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1 Introduction

In the theory of zeta and L-functions, the moments play an important role. For
the investigation of the moments of the Riemann zeta-function ((s), s = o +it,
on the critical line

I(T) % /:’g(; + it>

Y. Motohashi in [19] and [20] introduced and applied the modified Mellin trans-

forms
Zi(s) = / ’C(; + w;)
1

In a series of works [6,7,8,9,10,11, 13,14, 18], see also [15,16,17], the theory
of the transforms Zj(s) was developed, and gave important results for the
moments I (7).

The method of modified Mellin transforms also can be applied for investiga-
tion of moments of the Dirichlet L-functions L(s, x). For this, analytic theory
of modified Mellin transforms of these functions is needed. In [14], the modified

2k
dt, k>0, T — oo,

2k
x %dx, o>1.
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« £ [een)

x mod g

Mellin transforms

2k
r %dw

were considered.
In this paper, we study the modified Mellin transform of individual Dirichlet
L-functions L(s,x) with primitive character x

ot [ 1
Z1(8,x) d=f/ 'L (2 + w:,x)
1

The aim of this paper is to obtain a meromorphic continuation of Z(s,x) to

the whole complex plane. In [2], the meromorphic continuation for the function

Z1(s,x0), where xo is the principal character modulo ¢, has been obtained.
Define

2
x %dx, o>1.

0 if xy(=1)=1, 1
b= : = ca—1),
{1 if x(—=1)=—1 Z:: @,

where X(a) is a conjugate Dirichlet character modulo ¢, and (¢,a — 1) denotes
the greatest common divisor. Let, as usual, 79 denote Euler’s constant, and B;
stand for the j-th Bernoulli number. Then the following theorem is true.

Theorem 1. The function Z1(s,x) has a meromorphic continuation to the
whole complex plane.

1. If ¢(q) # 0, then it has a double pole at the point s = 1, and the main
part of its Laurent expansion at this point is

Zi(s0) = - > _x(@)(g.a—1) ((511)2 4 Dot ((;qia; : mﬂq) +

The other poles of Z1(s,x) are the simple poles at the points s = —(2j — 1),
jeN, and

'b—2j(1 21 21)Baj

7 27

Res Z = E: —1).

827(5?71) 1(8, X) a qa a
JEN =

2. If c(q) =0, then Z1(s,x) is an entire function.

2 Connection Between the Laplace and Mellin Trans-
forms

The proof of Theorem 1 is based on the formula for the Laplace transform
£(s, x) defined by

£(s, x) déf/ooo )L (; + ix,x)

Math. Model. Anal., 19(5):706-717, 2014.
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This formula have been obtained in [3], and we state it as a separate lemma.

Let
d(m) = Z 1
d|m

be the divisor function, let

G(x) =Y _x(De*m/a

=1

denote the Gauss sum,

G(x)

G(x) e(x) ifb=0,
ex) =——, elx) =——-, E(x) = .

Lemma 1. Let {s € C: 0 < 0 < w}, and let x be a primitive character mod
q > 1. Then

Ssy) = Q;TWX) 3 dtmnimexo { 2“;’”61‘3} A,

where the function A(s,x) is analytic in the strip {s € C : |o| < 7}, and, for
lo| <60, 0< 6 <, the estimate

~1
Als,x) = O((1+1s]))
1s valid.
Now, from the definitions of Z (s, x), £(w, x), I'(s), we have

1
I'(s)

Z1(s,x) = /000 £(w, x)w* tdw. (2.1)

In formula (2.1), we change the integration over the positive real axis. In the
same way as in [2], for 0 < o < 7, using the residue theorem, we get

1 /ooem .
—_— Llw, x)w®™ dw.
I'(s) Jo ( )

Fixing the point wy = |wple’® with 0 < Rewy < 7, and using Lemma 1, we
define the functions

21(87 X) -

1 wo 1
211(87 X) = F(S) /(; )\(U), X)ws dw7
coe’™ e 2
Z12(s,x) = 1 / / L 1 +iz,x )| e ¥*dz |w* ldw,
F(S) wo 1 2

> WO i 2mik _,
Zd(k)x(k)/ e 2 exp{— m e_“”}ws_ldw,
0

27ib
Z13(s,x) = m k=1
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3
X) = Z1;(s,%). (2.2)
j=1

By partial integration, we find that the functions Zi;(s, x) and Zi2(s, x) are
entire, thus, it remains to study the function Z3(s, x).

3 Auxiliary Results

For the investigation of the function Z;3(s, x), some auxiliary results are need-
ed. We state these results as separate lemmas. The obtained formulae involve
the Estermann zeta-function.
For a € C, let
Y
dlm

be the generalized divisor function. Let { > 1 and (k,l) = 1. The Estermann
zeta-function E ( EH ), for 0 > max(1 4+ Rea, 1), is defined by the series

k = aa(m) _k
E(s,l,a> = Z e exp{2mml}.

m=1

The function F ( 87 ), for a = 0, was introduced by T. Estermann in [5]. It is
known, see, for example, [12], that E (s; %,0) has the Laurent series expansion

k 1 1 270 — 2logl
E(s—,0)== —1) 4 ). 1
(s,l,O) l<(8_1)2+ py] +eo+ci(s—1)+ > (3.1)

Let

5= 1 if Imz >0,
] -1 ifImz<0,

k and I be coprime integers, z € C\{0}, and let k and k be related by the
congruence kk = 1(modl). Moreover, denote by af and a; the constant terms

n (3.1) for E(s; %,O) and E(s; —%, 0), respectively. Define

Zd Q2 _mz_'yo—Qlogl—logz
lz

and, for 1 < b < 2,

1(b) = /bbmo(?f)lmf(w)((sin(w))IE(w;

27i oo

~
o
~—

+ (cot (mw) + 5i)E<w; f% O) > 170 .

Then, in [1], the following transformation formula for @(z~ %) has been
proved.

Math. Model. Anal., 19(5):706-717, 2014.
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Lemma 2. If Rez > 0 and Im z # 0, then for the function &(z; %) the trans-
formation formula

k 2710z % _4ax2me l 1
—1. _ —2mim T — -
fﬁ(z ,l>—— 7 E d(m)e rte” 2 +7(a3—a0)+1+l(z,b)

is valid.

In the future, we will express the exponential sum Y., d(m)x(m) x
exp{zﬂ%}m_s by the Gaussian sum. For this, we will use the following lemma.

Lemma 3. Foro > 1,

id e p{ 2m’m}m_s 1 ix(a)E(s =2 0)
X = — 0.
q G(X) @D

m=1 (g,a—1)

Proof. Tt is well known, see, for example, [4], that, for every m € N,

q

m=1 q
— 2mm < - 27mma/
= d(m)exp Zx e
m=1 a=1
q oo q ((afli)
— mim(a— a—
= 32700 3 dmp e = =3 o (s 25 0).
a=1 m=1 a=1 (g,a—1)

and the claim of the lemma follows.

Lemma 4. Suppose that a >0 and b > 0. Then

1 a+1i00
oy / [(s)b~%ds = e~".
a—100

The lemma is the well-known Mellin formula, see, for example, [21].

Lemma 5. Let 0 < a < 1. Then

a+1i00

AR kN
2 <27 l) =355 / I'(w)E (w,l,O) 27 %dw.

a—100
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Proof. For Rez > 0, the series

Z d(m) exp {QWimI;} e m?
m=1

converges absolutely, therefore, by Lemma 4 and definition of the Estermann
zeta-function, we have

- k
Z d(m) exp {mel} e M
m=1

2-+1i00

= k) 1 Cw
= Z d(m) exp {2mml} 57 / I'(w)(mz)"“dw
m=1 2—100
2400
L rwE (wk0) (3.2)
=5 w w; 7,0 ) 27 dw. .
2—o00

Now we move the line of integration in (3.2) to the left. Let 0 < a < 1. From
formula (3.1), we see that the function E( w; l,O) has a double pole at the
point w = 1, therefore, by the residue theorem,

a+oo
- k 1 k
Z d(m) exp {27Tim} e = — I'(w)E <w; ,O> z7%dw
— l 2me l

+ ResI'(w)E (w; I;,O) z7v.

Clearly,

F(@:l—%(w—lHWJr---

and
1 21 2
27 =z lem(wDlogz — —1 (1—(w—1)logz—} (w— )2 og = )

Hence,
Yo — 2logl —log z

)

RE? I'w)E (w; I;,O) 27V =

and the assertion of the lemma follows.

lz

4 Entire Parts of Z3(s, x)

In the definition of the function Zi3(s,x), we take e=™ = 1+ 1, and let
20 = (e7™o —1)~1. This leads to the formula

27TZ ka
Z13(8,x) = Z

k
[e%s} Ly 1 1 s—1 Comin
X z 1+ - log {1+ - e dz, (4.1)
o z z

Math. Model. Anal., 19(5):706-717, 2014.
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where the integrals are taken over the Curve z= (e*”’em - 1)L

For |z| > 1, from Lemmas 2-5, taking 5= in place of z, and having in mind
that, in this case Im(5%) < 0, therefore, 5 = —1 we find

_ 2mik 2mik
E d(k @ e ez

— 1ix(a)qs(2m. (qaa—ll)) " (70 — log %)Z(q,a —1
N = 9% G 2
a—1 o
- Liy(@@ (ﬁ)—l. (G,a—1) n (70 — log ﬁ)z(%a ~1)
G(X) —1 o2mi’ ﬁ i
R (27”(q,a— 1) q2> > _gmk@
= = Y a - . d SICEE
am =X\, >
_AmPk(aa D® g q ) .
2 q 1 e,
L Do —los T2 (g.a— 1)
271

2mik(g,a—1)22

z < > 2k e ,
= a~ E a)(g,a —1) E d(k a/(¢a—1) ¢ q
(X) a=1 k=1

(Y0 — log o=z )2(g,a — 1)

2mi (42)

I N
+ 27T2(q, a— 1) (a’Oa aOa) +

Now if |z| < 1, we take m in place of z. Since Im(m) > 0, we

have that § = 1, therefore, from the mentioned lemmas, it follows that

_ 2mik 2mik
E d(k 7 e 4=

1 Zqu( )¢<2m' (q?a11)> . (h0 — 108 oz )2(g,a = 1)
= = xla ) ;
G(x) &~ qz (qya%’fl) 2mi
_ 1 zq:X(a)Qs((M'Z(q,a—l)Q ' qi ) (q?a_ll)>
G(x) &~ ¢ 2r2(g,a = 1)) ol
L (o —log oty )2(¢a—1)
21
1 _ q o 2 @a=1)”  \fga=1)
=600 2N e s i @
a=1 4 27z(gq,a—1)2 (¢,a—1)
2
q + = q
+ - 7 (ao — Qg ) + . ]
rdi(ga = 1) gl Smilga—1) - gl

qi
T | ( ,Q
2mi(gq,a — 1) - 7%2((5;_1)2 27z(q,a — 1)?
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4r3qi
('YO — log 2r2(q,a—1)2 )q

(70 — log 2=,
472(q,a — 1)

q,al)zz)z(q,a—l)}

R [ 2mi
27z(q,a—1)2

2mik(q,a—1)22
e q

q/(q,a—1)

Z . = - —2ﬂikm
i ; X(a) ((q, a—1) ; d(k)e

2 Tz a— 2
(70 — log( gaye - 2=

(g,0-1)2 qi ) gz i _
- Z(Q7a - 1) q 2mz(g,a—1)? - Tﬂ_g(amz - aOa)
(¢,a—1) qi
Z(q7a - 1) q’L
- = - DI ————=,b
4 Hga—1) (27rz(q,a - 1)’ >>
= — X(a q,a — e a/(ga=1) e q
G(X) a=1 k=1
9z 4 z(¢,a —1) qi
- — — - — - DI ———=,b] ).
272 (aOa aOa) 4 Z(qva’ ) 27TZ<q,CL _ 1)27

(4.3)
We denote by Z the point on the path of integration in formula (4.1) such
that |2] = 1. Then, by (4.2) and (4.3), we write Z3(s, x) in the form

6

213(57)() = le3(57X)a
where
I - 2miv? Ny 1S d(eye 2k R
13(SvX) - F(S)\/E]E(X)G(Y) ;x(a)(q,a— ); ( )6 ’
x /ooz‘l (1 + i)_ <log <1+ i)>_ QI
Z‘b+s q
123(8a X) = _WF(S\)/g(X)G(X) Z;Y(a)(aﬂa aOa)
x /f (1+ ) <1og <1 + )) s
7 _ 2ribts _ 1
33(SaX) - _4F<S)\/E]E(X)G(Y) ;X(a)(qva - )
F 7% s—1
X / 27! <1 + % <10g (1 + i)) dz,
Qribts -
T15(5:%) = ~ P B OIGE) > x(a)(g,a—1)

Math. Model. Anal., 19(5):706-717, 2014.
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\/E]ib-’_s (a’OJra — a‘aa)
TTOENEE 2= X (gam 1)

oo 1 -3 1 s—1
X / 272 (1 + ) (1og (1 + )> dz
3 z z

jbts—1
Loals:X) = 70y AECOCH)

~ 1\~ Imiq 1\\*"
X z 14— Yo —log ————=— ) (log {1+ — dz.
2 z (g0 —1)%z z

All these parts are holomorphic, except for Igs(s,x), which can produce the
poles of Z13(s, x).

Is3(s,x) =

and

5 Proof of Theorem 1

Using the Taylor series expansion, we find that
-1 s—1
1Y 2 1
<1 + ) <10g (1 + ))
z z
(oL, 3 L1 1 =
B 2z 42122 77 z 2220 323 7T

— s+l S 1
=z (1—%+b2(s)z2+--->. (5.1)
This gives a new form of the function Is3(s, X),
jots—1 4q 0
Tos3(s,x) = — D _X(a)(ga—1) ) bi(s)
o TEVaEER) 2= 2
RS 2miq
In virtue of
o0 s—s—k+1
/ s logads = — 4 _gaktlgge sy < T (5.3)
B s+k—1 (s+k—1)%

for the term with k£ = 0, we obtain

,L‘b+571 4q - o] . b 271'1(] |
(5] VaE)GR) azlx“”(q’“”é = (0w ez )
jots—1 q B
= T VaEG) 2o X @@ e~

. s—s+1 N (70 — log (q’i’:’f’)zé)é—”l
(s —1)2 s—1 '
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Thus, if ¢(q) # 0, the Mellin transform Zi(s, x) has a double pole at s = 1.
The properties of the gamma-function imply

Z's—lé,l—s

_ o(s—1)logi —(s—l)logéF—l
() e e (s)

(1+(s=1)logi+---)(1—=(s—1)log 2+ - ) (1+y0(s—1) +---)
=14 (y+logi—1log2)(s—1)+---. (5.5)

Therefore, from (5.3)-(5.5), we find that the main part of the Laurent series
expansion for Zj3(s,x) at the point s =1 is

. q
Zl3(£ax) Z qaa - 1
\f a:l

(qﬂ 1)
1 270 + log
X((81)2+ pym| )+ (5.6)

To find other poles of Ig3(s, x), we consider the terms in (5.2), and (5.3) with
k =1,2,3... having in mind that some of the coefficients by(s) can vanish and
cancel the possible poles. In [2], it was obtained that

_ L (1) / dz _(—1)y / dz
bil-3) = 271 Zi(e*/2 —e=#/2)  2mi z72sinh £ (5:7)

|z|=r |z|=r

[N

zZ
e2 —e

. Therefore, (—1)7b;(1—j) is the (j — 1) th coefficient
of the Laurent series expansion for the function (2sinh £) ~ at the point z = 0.
It is well known that the Laurent series expansion of this function we can write
using the Bernoulli numbers Bsj, namely,

1 1 = (2% — 1)Bog o4

1 Vb ok, 5.8
2sinhZ 2 ; 92k -1(2k)! (58)

where sinh(3) =

In formula (5.8), we have only odd powers of z. From one hand, this means
that the coefficients standing in front of the term 227,j € N, in this formula
are equals to zero, therefore, by;11(—25) = 0,4 € Ny, and no simple poles at
these points. From the other hand, the coefficient standing in front of the
term 2271 j € N, in formula (5.8) corresponds the coefficient 2j,j € N, in
formula (5.7), and we have simple poles at the points 1 — 25,7 € N, because
even Bernoulli numbers do not vanish, therefore, bo;(1 — 25) # 0. Clearly,

(1 — 2_(2j_1))82j
(25)!
With purpose to get residues at points 1— 24,5 € N, we consider the function

J(S) d_ef Z d 2mk
k 1

( b;(s iz)j)251dz,
7=0

(1) (1 - 2j) = — (5.9)

Math. Model. Anal., 19(5):706-717, 2014.
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which get non-holomorphic part of the Mellin transform. In the same way as
in [2], taking into account Lemma 3, we write J(s) in the form of finite sum of
Estermann zeta-functions

l s+j
J(s) = M)Z(i)jbj(s)(;r> s(s41) .. (545 —1)

(a—1)

o S (>4 2 o).

(g,a—1)

Then, using (3.1)) and (5.9) we find, that

020 (1 — 2~ (20— 1) 32 k!
Z
s, 2o = I S

JEN a=1

)(g,a—1). (5.10)

Using properties of Dirichlet characters, we write the Gauss sum in the form

q g—1
_ Z X<l)62m‘l/q — Z X(l)e%”/q.
=0

=1

Then we have

(=100 = X(-1) D e

=1

= \

q

q q
— — 27 2 — —27i
-1)> x(-1 2 — I (=1)]7 Y x(=le
=1 1=1
q _ q—1 _
= 3 X(g - DR/ = 37 xm)e e - G(R).
=1 m=0
Also, it is well known that ’G(X)‘Z = q. Thus,
,L'b - ib - (—i)b - (_Z')b _ ﬁ
VIEQOGR)  g(—1p <Xy (-1)G()  xCDIGOOP (D)% a

Now this, (5.6), and (5.10) give the assertion of the theorem.
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