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Abstract. In this paper, the inverse problem of finding a coefficient in a second
order elliptic equation is investigated. The conditions for the existence and uniqueness
of the classical solution of the problem under consideration are established. Numerical
tests using the finite-difference scheme combined with an iteration method is presented
and the sensitivity of this scheme with respect to noisy overdetermination data is
illustrated.
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1 Introduction
Consider the equation
Ut (T, 1) + Uge (2, 1) = a(t)u(z, t) + f(x,t) (1.1)

in the interior the domain Dy = {(z,t): 0 < 2 < 1: 0 < ¢t < T} with the
boundary conditions:

u(z,0) = p(x), u(z,T) =), 0<z<1, (1.2)
w(0,t) = u(l,t), wu.(l,t)=0, 0<t<T
and the overdertermination condition
1
/ u(z,t)de =h(t), 0<t<T, (1.4)
0

where f(z,t), p(z), ¥(z) and h(t) are the given functions, u(z,t) and a(t) are
the unknown functions.


http://www.tandfonline.com/TMMA
http://dx.doi.org/10.3846/13926292.2014.910278
mailto:yashar_aze@mail.ru
mailto:fatma.kanca@khas.edu.tr

242 Y.T. Mehraliyev and F. Kanca

DEFINITION 1. We call the pair {u(x,t),a(t)} the classical solution of inverse
boundary value problem (1.1)—(1.4), if the following conditions are satisfied:

1) The function u(z,t) is continuous in D together with all its derivatives
contained in the equation (1.1);

2) the function a(t) is continuous on [0,T];
3) problem (1.1)—(1.4) is satisfied in the ordinary sense.

The problem of identifying a coefficient in an elliptic equation is an inter-
esting problem for many scientists. For surveys on the subject, we refer the
reader to [5,7,11,18] and the references therein.

Nonlocal problems are widely for mathematical modeling of various process
of physics, chemistry, ecology and industry. For example in [2], the authors con-
sidered a nonlocal elliptic problem appearing in the theory of plasma. Nonclas-
sical boundary and initial-boundary value problems with integral and discrete
nonlocal boundary conditions were studied for various equations.(see [2,13,15]
and reference there in)

Various inverse problems for partial differential equations with nonlocal
boundary conditions were studied in [9,15]

In [18], the elliptic problem for the equation

—Au = c(z)u+ f(x)h(z,y) + g(x,y)

in the rectangle is considered. Two inverse problems of finding the coefficient
¢(z) and the right-hand side f(x) from local boundary conditions are investi-
gated in that paper. Existence and uniqueness conditions are derived for the
inverse problems. The study is performed in the class of continuously differen-
tiable functions whose derivatives satisfy a Holder condition.

In [7], the authors investigate the convergence rates for total variation reg-
ularization of the problem of identifying (i) the coefficient ¢ in the Neumann
problem for the elliptic equation —div(¢gVu) = f , and (ii) the coefficient a in
the Neumann problem for the elliptic equation -Au + au = f. They regularize
these problems by correspondingly minimizing the convex functionals.

In [15], the inverse coefficient problem of the equation

Ugy + blgn(y)uyy - b2u = f(x)

with nonlocal boundary condition is considered. Some necessary and sufficient
conditions for the uniqueness of solution of the inverse problem are found.
In [11], for the elliptic equation

—V(p(x)Vv) + Ng(z)v=f, z€ 2 CR",

the problem of determining when one or more of the coefficient functions p,
q, and f are defined uniquely by a knowledge of one or more of the solution
functions v = vy, 4, ¢, is considered.

In the present paper, inverse coefficient problem for elliptic equation is con-
sidered. This problem has nonlocal boundary and integral overdetermination
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condition. It should be pointed out that papers, when nonlocal inverse elliptic
problems are considered mainly deal with local additional condition. Here in
this paper the problem has integral overdetermination condition.

The paper is organized as follows: In Section 2, the existence and uniqueness
of the solution of inverse problem (1.1)—(1.4) is proved by using the Fourier
method. In Section 3, the numerical procedure for the solution of the inverse
problem using the finite-difference scheme combined with an iteration method is
given. Finally, in Section 4, numerical experiments are presented and discussed.

2 Existence and Uniqueness of the Solution of the Inverse
Problem

For investigating problem (1.1)—(1.4), firstly we consider the following problem:

y'(t) =a(t)y(t), 0<t<T, (2.1)
y(0) =0, ¥(T)=0,

where a(t) € C[0,T] is the given function, y = y(t) is the unknown function,
and if y(¢) is the solution of problem (2.1)—(2.2) then y(¢) is continuous on
[0, T] together with all its derivatives contained in equation (2.1) and satisfying
conditions (2.1)—(2.2) in the ordinary sense.

The following lemma is proved.

t)HC[O,T] < R and

Lemma 1. Let ||a(
Lo
STR<1, (2.3)

where R is a constant. Then problem (2.1)~(2.2) has only a trivial solution.

Proof. It is easy to see that the homogeneous problem associated to (2.1) has
only a trivial solution. Then it is known [12] that the homogeneous problem
has one Green’s function and boundary value problem (2.1)—(2.2) is equivalent
to the integral equation

y(t) = G(t,m)a(m)y(r)dr, 0<t<T, (2.4)

where

Having denoted Ay(t) = fOT G(t,m)a(T)y(7) dr, we write (2.4) in the form

y(t) = Ay(t) (2.5)

and A: C[0,T] — C[0,T].

Math. Model. Anal., 19(2):241-256, 2014.
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It is easy to see that the operator A is continuous in the space CI0,T].
Let us show that A is a contraction mapping in C'[0,7T]. Indeed, for any y(t),
y(t) € C[0,T] we have:

[40®) ~ AGO) o1y < 10Ol T 00 =T Oz 29

Then, using (2.3) in (2.6) we obtain A is a contraction mapping in C|0, T1.
Therefore, equation (2.5) has a unique solution y(t) € C[0,7], by Banach
fixed point theorem. Thus, integral equation (2.4) has a unique solution in
C'[0, T and consequently, boundary value problem (2.1)—(2.2) also has a unique
solution in C[0,T]. Since y(t) = 0 is the solution of boundary value problem
(2.1)-(2.2), then it has only trivial solution. O

Consider the following equation:
1
R (t) — uz(0,t) = a(t)h(t) +/ flx,t)de, 0<t<T. (2.7)
0

The following lemma is valid.

Lemma 2. Let p(x),%(z) € C[0,1], h(t) € C?[0,T], h(t) # 0 for t € [0,T],
f(z,t) € C(Dr) and the consistency conditions

/ o(z) dz = h(0), / W(x) dz = 1(T) (2.8)
0 0

be satisfied. Then the following statements are valid:

1. Fach classical solution {u(x,t),a(t)} of problem (1.1)—(1.4) is the solution
of problem (1.1)—(1.3), (2.7) as well;

2. each solution {u(x,t),a(t)} of problem (1.1)—(1.3), (2.7) is a classical
solution of the problem (1.1)—(1.4), if

1
3T lla®ll o, < 1- (2.9)

Proof. Let {u(z,t),a(t)} be a solution of problem (1.1)—(1.4). It is seen from
(1.4) that

1 1
/ ug(z,t) de = h'(t), / wge(z,t)doe = h"(t), 0<t<T. (2.10)
0 0

Further, using (1.3) in (1.1) we have:

d2

1 1 1
@/()U(Lt) dx—ux((],t):a(t)/o u(z,t) der/O flz,t)dx, 0 <t <T. (2.11)

Hence, from (1.4) and (2.10), (2.7) is obtained.
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Now, suppose that {u(z,t),a(t)} is a solution of problem (1.1)-(1.3), (2.7)
and (2.9) is satisfied. Then, from (2.7) and (2.11) we get:

1

j;(/ol u(z, t) do — h(t)) - a(t)(/o u(z, t) do — h(t))7 0<t<T. (2.12)
From (1.2) and (2.8) we have:
/Olu(x,O)da:—h():/ o(z)dez — h(0) =0,
/Out(:ET)dm— /w dr — W(T) = 0.

From (2.12), (2.13) and Lemma 1 the condition (1.4) is obtained.0 O

(2.13)

It is known that the sequences of the functions

Xo(z) =2, Xop_1(x) =4dcos gz, Xop(z)=4(1—x)sinrgz, (2.14)
Yo(z) =z, Yop_1(z) =zcos gz, Yor(x)=sinryz, k=1,2,...

form in L5(0,1) a biorthogonal system [6], and system (2.14) forms a basis in
L5(0,1), where A\, = 27k (k =1,2,...) [8]. They are also Riesz bases in L(0,1)
(see [9]). Then any function g(x) € Lo(0, 1) is expanded in biorthogonal series

r) =Y g Xk(x)
k=0

where g, = (9(2),Yi(2)), k =0,1,..., here (, ) is the scalar product in L (0, 1).

The estimates
o0

1

2
5“9(95)”L2(01 Z HL2 (0,1)
k=0
are valid for any function g(z) in L3(0,1) [6 , 8].
Under the suppositions g(z) € C?%~ [ , ], 9@ (z) € L,(0,1) and
g9 (0) = ¢g®9)(1), g@*V(1) = 0 (s = 0,4 — 1; i > 1) the estimations are
valid:

M8

10 o
(AF 92k)2 = 5”9(21)(5”)”12(0,1)’ (2.15)

ES
Il

1

> (o)’ < 5o @) + 20> @)}

k=1
where
i (A 92k i(Azl/ Yi(z) dz>2 = i ()\ZZ /1 g(x) sin Az dx)2,
k=1 k=1 k=1 0

if we use integration by parts (2¢) times and we use Cauchy inequalities we
obtain (2.15). Similarly the other estimation is obtained.

Math. Model. Anal., 19(2):241-256, 2014.
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Under the suppositions g(z) € C'[0,1] and ¢'(z) € La(0,1) the estimations
are valid:

1 o0
Z Aegar)’ < 5“9’(@”12(01’ Z Aegar—1)” < H "(x)x 4 g(x HL2 0,1)°
=1 k=1

N |

(2.16)

0,1, g®"*V(x) € Ly(0,1), g*9(0) =
) the estimations are valid:

Under the suppositions g(z) €
gPI(1), g* V(M) =0 (i 2 1; s =

oo

) 1 .
Z(Aizﬂg%)Z < §H9(22+1)(x)||21;2(0,1)’ (2.17)
k=1
o0
. 1 : ;
S gan)” < 5\’9(2”1)(3:)3: +(2i+1) g(zz)(a:)HiZ(o,l)' (2.18)
k=1

For investigating problem (1.1)—(1.3), (2.7), consider the following spaces:
The space B3 1 [10] can be described as consisting of all functions u(z, t) of the

form
)= u(t)Xp(z)
k=1

considered on Dy, with the norm ||u(z, t)HB2 = Jr(u), where
3,T

- 1/2
Jr(u) = Huo(t)Hc[QT] + (Z(Aiuu%1(t)HC[0,T])2>
k=1

- 1/2
+(Zozuuzuwucm,ﬂf) |

k=1

The space E3 can be described as consisting of vector functions {u(z,t),a(t)}
such that u(z,t) € B p, a(t) € C'[0,T] with the norm

Izl gs = H“(x’t)HBg T ||a(t)||C[O,T]'

It is obvious that E3 and B2 31 are Banach spaces. The solution of the problem
(1.1)=(1.3) can be written in the form:

t) =Y up(t)Xp(x), (2.19)
=1
where u (¢ fo x,t)Yx(x) dzx is a solution of the following system:
ug(t) = Fo(t;u,a), 0<t<T, (2.20)

ugk(t)_AiUQk(t):FQk(t;uaa)7 OStSTv k:1a27"'a
U1 (£) — Npugg—1 (£)=Fo—_1(t;u, a) + 2 guok(t), 0<t<T; k=1,2,...,
uk(O):ng,u;c(T):i/}k, k:O,l,...,
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where
1
Fi(tiu,a) = a(t)uk(t) + fi(t),  fi(t) = /O f(@, )Yy (z) d,

9%:/0 ()Y (x) de, wk:/o (@) Ye(e)de, k=0,1,....

Solving the problem (2.20) we find:

T
w(®) = o + vt + | Golt.7)Fulri,a) dr (221)
0
_ cosh(Ae(T — 1)) sinh(At) /T _
ugy(t) = cosh(\eT) ok + )\kcosh(/\kT)wzk—’— ; G (t, 7)Far (T3 u, a) dr,
_cosh(\ (T — 1)) sinh(Agt)
a1 () = R ONT) P T N cosh (0T 2!
T
1
+ | Gut, T Fop (i u,a) dr + ————
/0 k(t T) Fop—1(T5u,a) dr cosh2(\T)

X { [T sh(At) + t ch(A\eT) sh(A(T —t)) | par + [—Tsinh()\kT) sinh(A\gt)

+ tcosh(A;T') cosh(Agt) — /\i cosh(A\T) sinh()\kt)] )\il/}gk}
k k

+/OT Gk(t,T)(/(;T Gi(t,&) For(&u,a) d§) dr,

where

Gty ={ 0 LS @mﬂz{”w”%temﬂ’

-7, te€ [7_7 T] 92k(ta T)a te [Tv T] »
g1k (t,7) = m [sinh( A (T +t — 7)) — sinh(Ax (T = (t +7)))],
924(0,7) = 5o (T — ¢+ 7)) = sinhOw(T = (6= D).

After substituting (2.21) into (2.19), we get:

T
1) = Go(t,7)Fo(T3u,a)dr ) X
u(z, 1) (<P0+1/J0t+/0 o(t, 7)Fo(T5u,a) ) o)
2. (cosh(Ag (T — 1)) sinh(Agt)
+ Z{ coshOWT) P2 T N cosh (0 T)

w2k

k=1
T
+ / Gr(t, 7)Far(T;u,a) dT}sz(aﬁ)
0

cosh(A\g (T —t sinh( At
S [T 1) Ow)

= cosh(A\,T) Prk-1 Ai cosh(AgT) Vi1

Math. Model. Anal., 19(2):241-256, 2014.
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T
—I—/ Gr(t,7)Far—1(T;u,a)dr
0

T
cosh”(AxT)
+ {—T sinh(A,T') sinh(Agt) 4 t cosh(A;T) cosh(Axt)

T sinh(Agt) + t cosh(A\,T) sinh(Ag (T — 1)) | oo

1
_ Tk cosh(\,T) smh()\kt)} )\fszk}

+ATGMuﬂ(ATGMu@EM@m¢Q@)m}X%Aum (2.22)

From (2.7), (2.19) and (2.21) we obtain:

B " B cosh(Ag( t))
a(t)=h~ h / f(z,t) dzx 42 [—COSh T Vok

sinh(Agt)

mw2k+/o Gk(t7T)sz(T;u,a)dT”. (2.23)

Thus the solution of problem (1.1)-(1.3), (2.7) is reduced to the solution of
system (2.22), (2.23).

Using the definition of the solution of the problem (1.1)—(1.3), (2.7), similar
to [16] we prove the following lemma.

Lemma 3. If {u(z,t),a(t)} is any solution of problem (1.1)~(1.3), (2.7), then
the functions

1
ug(t) = / u(z, t)Yi(z)dx, k=0,1,...
0
satisfy system (2.21) on [0,T].

Now, in the space E3. consider the operator @(u,a) = {@1(u, a), P2 (u, a)},
where

D1 (u,a) = u(z,t) Zuk () Xk(z), Po(u,a)=7a(t)

and g (t), Uok(t), u2k—1(t), k = 1,2,..., and a(t) are equal to the right hand
sides of (2.21) and (2.23), respectively. It is easy to see that

cosh(\xt)
SR <9 0<t<T,
cosh(\T) — - -

sinh(A (T +t— 7))

sinh(Agt)
— <1 0<t<<T
cosh(\T) = 77 -

s (T =) o goycr

<1, 0<t<7<T,

coshA\yT) — 77 = =77 cosh(A\gT)
sinh(Ap (T = (t+7)))
<1 <t<7r<T
cosh(A\gT) =1, O=ts7=T

sinh(A (T = (t+7))) <1 sinh(A (T = (t —7))) <1

: L 0<T<t<T
cosh(\T) = cosh(\eT) = 4
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Taking into account these relations, with the help of simple transformations
we find:

_ T 9 1/2
[50(®ll .1y < ool + Tl + 27T ( [ |1t ar)

+ 2T2||a(t>||C[O,T] H“O(t)HC 0,1 (2.24)
oo 1/2 Y o 1/2
(Z(Ai||a2k<t>llc[m>2>/ g4(Z(Ak\mk| ) 2( (R [wrl) )
k=1 k=1 k=1
T 5 1/2
+2\/T(/O I;(Aﬂka(T)D dT)
> o\ 1/2
+2T||a(t)HC[O,T](Z(AiHqu(t)HC[O’T]) ) ) (225)
k=1

(S Ok Ol o)) < 4v3( X (0t lenenal)?)
k=1

k=1

+23( S0 i) VI ([ S 0kl )
k=1

k=1

1/2

o0

o\ 1/2
+2\[TH HC[OT](Z >‘2H“2k—1(t)||c[07:r]) )

k=1

1/
e 1/2
+4T< (A7 lparl) ) +2V2(1 +37) (Z A% |92rl) )
k=1

T o0
+4\/§T\/T</O Z(/\k|f2k.(7-)|)2dr> 1/2

o 1/2
+4\/§T2Ha<t)’|C[OT (Z (N |z (8 HC[O,T])Z) ’ (2.26)
k=1
5o 2y < 1 Ol {7 / fa ),
4 oo 0o 1/2
+ \/6<k=1()‘k o2k ) (kzz:l (A [21]) )
2 T o 1/2
+ %ﬁ<A kZ:l()\k’fzk( )|) dT)

2
+ 75 Nl con (S Oulbasllco n)) ) @220

=1

Suppose that the data of problem (1.1)—(1.3), (2.7) satisfy the following
conditions:

Math. Model. Anal., 19(2):241-256, 2014.
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p(x) € C?[0,1], 9" () € L2(0,1), 9(0) = ¢(1), ¢'(1) = 0, 9"(0) = ¢"(1);
(C2) ¥(z) € CH0,1], ¥ (x) € L2(0,1), 9(0) = (1), 9'(1) = 0

g(%t% fa(z,t) € C(Dr); faw(z,t) € L2(Dr), f(0,8)=F(1,1), fo(1,)=0,

(C4) h(t) € C?[0,T], h(t) #0, ¥Vt € [0, 7).
Then, considering (2.15)—(2.18) in (2.24)—(2.27) we get:

[0l < AT+ B loe Dl (229
[a®| oy < A2(T) + Ba(T)|a(t) | g 1y |l t)HBgﬂﬂ (2.29)
where
AU(T) = le@)2] 00y + Tl @l 0,0 + 2TV £ (0],
+2V2(L+ D" ()| 1, 00y + V2(L+ V24 3V2D) [¢" (@) 1, 01
+ V2T (1 + 2V27)|| fou(a, 1) W iaiom +4le” @2+ 38" @), 00

—I—QHw"(x)x—l—Qw HL2 01) T 2‘/>Hfm (@, )z + 2fa(2,1) HL (D7)’
Bi(T) = 2(1 + V2)T + 2(1 + 2V2)T?,
23
(o= [ s, + 2200000

r
T||fm(‘r7t)“L2(DT)}7

Ay(T) = ||~}

Dleor{]

V3,
+ ?Hw (m)HLQ(o,n +

V3.
Bz(T):?THh ' HC[O,T]’

From inequalities (2.28), (2.29) we deduce:
[l g, + 1 gy < AT+ B al8)] g oD 230

where A(T) = A1(T) + A2(T), B(T) = B1(T) + Bo(T).
So, we can prove the following theorem:

Theorem 1. Let conditions (C1)—(C4) be satisfied, and
(A(T) +2)*B(T) < 1. (2.31)

Then problem (1.1)—(1.3), (2.7) has a unique solution in the sphere K =
KR(HZHE; < R=A(T)+2) of the space E3..

Proof. In the space E3 consider the equation

z =&z, (2.32)
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where z = {u, a}, the components ®;(u,a) (i = 1,2) of the operator ®(u,a) are
determined by the right hand sides of equations (2.22) and (2.23).

Consider the operator ®(u,a) in the sphere K = Kp from E3Z. Similar
0 (2.30), we get that for any z, z1, 22 € Kp the following estimations are
valid:

192]| g5, < A(T T)||a(t !u(m,t)HBg , (2.33)

Megon|
|Pz1 — @ZQ”E% < B(T R(||a1(t) — G’Q(t)”C[OT + ||ur (2, t) — ua(, t) H32 )
Then, using (2.31), it follows from estimations (2.33) that the operator ¢ acts
in the sphere K = K and it is a contraction mapping. Therefore, in the sphere
K = Kg, the operator @ has a unique fixed point {u,a} that is a solution of

equation (2.32).
The function u(x, t), as the element of the space B;T, has continuous deriva-
tives u(x,t), uz(x,t) and uz,(z,t) in Dp. Now, from (2.20) we get:

’|“8(t)”c*[o,T] = Ha(t)Hc[o,T]Huo(t)Hc[o,T] + HHf(x’t>HC[O,T]HLQ(O,I)’

- 1/2 - 1/2
(2<Akv|ugk<t>||c@,ﬂ>2) sﬁ(Z(Aznu%a)Hcm,ﬂ)?)
k=1

k=1
+ || lat)ua(z, t) + falz,1) HC[O T]||L2(0 1)

oo 1/2
<Z()‘k““/2/k1(t)HC(0,T))2>

k=1

- 1/2
<V3 < Z()‘% Hu%*l(t) HC(O,T))2> + \/5Hum(a;, ) HC(DT)

k=1
3
+ %H Ja(t) (ua(z, )z + u(z, 1)) + fole,t)z + f(xvt)”cmm HL2(071)'

Hence it follows that s (x,t) is continuous in Dr.

It is easy to verify that equation (1.1) and conditions (1.2), (1.3) and (2.7)
are satisfied in the ordinary sense. Consequently, {u(x,t),a(t)} is a solution of
problem (1.1)—(1.3), (2.7), and by Lemma 3 it is unique. O

The following theorem is proved by means of Lemma 2.

Theorem 2. Let all the conditions of Theorem 1,

%(A(T) +2)T% < 1

and consistency conditions

1 1
/ () d = h(0), / O(a) dr = 1(T).
0 0

be satisfied. Then in the sphere K = KR(HZHE% < A(T) +2) of the space E3.,
problem (1.1)—=(1.4) has a unique classical solution.

Math. Model. Anal., 19(2):241-256, 2014.
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Remark 1. The condition (2.32) in Theorem 1 implies that the mapping P act-
ing in the sphere Kpg is contraction mapping, this condition is sufficient for
applying Banach fixed point theorem, Therefore, the unique solvability of prob-
lem (1.1)—(1.3), (2.7) is obtained . This problem is equivalent to the original
problem (1.1)—(1.4) under similar condition in Theorem 2. To check these
conditions is not easy but they are satisfied for small T'.

Remark 2. The existence and uniqueness of the solution of inverse problem
(1.1)—(1.3) are obtained in a sphere K under some sufficient conditions. These
conditions are also satisfied for small 7. Such a condition is popular in the
theory of inverse BVP (see [3,4,9,14]). The investigation method in [3, 4]
allows them to continue local solution to global solution.

3 Numerical Procedure

We use the finite difference method with an iteration to problem (1.1)—(1.4) [17].
We subdivide the intervals [0,1] and [0,7] into subintervals M and N of
equal lengths h = ﬁ and 7 = ]7\;, respectively.
The finite difference scheme for (1.1)—(1.4) is as follows:

J+1 J Jj—1 J J J
u’ — 2u + u’ Ui, — 2 + U
i ) i i+1 i i—1 i
5 + W2 =alul + f7, (3.1)
=
N N-—-1
= ¢i7 u; = Tg/i + U; 9

u

ok, 2o

J J .
w Wypy  Upr—1 = Upgyas (3.3)

where 1 <4 < M and 0 < j < N are the indices for the spatial and time steps
respectively, u! = u(xi,t;), al = a(t;), ¢i = (x:), Ui = Y(x:), f7 = f(x,t5),
.’El‘:’ih, tj :jT.

From (3.1) we can write

1 4 - : , ,
1T (R + 12) +h27-2aj( 2l P ] )+ (uly tul ) =R (3.4)

Now let us construct the iteration. First, integrating the equation (1.1)
with respect to = from 0 to 1 and using (1.3) and (1.4), we obtain

oty = MO0l

The finite difference approximation of this equation

(W — 209 + BI=Y) /72 — [(u] — u))/h] — (fin)?
hi ’

al =

where b/ = h(t;), ( ﬁnj—fo Ndx, j=0,1,...,N.

We denote the values of aj, u at the s-th iteration step a?(®), ug(s), re-
spectively. In numerical computation, since the time step is very small, we can
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take a?t1(0) = pJ, qu(O) = ug, j=0,1,2,....,N,i=1,2,...,M. At each
(5 + 1)-th iteration step we first determine a/*'(>*+1) from the formula

ey _ L2 =20 4 1) /72 — (g — g ) /) — (fin)
hi+1 :

Then from (3.4) we determine

e _ E@P0 ul) 4 2@l a1 - w2 )
i - 2(h2 +72) + h272qi+1(s+1)

If the difference of values between two iterations reaches the prescribed
tolerance, the iteration is stopped and we accept the corresponding values
@D T Gy 9 M) as o0t Wt (0= 1,2, M, § =
0,2,...,N — 1), respectively.

4 Numerical Examples and Discussions

In this section, we present two examples to illustrate the efficiency of the nu-
merical method described in the previous section.
Ezample 1. Consider inverse problem (1.1)—(1.4), with
f(z,t) = — (14 cos(2mz)) exp(6t) — (2m)* (1 + cos(2mz)) exp(t),
p(z) =1+ cos(2mz), ¥(x) = (1+ cos(27z)) exp(T),
h(t) = exp(t), x€][0,1], t€[0,T].
It is easy to check that the exact solution of problem (1.1)—(1.4) is

{a(t),u(z,t)} = {1+ exp (5t), (1 + cos(27x)) exp(t) }.

Let us apply the scheme of the previous section for the step sizes h = 0.01,
7 = h. Figure 1 shows the exact and the numerical solutions of {a(t),u(z,T)},
when T' =1 and the input data (1.4) is exact.

—eactal) |
- — - numerical a(t) 35

—— exactu(x)
— — — numerical u(x.t)

ux,t)

Figure 1. The exact and numerical solutions for T'= 1: a) a(t), b) u(z,T).

From these figures it can be seen that the agreement between the numerical
and exact solutions for a(t) and w(z,T) is good.

Math. Model. Anal., 19(2):241-256, 2014.
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@) (b)

0 0.5 1

0 05 1

Figure 2. The numerical solutions of a(¢) (a) for 0% noisy data, (b) for 3% noisy data,
(c) for 5% noisy data.

Ezample 2. Consider inverse problem (1.1)—(1.4), with

flz,t) = = (1 — z) sin(27x) exp(4t)
— [(2m)*(1 — 2) sin(27x) + 47 cos(2mx)] exp(t),
o(x) = (1 —x)sin(27z), ¥(z) = (1 — z)sin(2rz) exp(T),

h(t) = %exp(t), ze0,1], te[0,T].

It is easy to check that the exact solution of problem (1.1)—(1.4) is
{a(t),u(z,t)} = {1+ exp (3t), (1 — ) sin(27z) exp(t) }.

Let us apply the scheme of the previous section for the step sizes h = 0.01,
T =h.

Next, we will illustrate the stability of the numerical solution with respect
to the noisy overdetermination data (1.4), defined by the function

hy(t) = h(t)(1 +~0), (4.1)

where ~ is the percentage of noise and 6 are random variables generated from
a uniform distribution in the interval [—1,1]. Figures 2 and 3 show the ex-
act and the numerical solution of {a(t),u(z,t)} when the input data (1.4) is
contaminated by v = 3% and 5% noise.

Numerical differentiation is used to compute the values of A" (t) and wu,(0,t)
in the formula a(t) It is well known that numerical differentiation is slightly
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@) (b)
0 0
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Figure 3. The numerical solutions of u(z,T') for T' =1, (a) for 0% noisy data, (b) for 3%
noisy data, (c) for 5% noisy data.

ill-posed and it can cause some numerical difficulties. One can apply the cubic
spline function technique [1] to get a decent accuracy. The condition number
of the system grows, if the overdetermination data h(t) fast decreases in t.
Therefore it causes some numerical difficulties.

5 Conclusion

The inverse problem of finding a coefficient in a second order elliptic equation
with nonlocal boundary and integral overdetermination conditions has been
considered. This inverse problem has been investigated from both theoretical
and numerical points of view. In the theoretical part of the article, the con-
ditions for the existence and uniqueness of the problem have been established.
In the numerical part, the sensitivity of finite-difference scheme combined with
an iteration method with respect to noisy overdetermination data has been
illustrated.
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