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Abstract. In this work we consider the one and multidimensional diffusional trans-
port in an s-component solid solution. The new model is expressed by the nonlinear
parabolic-elliptic system of strongly coupled differential equations with the initial and
the nonlinear coupled boundary conditions. It is obtained from the local mass con-
servation law for fluxes which are a sum of the diffusional and Darken drift terms,
together with the Vegard rule. The considered boundary conditions allow the physical
system to be not only closed but also open. We construct the implicit finite difference
methods (FDM) generated by some linearization idea, in the one and two-dimensional
cases. The theorems on existence and uniqueness of solutions of the implicit differ-
ence schemes, and the theorems concerned convergence and stability are proved. We
present the approximate concentrations, drift and its potential for a ternary mixture
of nickel, copper and iron. Such difference methods can be also generalized on the
three-dimensional case. The agreement between the theoretical results, numerical
simulations and experimental data is shown.
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1 Introduction

Quantitative description of the diffuse mass transport is particularly essential
for materials processing and hydrodynamics. It is important for the Navier—
Stokes problem, where it allows considering diffusion in multicomponent fluids
[13]. An inspiring effort dedicated to the rigorous mathematical treatment
of the flows occurring in multicomponent systems has begun with the work
of Darken [10] on the modeling of diffusive flows. In the case of the one-
dimensional binary closed mixture with constant concentration, ¢; +cy = const,
the Darken method allows to transform the system of two partial differential
equations modeling the process

Ogc; = —0, (fD,;(cl, c2)0zc; + cwd) for i=1,2,
to one quasi-linear diffusion equation
8t61 = 81 (D(Cl)awcl), (1.1)

with the initial and the simple boundary conditions (semi-infinite only), where
v? means a drift velocity. Equation (1.1) allows using the Boltzmann-Matano
transformation [3]. It introduces a similarity parameter A\ = (z—x0)/v/t, where
xo is the position of the so-called Matano interface [18]. This ansatz transforms,
in a not equivalent way, the governing partial differential diffusion equation
(1.1) to a nonlinear ordinary differential equation. But in a multicomponent
case (three or more components, s > 3) such the Darken reduction is not
effective, because leads to a system of equations. Analogous procedure is used
in a case of the Onsager phenomenological equations, where the fluxes are

coupled by interdiffusion coefficients D;(c1,...,cs—1) fori=1,...,s.

The drift velocity v? is concerned with the Kirkendall effect [23]. It is the
motion of the boundary between two metals that occurs as a consequence of
the difference in diffusion rates of the metal atoms. The effect can be observed
for example by placing insoluble markers at the interface between a pure metal
and an alloy containing that metal, and heating to a temperature where atomic
diffusion is possible; the boundary will move relative to the markers. The
Kirkendall effect has important practical consequences. One of these is the
prevention or suppression of voids formed at the boundary interface in various
kinds of alloy to metal bondings. These are referred to as Kirkendall voids.

The Darken method was extended for multicomponent systems in [16].
Later it was proved that it is self-consistent with the Onsager phenomenological
description [4]. Several attempts to solve the problem in liquid mixtures were
little effective due to arbitrary selection of the reference frame for diffusion.
The most fundamental approach is given in [6], where a volume transport is
considered.

In the paper we study the model of interdiffusion introduced in [22] and
in some special case in [24], in the one-dimensional and the multidimensional
cases. The model is expressed by the strongly coupled nonlinear parabolic-
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elliptic system

6,567; + diV(*Di(Cl, ey CS)VCZ‘ =+ QVF): 0,

AF =div(X 5y 2eDy(ca,. .., cs)Ver), (1.2)
Jo Fdz =0,
fori =1,...,s, where {2, means the partial molar volume of the kth component

(see Section 2), with the initial and the nonlinear coupled boundary conditions.
It is obtained from the local mass conservation law for fluxes which are a sum
of the diffusional and Darken drift terms, together with the Vegard rule. This
rule is a straight application of the Euler homogeneous function theorem [12].
The strong coupling of the equations is caused by the potential F' of the drift
velocity v?. In the one-dimensional case our model implies the well-known

evolutional model studied in [7,8,16,21,22]

Orci+0, (*Di(ch ceey Cs)amci+ci (Z -Qka(Ch sy Cs)amck+K(t))): 0, (13)
k=1

for i = 1,...,s. Note that the three-dimensional generalization of (1.3) has
been studied for example in [5,9]. But in those papers it is assumed that a
some vector field equals zero because the divergence of this field equals zero.
It is not a mathematical way and physically a part of information from fluxes
is neglected. We omit this assumption by a postulate that the field of the drift
is potential. A detailed analysis of a concept of the drift velocity, a choice of
the reference frame, as well as the other physical, mathematical and numerical
consequences of the proposed formalism can be found in [4,7,8,11,16,25,26] and
in the references therein. In those papers concentration of a mixture must be
constant, while the Vegard rule assumed by us admits the overall concentration
depending on time and a space. We do not use the Darken reduction method
and the not equivalent Boltzmann—Matano substitution mentioned above.

The aim of the paper is giving the implicit finite difference methods (FDM)
of approximate solving of system (1.2) with the initial-boundary conditions
in the one and two-dimensional cases, and theirs mathematical analysis. In
the construction of the numerical methods an idea od some linearization is
used. The agreement between the theoretical results, numerical simulations
and experimental data is shown.

Let us stress that such strongly coupled systems as (1.2) or (1.3) (i.e., by the
second derivatives) mathematically have been seldom investigated. The system
(1.2) is a little similar in the structure to the Nernst—Planck—Poisson system
(NPP) [1,2,14,15]. We suppose after analysis of the papers mentioned above,
concerned the NPP model that if the initial concentrations and the fluxes on
the boundaries are sufficiently regular, then system (1.2) has a unique regular
solution. It is a completely new model and our analytical investigations are
not finished.

In the paper we prove that the convergence and stability of our method with
respect to the concentrations are equivalent to the convergence and stability
with respect to the potential, in the suitable difference maximum norms. In
the proofs we use a technique studied in [17,19,20]. We assume additionally
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that some difference quotients are uniformly bounded with respect to meshes.
This property is observed in numerical experiments. Since our differential sys-
tem is parabolic—elliptic strongly nonlinear system, theoretical convergence and
stability analysis for the proposed numerical method is a challenge task. The
same problem is open for the NPP model.

The paper is organized in the following way. In Section 2 the initial-
boundary differential problem is formulated. Sections 3 and 4 deal with the
construction of the implicit finite difference methods, the theorems on existence,
uniqueness of solutions to the suitable difference schemes and some convergence
and stability properties in the one and two-dimensional cases, respectively.
Moreover, the examples of physical problems and numerical experiments are
given in these sections.

2 Strong formulation of an interdiffusion model

In [22] the following model of interdiffusion is constructed. Let an open and
bounded set {2 C R™ with a piecewise smooth boundary 92, T > 0 and
s € N\ {1} be fixed, and denote Ry = (0,00). The symbol 2 means the
closure of (2.

The following data are given:

1. 2, = const € Ry — the partial molar volume of the ith component of
the mixture, 1 = 1,...,s.

2. D; : [O, Q%] X .o X [0, Qi]% R4 — the diffusion coefficient of the ith

component of the mixture, i =1,...,s.
3. cp;i : 2 - Ry — the initial concentration of the ith component of the
mixture, 1 = 1,...,s.

4. j; - [0,T] x 02 — R — the evolution of a mass flow of the ith component
of the mixture through the boundary 042, i =1,...,s.

The following functions are unknown:

1. ¢ : [0,T] x 2 — Ry — the concentration of the ith component of the
mixture, 1 =1,...,s.

2. v?:[0,T] x 2 — R™ — the drift velocity.

We assume that each component of the mixture is a continuous medium,
i.e. it satisfies the local mass conservation law (continuity equation)

Oe; +div; =0 on [0,T]x 2, i=1,...,s, (2.1)
where
Ji = —Djlci,...,co)Vei +cv? on [0,T]x 02, i=1,...,s (2.2)

is a flux of the ith component of the mixture, and it is a sum of the diffusional
and Darken drift fluxes. Note that (2.2) is a generalization of the Fick flux
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formula. Moreover, we postulate the constant partial molar volumes and the
noncompressible transport (Vegard rule)

i 2;¢;,=1 on [0,T] x 2. (2.3)
i=1
Consider the initial condition on the concentrations
ci(0,2) = coi(z) on £, (2.4)
and the boundary conditions
Jion=j(t,x) on [0,T] x99, i=1,...,s, (2.5)

where n is the outside normal to the boundary 9f2.
Multiplying (2.1) by §2;, adding its by sides and using (2.2), (2.3) we obtain
the volume continuity equation

&N—E:QDmm”w@W@+w%:Oon[Qﬂxﬁ.
=1

We postulate that there exists a potential F of the drift v%:
VF =% (2.6)
In consequence
AF = div(z 2;Di(c1,. .., cS)VcZ-) on [0,7] x .
i=1

Moreover, multiplying (2.2) by (2; and n, adding its by sides and using (2.3),
(2.5) we get
> Oc

8£:Zﬂi(l)i(ch...,cs)af;+ji(t,x)) on [0,T] x 912.

The solution of the problem of interdiffusion in the s-component solid solu-
tion are the functions ¢;, ¢ = 1,...,s and F' which fulfill the strongly coupled
nonlinear parabolic-elliptic system

Osc; + div(—Di(cl7 .oy ¢5)Ve + ciVF): 0 on [0,7]x £2,
AF =div(Y5_ 2kDg(cr,...,c)Vey) on [0,T] x £2, (2.7)
JoFdz=0 on [0,7],

with the initial condition

ci(0,x) = coi(z) on ﬁv (2.8)
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and the coupled nonlinear boundary conditions

(2.9)

—Dj(cq, ... ,cs)acl +c%E =ji(t,x) on [0,T] x 042,
=30 2 (Dk(cl, ol cs)%’f +jk(t,x)) on [0,7] x 0£2,

t=1,...,s. We assume the constant volume

/ S° 2ilt,2)dS = 0
00—

for t € [0,T]. It can be treated as the compatibility condition to the elliptic
subsystem be well posed. This condition follows immediately from the Gauss
theorem. Moreover, we assume the Vegard rule on the initial concentrations

ZQiCOi(x):l on .Q,

(see (2.3), (2.4)).

Remark 1. If n = 1 and v? is continuous, then there exists F' in (2.6). Moreover,
in this case system (2.7) with the boundary conditions (2.9) imply by integra-
tion of the elliptic equation on F', the strongly coupled nonlinear evolution
System

Orc; + Oy (—Di(cl, ey Cs)axci

+ cl(z 2Dy (cy, ..., cs)0qpch + K(t)))z 0, on [0,7]x £, (2.10)
k=1

and the coupled nonlinear boundary conditions

—Di(cl,..., (ZQka 017"'7 )aacrllc

+Kam):ﬁ@xyon[Qﬂxam (2.11)

i=1,...,s, where

Zgz]z t A ngjz a

= (—=A,A). The one dimensional model (2.10), (2.8), (2.11) is well-known
for many years [7,8,16,21, 22].

Remark 2.1f n = 2 or n = 3, £2 is a connected region and rot v? = 0, then
there exists F' also in (2.6). Nearly all of the diffusion processes in solids
show negligible turbulence, thus it can be neglected and the postulate about
rot v¢ = 0 is appropriate.

Math. Model. Anal., 24(2):276-296, 2019.



282 B. Bozek, L. Sapa and M. Danielewsksi
3 Implicit difference method and example, case n=1

Let 2 = (—A, A). We assume to test our model that the diffusion coefficients
D; are constant and the physical system is closed, i.e. j;(¢t, 4) = j;(t,—A) =0
fort € [0,T],i=1,...,s. The initial-boundary differential problem (2.7)—(2.9)
takes now a form

Ot¢i = DiOpyci — 0,0, F — ¢;0,x F on  [0,T] x £2,

ame = ZZ:I Qkaangk on [O,T] X .Q, (31)
JoFdx=0 on [0,7],
ci(0,2) = coi(x) on 2, (3.2)
—D;0.c; + ¢; 22:1 2, D0zc, =0 on [0, T] x O0f2, (3 3)
GZF = lec:l .QkaazCk on [O,T] X 8!2, ’
i=1,...,s. Taking into account the Vegard rule (2.3), we calculate
1 s—1
Cg = ﬁé(l — ;chz>;
and then (3.1)—(3.3) are reduced as follows
&tci = Dlamcl — 81;018:,3F — Czasz on [O,T] X Q,
OaF = 3578 (Dy, — D)dpucr, on  [0,T] x £2, (3.4)
JoFdxr=0 on [0,T],
ci(0,2) = coi(x) on £, (3.5)
—Didyci + ¢ Y5t 24(Dy — Dy)dper, =0 on  [0,T] x 992, (36)
OpF =01 (D — Dg)dyer, on [0,T] x 82, '

i=1,...,5— 1. We assume additionally that
s—1
Z QiCOZ‘(l‘) <1 on {2.
i=1

3.1 Implicit difference method

Define a mesh on 2 in the following way. Let h = 2A4/(M + 1) and 7 = T/K
stand for the space and time steps of the mesh, respectively, where M, K € N
are given. Define nodal points (¢, x,,) as follows

Ty =—-A+mh, m=0,1,... M+1,
th=pr, p=0,1,..., K.

We define an implicit difference scheme for the elliptic subsystem on F' in
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(3.4)—(3.6). It is a system of linear algebraic equations of the form

—FyM 4 T = P (o) = 3000 (Dx — Dy) (_Cg,o + CZ,I)’
Epfy = 2B+ FR = Pl (o)
s—1
=D k=1 92 (Dk - DS) (Clli,m—l - 2CZ,m + CZ,mH)’ (3.7)
+1 +1 N e
FJI\Z - FJ\MJ-H = Pz\‘ﬁ[+1(c) = Zk:l 2 (Dk - DS) (Cg,M - Cg,MJrl)’

R+ 2 B+ B =0,

form=1,...,.M, p =0,...,K — 1. For each p it is the system of M + 3
equations with M + 2 unknowns.

Then we define an implicit difference scheme for the concentrations c¢;, i =

1,...,8—1 as a system of linear algebraic equations of the form
, , Y
o pt1 woptl oA
%GoCo tai1C1 = Q0 =0,
Iz p+1 wooptl Iz I o Y N S
di,m—lci,m—l T VmCim T Wmt1Cm+1 = Qim = € mCim> (3.8)
woptl H pt+l A ._
GiCim T Goar1Ci M1 = Qi,M+1 =0,
where
-
_ noo_
K= 72 Vi =1 + 2kD;,
1
Iz _ . put1 put1
di,m—l = —kD; — Z"i(Ferl - mel )

b

)
U iy = —KD; + ilﬁ(Ff;ill _ Ffrﬁll)

el =1 — k(FEY] —2F0F 4 ALY,

7,m m+1
s—1
qﬁo = qffM+1 =D, qzy,l =—-D;+ Z 2 (Dk - DS) (CZ,I - Cz,o) )
k=1
s—1
qffM =—D; + Z o (Dk - DS) (CZ,M - Clli,MH) )
k=1

form=1,....M,i=1,...,s—1land u=0,..., K — 1. For each u and i it is
the system of M + 2 equations with M + 2 unknowns.

If vf’ f;n) # 0, then we make a sequence of the Gauss substitutions

Uff,(co):qﬁk, k=0,1, vﬁg):vzm—d”

. (vu(mfl))—lvu(mfl)

,m—1 i,m ’

wim)  _ wim)  _ u w(M+1) _ iz (M) =1 p(M)
Vim—-1 =05 Uiy = U1V 1 = G — Tom (Ui,M ) Vi M1
w(M+1) _ w(0) _ Ap wim) _ ~p Iz pw(m—1)\ =1 Hu(m—1)
Vi M =0, i,0 — “i0» Qi,m = Qi,m _di,mfl(vi,mfl ) im—1 >
QM(MH) Y b (UH(M))_l w(M)
iM+1 = Winm+1 — v Vi M
(3.9)

m=1,...,M,i=1,...,s—1.
Theorem 1. (i) For all the steps h, T, system (3.7) has exactly one solution

Math. Model. Anal., 24(2):276-296, 2019.
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FHFY for given concentrations (cf,...,ct |) of the form
—1 M
el Z=1 21,(Dy, — Ds) [_Cllé,o —2> CZ,I +(1+ QM)CZ,M+J
M+1 2(M +1) ’
FrHl=phtl ZQk Dy = Dy) ()t iy — i), m=DM,...,0.  (3.10)
(ii) System (3.8) has exactly one solution ({7, ... "t for given concentra-
tions (cf,...,c" 1) and potential F*T' if and only if the steps h, T are such

small that v"™ #0,m=0,....M+1,i=1,...,s— 1. It has the formula

1,m

-1
1 M+1 M+1
fLH = (Uf,gW-o-l )) QZ(MH ), (3.11)
—1
+1 m m m +1
Cﬁm = (Uﬁsn )) ( ﬁsn) _vf,gn—glclii,m-&-l) I m:M,...,O,

fori=1,...,s—1.

Proof. We will prove firstly point (i). Let any u be fixed and let concentrations
(chfy...,ci_ ) be known. Adding the first equation to the second one, the new
second equation to the third one, and so on, leads to the system

1 1 00 - 00 0 0 pot Zg:opﬁ(c)
0 - 0 - 00 00 FW ZQZUP]H(C)
0 0 -1 1 -+ 00 00 F““ >0 Pl(e)
0 0 00 -+ 00 -1 1 F““ Zgiopf‘(c)
0 0 00 - 00 00 [ S PE(c)
1 2 22 - 22 21 M+1 0

It follows from elementary calculations that ZMH P (c) = 0. Hence, the last
equation but one can be omitted and after next ehm1nat1ons we get the equiv-
alent system, where the (M + 1)th equation is defined as

M l
20M + D)FEL = (1420 Pl(e),
1=0 j=0

with the square (M +2) x (M +2) nonsingular matrix. It has a unique solution
of the form (3.10), because

1
Z Z 21(D (Ck 141 Ck l

l

(1+20)) " Plc)

Mz

§=0 1=0 §=0
s—1 M
= (Dp = Do) [~chy— 2> chy+ (L+2M)c ], 1=0,..., M.
k=1 =1

Now we will prove point (ii). Let any p and ¢ be fixed and let concentrations
(cf,...,ct ) and potential F#! be known. We see that the matrix in (3.8) has
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a tridiagonal form. Assume that the steps h, 7 are such small that vf:i:l) #0,
m=0,...,M+1in (3.9). In consequence, after the use of the Gauss elimination
method (3.9), system (3.8) has the equivalent form
o' o0 0 000 0
0 R SO 000 0
0 0 ot WP 0 0 0 et
5 3 n41
i1
CﬁK}H
M M
o 0 0 0 0 wvh Uﬁg”ﬁ)ﬁm
0 0 0 0 e 000 O
Qrp
w(1)
_ i1
Qi

It has a unique solution of the form (3.11). O

Remark 3. Unfortunately we are not able till now to give an effective formula

: 1 1 1. :
on the steps h, 7, independent on F/*"1 | F/**H FF*L in order to the matrix

generating system (3.8) be nonsingular.

Let (¢, F), ¢ = (c1,...,¢s—1) be the solution of (3.4)—(3.6) and let (w,G),
w = (wy,...,ws_1) be the solution of (3.7), (3.8). Define the errors of the
difference method

r=c—w, R=F-G,

the maximum norms

I7]lo :max{|r§"m\ cp=0,...,K, i=1,...,s—1, m=0,...,M+1},

|Rllo =max {|R%|: p=1,...,K, m=0,...,M+1},
and the seminorms

71l () :max{\rﬁm| ch=0,...,p i=1,...,s=1, m=0,...,M+1},
where =0, ..., K. Define also the difference quotients

w B wo
5+7"M _ Ti,m+1 ri,m 5_71;;, _ Ti,m ri,mfl
in,m h ’ in,m h ’
K I 1% 1% %
P Timt+1 ~ Tim—1 5@ _ Tim—1— 2T m T Timi1
ri,m - 2%h ’ Tl',m - h2 )

and analogously JRY,, 5(2)RﬁL. We introduce the following seminorms
||§T|\0=max{|6r§fm|: p=0,.. K i=1..s-1, m=1,...,M},
||5(2)7“H0=max{|5(2)rffm|: p=0,... K i=1,..,5—1, m=1,...,M},
|0R|jo = max {|0R¥|: p=1,...,K, m=1,..., M},
[6@R|lo = max {|0PRE|: p=1,....K, m=1,...,M}.

Math. Model. Anal., 24(2):276-296, 2019.
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Moreover, we consider the maximum norms
7l = [Iroll + 167llos lI7ll2 = lIroll + 167llo + 547 lo,
IR]lx = [[Roll + I6Rllo, | Rll2 = [[Roll + I6R]lo + 16 R]lo.

Theorem 2. Assume that (¢, F) € CY2([0,T] x 2,R®), ¢ = (c1,...,cs—1) 148
the solution of (3.4)-(5.6) and (w,G), w = (wy,...,ws_1) is the solution of
(3.7), (3.8). Then there exist real valued functions a;(1,h), i = 0,1,2 such
that

s—1
IR0 < 22 2k|Dy, — Dsl|I7|lo + ao(T, h), (3.12)

k=1

s—1

I6R]l0 < 2| Dy — Ds|[[57[lo + (7, B),
k=1
s—1
18P Rllo <>~ 2Dy, = Dy[|8Prlo + az(, h),
k=1
and lim  o(1,h)=0,i=0,1,2.

(7,h)—(0,0)

Proof. 'We define discrete functions e/, e# 1 as follows

—FM L R = Pl (e) 4 heb T
Fn’ifil - ngjl + B = Pr(e) + h2ettl)
+ + +

13 *Fz\lﬁIH = Pypyi(c) + hely o,

F“‘H + 22 Fu+1 + FH+1 _ h€u+1
form=1,.... M,i=1,...,s—1, u=0,...,K — 1. The regularity of the
differential solution (¢, F') implies the existence of a real valued function e(r, h)
such that form=0,.... M+1,¢=1,...,s—1, u=0,..., K — 1,

P et < e(T, b li h) = 0. 3.14

e < elr b, lim e(nh) (311

Let pu € {0,..., K — 1} be fixed. Observe that the elliptic error R¥T! is the
solution of the system of algebraic equations

_Rlot—i-l + R/1L+1 — P/L( )+ hs/t—l—l’
R — 2RI 4 RUEL = Pli(r ) + e,

(3.13)

1 +1 (3.15)
RH+1 Ry 1 PJl\i[-s- (r )++}1LEM+1)
RET 42 M Rl RAFL = Lentt,
m = 1,..., M, where the parabolic error r* is treated as given. Reasoning

similarly as in the proof of Theorem 1 we get

s—1 n L —u
il _ k=1 2u(Di—Ds)[— Tho 221 1T+ (1+ QM)TZ,MH]‘*{I i
M+1 2(M +1) ’

RiUFI=REAL — ng Di=Dy) (s =7k ) =B, m=M,...,0, (3.16)
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where
M l 1 m
ghtl= Z(l + 2l)(h56‘+1 + h? Z 55+1)+E€”+1, ghtl—pehtt 4 p? Z 59‘“.
1=0 j=1 =1
Note that
SR = Zrzk (Di, — D)orl , + B m=1,..., M, (3.17)
6(2)R5’L+1 Z‘Qk Dk_ 6(2) M +€'Irf11+17 m:17"',M7
where
Eﬁfl ) Z E“H hzs‘;fl.
Put
1
ao(r,h) = [(1+24)h+ A* + A+ Z]a(n h), (3.18)

ay(r,h) = (%h +1+2A)e(r,h), az(r,h) =e(r,h).

It follows from (3.14), (3.16)—(3.18) that
s—1
|REFY <23 24|Dy, — Dif|Irflo + ao(m k), m=0,...,M+1,

k=1

s—1

ORI < %[ Dy — Dll|or(lo + ea(r,h), m=1,..., M,
k=1
s—1
6@ REF <57 2| Dy — Dl16@ 1o + an(r,h), m=1,.... M,
k=1

and in consequence (3.12). 0O
Theorem 3. Assume that (c, F) € CY2([0,T] x 2,R®), ¢ = (c1,...,¢5-1) is

the solution of (3.4)-(3.6) and (w,G), w = (w1, ..., ws—1) is the solution of
(8.7), (3.8). Let moreover

lsGr|< A, |6®GH|< B, 0Twhy], |67 wl ]S C (3.19)
Ah < 2D, h <D, lim h_ 0, (3.20)
T (1,h)—(0,0) T

i=1,....,s—1,m=1,.... M, u=0,...,K, where A,C,D >0, B > 0 are
some constants. Then there exists a real valued function 5(7,h) and a constant
d > 0 such that

LT -1 C s—1 @
Irflo < —F [(1+h*29k|Dk—D )d (II6Rllo + 16 Rllo)+5(T, h)]
b k=1

(3.21)

Math. Model. Anal., 24(2):276-296, 2019.
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d i h) = h
an (T7h)1_>m(070) B(7,h) =0, where

s—1

CDZQk|Dk—D |+(1+2AC ZQk|Dk—D )B.

’L

L=

Proof. We define discrete functions £ as follows

o pt1 w1l u p+1
GoCio T %aCin = Qo+ s

" nt1 u+1 m pnt1
dzm lczm 1+’U7,m i,m +uzm+lczm+1 sz—*—T’yzm?

pt1 pn+1
qlM zM +q7, M-‘,—lcz M+1 — Qz M+1 +h71 M+1>

fori=1,....,.s =1, m=1,.... M, p =0,..., K — 1. The regularity of the
differential solution (¢, F') implies the existence of a real valued function (7, h)
such that fori=1,...,s—1,m=0,.... M +1, u=0,..., K — 1,

ptl h li h) = 0. 3.22
Vi | < (7, h), LT y(7,h) (3.22)

Moreover, by this regularity there is a constant d > 0 such that

stelol, |67 yal<d (3.23)

Ci,m” | 'Lm| |

fori=1,...,s—1,m=1,....M, u=0,....K
Suppose that p € {0,..., K — 1} is fixed. In the case m € {1,..., M} we
have

il = (1= 6@ Gtk 7 (DisPrt = sGhttortth
T(—(Scf;zléRﬁnH o OB REF) fralit L,

The above relation and (3.19), (3.20), (3.22), (3.23) give the estimates

(14 2D;r)|rt <

F || Di — 76G"+1|| T

+ K|D; + 5G#+1||r;‘,+n1 | HTd(|OREF 4+ [P REF ) 477 (T, ),
(1+2D;r) |r““|< L+ 7B)|r|l ) +2Dis|rl )
+7d(||6R||,+[| 0P R]| )+ (T, ),

|7“§f;1|§ 1+ 7B) HTH(#)-FTd( —I—H(S(Q)RHO)—i—T’y(T,h). (3.24)

Now consider the case m = 0. Using (3.19), (3.22), (3.23) we can write

H—H (1_7ZQI€ Dk— 5+wk 0)7‘#—"_1
h h
ilelDlZQka_ 5Tk0+ﬁ’7(;rl7
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(C +d)
it < (1+ h— Z 2x|Di — D)) fr#+1’+hT ; Q:|Dy — Dy
+ hﬁi’y(T, h). (3.25)
Put
d) C & D
B =2 =5, 2 DD (b 5 3 U DD ) )

The formulas(3.24), (3.25) imply the estimate
C s—1
1
o < (L+7L) H’"H(H)‘H(l + hﬁz I; 2| Dy, — Ds|)

x d([[0R]| o+ ][5 Rl )+B(r h). (3.26)

Analogously we obtain the same estimate in the case m = M + 1,

[t il L) [+ (1 +hg ng|Dk_D )

x d([[sR]|,+]|sP R ) +7B(r, h). (3.27)
From (3.24), (3.26), (3.27) we get the recurrence inequality

v H(er) (L+7L)[|r H( )+T(1+h ZQk|Dk—D |)

x d([|0R||,+][0® Rl ) +7B(7, h). (3.28)
The recurrence inequality (3.28) gives

LT
Il < S [0y an D,1)d (J6R]o + 52 Rlo) + (. b)),

w=0,..., K, and finally (3.21) holds. O

Remark 4. It follows from Theorem 2 that the convergence of the difference
method with respect to the concentrations implies the convergence with respect
to the potential in the norms || ||;, ¢ = 0,1, 2, respectively. On the other hand,
it follows from Theorem 3 that the convergence of the difference method with
respect to the potential in the norm || |2 implies the convergence with respect to
the concentrations in the norm || ||o. Moreover, if the initial concentrations are
of such regularity that the solution (c, F) of (3.4)—(3.6) belongs to C%3([0,T] x
£2,R®), then the truncation errors 7, R = O(7 + h).

Remark 5. It can be proved that the difference method studied is stable in the
similar manner as it is convergent, that is the stability with respect to the
concentrations is equivalent to the stability with respect to the potential. The
proof is analogous to the proofs of Theorems 2, 3.

Math. Model. Anal., 24(2):276-296, 2019.
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3.2 Example and numerical experiments

To illustrate a class of problems which can be treated with our method, we con-
sider an example of a ternary mixture of nickel (Ni), copper (Cu) and iron (Fe)
with constants D;, i = 1,2,3. The examples with D; depending on densities c;
(the dependence is of a polynomial type) are given in [25,27].

Let the physical data be given:

$s=3, Ni—Cu—Fe, A=0.035, ({,)s,23)=(6.5,7.0,7.1),
(D1, Dq, D3) = (1.58-107*3,5.73 - 1071%,2.99 - 10~ 11),

(co1, o2, co3) = (0.069846, 0.047244,0.030175) in [—A,0],

(co1, o2, co3) = (0.0,0.047244,0.094119) in (0, A].

For the times 0, 7 and 28 days we obtain with the finite difference method
(FDM) given in Subsection 3.1 the following results (in Figures (1-2) the cal-
culations are made on the mesh with 150 space nodal points):

-0.03 —-0.02 -0.01 0.01  0.02 0.03 * -0.03 -0.02 —0.01 ' 0.01 002 0.03 * -0.03 -0.02 —0.01 0.01 002 0.03

Figure 1. Distributions of concentrations ¢; (i = 1,2, 3) for the times 0, 7 and 28 days
respectively: c¢; — blue, c2 — red, c3 — green.

v VF' VF
12x107% 12x107% 12x107%

1.x 1079 1L.x107 1.x107%
8.x107 8.x107
6.x10™° 6.x10~°
4107 4.x107

2.x107° 2.x107°

1 x 1 x
=0.03 -0.02 -0.01 0.01 0.02  0.03 =0.03 -0.02 -0.01 0.01  0.02 0.03 =0.03 -0.02 -0.01 0.01  0.02 0.03

Figure 2. Distributions of dryft v® = VF for the times 0, 7 and 28 days respectively.

4 Implicit difference method and example, case n=2

Let 2 = (—A,A) x (—A,A4). We assume to test our model that the diffusion
coefficients D; are constant and the physical system is closed, i.e. j;(¢t,2) =0
for (t,z) € [0,T] x 042, i = 1,...,s. Reasoning similarly as in Section 2, the
initial-boundary differential problem (2.7)—(2.9) takes a form
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Oci = Di(axlxl ¢ + 81'21’281') - aacl CiaxlF

—03,Ci0, F — (03,2, F + 0pp0, ) on  [0,T] x 2,
Opr2y F4+0p,2, F =

S5 2u(Dy — Do)y €k + Onpwncr) on [0,T] x £2,
JoFdxr=0 on [0,T],

¢i(0,2) = coi(x) on £,

—Diaz].ci + ¢ 22;11 Qk(Dk — Ds)amjck =0 on [O,T] X 80,
8o, F = Y070 2u(Dy, — Dy)dy,cr, on [0,T] x 92,

291

(4.1)

(4.2)

(4.3)

j=1,2,i=1,...,s — 1. The concentration cs; we calculate from the formula

1 s—1
Cs = ﬁé(l — ;Qlcl)

We assume additionally that

s—1
Z Qicoi(x) <1 on £
i=1

4.1 Implicit difference method

We define a mesh on {2 in the similar way as in Section 2. Let h = 24/(M +1)
and 7 = T/K stand for the space and time steps of the mesh, respectively,

where M, K € N are given. Define nodal points (t*,x1;, x2,,) as follows

ry =—-A+1h, 9., =—A+mh, [, m=0,1,...,. M +1,
th=pr, p=0,1,..., K.

We define an implicit difference scheme for the elliptic subsystem on F' in

(4.1)—(4.3). It is a system of linear algebraic equations of the form

R 4R LR = Pl =0
Pl
oy - lef1 = Pz‘fo(c) =2 ke {2 (Dk - DS) (Cllz,z,o - Clli,u)v

1 1+l 1ppt+l _ pp o
FM+11,0 - 2I*IM+1,1 —5Fvo = PlM-&-LO(C) =0,
n+ p+l _ pp e NS " Iz
Fom 1* Fiom - Po,m(cz T k=1 o (Dk *1 DS) (Ck,O,m - Ck,1,m)v
Ht ot Ht Ht ntl  _ pp
4F‘l m Fl+1,m - F‘l—l,m - F‘l,m+1 - Fl,m—l - Pl,m(c)

pn+1 u+1l_ pup "
FM+1,m_FM,'m_P

pnt1 1 pptl 1ppt+l _ pp .
FO,M+1 - §FO,M - §F1,M+1 = PO,M+1(C) =0,

1 pt1 ptl pt1 nt1
1 (Fo,o + Fonvre1r T P10+ FM+1,M+1)
1 M pn+1 pn+1 pn+1 pn+1
+3 2 k=1 gfo,k + Pyt Feo + Fk,M+1)
M p+l _ pp o
+2im1 k=1 Fie - = Papiaple) =0,

Math. Model. Anal., 24(2):276-296, 2019.

—s—1
= ZZ:l ‘Qk? (Dk—DS) <4cg,l,m_CZ,Z+1,m_cg,lfl,m_cg,l,m%»l - cg,l,m71)7

]\/[+1,7rL(C) = Z;i “Qk (Dk_D‘S) (CZ,IVIJrl,m - CZ,M,m)’

pu+1 ut+l _ pp . \s—l H I
Fl]\ffrl - Fl,M = Pll,JVI+1(C) ~—+ k=1 2% (Dk - DS) (Ck,l,MJrl - Ck,l,M)7
M 1 ppt _lpp _ pH ._
FM+1,M+1 - 2FM+1,M QFM,M-H = PM+1,M+1(C) =0,
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forl,m=1,...,M,u=0,..., K—1. For each p it is the system of M?2+4M+5
equations with M?2 + 4M + 4 unknowns.

Then we define an implicit difference scheme for the concentrations c¢;, i =
1,...,5 — 1 as a system of linear algebraic equations of the form

pnt1 © nt1
7, lm z lm + rz I+1,m z l+1 m + lz -1, mcz l—1,m + ui,l,m+lci,l,m+1
+d“ e pt1 Iz N
JAom—1%3,l,m— 1= 'le+_1 il,m i,l,m?
# # — —

sz+1m 1M+1m+q1Mm 1Mm_Qi,M+1,m '_07
ML 1CM+1 1 c‘” Qu =0

1,0,M+1 +2 ,0,M — 2 z,l,%+1 ,0,M+1 = ™

1 w I I ._
Si i M+1Ci M1 T Si,l,MCiJ,M = Qi,l,MJrl =0,
nt+1 1 p+1 1 .p+1

I T o
CiM+1,M+1 — 26 M+1,Mm T 2C M M1 T Qi,M+1,M+1 =0,

where

Ii:ﬁ7 ”m =1+ 4kD;,
Iz _ L nt+l pptl
pi,l—l,rn - _HDZ 0‘25H<F}+1,nz -1, 7n)7
iz _ /H-l pnt+1
T, = —RD; + 0255 (LY — FT ),
H _ o pt1 u+1
di,l,m—l - _KDZ 0255(1:‘! m+1 l ,m— 1)7
Iz _ ) pt1 u+1
ui,l,m+1 - _HD'L + 0'25H(Fl,m+ lm 1)7
1 Iz u+1 p+1 p+1
ez,lm 1_K(Fl+1m+F— _4‘F Flm+1 F‘lm 1)
H _ M _n.
0,m = qi,M+1,m =S50~ Sz‘,l,M-H = D;,
s—1
H _ . _ Iz M
Giam = —Di+ Z 2 (Dy, — Ds) (Ck,l,m ck,O,m) )
k=1
s—1
H _ ) _ H _ K
Gvgm = —Di+ E :Qk (Dk DS) (Ck,M,m Ck,M+1,m> )
k=1
s—1
I ) _ o
S = —Di+ E :Qk(Dk DS) (Ck,l,l Ck,l,O) )
k=1
s—1
K _ ) _ H _ LK
Siam = —Di+ E :Qk (Dk DS) (Ck,l,M Ck,z,M+1) )
k=1

Im=1,.... M,1=1,...,s—1land p=0,..., K — 1. For each y and ¢ it is
the system of M2 + 4M + 4 equations with M? + 4M + 4 unknowns.

Remark 6. Similar theorems and remarks to Theorems 1-3 and Remarks 3-5
are true. The proofs are analogous.
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4.2 Example and numerical experiments

To illustrate a class of problems which can be treated with our method, we
consider an example of a ternary mixture of nickel (Ni), copper (Cu) and iron
(Fe) with constants D;, i =1,2,3.

Let the physical data be given:

=3, Ni—Cu—Fe, A=0.035 (1,72, 02;)=(657.0,7.1),

( 1,D2,D3) = (1.58 - 10713, 5.73.107'2,2.99 - 10~ 11),
(co1, coz; co3) = (0.03,0.064857,0.0908451)

in 7= {(ar@2) 5 (01— 4/4) 4 (21 - 4/4)°< (4/V5)*}
(601, Co2, 603) (0 04 0 0 0 0366197)

i Zy = {(@1,02) + (21 + 4/4) "+ (21 + A/4)°< (AVE) ]\ 24,
(co1, Coz; co3) = (0.01,0.08285715, 0.0908451)

in Z3 ([ ] [—A, A])\(Zl UZQ)

For the times 0, 7 and 28 days we obtain with the finite difference method
(FDM) given in Subsection 4.1 the following results (in Figures 3-8 the calcu-
lations are made on the mesh with 21 x 21 space nodal points):

G & G

0.10¢ <

] oo
0 0”\ 0.02 |
0.00 ’
‘\\ 0.00 S~
-0.02 | -
~_

0.00 /—o.oz

0.02

Figure 4. Distributions of C'u concentration cg for the times 0, 7 and 28 days
respectively.

Math. Model. Anal., 24(2):276-296, 2019.
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(&}

3.x1071
2.x 10711}
l.xlO’“\

Figure 6. Evolution of the potential F' distribution for the times 0, 7 and 28 days

0.01

0.01

respectively.
VF VF VF
0.03 N 0035 \\\\V\\V LS s
=Y ) WAV AT )~
0.02 .[‘\J ‘ ‘w} 0.02 \\\\\\\\\ \\\ A\l ‘\U///‘

0.00

X2

-0.01
-0.02

—-0.03

X2

0.00
-0.01
-0.02

—-0.03

—0.03-0.02-0.010.00 0.01 0.02 0.03 —0.03-0.02-0.010.00 0.01 0.02 0.03 —0.03-0.02-0.010.00 0.01 0.02 0.03

X1 X1 X1

Figure 7. Evolution of the field VF for the times 0, 7 and 28 days respectively.

IVEl IVE|

2.%107°
1.5x 107
10

.x10 1.x 10
5.)(10""‘)\ 0.02 5.x10"

-0.

\
0.02

Figure 8. Evolution of the norm ||V F)|| for the times 0, 7 and 28 days respectively.
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