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Abstract. In this paper, the existence of solitary waves and periodic waves to a
perturbed generalized KdV equation is established by applying the geometric sin-
gular perturbation theory and the regular perturbation analysis for a Hamiltonian
system. Moreover, upper and lower bounds of the limit wave speed are obtained.
Some previous results are extended.
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1 Introduction

Many nonlinear wave equations have been presented in fields such as physics,
chemistry, biology, mechanics, optics, etc. For a long time, the KdV equation
has attracted much attention due to its significant nature in physical contexts,
stratified internal waves, ion-acoustic waves, plasma physics [1,11]. There exists
a lot of investigation on explicit and exact solitary wave solutions to the KdV
equation, for instance, [2,8,9]. Recently, many researchers have paid attention
to the perturbed and generalized KdV equation, for example, [3,4,5,7,10,13,
14,15,16,17,18,19].
In this paper, we consider the perturbed generalized KdV equation
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where n > 0 is an integer and ¢ > 0 is a perturbation parameter. Clearly, when
e =0, Eq. (1.1) becomes the generalized KdV equation

wp +u" Uy + Upgr = 0. (1.2)

Whenn =1, Eq. (1.1) and (1.2) are reduced to the perturbed KdV equation

U + UUg + Uggr + E(UQJ:E + uma::rz) = 0; (13)

and the KdV equation
Ut + Uy + Upze = 0, (1.4)

respectively. Ogawa [17] solved two problems for Eq. (1.3). One is the per-
sistence of solitary waves and periodic waves, and the other is the wave speed
selection principle. It is well known that for arbitrary positive wave speed c,
Eq. (1.4) has a solitary wave solution

Je

u(z,t) = 3csech? 7(33 — ct).

However, Ogawa [17] showed that for each sufficiently small € > 0, Eq. (1.3) has
only one solitary wave solution with a uniquely determined speed. These soli-
tary wave solutions converge to the solitary wave solution of the KdV equation
with a uniquely determined limit speed as € tends to zero.

In this paper, our purpose is to extend Ogawa’s results [17] to Eq. (1.1).
The remaining part is organized as follows. Section 2 is devoted to some pre-
liminary discussion and the main theorem. In Section 3, the geometric singular
perturbation theory and the regular perturbation analysis for a Hamiltonian
system are used to investigate the existence of solitary wave solutions and pe-
riodic wave solutions of Eq. (1.1). In Section 4, the Abelian integral theory is
used to analysis the limit speed, and the implicit function theorem is applied
to prove our main theorem. This paper ends with a brief conclusion.

2 Our Main Result

In this section, we state the main result of this paper.
For given constant ¢ > 0, substituting u = ¢(&) with £ =  — ¢t into (1.1),
it follows that

—c@' () + "¢ (§) + " (&) + (¢ (&) + " (€)) = 0. (2.1)

Integrating this equation and setting the integral constant to be zero, we have

—— ") + " (&) + (¢ (§) + ™€) =0. (2.2)

—cp(§) + ]

Moreover if we perform the scale transformations ¢ = {/cip and £ = 7/4/c to
(2.2), the final equation is given as

1 n+1 12 1 / " _
0l + D )+ 2 0 V) =0 e
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If we obtain a solution t(7) of (2.3) for some € > 0 and ¢ > 0, then the
corresponding ¢(¢) is a solution of (2.1), that is, a traveling wave solution to
the original equation (1.1).

Now the unperturbed equation of (2.3) is

1 n " _
—()+ Y 1)+ (1) =0, (2.4)

whose solutions are traveling wave solutions to the generalized KdV equation
(1.2) under the above scale transformations. (2.4) has an equivalent form

dy

g; (2.5)
— =1 - Pt
dr n+1

which is a Hamiltonian system with the Hamiltonian function

1, 1 1 .
H(y,y) = —5192 + §¢2 - m¢ +2 (2.6)

We consider the phase portrait of system (2.5). Firstly, consider the case
of n is even, it is easy to see that system (2.5) has three singular points (0, 0)
and (£{/n+1,0). (0,0) is a saddle point and (+{/n + 1,0) are two centers.
Consider a level curve of the form H = h. It corresponds to two periodic
orbits if h satisfies 0 < h < (@ V(n+1))/(2(n+2)). If h = 0, then it includes two
homoclinic orbits connecting with (0,0). If A < 0, then it represents a big
periodic orbit surrounding the three singular points. The phase portrait of
system (2.5) is given as Fig. 1(a).

Secondly, consider the case of n is odd. System (2.5) has two singular points
(0,0) and (/n+1,0). (0,0) is a saddle point and ({/n+ 1,0) is a center.
Consider a level curve of the form H = h. It corresponds to a periodic orbit if
h satisfies 0 < h < n(n+1) /2(n+2 If h = 0, then it includes a homoclinic orbit
and an open orbit connecting with (0,0). If h < 0, then it represents an open
orbit. The phase portrait of system (2.5) is given as Fig. 1(b). Therefore we can
parameterize all solutions of (2.4) by h. Further, using this parametrization,
we can describe the existence result of solitary wave solutions and periodic
wave solutions of (1.1) as Theorem 1. The proof will be given in Section 3 and
Section 4.

Theorem 1. Consider Eq. (1.1). For given positive integer n, let

ny/(n+1)>2

in = 2(n+2)

(2.7)

(1) If n is even, then there exists €, > 0 such that for each ¢ € (0,e%) and
h € [0,h,), Eq. (1.1) has two tmvelmg wave solutions

ut ==+ %¢(5, h,c, 7_)7 (28)

Math. Model. Anal., 19(4):537-555, 2014.
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(a) n is even (b) n is odd

Figure 1. The phase portrait of system (2.5).

where ¢ = ¢(g, h), and Y(g, h,c,T) is a solution of Eq. (2.3) satisfying

0 0?
E@b(s,h,c, 0) =0, ﬁw(s, h,e,0) < 0. (2.9)
(2) If n is odd, then for each € € (0,¢}) and h € [0,hy,), Eq. (1.1) has a
traveling wave solution uy given in (2.8).
(3) When h = 0, uy and u_ are two solitary wave solutions. When h €
(0,hy), ug and u_ are two periodic wave solutions.
(4) c(g, h) is a smooth function of € and h. When e — 0, c(e, h) converges
to co(h), where co(h) is a smooth function for h € [0, hy,) and satisfies
1
n

3n+4 3n+4

<co(h) < co(0)

=T () =

= —) lim l

2n2 +3n’  h—h,—0 n

(5) When ¢ — 0, 9(e, h,c,7) converges to V(h,co(h), ) uniformly in T,
where Y(h, co(h), T) is a solution of system (2.5) on the level curve H = h and
satisfies
2

0
—1p(h, co(h),0) =0, 92

- ¥ (h, co(h),0) < 0.

3 Perturbation Analysis

In this section, we use the geometric singular perturbation theory and the regu-
lar perturbation analysis for a Hamiltonian system to investigate the existence
of solitary wave solutions and periodic wave solutions of Eq. (1.1). We only
consider the case of n is even, since the case of n is odd is similar.

We first introduce the following result on invariant manifolds which is due to
Fenichel [6]. For convenience, we use a version of this theorem due to Jones [12].

Lemma 1 [Geometric Singular Perturbation Theorem)]. Consider the

system
v = f(z,y,¢), (3.1)
Y =eg(@,y,¢),
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where x € R™, y € R! and € is a real parameter, f, g are C> on the set V x I,
where V. C R™ and I is an open interval containing 0. Assume that for e = 0,
the system has a compact normally hyperbolic manifold My which is contained
in the set f(x,y,0) = 0. The manifold My is said to be normally hyperbolic if
the linearization of (3.1) at each point in My has exactly l eigenvalues on the
imaginary azis R(A\) = 0. Then for any 0 < r < +o0, if ¢ > 0 sufficiently
small, there exists a manifold M. such that the following conclusions hold.

(1) M. is locally invariant under the flow of (3.1).
(2) M. is C" in x,y and €.

(3) M. ={(x,y) | © = he(y)} for some C" function h® andy in some compact
set K.

(4) There exist locally invariant stable and unstable manifolds W*(M.), W*(M.),
that lie within O(e) of, and are diffeomorphic to W*(My) and W*(My).

Now let us go back to (2.3). Its equivalent form is

w_ oy

a Voo

RN SR 32
Ve T n+1 ﬁy

For £ > 0, (3.2) defines a system of ODEs whose solutions evolve in the three-
dimensional (v, y, z) phase space. In this phase space, there are critical points

(0,0,0) and (£¥n+1,0,0).

Note that when & = 0, (3.2) does not define a dynamical system in R®. This
problem may be overcome by the transformation 7 = e, under which the
system becomes

o __, dy_

o Y 0~

\/g% — Lwnﬂ L= (33)
do n+1 \/Ey

Generally, system (3.2) is referred to as the slow system since the time scale 7
is slow. And system (3.3) is referred to as the fast system since the time scale
o is fast. The two systems are equivalent when & > 0.

Consider the slow system (3.2). For € = 0, the flow is confined to the set

Moy = {(ﬂ}’y,z) e R3: szj_n-li-ld}mrl}’

which is a two-dimensional invariant manifold for system (3.2). If My is nor-
mally hyperbolic, then for ¢ > 0 sufficiently small, Lemma 1 provides us with
a locally invariant manifold M, for system (3.2). On this manifold consider
system (3.2). The dimensionality is reduced back to two.

Math. Model. Anal., 19(4):537-555, 2014.
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In fact, to check that the invariant manifold M is normally hyperbolic, we
need to check that the linearization of the fast system (3.3), restricted to Mo,
has precisely dimM, eigenvalues on the imaginary axis, with the remainder of
the spectrum being hyperbolic. The linearization of (3.3) restricted to My is
given by the following matrix

0 0 0
A= 0 o o |,
Ze(l=9") 0 ——

which has eigenvalues 0,0 and —1/\/e. Thus, My is normally hyperbolic. By
Lemma 1, there exists a locally invariant two-dimensional manifold M, with
e > 0 sufficiently small, under the flow of system (3.2), which can be written
in the form

Ma = {(w;:%z) € R3: z = ’(/} - 71&"“ +C('¢)7y75)}7

n+1

where (¢, y, e) depends smoothly on € and satisfies {(¢, y,0) = 0. Since M, is
smooth, the vector field in (3.3) is smooth and M, can be characterized as the
graph of a function, we can expand ((¥,y,¢) in € for € > 0 sufficiently small,
that is,

S= - T 2 () + O(). (34)

Substituting it into the last equation of the slow system (3.2), we get

- —=y+0(). (3.5)

eVe(l—y™)y + 0(e?) = =i (¥, y) NG

Comparing coeflicients of € yields
" 1
Gl,y) = \/E(w Y- (1 + E)z/)

Thus, the dynamics on the slow manifold M, is given as

dv_
g; | 1 . 1 , (36)
— n+ n

Now we can check if a periodic orbit persist or not as follows. By symmetry,
we only need to check the orbit with ¢ > 0. Firstly, remember the dynamics
of the unperturbed system (2.5), which can be understood by the level curve
of H. Fix an initial data (a,0) with 0 < o < {/n+1. Now let ((7),y(7))
be the solution of (3.6) with (¢, y)(0) = (a,0). Then there exist 71 > 0 and
75 < 0 such that

y(t) >0 for0 <7<, y(m1) = 0;

and
y(r) <0 for mp <7 <0, y(m2) = 0.
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Let us define a function @ as follows.
T1 .
Paee) = [ H(wy)dr (3.7)
T2

where - denotes the derivative by 7, H(v,y) is defined as (2.6), and the integral
is performed along the orbit of (3.6). Hence

H(y,y) = sﬁ(%ﬁ”yz - <1 + i>y2> +0(e%).

Note that @(«, ¢, e) denotes difference of the level between the two points on
the 9 axis:
é(aa c, 6) = H(w(Tl)a y(Tl)) - H(w(TQ)’ y(TQ))

Therefore, ¢(a, ¢,e) = 0 if and only if 1)(7) is a periodic solution of (3.6). And
our aim is to solve @ = 0. Since ¢(«, ¢,0) = 0, we have

D(a, c,e) = ed(a, ¢, €).

Now our aim is to solve @ = 0. Note that when & — 0, &(cv, ¢, ¢) has a limit

@O(Q,c) = hm@ (a, ¢, ¢€) \f/ < Uy — — y0> dr.

Here, (¢0,y0) is a solution of (2.5) and this integral is performed on a level
curve H = H(a,0) € (0,hy,). In the rest of this paper, for simplicity, we will
omit some upper and lower limits of integral. Since

/ voys dr = / Yoy dr = / Ug dgo = —n / YR dr — / N
e., /wo 2 /wn—i-l
/yS dr = —/wowg dr.

The above two equations yields

fes o= [ s Y [

Therefore

i (L)oo )

And the limit speed ¢y is determined by

00/1/)32(17'— /w(f dr = 0. (3.8)

Math. Model. Anal., 19(4):537-555, 2014.
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We can define the similar function for a homoclinic orbit as
0 . oo .
Ulc,e) = / H(y,y)dr + / H(y,y)dr.
—00 0

Here the former part is integrated along a solution (¢(7),y(7)) on the one
dimensional unstable manifold of the origin with y(7) > 0 for —oo < 7 < 0 and
y(0) = 0. The latter is similar. ¥(c,e) and Wy(c) are also defined similarly,

(e e) = étp(c, 6)., W) = lim (e, e).

e—0

Consequently, we get

Wy(c) = \}E(C/¢6/2dT—/¢62dT),

where 1) is a solution of (2.5) and the integration is performed on the curve
H = 0, more precisely, on the homoclinic orbit of (2.5). Therefore the condition
for the limit speed is the same as (3.8).

Remark 1. When n is odd, by the same method, we can obtain the condition
for the limit speed is the same as (3.8).

4 Analysis by the Abelian Integral Theory

In this section we concentrate ourselves on studying the property of the limit
speed c¢g with h and prove our main theorem. We assume ) is a solution
of (2.4).

Firstly, let @ and R be

_1 "2 _1/ 12
Q—Q/w dr, R—2 P dr.

And when 0 < k < k,, = 2h,,, let the two non-negative real roots of

2
(n+1)(n+2)
be a(k) and B(k) such that 0 < a(k) < (k). As mentioned above, the orbit

h =

(¥(7),y(7)) is on the level curve H = k/2, where y = d¢/dr. Therefore
we have

¢2 _ ¢n+2 =k

[P W ) o
o- [ TT—w.  R= [ Bww.

by system (2.5). Here,

2 2 n+2
E(w):\/w —m¢ 2 —k.

Now @ and R are the functions of only k. We will prove the following
proposition in Lemma 2-11. And this will assert the property of the limit
speed cg with k.
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Proposition 1. Let X (k) = £. Then we have

R
2n? + 3n
— < X(k k< k,.
T <X(k)<n for 0<k<
Moreover on? 4 3
n° +3n .
XO) == and | lim (X(R) =

It is convenient to represent () and R by the following integrals:

B
%ﬂo:/quwmm m=0,1,2,....

Note that
/ — dz/; = —2J, (k).
Therefore ) and R are represented as follows:

4 2
Q=-2J5+ nrl 2~ mjémz» R = Jo. (4.1)
We have the following two lemmas.

Lemma 2. Let B(p,q) = fol 2P~ (1 — 2)?71dx, p > 0, ¢ > 0 be the Beta
function. Then we have

o= (Y (3.2

Jn(0) = = (("+ 1)2(7” 2))%2 B (; M) :

Jo(0)  2(n+1)(n+2)
Jo(0) 3n+4

Proof. Since a(0) =0, 3(0) = \/M we get
v\t/m
2
Loy
0

and

Jo(0) = AR
and \/m
Jn(0) = /O w”“\/ HI—MW .
Let 1 — W@/J =t. Then we obtain
Jo(0) = (W)n/olté(l—t)i—ldt

Sl 3+

((n+1)2(n+2)>i8<523’2>7

Math. Model. Anal., 19(4):537-555, 2014.
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and
nT+2 1 1 2
Jn(0) = % <(n+1)2(n+2)) ; tz(1—¢t)= dt
1 /(n+1)(n+2) e 3 n+2
() e ()
Since
B(p.q) = m» I'(s+1) =sI(s),

where I'(s) = f0+oo ¥~ le=®dx, s > 0 is the Gamma function, we have

r(3)r(=2)

Ju(0) _ (n+)(n+2)B(5,"2)  (n+1)(n+2) TG+
Jo(0) 2 B(3.%) 2 r(3)r(z)
r(3+2)

The proof is completed. O

I (k)
Jo (k)

Lemma 3. limj_,x, o =n+1.

Proof.

B
"E(p)d
fm P o Ja MBI Y =n+1. O
k—kn—0 Jo(k)  k—kn—0 ff E(4) dip bt YT

We will represent Q by J,,, m =0,1,...,n in Lemma 4-9. At first, consider
the case of n is even and n is odd respectively.

4.1 The case of n is even

Let us study the basic properties of Jy;, I = 0,1,...,7/2 by the following two
lemmas.

Lemma 4. Let

J=Jos oy T T =TT T
_2n(n+1)(n+2)k _ An(n+1)(n+2)
T n+49)Bn+4) T T (n+4)(Bn+4)°
2(n+2)k, N =—-2n.
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Then we have J = A(k)J’, where

M N
n+4 n+4
: M N
n+8 n+8
M N
A(k) — n+12 n+12
M N
! : 3n ?\27,
F G e SRRREEIS > Y T
Proof. From the relation
E2 :wZ _ #1)&77,4»2 —k
(n+1)(n+2) ’
we get
dE
2FE— =2 ntl
dyp Y- n+ 1¢

Jo can be calculated as follows.

_ _ 2%_ 2_# n+2 %
n=[Eaw= [ —/(w CEREDN "“) E

[O0-mml-rw)) )%

- /1/}27,/}+/1/JdE k dw

n+2
2n 2
=2%kJ, - —J, - ———
To n+272 n—|—2JO’
i.e.,
M N
Join—|—4J0+n+4J2'
Similarly,
2 dE dvy
J. ’FEd — _F— ) —k)—=
= [ v ¢/¢(( n+2dw) )E
2n
-9 2 g
By - +2J4 +2J
ie.,
M
Jo = ——J+ ——J;.
2 st T hys

In the same manner, Jy, Jg, ..., Jy_o can be calculated. And we get

M ., N M N

T T = —J [
n+12°4 " 1276 2= g2t

Ji =
4 3n "

Math. Model. Anal., 19(4):537-555, 2014.
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Now let us calculate J,,.

dE d
e o [ (oo ) )
= 2kJ! — ”“ /wnEd¢+—/n+1 <w EdE) dv

de
2(n+1) 2n(n+1) n(n+1)
_ A S _ !
=2k, - S, = SR B,

This together with (4.2) implies

M
— / 4 e 4
o= FJg+ Gyt ).

The proof is completed. O

Lemma 5. For simplicity, we write A(k) as A. Let

V=M% +(-1)" (n+1)MN?, H n+45).

Then we have

vV o, 0
A= AT =T 2= (wy)ag g (4.4)

In (4.4), the (w;j) are given as follows:

= (n+4)M¥% + (=1)"F2(n+ 1)(n+ 2)N ¥,

wir = (
= (=D (n+ 4J)Mn+ SUNITL 2< < (n+2))2,
= () a4 2<igi< (422
= (~1)"F n(n + HMTINTIE ”, 2<i<(n+2)/2,
= () A DUINTEE 2 < i< mr )2

Proof. The proof can be completed by direct calculations. O

4.2 The case of n is odd

Let us study the basic properties of J,,, m = 0,1,...,n by the following two
lemmas.

Lemma 6. Let

J=(JosJ1s. s Jdn)T, J =g, T
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Then we have J = A(k).J', where

Mg N
n+4 n+4
: M 0 N
n+6 n+6
M 0 N
n+8 n+8
A(k) = ..
M N
m 0 5
(DN L. M
3n+2 3n+2
F 0 G .. .. .M
3n+4 (n+1)x (n+1)

Proof. Similar to the proof of Lemma 4, we have

M N M N
J=——J J Jy = J! J!
L e T arer BT LT T a0
o M / !
SRR Rl s RS Rl LUESE

Therefore, we only need to prove

(n+1)N

M
Jy 1= —J ST g
1= g e T g e

Now let us calculate J,_1.

I n 2 _dE dy
o= [ fon (o (T mi) ) %

B AL /1/)"1 dw+—/n+1 <¢ Ed¢>E¢

2n 2n(n+1) ,
Jn— —7.].
n+2°" T g2

The proof is completed. O

Lemma 7. Let

[

n+
V=Mt (n+1)°MN", W= [](n+2).

=2

.

Then we have
o N 0 3
A= =, A'= T 2 = (@ij) (n+1)x (n+1)- (4.5)

Math. Model. Anal., 19(4):537-555, 2014.
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In (4.5), the (@;;) are given as follows:

O = (n+4)M™ +2(n+1)*(n+2)N™,

Gug = (-1 T+ DMIT N L 1<1< (n+1)/2,

Dorr11 = (D'n(n+1)2°M'N"L 1<1< (n—1)/2

D1 om41 = ()™ (n+4m +4)M""™N™, 1<m < (n—1)/2,

@at12me1 = (1) n+dm+ MmN 1<l <m < (n—1)/2,

Gotam = (1) (n+dm+2)M TN 1 <I<m < (n+1)/2,

Dori12mi1 = (1™ (0 4+ 4m + 4)(n + 1)2 MmNl
2<1<(n—-1)/2,1<m<l-1,

Qarom = (=)™ (n 4+ dm + 2)(n 4+ 1)2 M- N
2<i<(n+1)2,1<m<I-1,

Wal 2m4+1 = (fl)T*m Hn +4m +4)(n + 1)Mffm+lN"“+m l
1<i<(n+1)/2, 1<m<(n—1)/2,

n+1

Bor1om = (=1)"7 " n 4 dm +2)(n + 1) M "3
0<I<(n—1)/2, 1<m< (n+1)/2

n—1
7m+lN 5 +m7l’

Proof. The proof can be completed by direct calculations. O

4.3 The representation of @)

Noting the expression of @ in (4.1), so at first, we have to represent J, 2 and
Jonto by Jp, m =0,1,...,n. In fact, it is not difficult to obtain the following
result.

Lemma 8. Let

o nt DOk, At )n+2) ()0 + 2k
3n+8 3n + 8 51+ 8
g (D2t Hk A+ 1)P0 4220 +4)
B Bn+8)(n+8) Bnt8)(n+8)

Then we have
n+2 OJ() + PJ2 and J2n+2 = SJO + TJ2 + UJn (46)

Proof. Jp42 and Ja, 1o can be calculated similarly to the proof of Lemma 4.

Note that
Ja = [02E a0 = [+ 10 (w Edf;)Ew
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= (n+1)Jo—(n+1) /w <1/)2 - mwﬂ _ k) dE

= (n+1)Jz—(n+1)kJo+(n+1)/ (:w? - mwn-&-Z) By

2(n+3)
(n+2)
This implies that the first identity of (4.6) is true. On the other hand, we have

n+1 2 2
=<n+1>Jn+2—(n+1)/W (‘/’ S+ Dn+2)
= (n+1)Jup2+ (n+1)

. 2(2n +3) n n
[ (e - EEE oy b ) B

2(2n+3)
- _ 1)2 1 4 _aerTY)
(n+1)°kJ, +(n+1)(n+4)Jpio nt2) Jon2,

=—(n+DkJo+4(n+1)J2 — Int2.

P — k;) dE

which implies that the second identity of(4.6) is true. The proof is completed.
O

Lemma 9. Let us represent Q by Jp,, m =0,1,...,n. Then we have

Q:Jn_J()~

Proof. Applying (4.1) and Lemma 8, we obtain

2
= —2J/ I — 7(]/
Q 2+77,+1 n+2 (n+1)2 2n+2

4 O
=-2J5+ —— <J0 +OJ) + PJ§>

n+1\k
2 S U
B CESIE (kJo + EJ” + STy + T +UJ;)
4 2 2 2 ,
- ((n—|— 1)k0_ (n+1)2ks> Jo = (n+ 1)2kUJ” B (n+1)2UJ"

2

4 _ 2 , _ 4 _ ,
+<n+1o (n+1)25>J0+< 24— P (n+1)2T>J2. (4.7)

(1) If n is even, by Lemma 5, we have

1
Jé = V(MHJO + wigdy + - - - +W1’nT+2Jn)7
1
Jé = V(OJQ]JO +w22=]2 + - +W2’"T+2Jn)7
1
o= g (a1 Jotwaa pla b+ Was nga Jn).
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Substituting these equations into (4.7), we get Q = CoJo+ CaJo + -+ -+ Cp J,.
Now, let us calculate the coefficients Cy, Cs,...,C). By substituting w;; into
Co,Cs,...,C,, we obtain

Co = (n—fl)ko_ (n+21)2k5+ (nj—lO_ (nfl)QS) +
+(2+nj—1p <n+21>2T>wv21 (nfl)zUW?’l =L
Cy = (nilO_ (nfms) MX’;H
+ (_2+ nj 17 (n+21)2T> wxiﬂ B (n+21)2UW%/J+1
=0, for l:1,2,...7ng2,
C”:_m21)2kU+<ni10_(nfl)25)wl;2ﬂ
+(2+ni1P(nf1)2T> WQ%;?(nfl)QUw";:}";zl‘

(2) If n is odd, by Lemma 7, we have

1 . ~ -
J(/) = ? (w11J0 + @191+ -+ wl,n+1=]n) ,

J = = (@21 Jo + @oa 1+ + D2ng1dn),

1
,1 i .
Jn = T (@nt11Jdo + Ong12d1 + -+ Onging1dn) -
Substituting these equations into (4'7)1 we get Q = Codo+CiJy+ -+ Chndy.
Now, let us calculate the coefficients Cy, C1,...,Cy. By substituting @;; into
Co,Ch,...,Cy, we obtain

- 4 2 4 2 W11
CO_(n+1)kO (n+1)2k5+<n+10 (n+1)2 ) 1%
4 2 Wa1 2 Wnt1,1
—2 P_ T -—= — U — :—1,
+< +n—|—1 (n+1)2 > 1% (n+1)2 1%
s 4 2 W1,m+1
COm = (n+10 (n+1)25> %

4 2 W2 m+1 2 Wn41,m+1

+ -2+ P — T = — U =
( n+1 (n+1)2 ) 1% (n+1)2 \
=0, form=12,....,n—1

)

- 2 4 2 wl,n—i—l
Cn = (n+1)2kU+<n+1O (n+1)25> 174

4 2 L 2 L .
+(—2+ j T L2l gentlotl g
n+1 (n+1)2 Vv (n+1)2 Vv
The proof is completed. 0O
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4.4 The proof of Proposition 1 and Theorem 1

Now, for arbitrary integer n > 0, we investigate the property of

_Q_Jn
X=p=0-0 (4.8)

Let X = % and Z = i—:} Then we have the following three lemmas.
0

Lemma 10. If X'(k*) = 0 for some 0 < k* < ky,, then

2(n +1)(n + 2)

< X(k*) < 1.
3n+4 (k%) <n+

Proof. By Lemma 4 or 6, we have

2(n+2)k ,  2n 7
n+d4 0 n44"?
nn+1)(n+2)k , 4dn(n+1)(n+2) , 2(n+2)k
In = 0~ 2 n:
(n+4)(3n+4) (n+4)(3n+4) 3n+4

Jo =

Eliminating J} yields

2(n+1)(n+2) B
3n+4 Jo = Jn = 3n+4 Jo

ie.,
I 2(n+1)(n+2) 2n+2)k , (J]
I - 2 my)).
7o 3n + 4 G gy L)

If X'(k*) = 0, then

(k) = 206 =
and
Ry~ 2D+ 2t 2k () (RO — (a4 1)),

3n+4 3n+4  Jo(k¥)
Since J{(k*)/Jo(k*) < 0, we have

(€0 — 1) () - 2EDEED)

and the proof is completed. 0O

Combining Lemma 2, 3 and 10, we get the following lemma.

Lemma 11. For 0 < k < k,,, we have

2(n+1)(n + 2)

< X(k) < 1.
nrd Xk =n+
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By noting the relation (4.8), this proves Proposition 1.
Let co be ¢g = X (k)~!. Then from Proposition 1, we have

Lemma 12. For 0 < k < ky,, the pairs (vo, co) satisfies the limit speed condi-
tion (3.8) for periodic wave and solitary wave solutions with o = a(k). More-
over,

3n+4 3n+4

< < —— 0)= ————
< co(k) < 2n2 +3n’ co(0) 2n2 4+ 3n’ k—)lkl?—o

Co(k) = %

SRS

Since
84:) _ 1 2 1 / 12
Je (a(k),co,0) = 2\/%/7/)0 dr + Sc0/a Yo dr >0

and similarly 8@/80 > 0, we can solve the equation @ = 0 and ¥ = 0 by
the implicit function theorem. More precisely, there exists a unique smooth
function ¢y () = ¢(e, k) for each k € [0, k,) and € € (0,£}) such that

(a(k),cle k),e) =0 for0<k <k, 0<e<cel,
U(c(e,k),e) =0 for0<e<el.

Note that k = 2h and k,, = 2h,,. Therefore, we get Theorem 1.

5 Conclusions

In this work we have considered a perturbed generalized KdV equation. Using
the geometric singular perturbation theory and the regular perturbation anal-
ysis for a Hamitonian system, we have proved that solitary wave solutions and
periodic wave solutions persist for sufficiently small perturbation parameter.
Moreover, the upper and lower bounds of the limit wave speed are obtained.

For n = 1, Ogawa [17] proved that cg(k) is a smooth decreasing function,
but for arbitrary integer n > 0, this problem is still under consideration.
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