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Abstract. In this paper, we prove a multidimensional limit theorem for moduli of
twists of L-functions of elliptic curves. The limit measure in this theorem is defined
by the characteristic transforms.
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1 Introduction

In [3], we have obtained a limit theorem for the modulus of twisted with Dirich-
let character L-functions of elliptic curves with an increasing modulus of the
character. Let E be an elliptic curve over the field of rational numbers given
by the Weierstrass equation

v =23 +ar+b, abeZ

with discriminant A = —16(4a® 4 27b%) # 0. For each prime number p, denote
by E, the reduction of the curve £ modulo p which is a curve over the finite
field F,, and define A(p) by the equality

|E(Fp)| =p+1-Ap),

where |E(F,)| is the number of points of E,. The L-function Lg(s), s = o +it,
of the elliptic curve F is defined, for o > %, by the product

o TI0-4) 22 k)
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and continues analytically to the whole complex plane.
Let x be a Dirichlet character modulo ¢g. The twist Lg(s, x) with character
x for the function Lg(s) is defined, for o > 3, by

Lot =TT (1 B A@})}m ) 0 <1 A xi(p3>_1

plA ptA

and is analytically continued to an entire function.
Suppose that the modulus ¢ of the character x is a prime number, denote,
as usual, by x¢ the principal character modulo ¢, and, for @ > 2, define

Mog=>" > 1 and po(...)=Mz"> > 1,

g<Q x=x(modq) q<Q x=x(modq)
XF#X0 Xﬁxo

where in place of dots we will write a condition satisfied by a pair (g, x(modq)).
Moreover, denote by B(X) the Borel o-field of the space X. Then, in [3], for
o> %, we have proved a limit theorem on the weak convergence of the measure

;U'Q(’LE(&X” EA)? AEB(R)

as  — o0o. The limit measure P in that theorem is defined by its characteristic
transforms

wy(7) = / || sgn® dP = Z ar(m)br(m)

R\ {0} m=1

, TeR, k=0,1,

m20’

where a.(m) and b, (m) are certain explicitly given multiplicative functions.
We note that the first theorems of the above type were obtained by P. Elliott
[1] and [2], and E. Stankus [5] for Dirichlet L-functions.
The aim of this note is to prove a joint limit theorem for the moduli of the
twists of L-functions of elliptic curves. For j = 1,...,r, let E; be an elliptic
curve given by the Weierstrass equation

y? =x3+ajx+bj, aj,b; € Z

with non-zero discriminant A; = —16(4a§? + 27b§). Similarly as above, we
define the quantities A;(p), and the twist

Liy(s.0= ] (1 . Wm) 0 <1 RSONOM x%(z?)l’ .

s s 25—
pl4a; b pt4; P P

This, for o > %, can be rewritten in the form

L, (s,x) =[] <1_W><(p))_l Il <l_cy](]7))((1,)>—1

plA; P pta; P
y (1 B ﬁj(p)x(p))_l’
pS
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where a;(p) and 3;(p) are conjugate complex numbers such that a;(p)+08;(p) =
Aj(p) and aj(p)B;(p) = p. For brevity, let n = n(7) = T, 7 € R, and, for primes
p and k € N, we set

d, (") = n(n + 1)-~]:d(77+k— )

For j=1,...,r,pt4A; and k € N, we define

where @;(p) and Bj (p) denote the conjugates of a;(p) and 5;(p), respectively.
For j=1,...,7,p| 4; and k € N, we define

ajir (P7) = bjir () = dr () X} (0)-

Now, for j =1,...,r and m € N, define

ajsr(m) = H Qjir (pl)» bjir(m) = H bj;T(pl)v

ptllm plllm

where p' || m means that p' | m but p'*! { m. Thus, a;,-(m) and b;,-(m) are
multiplicative functions.

Now, on (R”, B(R")), we will define a certain probability measure P("). For
this, we will use the characteristic transforms. Let P be a probability measure
on (R",B(R")). Denote by P;, j = 1,...,7, Pj,j,, j2 > j1 = 1,...,r — 1,
P 1441, J = 1,...,7, the one-dimensional, two-dimensional, ...,
(r — 1)-dimensional marginal measures of P, i.e.,

Pj(A)=PRx---RxAxRx---xR), AeB(R), j=1,...,r,

—_————
j—1
Pj i, (A1 x A) =PRx - RxA; xRx -+ xRxAy xRx--- xR),
HA,_/

Jji—1

P17...,j—l,j+1,4..7r(A1 X oo X Aj—l X Aj+1 X oo X Ar)
:P(Al X"'XAJ‘,1 XRXAJ'+1 X"'XAT)7
Al,...,Aj_l,Aj+1,..~,Ar € B(R), j = 1,...,7’.
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Then the functions

wk(T):/ l2|"sgnfxdP;, TER, k=0,1, j=1,...,7
R\ {0}
Wiy ey (T1,T2) = / / (|:E1\”1 sgn® xl) (|;1cg|”2 sgn”? 332) dPj, j,,
R\{0} R\{0}
T1,7T2 GR, kl,kg =0,1, jo>j51=1,...,m

wkl,.‘.7kj,1,k]'+1,...,k,,- (Tla R 7Tj717 Tj+1? L )T’r‘)

_ / L / (|:L‘1|i7—1 Sgnkl xl) ... (|$Cj,1‘i7—f*1 Sgnk]‘—l ijfl)
R\{0}  R\{0}
(|x],+1‘m+1 Sgnkj+1 J3j+1) s (|$r|in SgnkT -rr) dPi,. 141,

T1,...,Tj,1,Tj+1,...,TTER, kl,...,kjfl,kjurl,...,kr:071, j=1...,m7

Wiy oo (T1, oo T) = / (o[ sgn’? z1) o (|| sgn®r z,) dP,

R\{o}  R\{0}
Tl,...,TTGR, kl,...,k:T:O,l

are called the characteristic transforms of the measure P. The character-
istic transforms of multidimensional distribution functions were introduced
in [4]. Tt is easily seen that the results of [4] remain valid when distribu-
tion functions are replaced by probability measures. Thus, we have that the
measure P on (R”, B(R")) is uniquely determined by its characteristic trans-
forms {wp(7), Wiy ko (T1,72)5 o, Wiy k1 kgt sekr (TLy oo o Tjm 1, Tj Ly - o o5 Tr),s
w}gl’m,kr(Tl, e ,TT)}.

Now let P(") be a probability measure on (R”, B(R")) given by the following
characteristic transforms:

o~ 4jir (M)bjir (m
3 (m)bj.-(m)

wg(7) = =1,...,r
k( ) m2o; y J ’ 5Ty
m=1
= b b
( ) _ Ajy5my (ml)a’jz;‘Fz(mQ) J1;571 (nl) jz;Tz(n2)
Wk ko \T1,T2) = meimez 5s s
m=1mimo=m 1 2 ning=m nl 7L2
Jo>n=1,...,r—1,
wkl,...,kj_l,kj+1,...,kr (T17 L] ,ijla Tj+1) DR 77_7“)
o
_ a1,y (ml)'“”‘j—l;‘r]‘71(m.i—l)a.7+1;fj+1 (Mmjt1)-arr,. (My)
o T
m=1mi..mj_1mjy1...Mmp=m
% Z biyr (1) -+ bj—1;m, (1) 150, 0 (M 11) - bpir, (1)
BUo LSSkl e ’
- nyt-end o n e ng

g=1...,r
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a1.ry (M) @per, (M
Wy .k (T2, - - Z Z tin il) Té?( 2

mi' - -my

m=1my--

bl"l’l (nl)"'br'r (nr)
X : = - . 1.1
D, (1.1)
ni-Ne=m
Here s; = 0; +1t;, and 0; > %,j:l,...,r
For A € B(R"), define
Po(A) = po((|Le, (s1,X)], - -+ |LE, (51, X)|) € A).

Theorem 1. Suppose that mini<;<, o; > % Then Pg converges weakly to the
probability measure P(") as Q — .

For the proof of Theorem 1, we will apply the method of characteristic
transforms.

2 Characteristic Transforms of the Measure Fy

In this section, we derive the formulae for the characteristic transforms

{wi(T), Wi (T m2)s s W11t (Tl T T ),
wq(71,...,7)} of the measure Pg. Since Py is defined by means of the moduli
of the twists Lg;(s,x), j = 1,...,r, its characteristic transforms do not de-
pend on k,ki,ko; ...; k1,..., k.. The definitions of Py and of characteristic

transforms imply that

wJQ Z Z |LE 7X ZT; j=1,...,m

q<Q x= x(mon)

X#X0
Wy, jp:0(T1,T2) = Z Z |LEJ1 51, X )’ZTI|LEJQ(52,X)’lT2a
q<Q xX= x(mon)
X#X0
J2 > jl - 13 , T 17
wi,...,j— 1’j+1 ,T‘Q(Tl7'- y Tj— 1,Tj+1,...,7'r)

Z Z |LE1 S1,X |“—la""|LE_7‘—1(3j71,X)|iTj71

q<Q x= x(mon)
X#X0

X |LEJ+1(Sj+1,><)|”j+1 o |Lg, ( sT.,X)|m, j=1,...,m

wo(T1,. .., ——Z Z ‘LE1 (s1,x ’“~-~|LET(sr,x)|iT7'. (2.1)

Q@ 4<0 x= x(modq)

Let ¢ be a fixed small positive number, and let R; = {s € C: g; > 3 + 6}
Then, in [3], it was obtained that

wio(r) =Y W +0(1) (2.2)
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uniformly in |7] < ¢ and s; € R; with arbitrary ¢ > 0,as Q — o0, j =1,...,7.
Therefore, it remains to consider the characteristic transforms wj, ;,.q (71, T2),
--;wl,...,jijJrl,...,r;Q(Tl7~-~,7'j71a7'j+17 cee aTr)7wQ(Tla-~-7Tr)-

In [3], it was obtained that, for s; € R,

ir o0 A . [e%e] IA)'.T
1Le, (s, 0] = aJT’ngn) Zl J’ng”), (2.3)
m=1 n=

where @;.,(m) and b;.,(m) are multiplicative functions given, for p { A; and
k € N, by

k
aji- (P¥) =D dr (0) s ()x (') d- (0" ) By (0)x (") (2.4)
1=0
k
biir (1) = 3 d- () )X () - (0F B R, (25)
1=0
and, for p | A;, k € N, by
aj:r () = de (P )N (D)X (), byir (0F) = dr (PF) NS ()X (), (2.6)
j=1,...,r. Moreover, using the Hasse estimate

it was observed in [3] that, for |7;| < ¢,

[jir, (m)| < mEd°* (m), - [bjir, (m)| < m3d°* (m), (27)
where d(m) denotes the divisor function, and ¢; is a positive constant depending
only on c.

R . . d
For simplicity, we will consider only the case w1 2.0(71,72) ;f’wQ(Tl,Tg)
and wq(7i,...,7-). Other characteristic transforms of the measure Py are
evaluated similarly. From (2.1) and (2.3), we find that, for s; € R;,

v =Y Y3 Belm)

q<Q x= x(modq) mi=1
XF#X0

o Z b1 Tls(lnl) f: (Alz;?;(;tz) Z 32 27212)’

wo(T1, ... Ty Z Z Z aln m1

q<Q x= X(modq) mi=1

7 oo

3 hn) .§:W;T”zﬁmﬁﬂ 25)

ni=1 me=1 T ny=1 N

where G;.,, (m) and l;j;Tj (m) are multiplicative functions defined by (2.4)—(2.6),
and satisfying estimates (2.7), j =1,...,r

Math. Model. Anal., 19(1):66-74, 2014.



72 V. Garbaliauskiené and A. Laurincikas
3 Asymptotics of Characteristic Transforms of I

In this section, we consider the characteristic transforms of the measure Pg
as Q — oo. Let, for brevity, N = log@. Then the well-known estimate
d(m) = O.(m*®) with arbitrary & > 0 together with estimates (2.7) shows that,
for |7;| < cand s; € Rj,

ajir, (M) m# de (mj) 1 -5+
Z 77”; < Z 3+5 <Le Z ml+d—e <N 5

m>N m>N m>N
bj.r, (1) _
D e =N
n>N J
j=1,...,r. Since, in view of (2.7), for |7;| < ¢ and s; € R;,
dj;Tj (m) J T
d = =0(1) and Z bir (1) _ 1),
m<N m n<N n®s
j=1,...,r, from this and (2.8) we find that, in the above regions of 7; and s;,

wq(m,72) = Z 3 < 3 alm(lml)

q<Q xX= x(modq) m1=<N

X#X0
oo oo %
by, i (n1) 42:7, (M2) ba.r, (2) O (N-5+¢
x Z Z m52 Z S2 + 6( )’
ni <N ny' ma<N 2 na<N 2

1 CA741;7'1 mi
wQ(Tl,...,TT):M—QZ Z ( Z m(i“)

q<Q x:x(modq) m1 <N
X0

x ) blﬁ m) f: Gz, ( mr f: s >+0( “0tE). (3.1)
ni<N my<N my” ne<N ny’

The multiplicativity of the functions a,,(m) and i)j;-rj (m), and the complete
multiplicativity of the character x together with (2.4)—(2.6) and the definition
of the multiplicative functions a;,,,(m) and bj.,,(m) show that

Ajir; (m) = Ajiry (m)x(m), Ej;rj (m) = bj;Tj (m)x(m), (3.2)

j=1,...,r. Therefore, the main terms on the right-hand sides of (3.1) are of
the form

3 a;r (mi) > by nf 1) > az;r, (M2) D ba;ry (112)

mi<N ni<N ma<N 2 na<N 2

Z Y. x(mimz)X(ning)

q<Q x= x(modq)
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Z Z ay; 7—1<m1 a2 T2 m2 Z Z by, T1 nl b2 ‘rz(”2>
m1 m 51 ;2

m<N2mimo=m n<N2ninz=n

X X ).

q<Q x= x(mon)
X0

Z a1;r, (m1) Z bl;ﬁ(nl)__. Z apsr, (mr) Z br;z, (1r)
m51 n§1 er Sr

Ny

mi<N 1 ni<N 1 m.<N " np <N
E g X(ml ...mr)y(nl ...nr)
q<Q x= x(mon)
X#X0
Z Z ai;r (ma)---ap, e (my) Z § : bisr, (1) -+ bysr, (1)

S1 51 Sy

mst--- . T

m<NT my---mp=m 1 n<NT Ny np=n n Ny

x—z > x(m)x(n). (3.3)

q<Q x= x(mon)

Consider two cases m = n and m # n. If m = n, then

Y xmxm=Y Y m) =M Y (-2

<@ x= x(modq) q<Q x= x(modq) q|m
X#X0 X#X0 q< NI

:MQ+(9< > q> = Mg + O(N%), (3.4)

q<NJ

j=2,...,7. Moreover, in view of the estimate . 1=0. (ms), J=2,...,7,
dy--dj=m
taking into account (2.7), (3.2), we deduce that, for |7;| < c and s; € R;,

) ai;r, (M) -~ aj.r (my) 3 bi;ry (n1) -+ bjir (n))

S1 LS 51 5j
my-mj=m my m] ni--nj=n nq -~-nj7
Loy )t my) s dv ) )y 1
- ml+é nl+é T TE\p2t2e—¢ )°
my-m;=m mny-n;=m

Since [1] Mg = 210gQ + (9( Q)’ the latter estimate and (3.4) show that the
case m = n contributes to (3.1)

i Z a1, (ml)a2§‘f'2(m2) Z b1§7'1 (nl)bQH'z(nQ) + (1)
- ‘< mitms? - nfl ngz o
m=1mimas=m nine=m

=

m ..mSr
o B 1 N ma=m Ny

Math. Model. Anal., 19(1):66-74, 2014.
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uniformly in |7;| < cand s; € Rj, j=1,...,7, as Q — oc.
Now suppose that m # n. Then, for m,n < N7, j = 2,...,r, similarly, as
in [3], we obtain that

> X e -0(32),

q<Q x=x(modq)
X#X0

This, (3.1), (3.3) and (3.5) show that, uniformly in |7;| < ¢ and s; € R;,
7=1...,r

0
. . by. bo.
’LUQ(Tl,TQ) _ Z Z a1;7my (mi)aim (m2) Z 157 (nl) %TZ (n2) + 0(1)’
msims? 51, 52
m=1mimo=m 1 2 nins=m Ny Ng

= a1:r (M1) - - Qpyr, (M
wo(r,m) =Y 3 Gnlm) o (m)

m‘lgl . .m,f,"

y Z bl;‘rl (nl) cee br;n(nr) + 0(1) (36)

n‘il .o .nff"

as Q — oo.

4 Proof of Theorem 1

By (2.2) and (3.6), we have that the characteristic transforms of the measure
Py converge uniformly in |7j| < c and s; € R;, j = 1,...,r, to the functions
defined by formulae (1.1) as ¢ — oo. The uniform convergence ensure the
continuity of the functions (1.1). Thus, the application of a continuity theorem
for characteristic transforms of the measures on (R”, B(R")), Theorem 3 of [4],
completes the proof of Theorem 1.
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