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Abstract. Using the weighted general control modulo, we prove several Tauberian
remainder theorems for the weighted mean method of summability. Our results gen-
eralize the results proved by Meronen and Tammeraid [Math. Model. Anal. 18 (1)
2013, 97-102].
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1 Introduction

Let © = {&,} be a sequence of real numbers and any term with a nonnegative
index be zero. Assume that p = {p,} is a sequence of nonnegative numbers
with py > 0 such that

n
Pn::Zpk%oo as n — o0.
k=0

The n*" weighted mean of the sequence z = {¢,} is defined by
(1) L 1 -
Jn’p(m) = F Zpkgk.
n ’C:O

A sequence z = {£, } is said to be summable by the weighted mean method
determined by the sequence p, in short; (N, p) summable to a finite number o ()
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if
i (1) =
nhm pp(x) =0 ().

If p,, = 1 for all nonnegative n, then (N, p) summability method reduces to
Cesaro summability method.
The weighted Kronecker identity [1] is given by

& — 07(1171),(1‘) = Vn(gj)(AJ:), (1.1)

where

1 n
VO (Ax) = B > P14
" k=0

The weighted classical control modulo of {£,,} is given by

P,_
wr(z(?;(x) = on - AE,

and the weighted general control modulo [1] of integer order m > 1 of {£,,} is
defined by
wi) (2) = wily V(@) = o) (W™ (@)

For each integer m > 0, we define Jxr;) (x) by

1 & —
] mamely @, m21
- " k=0

gna m = 0.

O'SZ) (z

In the recent years different classes of sequences associated with multiplier
sequences have been introduced and their different algebraic and topological
properties have been investigated by researchers with specific objectives. The
studies on sequence spaces associated with multiplier sequences was started
by Goes and Goes [3], followed by Tripathy and Mahanta [14], Tripathy and
Hazarika [13], Tripathy and Chandra [12] and others.

A sequence z = {{,} is called A-bounded with the rapidty A = {\,} (0 <
An T 00) if

An(€n — &) =0(1)

with lim &, = &. We denote the set of all \-bounded sequences by m?.

A sequence x = {fniis called A-bounded by the weighted mean method of
summability (N, p) if (N, p)z is A-bounded. This is equivalent to saying that
An (07(111))(33) —o(z)) =0(1)

with
n—o00 ’

1 & .
o) (z) = P, > _piée and  lim o) (x) = o(2).
" k=0

In short, we write z € ((N7 D), m>‘).
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A number of authors including Kangro [4], Tammeraid [11] and Seletski and
Tali [10] proved Tauberian remainder theorems for some summability methods
using summability with given rapidity. Meronen and Tammaraid [5] obtained
a Tauberian condition under which A-boundedness of {¢,} transformed by the
generalized Euler-Knopp method implies A-boundedness of {£,}. In [6], they
obtained sufficient conditions for the generalized Norlund method and Taube-
rian conditions to deduce € m% from Na € m%,. Meronen and Tammaraid [7]
also proved gap Tauberian theorems for the generalized linear methods. More-
over, they proved some results on A-summable series by the Cesaro method of
order one and by the weighted mean method (N,p) in [8]. Recently, Mero-
nen and Tammeraid [9] have proved Tauberian remainder theorems for Cesaro
summability method using the concept of the general control modulo of inte-
ger order m > 1, defined by Dik [2]. In this paper we obtain some Tauberian
conditions to deduce z € m* from (N,p)r € m*. Our results generalize the
results proved by Meronen and Tammeraid [9].

2 Tauberian Remainder Theorems For (N, p)

Using the classical control modulo, we prove the following Tauberian theorem
for (N, p) summability method.

Theorem 1. Let z € ((N,p),m*). If
MV (Az) = 0(1), (2.1)
then x € m?.
Proof. Assume that 2 € ((N,p),m"). By the weighted Kronecker identity
& — ol (@) = Vi3 (Ax),

we have
A (§n — U(x)) =\, (0%11)7(:5) — U(x)) + )\nVTSgJ)(Ax).

Taking (2.1) into account, we obtain z € m*. O
Lemma 1. The following assertion is valid:
wilh(@) = W) (x) = & + o) (2). (2.2)

Proof. By the weighted general control modulo of integer order m = 1 and
(1.1), we have

wih (@) = wl) (@) — o) (W (2)
1 n

= w0 (z) -5 Z Pi— 1A§k
k=

= wl)(@) - v<><A>—w<0><> & +0i1)(@).

O
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Theorem 2. Let € ((N,p), m*). If the conditions
)\nw%%(x) = 0(1), )\nw&;(m) =0(1) (2.3)

are satisfied, then © € m”>.
Proof. Assume that x € ((N, p),m*). By Lemma 1, we have

& —o(x) = wil)(2) —wl) (@) + (of) () — o(2)). (2.4)
It follows from (2.4) that

An(n = 0(2)) = Aawi (@) = Aawii (2) + An (04 (2) = 0(2)).

Taking (2.3) into account, we obtain z € m*. O

The next statement gives an identity for the weighted general control mod-
ulo of integer order m = 2 in terms of the classical control modulo and the n‘"
weighted means of x.

Lemma 2. The following assertion is valid:
Wi (@) = W) (@) = 26, + 30 () () — o) (). (2.5)

Proof. By the weighted general control modulo of integer order m = 2 and
(2.2), we have

Wit (@) = wi) (@) = o) (w0 (2))

n,p
=w)(x) = & + o) Zpk (Wi (@) — & + of) (2))
Lo
= Wr(z%(x) =&+ Un p Zpkwk’p + an %pkék
- %ﬂ pkaz(@?g(m)
k=0
= w0(@) — & + ol ) (@) = VD (Az) + o) (x) — o2) (x)
= w0 (@) — & + ol ) (@) = & + o) (@) + ofl)(2) — o) (2)
= w0 (z) — 26, + 30 (z) — 0B ().

Theorem 3. Let x € ((N,p),m*). If the conditions (2.3),

AP (x) = 0(1), (2.6)
An (o)) — o(a)) = O(1) (27)

are satisfied, then © € m*.
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Proof. Assume that = € ((N,p),m*). By Lemma 2, we have
26 — o(2)) = w)(2) —wE)(2) +3(0)(2) — o(2)) = (02} (2) — o(2)).
Then it follows that

220 (§a—0(2)) = An (W) (2) — w2 ()43 (o) (2) —0 () — (o) (2) ~0 (2))).
A

Taking (2.3) and (2.6) and (2.7) into account, we obtain z € m*. 0O
Lemma 3. The following assertion is valid:
wffl),(x) = w,(l?)( ) —3&, + 60(1)( ) — 40533,(90) + 0'7(13:1))(1‘). (2.8)

Proof. By the weighted general control modulo of integer order m = 3 and
(2.5), we have

wip(@) = w<2><x>— (@ >>=wg?;<z>—zfn+3ag%;<> o2)()

n,p
- — Zpk wk (7)) =28 + 30(1)( ) — ‘71(@2) (z))
(0) ) 2) L) O 2 ¥
= Wpp(2)—28n+30y, (2)—0 ,p(m)_F > prwy () + i > ok
" k=0 " k=0

1 1 2
- *ZP U( ) P*ZPkU;(w);(x)
k=0

7L k=0
= wﬁ%( ) — 26, + 30 1),( ) — aﬁf%(x) — V,gg}(Ax) + 207(1171),(95)
— 30(2)( )+ 0(3)( )
0 a 1
= wi)() = 26, + 30 ) (x) — o) () — &u + o) () + 201 (w)
— 30(2)( )+ 0(3)( )
0 (1 2 3
= wi)(x) = 3, + 601} (x) — 407)(2) + o) ().
O
Theorem 4. Let = € ((N,p),m?*). If the conditions (2.3), (2.7),
Awi (@) = 0(1), A(0$)(z) —o(z)) = O(1) (2.9)

are satisfied, then x € m>.

Proof. Assume that = € ((N,p), m"). By Lemma 3, we have
3(6 - () = w0 (@) — ) (0) + 6(o)(2) - o(2) — 1o 2)(e) — 0(2)
+ (o) (@) — ().
Then it follows that
B (én — 0(2)) = Aaw 0 (@) — M) (2) + 6X, (0l (2) — o(2))
— 4\, (07(121))(95) — 0(33)) + A\ (0,(131),(,@) — a(ac)).

Taking (2.3), (2.7) and (2.9) into account, we obtain x € m*. O

Math. Model. Anal., 19(2):275-280, 2014.



280 S.A. Sezer and I. Canak
References
[1] I. Canak and U. Totur. Some Tauberian theorems for the weighted mean methods

2]

3]

(4]

(6]

[7]

(8]

[10]

[11]

[12]

(13]

(14]

of summability. Comput. Math. Appl., 62(6):2609-2615, 2011.
http://dx.doi.org/10.1016/j.camwa.2011.07.066.

M. Dik. Tauberian theorems for sequences with moderately oscillatory control
moduli. Math. Morav., 5:57-94, 2001.

G. Goes and S. Goes. Sequences of bounded variation and sequences of Fourier
coefficients. Math. Z., 118:93-102, 1970.
http://dx.doi.org/10.1007/BF01110177.

G. Kangro. A Tauberian remainder theorem for the Riesz method. Tartu Riikl.
Ul. Toimetised, 277:155-160, 1971. (in Russian)

O. Meronen and I. Tammeraid. Generalized Euler—Knopp method and conver-
gence acceleration. Math. Model. Anal., 11(1):87-94, 2006.
http://dx.doi.org/10.1080/13926292.2006.9637304.

O. Meronen and I. Tammeraid. Generalized Norlund method and convergence
acceleration. Math. Model. Anal., 12(2):195-204, 2007.
http://dx.doi.org/10.3846,/1392-6292.2007.12.195-204.

O. Meronen and I. Tammeraid. Generalized linear methods and gap Tauberian
remainder theorems. Math. Model. Anal., 13(2):223-232, 2008.
http://dx.doi.org/10.3846,/1392-6292.2008.13.223-232.

O. Meronen and I. Tammeraid. Several theorems on A-summable series. Math.
Model. Anal., 15(1):97-102, 2010.
http://dx.doi.org/10.3846/1392-6292.2010.15.97-102.

O. Meronen and I. Tammeraid. General control modulo and Tauberian remain-
der theorems for (C, 1) summability. Math. Model. Anal., 18(1):97-102, 2013.
http://dx.doi.org/10.3846,/13926292.2013.758674.

A. Seletski and A. Tali. Comparison of speeds of convergence in Riesz-type
families of summability methods. II. Math. Model. Anal., 15(1):103-112, 2010.
http://dx.doi.org/10.3846,/1392-6292.2010.15.103-112.

I. Tammeraid. Tauberian theorems with a remainder term for the Cesaro and
Holder summability methods. Tartu Riikl. Ul. Toimetised, 277:161-170, 1971.
(in Russian)

B.C. Tripathy and P. Chandra. On some generalized difference paranormed
sequence spaces associated with a multiplier sequence defined by a modulus
function. Anal. Theory Appl., 27(1):21-27, 2011.
http://dx.doi.org/10.1007/s10496-011-0021-y.

B.C. Tripathy and B. Hazarika. I-convergent sequence spaces associated with
multiplier sequences. Math. Inequal. Appl., 11(3):543-548, 2008.

B.C. Tripathy and S. Mahanta. On a class of vector-valued sequences associated
with multiplier sequences. Acta Math. Appl. Sin., Engl. Ser., 20(3):487-494,
2004.


http://dx.doi.org/10.1016/j.camwa.2011.07.066
http://dx.doi.org/10.1007/BF01110177
http://dx.doi.org/10.1080/13926292.2006.9637304
http://dx.doi.org/10.3846/1392-6292.2007.12.195-204
http://dx.doi.org/10.3846/1392-6292.2008.13.223-232
http://dx.doi.org/10.3846/1392-6292.2010.15.97-102
http://dx.doi.org/10.3846/13926292.2013.758674
http://dx.doi.org/10.3846/1392-6292.2010.15.103-112
http://dx.doi.org/10.1007/s10496-011-0021-y

	Introduction
	Tauberian Remainder Theorems For (N,p)
	References

