(i+72)
oD <o ) < af).

by = (i+72)(agzl) +a2 ) - (i+7 )(agQ) +a21)
= ((i+72) — (i + 7)) (af) +a%9) + (i +71) (af) +afy —aly —al))

S(Tngl)(agll)Jraég) SQ(TQ*’H)G&?, ’LZ].

Math. Model. Anal., 18(1):1-21, 2013.
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Therefore, denoting

M= agil) (i +711)(p — ajy

di(p) := det ( @

p—ay (i+T72) (1 — as)
we have
(%) (4)

. (4) (%)
i ay; —a i+7)(ay; —a
di(agf) = det ( 2= ()l ?11) 322))>

0 (i +72)(a3; —ag)
= (i +m)(ay) —afy) (a3) —a33) > 0.
On the other hand, d}(u) = 2(72 — 71)p — b; and, since
d; (agzl)) =2(ry —7)al) —b; >0, then d(u)>0 forp>al).

Therefore, we may conclude that d;(u) > 0 for p > aé?, hence

ut? < ud? < af) g/ o(z)de, i>1.
0

We see that the condition p > fol @(z) dr implies p > uéi) > ,ugi), i>1, and
the applicability condition is thus fulfilled.
Proof of claim (iii). Let 4 < 0and 0 <7 < 75 <1, 75 < 371 + 277. Denote

1%
x1($1 +x2)/2—m2'

zi=1/14+7) (=12, ~=

Clearly, we have 1/2 < x5 < 21 < 1. An elementary check confirms that
x1(x1 + x2)/2 — 29 < 0 and hence v > 0 under certain conditions on y and 74,
7. Consider the core

90(1') =7 X[wz,z1]>
where x4, denotes the characteristic function of the interval [a, b]. In accor-
dance with (2.1)—(2.5), for ¢ = 1 we have

(1) (1)

a; = a9 =0, cp =0,

1 1

aéll):'y/ dx = vy(x1 — x2), a%) :'y/ xdac:%(a:%—xg),
To T2
by = x;lag) — xflagll) = yay ey Hzy — zo){w1 (21 + 22)/2 — 22} <0,
1 by 1
p = g = (e F ) /2 - 22),  ps) =0,
Lo — I

and ugl) = u by the definition of . Clearly, if 7o > 77 is sufficiently close to 7y

(or, if xo < 7 is sufficiently close to x1) then

561(1‘1 —+ 172)

5 — T < —(1‘1 — 562)
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(for x5 = 1 this inequality results in 23 — z; < 0). Since

1
Vol == Vo lcoimopor = / (@) dz = (21 — z2),

we obtain ugl) < —||V,]|, hence p = pgl) € 00(V,) for 7 > 1 close to 7. This

completes the proof of the present theorem. 0O

Lemma 1. Let ¢ € L'(0,1) be non-negative and the collocation parameters
satisfy 0 < 1 < 1o < 1. If the b;, c;, defined in (2.2) and (2.3), are such that
b; >0,¢;, >0 (1<i<N —1), then the piecewise linear collocation method is
applicable to equation (1.1) for any p € RN oo(Vy,), and hence convergent.

Proof. Again, the claim is trivial if ,ugi) and ,ugi) are complex. If the roots
,ugi) and Méi) are real then it follows from the conditions b; > 0, ¢; > 0 that
0 < (b2 — 41 — 1)) /2 < b; (see (2.5)); this implies that 0 < p{” < u{? and
the applicability condition is fulfilled for p < 0, p € 09(V,,). For p > ||V, |,
the applicability condition is fulfilled by the statements (i), (ii) of Theorem 2,

where [0, [|[V,]]] C 00(Vy,). O

Below we examine conditions for ¢ > 0 which guarantee that b; > 0, ¢; > 0
for all 4 > 1 and any choice of the collocation parameters.

Lemma 2. Let ¢ € L*(0,1) N C(0,1) be non-negative. If the function
&(z) = zp(x)/(1 — ) is non-decreasing on [1/2, 1) then b; > 0 for all i > 1
and all choices of 71, T2 such that 0 <13 <710 < 1.

Proof. For a fixed ¢ > 1, denote z; := xg»i) =1i/(i+7j), j=1,2, and let

g(x1,22) = gi(w1,22) = 1 (al) + a$y) — w2 (al) + @),

where i/(i + 1) < 29 < 21 < 1. Note that b; = i:z:l_lxglg(ml,xg) >0iff g > 0.
So it is sufficient to prove that g(z1,z2) > 0fori/(i+1) < z9 < z1 < 1. Using
(2.1), we have the expressions

al!) =/ o(z)de, af) :/ zo(x) dx,

1

ay) = / o(z)dz, al) = / zp(x) dr,

2 2
to be substituted into the derivatives

9 . ,
=9 _ al) + a¥) — w1p(x1) + @r220(21),

81‘1
0 i i
8—;]2 = —21220(22) — (afy + a)) + zap(2).

Math. Model. Anal., 18(1):1-21, 2013.
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With the help of (3.1) and making use of the non-decreasing property of @, we
obtain

o P . , , ,
L 20— ) o) - (0 + af)

dry | Iz ) + zap(a)(1 — x1) — w1p(1) (1 — w2)

< 2p(w2)(1 — 1) — w1p(21) (1 — T2)

= (1—a1)(1— x2)<x2@(m2) - xlﬂxl)) <0.

1—x2 1—1,‘1

Thus 5 5
a—i+a—igo for i/(i +1) < a2 < a1 < 1,

which means that ¢ is non-increasing along the straight lines zo = x1 — 0,
6 € (0,1). Since

g(1,29) = / (x —x2)p(x)de >0 fori/(i+1) <z <1,

2
it then g(z1,22) > 0 for i/(i + 1) < x5 < &1 < 1, thus completing the proof of

this lemma. 0O

Remark 1. The non-decreasing property of @ for a non-negative ¢ € L1(0,1) N
C1(0,1) in Lemma 2 can be expressed in the form

1
o) +2(1 — )’ (x) >0 for 3 <z <l (3.2)
a simplified sufficient condition for (3.2) and for the non-decreasing behaviour

of @ is given by
1
o(x) +x¢' (x) >0 for 3 <z <l (3.3)

Condition (3.3) will appear in another context when we examine conditions for
C; Z 0.

Lemma 3. Let ¢ € L'(0,1) N C(0,1) be non-negative. Then the inequality
c; > 0 holds for alli > 1 and all choices of the collocation parameters 0 < 11 <
7o < 1 if and only if ¢ satisfies the inequality

CE(p(CU)/ (s —x)p(s)ds —[ ©(s) ds/ sp(s)ds <0  for % <z <l (34)

Proof. We examine the inequality ¢; > 0 for a fixed ¢ > 1 and omit the upper
(@),

index 7 in the z;

x = asgi) =1i/(i+7), T = a:éi) =i/(i+7), /(i+]1)<zy<a; <L

With these notations formula (2.3) takes the form

1 1 1 1
c; =iy’ / w(s) ds/ sp(s)ds — iz ! / sp(s) ds/ (s)ds.
Xy xro Ty xro
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Since ¢ is non-negative, then lel ©(s)ds = 0 implies p(x) =0 on (x1,1) yield-
ing lel sp(s)ds = 0 and ¢; = 0. Therefore, we may assume that fxll o(s)ds >0

which implies f; ©(s)ds > 0, and we can write
1 1 ' sp(s)ds ' sp(s)ds
C; :i/ gp(s)ds/ ga(s)ds( fleip( ) - lelSﬂ( ) >
@ s zo [, p(s)ds w1 [, p(s)ds

We observe that ¢; > 0 for any 1, z2, and i/(i + 1) < x5 < 21 < 1 (for any
71 < 7o satisfying 0 < 71 < 15 < 1) iff the function

O
9(z) xfxl o(s)ds
is non-increasing, i.e., if ¢'(x) <0 for z € [Zi’ 1). Since
J(x) = zo(x) [1(s — x)p(s)ds — [} p(s)ds [ sp(s)ds
(2 [, ¢(5) ds)?

the condition takes the form (3.4); for i = 1 the interval is [3,1). O

Theorem 3. Assume ¢ € L'(0,1)NC*(0, 1) is non-negative and satisfies (3.3),

and
1

(1- a:)go(x)/ p(s)ds >0 asz— 1. (3.5)

xr
Then the piecewise linear collocation method is, for any p € RN oo(V,) and
all choices of the collocation parameters 11, 7o (0 < 711 < 12 < 1), applicable to
equation (1.1) and hence convergent.

Proof. In view of Lemmas 1-3 and Remark 1, we only have to show that
condition (3.4) is fulfilled. Denote

<z<l.

N =

() = apla) [ (s — a)pls) ds — / o(s)ds / () ds,

Due to (3.3), for £ <z <1,

1 1

V(@) = (¢(@) +a¢'(@) [ (s a)p(e)ds+ola) [ sple)ds =0, 30)

x T

Secondly, we have y(z) — 0 as * — 1. In order to prove this, let us denote
P(s) = fsl p(t)dt. Integrating by parts and using (3.5) we obtain

[ -alerds= [ wds. 0< [ (s apls)ds < (1= o)
1 1
0< SO(SC)/ (s—z)p(s)ds < (1-— x)cp(x)/ p(s)ds > 0asx — 1,

so that v(z) = 0 as z — 1. Finally, (3.6) implies that v(z) <0 for § <z <1,
ie., (3.4) is fulfilled. O

Math. Model. Anal., 18(1):1-21, 2013.
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4 Application to Some Concrete Cordial Equations

Consider the Abel type equation
t
pu(t) = / s Pt — ") Tu(s)ds + f(t), 0<t<T, (4.1)
0
in the role of (1.1). The integral operator

(V.

PBy,v

t
u)(t) = / s Pt —87) Tu(s)ds, 0<t<T,
0

is cordial with the core
pw(@) =2 P1 -2, O<az<l, (4.2)
provided that the real parameters «, 3, 7, v satisfy the conditions
v >0, 0<v<l, 8 <1, a+p+yv =1 (4.3)

The first three conditions in (4.3) imply that ¢g., € L*(0,1) whereas the
equality a + 8 + yv = 1 determines « as a function of the other parameters 3,
7, v and is responsible for the cordiality, i.e., for the equality (Vi,, u)(t) =

fot t= g4t s)u(s) ds. It holds [10, 11]

Uo(v

PBy,v

JOR = [0,][Vey M Ve, Il =

.

In the case v = 0 we have

i ra-vrEEs) 1
« =1, — = = —.
Y Ir(l-v+E) 1-5 a

Theorem 4. For all choices of the collocation parameters T, To, satisfying

0< 7 <7 <1, and all values of p € 00(Vips, ) NR (i.e., for p < 0 as well

as for p > |V, ), the piecewise linear collocation method is applicable to
equation (4.1), with conditions (4.3), and hence convergent.

Proof. The function ¢g () > 0 is smooth for 0 < z < 1 and satisfies
conditions (3.3) and (3.5):

Soﬁ,’y,u(x) + xgo/ﬁmu(x) =(1- 5)%0&7,1/(%) + 'Yva_ﬂ(l - xv)_u_l > 0,

(1—2)ppru(@) ~y "1 —2)""" 50 asz — 1.

An application of Theorem 3 completes the proof. O

Consider now the following equation

pu(t) = /Ot t7s* lu(s)ds + f(t), 0<t<T, (4.4)
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which was first introduced in [5]; there a (fourth order) Hermite type collocation
method based on cubic splines in the continuity class C'! was considered, where
the approximate solution was required to satisfy both the original and the
differentiated form of the equation at the mesh points. Further studies for
(4.4) include [2, 4].

We see that (4.4) is a special case of the cordial equation (4.1), with condi-
tions (4.3) being satisfied by the parameter values v = 0, a + § = 1, and with
core (1) =271 (0 <2 < 1), @ > 0. For the spectrum of the operator

(Vg,,au)(t):/O t= s> Lu(s) ds,

formula (1.2) yields (see [10])

1)? 1
UO(V%){)\G(C: (ReAm) +(Im/\)2§4az},

00(Veoo) VR = [0, Ve Il] [IVipo |l = 1/ex (4.5)

ol
By Theorem 4, the piecewise linear collocation method is applicable to equation
(4.4) and hence convergent, for any real p satisfying either p < 0 or p > 1/a.
Below we extend this result to complex p € go(Vi,,,)-

Theorem 5. For all choices of the collocation parameters T, To, satisfying
0<7 <71 <1, and any p € 00(V,,, ), the piecewise linear collocation method
is applicable to equation (4.4) and hence convergent.

Proof. We have to show that, for all choices of the collocation parameters 71,

T2, 0<m <m<l,and all 4, 1 <7 < N — 1, it holds ugi),ug) S JO(V%). For
real ugl), ug) we know this from previous considerations, so let us consider the
case of complex

(@) bi £ (b —4(mp — 11)ei) /2 b2
J 2(rs — 11) ) i (2 —m1)c

with

)y b

)2 _ Alrz —m)ei — b7
2(7’2 — 7'1),

Re u!* Tm 2
oH (I 4(re — 1)

j=1,2.

According to (4.5), the inclusions ,ug-i) € 00(Vy.), j = 1,2, hold iff

bi 1 2+4(7'2—T1)C7;—b12 < 1
2 —11) 2« At —11)2 T 4a?’
ie., bj —2ac¢; > 0. Now denote z; := l‘;—i) =1i/(i + 1), j = 1,2, and

g(x1,20) =i 'w1w2(b; — 2ac;). Then the last inequality is equivalent to
g(x1,22) = x1(a11 + a2z — 20a11a22) — x2(a12 + ag1 — 2aai2a21) >0 (4.6)

Math. Model. Anal., 18(1):1-21, 2013.
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for 1/2 <1/(i+1) <zy <1 <1,1<i<N—1; arguing for a fixed i, we
omit the upper index also in the ayk) to obtain

1 a 1 at1
1—x 1—x
ajl = / Yalz)de = — alg = / xpa(z)dx = -1

o o L a+1
1 o 1 a+tl
1-— 1-—
as1 = /062 Yalz)de = 70[% , Q99 = /12 oo (x)dx = 1 f—Zl .

We see that a1 and aq9 are functions of x; whereas as; and asy are functions
of 9. For 1/2 < x5 < 1, we have

1
9(21,22) o=, =0,  g(1,22) = az2 — 22091 = / (x—m2)pa(x)dr > 0. (4.7)

T2

Further, elementary evaluations yield

(8/3m1)g = a1 + ase — 2aajias9 + {332(1 — 20&&21) — (1 — 20(6[22)},
1= a3+ a?(1 — xg)ay

(a/axl)g|z1:xz - Oé(Oé + 1)
(0/0x1)%g =27 (a(l —22) — 1) for 1/2 < mp <z < 1. (4.9)

>0 forl/2<umxs <1, (4.8)

According to (4.9), (9/0x1)%g does not change its sign for 1 € (z2,1] and
fixed x5. Together with (4.7) and (4.8) this implies (4.6). O

5 Applicability of Piecewise Quadratic Collocation

Some of the results of Sections 3 and 4 can be extended to piecewise quadratic
collocation, by using the following lemma.

Lemma 4. Let ¢ € L'(0,1), u € 00(V,,), m > 1. Assume that, for any choice
of the collocation parameters 0 < 7 < -+ < 7y, < 1, the homogeneous equation
pon = PyVy un, with p1(x) = zp(x), has only the trivial solution vy = 0,
i.e., the spline collocation method of degree m — 1, with arbitrary collocation

parameters T, ..., Tm (0 < 71 < -+ < 7 < 1), is applicable to equation
pu = Vi utf. Denote by Py : C[0,T] — SW1[0,T] the interpolation operator
corresponding to the collocation parameters 7{,...,7,, 1, with 7{ = 0 and any

0<7y<--- <741 < 1. Then the homogeneous equation puy = PyVoun has
only the trivial solution uy = 0, i.e., the spline collocation method of degree m,
with 1 = 0 and arbitrary 75, ...,7),. (0< 71y <--- <7, < 1) is applicable
to equation (1.1).

Proof. Let u% € Su10,T] be a solution to equation puy = Py Vyuy. We
have to show that uQ, = 0. Since p € 00(Vy), uX|jo,n) € P, and V,, maps
P, into P,,, we have u9v|[0’h] = 0. Let £ > 1 be the greatest integer such that
u?\,\[Wh] =0, ¢ < N. Below we demonstrate that £ < N leads to a contradiction
with the definition of £, hence £ = N and u%, = 0.
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Due to the equality puQ = Py V,ul, we have

puly (Ch + 1ih) — (Vould ) (6h +14h) =0, k=1,...,m+ 1. (5.1)
Since 71 = 0, we have, in particular, pu, ,,,(¢h) = (fh Zo(5)uX(s)ds =0,
where u?\ﬂé-&-l = u?v|[gh7(g+1)h}; since p # 0 for 11 € go(V,,), we conclude that
ul p41(¢h) = 0. Thus the left and right hand side limits of u% at the knot
h coincide (are equal to 0), and u%; is continuous and piecewise continuously
differentiable on [0, (£ + 1)h). Furthermore, from (5.1) we conclude that the
derivative of pu®, — V,uQ vanishes at some m intermediate points ¢h + 7h €
(Ch, (€ + 1)h) with 7{ < 7, < 7/, k = 1,...,m. Denoting v} (t) = LuQ(¢),
we observe that

1
jt(V uN)(t) jt/t 130(15*18) ()ds—% ; go(m)u?\,(tx)dx

1 1
:/ zp(x)o% (tx) d :/ o1(2)v% (tr) de = (lev?v)(t)
0 0
for 0 <t < (£+1)h. Thus
v} (Ch + 1ph) — (Vv ) (bh + 7h) = 0, k=1,...,m,

hence v?v,z+1 = IIn Vi, 0% ¢+1, Where o o1 = UN\[gh (¢+1)n] is a polynomial
of degree m — 1, and the mterpolatlon operator Il ¢ corresponds to the poly-
nomials of degree m — 1 and the interpolation (collocation) points 71, ..., T,
0< 71 < <Tm <1, specified above. Due to the assumption of the lemma,
we get ”?\h ¢+1 = 0 which implies u?\h ¢+1 = 0 and contradicts the definition of ¢.
Thus ¢ = N which completes the proof of Lemma 4. 0O

With the help of Lemma 4 we extend Theorems 3, 4 and 5 for piecewise
quadratic collocation as follows.

Theorem 6. Assume ¢ € L*(0,1) N C1(0,1) is non-negative and satisfies
conditions (3.3) and (3.5). Then the piecewise quadratic collocation method
with 71 = 0 and arbitrary o, 73, satisfying 0 < 7 < 13 < 1, is, for any
p € RNoo(Vy,), applicable to equation (1.1) and hence convergent.

Proof. 1t is easily proved that ¢;(x) = xp(x) satisfies (3.3) and (3.5). By
Theorem 3, the piecewise linear collocation method with any 7, 72 (0 <75 <
75 < 1) is applicable to equation pu = Vy,u+ f, p € RN go(V,,). Then, by
Lemma 4, the piecewise quadratic collocation method with 7, = 0 and arbitrary
Ty, T3, 0 < 1o < 73 <1, 1is for p € RN go(V,) applicable to equation (1.1). O

Theorem 7. For 7, = 0, all choices of the collocation parameters o, T3, sat-
isfying 0 < 12 <713 <1, and any p € 00(Vyy,,) NR (i.e., for p <0 as well as
for pn > ||V, ), the piecewise quadratic collocation method is applicable to

equation (4.1) subject to (4.3) and hence convergent.

Math. Model. Anal., 18(1):1-21, 2013.
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Table 1. Eq. (6.1); cubic collocation with the Gauss points.
Maximum of errors at mesh points and convergence rates.

pnw=-04 nw=4
N eN eN/eQN p eN eN/e2N P
4 1.898 x 104 - - 1.235 x 104 - -
8 1.126 x 105 16.86 4.08 7.140 x 10~° 17.29 4.11
16 6.658 x 10~ 7 16.91 4.08 4.127 x 10~7 17.30 4.11
32 3.959 x 108 16.82 4.07 2.407 x 10~8 17.14 4.10
64 2.374 x 1079 16.67 4.06 2.191 x 1079 16.40 4.03
128 1.44 x 10—10 16.51 4.04 1.350 x 1010 16.30 4.02

Table 2. Eq. (6.1); cubic collocation with the Chebyshev points.
Maximum of errors at mesh points and convergence rates.

N eN eN/eQN p eN eN/e2N P

4 1.74 x 10~ - - 8.503 x 10~° - -

8 1.008 x 10—° 17.26 4.11 4.988 x 106 17.04 4.09
16 5.970 x 10~7 16.89 4.08 2.981 x 10~7 16.73 4.06
32 3.595 x 10~8 16.61 4.05 1.807 x 108 16.49 4.04
64 1.422 x 109 16.93 4.08 1.107 x 109 16.33 4.03
128 1.118 x 10—10 15.82 3.98 6.824 x 10~ 11 16.22 4.02

Proof. 'We know that the core function ¢g -, () > 01is smooth for 0 < z < 1
and satisfies conditions (3.3) and (3.5) (cf. the proof of Theorem 4). Applying
Theorem 6 we obtain the statement of the present theorem. 0O

Theorem 8. For 1, = 0, all choices of the collocation parameters o, T3, sat-
isfying 0 < 7o < 13 < 1, and any p € 00(Vy,,) (described in (4.5)), with a > 0,
the piecewise quadratic collocation method is applicable to equation (4.4) and
hence convergent.

Proof. Noting that ¢, (z) = wa+1(z), we obtain the claim of the present
theorem by Lemma 4 and Theorem 5. 0O

6 Numerical Experiments

In the first part of this section we start by presenting some results which il-
lustrate the performance of the collocation method. Then Subsection 6.2 is
devoted to the numerical investigation of the applicability of the method.

6.1 Numerical results by cubic collocation

FEzample 1. We consider the integral equation

pu(t) = /Ot sTV2(t — )7V 2u(s)ds + f(t), 0<t<1, (6.1)
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Table 3. Eq. (6.1); cubic collocation with ¢1 =0, ca =1/4, ¢3 =1/2, c4a = 3/4.
Maximum of errors at collocation points and convergence rates.

pn=-04 nw=4
N EN EN/E2N p EN EN/E2N p
4 2.727 x 10~2 - - 6.69 x 10~° - -
8 1.538 x 103 17.73 4.1 4.50 x 10—6 14.85 3.9
16 6.800 x 10— 22.63 4.5 2.86 x 107 15.72 4.0
32 3.005 x 10~7 22.63 4.5 1.79 x 10—8 16.01 4.0
64 1.328 x 10~8 22.63 4.5 1.11 x 109 16.11 4.0
128 5.869 x 10~10 22.63 4.5 6.88 x 10~11 16.12 4.0

which is obtained from (4.1) settingy =1, =v=1/2anda=1-F—vyv =0.
In the case f(t) = (3¢ + 1)t%/? its exact solution is given by u(t) = t%/2.

Associated with (6.1) is the integral operator

¢
(Veos., u) = / t257 V2 (4 — 5) 7 2u(s) ds,
0
which is cordial with core p(x) = z~/?(1 — 2)~1/? and whose spectrum is such
that
r(1/2)r(/2)
70V N = 0. 1V,1] = [0, “E2 0] — 0,7

Let uy € Si denote the approximate solution of equation (6.1) obtained
by the collocation method (1.7) based on cubic splines, that is, with m = 4.
Denote the errors at the mesh points by el¥ = uy(ih) — u(ih), i = 0,1,..., N,
and eV = max;—o,1,....N |eZN|. Similarly, we define the errors at the collocation
points by e} = un((i+7)h)—u((i+7)h) and EY = max;—o 1, n|e}], fori =
0,1,....,N, 1l = 1,2,...,m. By p we denote the experimental convergence
exponent such that eN ~ N=P or EN ~ N~P,

In Tables 1-3 we have listed the maximum of the errors at the mesh points
and at the collocation points, in the cases p € {—0.4,4}, using several choices of
collocation parameters. Note that the values y = —0.4 and p = 4 are outside
the interval [0,7]. The global convergence order on [0,1] is of course 4; in
Table 3, for p = —0.4 we observe superconvergence behaviour at the collocation
points.

6.2 Numerical check of the applicability condition

Here we are concerned with illustrating the applicability condition (1.9) of the
collocation method (1.7) to equation (4.4). We have undertaken an exhaustive
numerical study for different values of m > 2 and various standard colloca-
tion parameters (including equidistant, Gauss, Radau, Lobatto and Chebyshev
points, among others). Some of the computational results are graphically il-
lustrated in Figures 1-3. Recall that o¢(V,,,) "R = [0,1/a] and assume that

Math. Model. Anal., 18(1):1-21, 2013.
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Imaginary part Imaginary part
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Real part

" Real part
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0.010

o Real part

-0.010

Figure 1. Eq. (4.4); eigenvalues of Dy, ¢ = 1,2,...; linear spline collocation with Gauss
points.

i € po(Vi, ). The applicability condition concerns the invertibility of the op-
erator ul — IIn;V,,, i =0,1...,N — 1, which is equivalent to the condition
det(ul,, — D;) # 0 being satisfied for all 4 =0,1..., N — 1.

Let ¢, := maxo<g<r,, > pey | L1 (z)|. For big i such that c, fil/(i+rm)xa_1da: <
|p| the operator pul — Iy ;V,, is invertible. Let i, , be the first ¢ € N such
that c, fll/(

=l dx < |u|. Then we can conclude that the operator ul —
1N,V

Pa

Fori=1,...,iq,,—1 we investigate the invertibility of of pl,, —IIn;V,, by
computing the eigenvalues pu(* e o0(lIn:Vy,) = o(D;),i=1,...,m. Namely,
if |p®) — i| < i, that is, if u? € o(D;), i = 1,...,m, then u € po(Vy,,) is
different from ,u(i), i =1,...,m, hence the operator ul,, —IIn;V,,, is invertible
and the collocation method is applicable to equation (4.4).

The graphics below show the distribution of the computed eigenvalues for
a € {1.1,5,20,50}, in the cases of linear and cubic spline collocation (Figures 1
and 2, respectively), using the Gauss points as collocation parameters; and also
in the case of quintic spline collocation using the Chebyshev points (Figure 3).
We can see that the (¥ belong to the circle with center in (1/2«,0) and radius
1/(2a). Moreover, in all the numerical experiments we have carried out, the

i+Tm) z
is invertible for 7 > i .
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Imaginary part Imaginary part

010}

) Real part

d Real part o Real part

Figure 2. Eq. (4.4); eigenvalues of D;, i = 1,2,...; cubic spline collocation with Gauss
points.

condition (1.9) was fulfilled (in the frame of the computation accuracy).

The question of the applicability of the collocation method was not ad-
dressed in [4] and [2], where a conjecture was used that the method is always
applicable to equation (4.4). This claim is trivially true for m =1, u € 00(V,,,, );
Theorems 5 and 8 confirm it analytically for m = 2 and m = 3, p € 00(V,,,, ),
with 7 = 0 in the case m = 3. Our numerical check supports the conjecture
that the spline collocation method is applicable to equation (4.4) for arbitrary
m €N, € po(V,,, ) and any choice of collocation parameters.
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Figure 3. Eq. (4.4); Eigenvalues of D;, i = 1,2, .. .; five degree spline collocation case
with Chebyshev points.
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