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1 Introduction

The present paper is a continuation of [5] and [7]. Therefore, we briefly remind
the limit theorems for the modulus and argument for twists of L-functions of
elliptic curves obtained in [5] and [4], respectively.
Let E be an elliptic curve over the field of rational numbers given by the
Weierstrass equation
V> =23 +ar+b, abeZ

with non-zero discriminant A = —16(4a®+27b?). For a prime number p, denote
by E, the reduction of the curve £ modulo p which is a curve over the finite
field F,, and define A(p) by

|E(F,)| =p+1—Ap),

where |E(F),)| denotes the number of points of E,. Let s = o+t be a complex
variable. Then the L-function of the elliptic curve E is defined, for o > %7 by

Le(s) =[] (1—A(p)>_1H (1— ’\;f) +p2511)_1.
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In view of the Taniyama-Shimura conjecture which was proved in [1], the func-
tion Lg(s) continues analytically to an entire function.

Now let x be a Dirichlet character modulo ¢q. Then the twist Lg(s,x) of
Lg(s) with the character x is defined, for o > %, by

Le(s,x) =[] (1 - W) - I (1 _Aex(®) | xjs(p3>1 ’

S
_ pA p p

and continues analytically to an entire function. Moreover, the function Lg(s),
for o > %7 can be rewritten in the form

p|lA ptA b
(1.1)

where a(p) and B(p) are complex conjugate numbers satisfying a(p)S(p) = p
and a(p) + B(p) = \(p).

Define two multiplicative functions a,(m) and b,(m), m € N, where, for
ptAandleN,

l
a.(p') =D d-(p)d (p)d=(p' )8 (p),
j=0
l .
b () = 3 () () () B ),

where 0O +1)--(0+1—1
. = 20+ )”l"( =D i 0=z

Suppose that the modulus ¢ of the character x is a prime number and is not
fixed, and put, for @ > 2,

pol...) = Mél Z Z 1, where Mg = Z Z 1,

¢<Q x=x(modq) q<Q x=x(mod q)
X7X0 X#X0

X0, as usual, denotes the principal character, and in place of dots a condition
satisfied by a pair (g, x(mod ¢)) is to be written.

Denote by B(S) the class of Borel sets of the space S, and, on (R, B(R)),
define the probability measure Pg by the characteristic transforms

1 > T biT
wi(7) = / 2|7 sgn® dPe = ) %

R\{0} m=1

, TER, k=0,1.

Then a limit theorem for |Lg(s, x)| proved in [5] is of the form.
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Theorem 1. Suppose that o > 2. Then /LQ(|LE(S,X)‘ € A), A € B(R),

converges weakly to the measure P as QQ — oo.

In [3], a limit theorem for the argument of the function Lg(s,x) has been
proved. Denote by 7 the unit circle on the complex plane, and let P, be a
probability measure on (v, B(y)) defined by the Fourier transform

_ [ kap _ N ak(m)b_y(m)
g(k)—/x dPV_n;T, keZ.
J =

Then the main result of [4] is the following statement.

Theorem 2. Suppose that o > % Then

pq(expliargLp(s, x)} € A), A€ B(y),
converges weakly to the measure P, as () — 00.

The aim of this note is to consider the weak convergence of the frequency

Poc(A) Y uo(Le(s,x) € A), AeB(C),

as Q — oo. In other words, we will obtain a limit theorem for the twists
Lg(s,x) as Q@ — oo on the complex plane C. This theorem joins Theorems 1
and 2.

Let, for brevity,

itk
2 9
On (C, B(C)), define the probability measure Pc by the characteristic transform

>, ay, (m)bs (m)

T B

c\{0} m=1

04 = 0(r, £k) = 01 =20., TER, kel

, TER, keZ.

m

Theorem 3. Suppose that o > % Then Py c converges weakly to the measure
Pr as QQ — oo.

2 Characteristic Transform of Fy ¢

For the proof of Theorem 3, we apply the method of characteristic transforms
of probability measures on (C,B(C)). Thus, we start with a formula for the
characteristic transform wq(7, k) of the measure Py c. By the definition of
Pg ¢, we have that

wqQ (T, k}) = / \z|”eik arg zdPQv(c
C\{O}
Z Z ‘LE(S,X)’iTeikargLE(s’X), TeR, keZ. (2.1)

q<Q x= x(mod Q)
X#
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bitrary 6 > 0, denote by R the half-plane {s € C: 0 > % +d}. Then,

in view of the Hasse

For ar

estimate

Ap)| < 2vp

and (1.1), we have that Lg(s,x) # 0 for

s € R. Thus,

(Le(s,X\)Le(s, X)) ?

|LE(S’X)|

and

X)

LE(Sa

X)>2'

LE(Sa

X) — <
), we find that, for

LE(S,

seR,
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SR (- 2y gy (- 2y
ps

plA 7 plA

o, 0
x }g (1 _ Oé(p])?zc(p)> (1 3 ﬁ(p])oi((p)>
X }g (1 - O‘(p;X(p) > - <1 B ﬂ(p])o(p) > -

(2.2)

Here the multi-valued functions log(1 — z) and (1 — 2)~*, w € C\ {0}, in the
region |z| < 1 are defined by continuous variation along any path lying in this
region from the values log(1l — z)|,—0 = 0 and (1 — 2)~%|,=¢ = 1, respectively.

In the above notation, we have that, for |z| < 1,

(1—2)7% = idé; ()2
1=0

Therefore, equality (2.2) shows that, for s € R,

|LE s X)|” ikargL g (s,X)

( X’ (p)

_H;) 9+ p)x"\p
M (p)X (p) > d; (p")el(p)x'(p)
xlljz; Sprm; 9+pplspxp
<>T<> =< d; (p)a (p)X(p)
Xg; 9+ p)x \p pmg 4 plgpx D

>~ d TBT —r

xplgrz_o o (P )prs(p)x (»)

(2.3)

Let a.(m) and b,(m) be multiplicative functions with respect to m defined, for

ptAandl €N, by

and

(2.4)
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and .
b, (pl) =d, (pl)Al(p)Yl (p)- (2.7)
For |7| < ¢, with arbitrary ¢ > 0, and | € N, we have that

0 Ol +1)...(10L| +1 -1
d;, (11)] < 10+[(]0+] )“(| +] )

l
<1041 (1 n 9*) <@+, (2.8)
v=1

where ¢; depends on ¢ and k, only. By the definition of the quantities a(p) and
B(p), we find that |a(p)| = |B(p)| = /p. Thus, for pt A and | € N, equalities
(2.4) and (2.5) give the bounds

1

l
g, P2y G+ (I—j+ 1) < p2 (14 1)%t1 (2.9)
7=0
and ) l
b (0")] <pz(I+ 1)+ (2.10)

It is known [6] that, for p | A, the numbers A(p) take the values 1 or 0.
Therefore, in view of (2.6)—(2.8), for p | A and [ € N,

ag, (M) < A+1), by ()] <+ 1), (2.11)

Now estimates (2.9)—(2.11) and the multiplicativity of the functions . (m) and
b.(m) yield

g, (m) = vim ] @+1%% = Vmd i), (2.12)

ptim

ptt+lym
b5 (m)| < v/md* 1 (m), (2.13)
where d(m) denotes the divisor function. Since
d(m) = O, (m°) (2.14)
with every € > 0, the above estimates show that the series
>, a5, (m) > by (m)
d —
AT

converge absolutely for |7| < ¢, k € Z and s € R. Therefore, taking into
account (2.3), we obtain that, for |[7| < ¢, k € Z and and s € R,

|LE(S, X) ’iT ikargL g (s,x)

a‘gJr pJ > 597 (pl)
= HZ ij H Z ls HZ ij Z pl§
plA 7=0 p|lA 1=0 ptA 7=0 ptA 1=0
0 AA

ag < b
Zg

m=1
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Substituting this into (2.1), we find that

S DI I SE

q<Q x= x(modq) m=1 n=1

b _(

(2.15)

3 Proof of Theorem 3

For the proof of Theorem 3, we apply the following continuity theorem in
terms of characteristic transforms for probability measures on (C, B(C)). Let
P,, n € N, and P be probability measures on (C,B(C)). We say that P,, as
n — oo, converges weakly in the sense of C to P if P, converges weakly to P
as n — 0o, and, additionally,

lim P, ({0}) = P({0).
Denote by w,, (7, k) the characteristic transform of the measure P,.
Lemma 1. Suppose that

lim wy,(7, k) =w(r, k), 7€R, keZ,

n—oo
where the function w(t,0) is continuous at the point 7 = 0. Then, on (C, B(C)),
there exists a probability measure P such that P, converges weakly in the sense
of C to P as n — oo. In this case, w(r,k) is the characteristic transform of
the measure P.

Proof of the lemma is given in [7], [8].
Proof of Theorem 3. Using formula (2.15), we will obtain the asymptotics for

wg(T, k) as Q@ — oo. Let » = log@. Then estimates (2.12)—(2.14) show that,
uniformly in s € R, |7| < ¢, and, for any fixed k € Z and € > 0,

5 &é:n(:n) _ E( T mli“) = 0.(r~%*)

m>r m>r
and )
béf (m) —d0+e
mzw = O, (r )

Substituting this in (2.15), we obtain that, for s € R, |7| < ¢ and any fixed
keZ,

Y Y (T o)

q<Q x= x(modq) m<r
#X0

(25 06-+))

n<r
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Y Y (zry b“”))
mS ns
q<Q x= X(modq) m<r n<r
X
ol x5 )
M ns
q<Q x= x(mudQ) m<r n<r
XF# X0
—|—Og(’l"75+€)
a5, (m) < by_(n) s
Z > <Z EY )+05(r ). (3.)
q<Q x= x(modq) m<r n<r
XF# X0
Here we have used the estimates
a; (m) 1 bs_(n)
0,4 . _ 6_ .
Z ms - O( Z m1+6€> - O(l)’ Z ns - O(1>’
m<r m<r n<r

which are uniform in s € R and |7| < c.

By (2.4)-(2.7), using the multiplicativity of a; (m) and Bé (n), the com-
+ _
plete multiplicativity of Dirichlet characters as well as the notation for ag, (m)
and by (n), we find that

ag, (m) H Zd () (D)dy, (P') B ()X (1)
pl|m
o+t pra

< I d, YN X (')
lepflv‘nmp\A

= x(m) H Zd9+ (p")a (p)dg, (9'77) 8" (p)

pl|m
pltlim, p’rA

< IT  da, ()N ) = ag, (m)x(m), by (m) = by (m)x(m).

plim
pltltm, pla

Thus, (3.1) can be written in the form

wolr ) = Y 20 g Bt X X x(mm)

m<r n<r q<Q x= x(mod q)
#X0

+ O (r=0Fe). (3.2)

Math. Model. Anal., 19(5):696-705, 2014.
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First we suppose that m # n. Then, clearly,

S xmxm =Y 3 |xtm)’

9SQ X=X 15Q X=Xl
ZMQ—Z(q—2)=MQ+O(Zq>ZMQ+O(T2)- (3.3)
alm q<r
q<r

If m # n, then, in view of the formula

Z )X (n) = {q —1 if m =n(modq),

e od ) 0 if m # n(mod q)

with (m,q) = 1, we find that

Y xmxm =3 3 xmx(m)

¢<Q x=x(mod q) q<Q x=x(mod q)
XF#X0 ql(m—mn)

+Y ) x(m)x(n)+0(

< x=x(mod q)
a=Q af(m—n)

=0(24) +0(555) = (g0

q<r

Therefore, in view of the estimate [8]

_Q? Q?
Mo = 2log @ o <log2Q) ’

we obtain from (3.2) and (3.3) that, uniformly in s € R, |7| < ¢, and any fixed
keZ

oo

ag, (m)b; (m)

e +o(1) (3.4)

wo(r, k) =
m=1
as () — oo.
The functions ag, (m) and b; (m) are continuous in 7. Therefore, the uni-

form convergence for |7| < ¢ of the series

shows that the function w(7, 0) is continuous at 7 = 0. Therefore, (3.4) together
with Lemma 1 proves the theorem. 0O

4 Concluding Remarks
Denote by L(s,x) the Dirichlet L-functions. E. Stankus in [9] obtained, for
o> %, the weak convergence for

Po(A) Y po(Le(s,x) € A), AeB(C),
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as Q — oo. Let P be a probability measure on (C,B(C)) defined by the
characteristic transform

> d; (m)d;_(m) 1
wR(T,k):Z%, 0> 5. TER, ke,
m=1

Then he proved that Py converges weakly to P as () — co. This theorem con-
nects limit theorems for |L(s, x)| and argL(s, x) obtained by P.D.T.A. Elliott
in [2] and [3], respectively.

Thus, a limit theorem for Dirichlet L-functions is valid also on the left of
the absolute convergence half-plane ¢ > 1. For the proof of such a theorem,
the convergence, for o > %, of the series

L(s,x) =Y Xm) s x

m=1 me
is essentially used. Differently from Dirichlet L-functions, we do not have any
information on the convergence of the series for Lg(s, Xx), X # Xo, in the half-
plane 0 > 1. Therefore, we can prove Theorem 3 only in the half-plane of
absolute convergence of the series for Lg(s,x). However, we conjecture that
Theorem 3 remains also true for ¢ > 1.
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