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1 Introduction

The study of nonlinear partial differential equations with variable exponents
has garnered significant attention over the past few decades. This growing in-
terest stems from both the challenging mathematical structures that equations
present and their wide range of applications in real-world models. In particular,
equations involving variable exponent growth naturally arise in the modeling of
thermorheological fluids [5], electrorheological materials [23], image restoration
problems [11], and in several areas of mathematical physics and economics [18].
For a comprehensive overview of recent developments in this field, we refer the
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Nonlinear Fourier problems

reader to [1,2,6,7,8,9,10,13,15,20,21,22,24,25,26,27,28,29,30] and the refer-
ences therein.

In this work, we are motivated by nonlinear Fourier boundary value prob-
lems of the form:

~div (B (2,9¢ = 0(0))) + A(@,Q) = f (2,0 = b(Q) in 4,

(1.1)
(B(z.9¢-0(Q)) m+r =g on 94,

with

A>0and B(z,8) = [€]*@72%¢, Ve e RN,V € A,
where A C RV (N > 3) denotes a bounded open domain with a smooth bound-
ary 0A, n represents the outward unit normal vector on dA, and @ is a real-
valued function defined on R or RY, f is a Carathéodory function satisfy the
Growth condition, g € L' (9A) and @ is the Leray-Lions operator.

A central difficulty in studying such problems lies in the multiplicity of weak
solutions. While weak solutions exist in generalized Sobolev spaces W1(*) (A),
they do not always correspond to physically meaningful solutions. To address
this issue, the notion of entropy solutions was introduced by Bénilan, Boc-
cardo, Gallouét, Gariepy, Pierre, and Vazquez [10]. Entropy solutions refine
the concept of weak solutions by incorporating additional stability and selection
principles, thereby ensuring uniqueness and physical relevance.

Several contributions in the literature have addressed related problems. For
example, Nyanquini and Ouaro [20] investigated Leray—Lions operators under
L'—data and established the existence and uniqueness of weak and entropy
solutions. Other works studied the existence of entropy solutions when the
source term f belongs to L' or is a Radon measure, under Neumann boundary
conditions. Their methods relied on monotonicity arguments and a priori esti-
mates, showing convergence of approximating sequences to entropy solutions.
The body of literature on the variable exponent problem of p(z)—Laplacian
operators has a long history, including papers on the entropy solutions of the
Dirichlet or Neumann boundary value problems. The current paper is based
on some well-known methods, especially monotonicity methods and truncation
arguments used in the entropy approach.

The novelty of the present work lies in considering the case where f =
f (z,¢) depends explicitly on the solution variable ¢. This dependence forces
us to impose additional growth conditions on f, employ refined a priori esti-
mates compared to earlier works, and treat the problem in a variable-exponent
environment. Our main objective is to establish the existence of both weak and
entropy solutions for problem (1.1). So far, as far as we know, existence results
for entropy solutions have not been established in this framework. The link-
age of the interior p(x)—growth operator with the nonlinear boundary term
needs fresh coercivity approximations and a precise adjustment of the func-
tional scenario. Although some arguments are motivated by the existing work,
the analysis cannot be directly extended to the previously known result because
of the presence of the Fourier boundary condition and the variable exponent
growth, which, at the same time, greatly increases the applicability of the the-
ory. Such issues occur in all models of heat transfer with nonlinear boundary
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flux and in materials that have spatially heterogeneous diffusion characteristics
(e.g., electrorheological materials). The variable exponent structure enables
the modeling of nonhomogeneous material and the Fourier boundary condition
allows the nonlinear exchange to be represented at the boundary.

For our study, we assume that our problem is submit the following assump-
tions:

(H1): g € L'(94).

(H2): © : R — RY is Lipschitz function such that © (0) = 0 and the Lipschitz
constant ¢ where:

1
a_

0<c§min((o¢_/2) ,(a_/Z)i).

Remark 1. The restriction on the Lipschitz constant c is imposed to guar-
antee the coercivity of the associated nonlinear operator, ensuring that
the principal variable-exponent term dominates the lower-order contribu-
tion induced by 6.

(H3): B: A xRN — RY is a function such that B (z, ) = |£[*(*)—2¢,

(H4): b : R — R is continuous, surjerctive and non-decreasing function such
that b (0) = 0.

(H5): f(,.) : A xR — R is a Carathéodory function, i.e. z — f(z,() is
continuous for a.e. € A and z — f (z,() is measurable for every ¢ € R.
Furthermore, f satisfy the growth condition, i.e. There exists fo € L' (A)
and 6 € L™ (A) such that :

If (z,8)| < fo(z)+6(x)|s|"™), Vo € A, Vs €R,
where 0 <r () <a()and m(.) > a()/(a()—7()).

Remark 2. The growth assumption (H5) is such as to provide the nonlinear
term f(x,s) to have subcritical growth with respect to the principal operator
in a(z). The r(x) inequality less than «(z) ensures that the reaction term
does not prevail over the leading variable-exponent term, which is necessary in
the arguments of coercivity and compactness. This m(z) condition is added to
prove that § (x) [u|"(®) is integrable and that the weak formulation is well-posed
via the variable-exponent Holder inequality. The assumptions are adequate for
the analysis we formulated in this paper; we do not purport them to be optimal.

The paper is organized as follows. In Section 2, we recall the fundamen-
tal tools on Lebesgue and Sobolev spaces with variable exponent, along with
auxiliary lemmas. Section 3 is devoted to the proof of the existence of weak
solutions to problem (1.1). Finally, in Section 4, we establish the existence of
entropy solutions under the proposed framework.
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2 Notations and basic properties

Since the exponent « (z) appearing in (1.1) depends on the variable z, it is
necessary to employ Lebesgue and Sobolev spaces with variable exponents. We
therefore impose the following assumptions on the function « (.):

a(.): A—R is continuous,
l1<a_ <ay <+oo,

where a_ 1= ess inf a(z) and oy = esssup a ().
zeA zeAN
In the case when oy < 400, we define the Lebesgue space with variable

exponent L) (A) by:

L0 () = {C : A — R mesurable / pq(s) () = /|C|a(‘"’3)dx < —I—oo},
A

where po () (¢) == /A|§|a(‘"”)dx is the convex modular of .

The space L*() (A) is a separable Banach space endowed with the so-called
Luxemburg norm

I<llac) = inf{)\ > 0/pac) (C/A) < 1}.

Moreover, if 1 < a_ < ay < +oo, then L*() A) is uniformly convex, hence
reflexive and its dual space is isomorphic to L% (*) (A), where

1 1
a(z) o (x)

For any u € L*0) (A) and v € L*() (A), we have the following Hélder-type

inequality:
1 1
AC vdx| < o +m [I€llaelollarc)-

Next, we introduce the Sobolev space with variable exponent as

WheO (4) = {¢ € L2 (4) / [9¢| € 120 (4)}.
This space is a Banach space when equipped with the norm:
<00y = Illac) + 1VClag)-
This space (Wl’a(') (4), ||.H1,a(_)) is known to be separable and reflexive,
see [14,16].
In the study of generalized Lebesgue and Sobolev spaces, the modular pq (.

in L>) (A) plays a fundamental role. We have the following proposition:
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Proposition 1. [15] If ¢,,¢ € L*V) (A) and oy < +o0, then the following
properties hold true:

() [Cllacy > 1= SIS0 < pac) () <IN,
(i0): Cllacy < 1= I€llaly < pac) (€) < l¢llag)
(iii): [Cllagy <1 (resp. = 13> 1) & pa(y (Q) <1 (resp. = 15> 1),
(i0): [Gullagy = 0 (resp. — +00) € pa(y (Gn) = 0 (resp. — +00) ,
(0): paty (¢/ICllacy) = 1.

For any measurable function ¢ : A — R, we define the notation:

Praty / 115 da + / V¢ da.

Proposition 2. [26,27] For every ¢ € WH20) (A), the following statements
hold:

(@) [¢at) > 1= IS5 < pracy (©) < €185,
(i1): IClac) < 1= €185, < pracy (O < 1K 20,

(i6i): [Clracy < 1 (resp. = 1> 1) & pragy () <1 (resp. = 13> 1).

We denote
(N-1Da(z) .
a@(x) — (OZ({E))aZ: m, lfOé(LL')<,ZV7
oo, if a(z) > N.

We recall the following compact embedding result.
Proposition 3. [27] Let a(.) € C (A) and a— > 1. If B(.) € C (9A) satisfies
1<B(zx) <a?(z), VoA,

then, the embedding
Whel) (A) e LA (94).
18 compact.

In particular, the embedding W) (A) < L) (9A) is compact.

Proposition 4. [12] Let A be a bounded domain with Lipschitz boundary and
a(.) € P(RY). Then C (Z) is dense in W) (A).
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Let us introduce the following notation:
Given two bounded measurable functions a (.), 5 (.) : 4 — R, we use the nota-
tion

B(z) < a(x) to mean that ess 1I€1£1 (a(z) — B(x)) > 0.
In the sequel, we need the following technical lemmas:

Lemma 1. Let £,7 € RN and let 1 < a < co. We have

1 1
el — <l < |El" 21 .

Lemma 2. [16,25] Let (v,)nen be a sequence of measurable functions in A.
If (V) nen converges in measure to v and is uniformly bounded in L) (A) for
some 1 < a(.) € L>®(A), then (v,)nen strongly converges to v in L' (A).

Lemma 3. /8] Let v € LU A and (v,)
[vnlla() < 400 for 1 < a(.) < +oo.

If (vn),en converges to v a.e in A then (v,),cy weakly converges to v in
LG (A).

Lemma 4. Let ((,), oy be a sequence in W) (A) such that ((,),, — ¢ weakly
in Whel) (4).
Assuming that the function B (z,€) = |£|*®)=2¢, Ve € RN, Vx € A satisfy:

nen e a sequence in LO(A) with

lim [ [B(z,¢n) —B(2,0)] ((n—¢) dz

n— o0 A

+ lim [B (2, Ven — O (Ca)) — B (2, V¢ — O (gn))} (Vo — V) da = 0.

n—oo A

Then, ((n),, — € strongly in WHeL) (A), for a sub-sequence.
Lemma 5. [17]/Ifa>0, b>0 and 1 < a_ < a; < 400, then, for x € A we
have

(a + b)p(x) < 2o+t (ao‘(z) + b”‘(z)) )

3 Existence of weak solutions

In this section, we prove the existence of weak solutions of the problem (1.1).

DEFINITION 1. A weak solution of problem (1.1) is a measurable function ¢
such that

Ce WO (A)NL® (DA),b(¢) € L= (A), f(.,¢) e L* (AxR), ge L' (9A),

and
/B(m,VC—@(C))~V<pdx+/B(x,C)<pdx+)\/ Codo
A A OA
Z/f(w,C)so dw—/b(C)w dx+/ gpdo, Ve W) (4).
A A oA

Math. Model. Anal., 31(3):452-475, 2026.
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The main result of this part is the following:

Theorem 1. Assume that (H1)-(H5) hold trues. Then problem (1.1) has at
least one weak solution.

The proof proceeds in four steps :

Step 1. The approximate problem

Let us define, for n € N*:

fo (@,60) =T (f (2,6a)) s gn=Tn(9).

‘We have
lgnllzioay < llgllr(aa)-

We consider the following approximated problem :

—divB (2,V(,—6 (Cn)) +B (2, 6n) =fn (2,¢0) — T (b(¢n)) in 4, (3.1)
B(x,V(, — 0O ((n)) 1+ AT, (Cn) = gn on OA. ’

The variational formulation associate to problem (3.1) is the following : Vv €
whel) (A)

/ B (x,V(,—6 ((n)) Vo dx—l—/ b (x,(n) v dr+A T, (Cn) vdo
A A oA

:/Afn (x,(n)vda:—/ATn (b(Ca)) v dx+/aAgnvda. (3.2)

For the rest, we define the operator B,, as follow : V ,v € Whe() (A)

(Bng,v>:/AB(:17,VC—@(C)) Vo der/

A

+A /é)ATn(()vdaf/Afn(x,C)vdxf/aAgnvda.

Proposition 5. The operator B, : W40 (A) — W10 (A) is bounded,
coercive and is of type (M).

B(z,()v dI+/Tn (b)) v dx

A

Proof. The proof of Proposition 5 is divided in three steps :
e The operator B, is bounded:
We have :
(B 0)|< [ 1B (2. 9¢=0/(O)] Vv do [ 18,0l ol do+ [ T,(b(0))
<ol do+d [ (L@l do+ [ 1@ 0l oldo+ [ (gl lo] do
oA A A

We consider

n= [ 18(@¢-0@) 9ol o+ [ B0 o] do
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From (H2) and Lemma 5, we have

B [ (96l ™ Vol dat [ JGe o] de
A A
S/2a+—2 (|v<|a(m)—1+ca(az)—1|C|a(m)—1) |V’U‘ da—+ |<—‘a(m)—1 |U| dx
A A
<2002 [ ([N e (1) Vol da [ [ ol
A A

where ¢g is a positive constant. By Holder’s inequalities, we conclude
I < 2% 29O paro (I VOl oo 4y + 274 7 20ll1€1%O 7 parco ()
X V0l e (ay + NSO arco (a0l o
<[22IV O gy + 2% el oy
+[11¢1” ')_1||La'<.>(/1)} X vl1ac) < callvllia,

where

e1 = 27 2|V O | o () + 27 2ol 1617 T | o )

H[HE* D™ parco 4y > O

On the other hand, we have

[(Bn, >|<C1||v||1a<)+/|T O)l Il d$+/\/ T (O] Jv] do

+ /A T (f (2.0))] [oldz + /3 T @)] o] do

Then,
(BuC, )] < erlollagy + 20 /|v| dx—i—n(l—i—)\)/ 10| do.
A OA

As Whel) (A) < L' (9A), then |(B,(, v)| < co||v]|1,a(.) Hence, the operator
B,, is bounded.
e The operator B,, is coercive : We have

<BnCau>:AB(V<_6<<))VCCZ$+/AB(C)Cdw—"/ATn(b(C))Cdx
A Tn(ocda—/Afn(x,ocdx—/aAgncda.

oA

We put

b= [0 ctir [ 1Qudr- [ g [ g

oA

Math. Model. Anal., 31(3):452-475, 2026.
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From (H4), we conclude that b({) and ¢ have the same sign, then b({)u is
positive, then T, (b (C)) ¢ >0, thus, / T, (b (C)) ¢ dz > 0, we also have
A

/ T, () ¢ do >0,
OA

we get Io > —nki1||Cl|Loc) 4y — nh2||C|lLac) 94y, Where k1 and ks are a positive
constants. Thus,

Iy > —nks[Cll Lac ()

Since W) (A) < L0 (A), we deduce that

I > —nC4||C||W1,a(A)(A).

Let I} = / V¢ —6(Q)*™=2(V( - 0(¢) V¢ dr + / 1¢|*®) dz. On another
A

A
side, from the Lemma 1, we obtain:

BRSO o) gy — [ L (@) g (@) gy
n> [ oV P - [ e+ [ 0 a

From Lemma 5, it results

St IV = V-0 (46 ("W < [V¢-6 ("™ 4]0 (O],

then,

1
3otV =10 ([ < [V -0 ().

The last inequality of I; implies that

nz [ v e OF® | a- [ e

/ €[ da
A
O~ QE)da:—|—/|C|o“ ) de

w- [ e
Pl /A e + / ¢
1 ol
z/Am% - V(| ()dx+/

1 2
2/ — |V¢|* @) da + <1 - ca@)) ¢]%@) .
A S+ A a_

1— a(w > |<|a(a:)dx
J,'
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Therefore, from the choice of ¢ in (H2), we obtain a positive constant ¢y such
that

1 1 alT o\T
B2 /IVCI Do+ ca [ ¢

1
zuin{ Lo | ([ @+ [ ¢0e)
(1
me{m%—l’ }Pla()(o

The above inequality and the last inequality of I imply that

. 1 1
(Bn(, C)ZC3P1,Q(‘) (©) _nc4||C||le<’<(~>(A) where ¢3=min {a2a+1 ,02} > 0.
JF

Then, from Proposition 2, it follows that

<BnCaC> P1,a(.) (C)
>3 ’ —ney > el — ney.
<l recr ay <l Iwrrecr ay w ”(A)
B¢, .
Since a— > 1, then lim (Bng, C) = 400, hence B, is an

1611t oy oo (€ ITaac ()
operator coercive.
e We show that the operator B, is of type (M) :
To this end, let ({k),cy be a sequence in W) (A) such that

G — ¢ weakly in Whel)(A),

By, — Xn weakly in W-1'0)(4), (3.3)
lim Sup<Ban, Ck) < <X7La <>

k—o0

We proof that: B,( = xp.

From Proposition 3, we have Wh() (A) e L) (A) and WHe0) (A) s
L' (9A), and since up — u weakly in W) (A), then ((y), is bounded in
Whal) (A), we conclude (¢x), — ¢ in L0 (A) and (¢x), — ¢ in L (04),
thus ((x), — ¢ a.e. in A and ((x),, — ¢ a.e. in 9A. By the growth condition
of @ (see [22]), we deduce that B(z,() and B (z,V( —6(()) are bounded in

L* ) (A). Therefore, for a sub-sequence denoted again ((x) 4 there exists a
functions ¥ and ¢ in L () (A) such that

B(x,¢r), — B and B(z,V¢, —0(G)), =¥ in L0 (4). (3.4)

In the same way, by (H5), (¢x), — ¢ in L®0) (A) and in view of Lebesgue’s
dominated convergence theorem, we conclude that

(fu (2.G)), — fu(2.¢) in LY (). (3.5)

Since (¢;), —=¢ in L' (9A), gh€ L' (0A), T,(.) in L (04), b(¢) € L™= (A),
(Ck), — Ca.e. in Aand in view of Lebesgue dominated convergence theorem,

Math. Model. Anal., 31(3):452-475, 2026.
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we conclude that

(gn G)y — gn ¢ in L' (04), (Tn (k) — Tn(¢) in L'(04),
T (b(G)),, — Tn (b(¢)) in L0 (4).

Then,
(gn Ch)p — gn ¢ i L0 (04), (3.6)
(T (G1), — Tu (¢) in L) (24), (3.7)
T, (b(¢k)),, — Tn (b(¢)) in LY (A). (3.8)

Let v € Whe() (A), from (3.3) we have

(Xn,v) = kgr-ir-loo<B Cyv) = klujrrloo (aj Vi, — (Ck)) Vv dx
+ lim B(x Cr)v dx —|— hm / Jv dx
k—+o00
+ A lim T, () vdo— hm /fn x, () vdx— hm gnvda
k—+o00 —4o00

from (3.4)—(3.8), we get
(Xn, ) z/AWVv dac—l—/ABv dm—i—/ATn (b)) v dx

—l—)\/ T, (v da—/fn (m,C)vdm—/ gnudo.
oA A A
By (3.3), we conclude that

lim sup(B,,(, v >_/M7VU dx—|—/Bv dx—|—/AT (b)) v dz

k—+4o00

—|—/\/ T, vda—/fn vdx—/ gn vdo.
oA

Thanks to (3.5) and (3.8), we obtain

limsup/A {B (my V¢, — O (Ck)) V¢ dx + B (x, () Cr dw}

k— 400

S/!I/Vv dx—i—/ Av dz. (3.9)
A A

On other hand, by the monotony of &, we get

[B (2.6 = 0(G0) =B (2, V¢ =€ (@) | (V6. = v¢) > 0,
[B (‘T7Ck) - B(SC,C)] (Ck - C) >0
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Then,
/ B (2, Ve — 0 (G)) Vi da + / B (. Ci) Cuda
A A
> / B (2. V¢ — © (G) Veda + / B (2.Y¢ — 6 (G)) (Ve — VC) da
A A
+ [ B+ [ B0 (G- (3.10)

In view of Lebesgue’s dominated convergence theorem, we have

©(@), — 6 i (LOw)"

B(z,V¢ -0 () — B(2,V¢—0(¢) in L) (A). Then,

lim AB(x,VCfO(Ck)) (V¢ — V() dz = 0. (3.11)

k—+oo

By (3.4), (3.10) and (3.11), we obtain

lim inf/A [B (x, Vi, — O (Ck)) Vi dx+ B (z, (k) Ck} dx

k—4o00
Z/WVC dz+/BC dz. (3.12)
A A

From (3.9) and (3.12), we deduce that

Jim [ [B (2,96~ ©/(G) Ve do + B (w,) G da
—+00 J 4

:/Agwg da:+/ABg da. (3.13)

By (3.13), we can prove that

lim [ [B(x,¢) = B(x,0)] (G —¢) do

k— 400 A

+ dim [ [B(2.VG6 - 6(6) — B2,V 0 (G) | (Ve = V¢) da = 0.
—+oo J»

In view of Lemma 4 , we conclude (¢), — ¢ in WhHel) (4),

N
then (V(y), — V¢ in (L"‘(-)(A)) and so (V¢y), — VC ace. in A. Then,
B (#.Gr), — B(2.0). B (2, V(=0 (Gr)),, — B (2, V¢-6(()) in LV (4).
The above convergences, (3.5) and (3.8) imply

lim <Bn<kvv> = (BnC7U>'

k— o0

Math. Model. Anal., 31(3):452-475, 2026.
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This means that (B,(x), — B¢ in Whe() (A), hence B¢ = Xn. There-
fore, the operator B, is of type (M). Finally, the proof of the proposition is
concluded. 0O

From Minty-Browder theorem [19], there exists at least one weak solution ¢,
for the approximate problem (3.1).
Step 2. A priori estimates:

Proposition 6. The sequence (), oy converges weakly in W0 (A) to some
function .

Proof. Using ¢, € WH() (A) as a test function in (3.2), we have

/ B (2,V¢ — 6 (Ca) - Verda + / B (,C) Cedz + A / T, (C) CGedor
A A

oA

- /A Fo (,Gi) o — /A T, (b(Ce)) Crde + /a 0uider

The same argument of the coerciveness proof of B,, yields

. 1 1
min {%%_1,01}/01,(1(.) (Ck) < CkllCkll Lacr(ay + mk2llCell Lo 0.a)-

It follows that
pra0) (G6) < €2 [kl ocr () + Gkl o) < eallGull o (-

Thus,
P1a() (Ce) < e,

where ¢4 > 0 is a constant independent of k. We use Proposition 2: If
1€k ll1,a() > 1, we have

||Ck||i;() < P1.a() (Ck) < ¢y,
else

||CkH(iZ() < pra() (C) < ||Ck||(11;() <L

1
Then, [|¢kll1,a() < max (1,(04)“7) » 80 [|Gkllwracray < c5. Furthermore,

(Ck),, is a uniformly bounded sequence in a reflexive space whel) (A), thus it
exists a sub-sequence noted ((x), of ((x), such as

(G — Cin WheO) (4).
O

From Proposition 3, we have WhHe() (A) «ses L0 (A), WHe() (A) e
L' (9A). Then (¢), — ¢ in LV (A) and ((),, — ¢ in L (04), so (), —
¢ ae. in A, and ((x), — ¢ a.e. in 0A. We deduce that

(B (2,¢)), — B(z,¢) in LYV (4). (3.14)
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In the other side, we can prove that (fn (z, Ck))k — fu(2,¢) in L' (A).
Indeed, for any measurable subset £ C A , we can write

[ 160,001 o < 0 meas(5),

then for all € > 0, there exists h = ¢/n > 0 such that meas(E) < h, we have

/ [frn (2, )| dx <e.
E

This means ( I (z, Ck))n is uniformly equi-integrable.
As (f (z, Ck))k — f(z,¢) a.e. in A and from Vitali’s theorem, we conclude:

(f (@), — f(x,¢) in L' (4). (3.15)

Proposition 7. The sequence (V(,), oy converges a.e. to V(.
Proof. By using (¢ — ¢) € WH*0) (A) as a test function in (3.2), we have
[ B 600 (V6. V0) do+ [ T ((6)) G~ o
[ B G- Odetr [ 1@ (G- do
A oA
- [ 5@ G- det [ 4G don
A oA
Then,
J 1B (.¥6 - ©(6) = B (2, 7¢ - 01(60) - 96, ~ V¢ da
4 [ 11 000) + @@l -l = o) [ 226116~ ¢l do
A OA
n ) : - d n| - d
< [ @6l lo=cldo+ | laul- 160l do
+ / 1B (2, V¢~ 6 (G))] - [V — V¢ da
A
N
Since (€ (G4)), — ©(¢) in (Law (A)) and (Cy), — ¢ in L0 (A).

Then, (B (m,VC—@(Ck)))k — B(2,V¢—6(C)) in L&) (A). Moreover,
(k) — ¢ in WheO) () impiies (V) — V¢ in L) (A), consequently,

/A|B (,V¢ — 0 ()] - VG — V| da — 0, (3.16)
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On another side, from (3.8) and (3.15) we have
/lTn (b (Sk)) +B (z, ¢l - 16— dw+/\/ T (i)l - |Gk = €| do — 0, (3.17)
A oA

/A o (@Gl - G = Clda —> 0. (3.18)

As (¢y), — ¢ in LY(0A) and g, € L*> (9A), then,

/ |gn + |Gk — ¢|dz — 0. (3.19)
oA

From (3.14) and (3.16)—(3.19), we obtain

lim (B (z,¢e) — B(z,¢)] (G —¢) da

k— 400 A

+ lim [B (z,V — 0 (&) — B (2, V¢ - © (gk))} (V¢ — VC) dx = 0.
—+00 [y

Since ((x), — ¢ in W20 (A), by Lemma 4, we get (), — ¢ in W) (A),
N
s0 (VCi), — V¢ in (LQU(A)) . Finally,

(VCk), — V( ae. in A. (3.20)

O

Step 3. Passage to the limit
From (3.16) and (3.20), we have

(B(@.VG—-©(G)), — B(#V¢-0(Q) ae. in 4,
B (2,V¢ — O (), B(x,V¢—0() in LYV (4),
and thanks to the growth condition of & we have
1B (2, V& — © (k) llar () < +00,
by using Lemma 3, we conclude that
(B(2.V6-©(G)), = B(2,9¢-6() in L0 (). (3.21)

By passing to the limit in the variational formulation (3.2) and from (3.7),
(3.14)—(3.15) and (3.21), we conclude

/B(x,VC—@(C))-Vvdx—F/B(x,C)vda:—i-)\/ ¢ vdo
A A oA
:/f(a:,() vdz—/b(C) vdx—|—/ g vdo, Yo e WHel) (A).
A A A

This completes the proof of Theorem 1.
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4 Existence of entropy solutions

In this section, we study the existence of entropy solutions to problem (1.1).
For any ¢ € Wh*()(A), we denote by 7(¢) the trace of ¢ on dA in the usual
sense.

In the sequel, we will identify at the boundary ¢ and 7(¢).

We define the set

TheO (A) = {( : A — R, measurable/T}, (¢) € W10 (A) for all k > 0} .

Following the approach in [10], we have the following result:

Proposition 8. Let ¢ € T (A). Then there exists a unique measurable
function v : A — RN such that VT},(¢) = UX{cl<k} for all k > 0, and we

denote this function by V(.

N
Moreover if ¢ € WHO)(A) then v € (La(')(/l)) and coincides with the clas-
sical gradient, that is, v =V in the usual sense.
In accordance with [3,4, 20,21, 22], we define 7;1’0‘(')(/1) as the collection of

functions ¢ € 71*()(A) for which there exists a sequence ((,),,cy C W) (4)
satisfying the following properties:

(C1) ¢ — Cae in A
(C2) VT (&) — VT3 (€) in (L (A))N for any k > 0.

(C3) There exists a measurable function v defined on 94, such that
(n — v almost everywhere on 0A.

The function v is referred to as the trace of ¢ in the generalized framework
described in [3,4]. In what follows, the trace of any element v is the trace of
(e 7;1’0‘(')(/1) on 0A will be denoted by tr(¢).

T

If ¢ € Whe()(A), this trace coincides with the classical one, denoted by 7(¢).
L20)(A) and for all k > 0, we have
T (Tk(C)) =T (tr(C)) .

If o € WO (A) N L2(A), then (¢ — @) € T, (A) and

tr(¢ =) =tr(¢) —tr(p).
We are now ready to introduce the concept of an entropy solution to problem
(1.1).
DEFINITION 2. A measurable function ( is said to be an entropy solution of
problem (1.1), if ¢ € ;2> (A), B(.,¢) € L' (A) and

/ B (2, V¢ — O(0)) VT (€ — ) da + / b(O) (C — o) de
A A

Furthermore, for every ¢ € 7,

+/A6<x,<><<—w>da:+x/3 (Te (¢ — @) do (4.1)
g/Af(x,oTk«—so) dat | T~ p)do

for every ¢ € WL (A) N L>®(A) and for every k > 0.
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Remark 3. It is worth noting that all the integrals appearing in the above
definition are well-defined. Indeed, since ¢ € Wh()(A) N L>(A) we have
(—p € 7;1’0‘(') (A). Consequently, Ty, (¢ — ) € Whe() (A) N L>® (A) which
ensures that the first, second, third, and fifth integrals in (4.1) are properly
defined.

In addition, for the fourth and sixth integrals, we use the fact that the trace of
any function g € W12() (A) on 9/ is well defined in L*() (9A).

Our main result is the following:

Theorem 2. Assume that (H1)-(H5) hold trues. Then problem (1.1) admits
at least one entropy solution.

The proof of Theorem 2 is divided into three main steps.

Step 1. The approximate problem

We define f, = T, (f (., ¢n)) and g, = T, (g) so that the sequences (fy,),,cy and
(9n) ey are bounded in L'(A) and L' (9A) respectively, and converge strongly
to f(.,¢) and g respectively. Moreover, we have || f|z1a) < ||fllzr(a) and
lgnllzr o4y < l9llz1(o4) for all n € N*.

From Theorem 1, we know that the approximated problem (3.1) admit at
least one weak solution ¢,, € W*()(A) given by Definition (3.2).

Our aim is to prove that these approximated solutions (,, tend, as n goes
to infinity, to a measurable function ¢ which is an entropy solution of (1.1).

Step 2. A priori estimates

To start with, we prove the following lemma;:
Lemma 6. Let assumptions (H1)-(H4) hold true. Then for any k > 0:

1T% (Cn)ll1,a0) < 6,

where cg = const (k,r(.), a(.),c,g,a— oy, meas (A)) is a positive constant and
c is the Lipschitz constant of ©(.).

Proof. By taking ¢ = T} ((,) in (3.2), we get
[ B0 0 ) VTG do+ [ T (6(6) T (6) do
+ [ BTG de A [ T (@) TG do

— [ £t G+ [ TG do
A oA

Since the second and fourth terms in the left-hand side of above equality are
non-negatives, we obtain

/ B (2, V¢, — O (G)) VT (o) dar + / B (2, ) T (Co) da
A A
< /A ol 1T (Co)ldar + /a ol 171 (G
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As [fulleray < IfllLrcay and flgnllr@a) < llgllLroay and [Tk (Ca)] < K, the
above inequality implies

/ B (JC, Vi, — O (Cn)) VT (Cn) da +/ B (2, ¢n) Tk (Cn) dz < ks, (4.2)
A A

where ¢z = const (7(.), a(.), g, meas (4)) > 0. Since

| 72T (Gn) do = )| “ @ da + ke |(Ca)|* @ dw
AK' (T (Ga) A%Kﬂm> A%b@ 1)l

> T (¢ oe(x)d ka(x)d > Ty (Cp a(x)d 7
_AMSQ|“<” x*AQ>H o2 [ 116" s

we deduce from (4.2) that

/ B (x,VTk () — 6 (T (gn))) VT (C) da + / T (C)|*@dz < b e,
A A

Following the same proof as that of the coerciveness of B,,, there exists ¢4 =
const (¢, a—, a4) > 0 where c is the Lipschitz constant of ©(.) such that

P1,a() (Tk (Gn)) <k c3 ca,

then,
Pra() (T (Cn)) <k cs, (4.3)

where ¢s = const (¢, g,7(.),®(.), a—, a4, meas (A)) . From Proposition 2 we
have: If [Tk (Ca)ll1,a¢) > 1, we get

1T Gl o) < Prac) (T (Ga) < Kes,

else
T (Cn)H?:;(.) < pra() (Tk (Gn)) < 1Tk o) <1

Then, [T (Cn)|1.0(.) < max (1, (kcf))l/“*), thus

1T (Cn)

where cg = const (k,r(.), a(.), ¢ g, a_ at,meas (A)) > 0.
Finally, the proof of this Lemma is completed. 0O

1,a(.) S Cé6, (44)

It follows that, for any k& > 0, the sequence (T k (Cn))n cn 18 uniformly bounded
in W) (A). Then, up to a sub-sequence, we can assume that for any k > 0,

Ti (Co) = v in WO (4)
and by the compact embedding W() (A) < L) (A), we obtain
Tk (Cn) — vk in LY (A)  and Ty (Cu) — v ace. in A

We will now prove the following proposition:
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Proposition 9. The sequence (Cn), oy converges in measure to some function

¢

To prove this, it’s enough to prove that (, is a Cauchy sequence in measure.

Proof. Let k > 0 be large enough. Using T} ((,) as a test function in (3.2),
from (4.3), we get

P1,a(.) (Tk (Cn)) <kecs.
As

o(x) T a(z) T
Pty (Tk (C) = /{ TG /{<n|>k}w’“ (C)]*®)d

:/ ka(”)da:, then / k‘a(x)dxgk%.
{I¢al>k} {I¢al>k}

It follows that
meas {[(,| > k} < ke .

Since 1 — a_ < 0 and for every fixed n > 0, we deduce that
meas {|(,| >k} — 0 as k — +o0.

Let € > 0, we choose k > k (¢), we conclude that

meas ({|§n| > k}) < § and meas ({|(:m| > k}) < (4.5)

€
3
Moreover, for every fixed n € N* and every positive k > 0, we know that
{16 = Gnl > t} < {{1Gal > K} U {1l > B} U {ITk (G) = T ()| > £} }
and hence
meas ({|Cn = Cml| > t}) <meas ({|§n| > k}) + meas ({|Cm| > k})
+meas ({|T (o) = Tk (Gu)| > 1}) . (4.6)

Since T (¢,) converges strongly in the Banach space L*)(A), then Ty ((,) is
a Cauchy sequence in L) (A).

So, Ve > 0,Vt > 0,3ng (t,€) € N*,Vn,m > ng (¢, €)

1
meas ({71 () = TGl > 8}) < = [ 116 = TuGuli™da < 5.
(4.7
Finally, from (4.5), (4.6) and (4.7), it follows that

meas ({|Cn—Cm\ > t}) <e Vn,m >ng(te).
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This shows that the sequence ((y),cy is Cauchy in measure and therefore
converges almost everywhere to a measurable function u. 0O

Therefore,
Tio (Gn) = Tie (¢) in WHe0)(4),

T (¢n) = T (¢)  in LG (A) and Ty (¢u) — Ti (¢)  ae. in A
We can prove the two following propositions:

Proposition 10. The sequence (V(,),cy converges in measure to the weak
gradient V(.

Proposition 11. The sequence (,),,cn converges a.e. on OA to some function
.

Step 3. Passage to limit
Proposition 12. The function ¢ is an entropy solution of the problem (1.1).

Proof. Since the sequence (VTk (Cn))neN converges in measure to V7} (¢),
then by (4.4) and Lemma 2, we get

N
VT; (Ca) — VT; (¢)  in (Ll(A)) . (4.8)

Consequently, from Propositions 9, 11 and (4.8), we get that ¢ € ﬁi’a(')(/l).
Let ¢ € Whe0) (A) N L (A), we take v = T}, (¢, — ) as test function in (3.2)
to get

/AB (Ia an -0 (Cn)) VTk (Cn - QO) dx + /AB (1‘, gn) Tk (Cn - <P) dx
[ T GE) TG =) oA [ TG TG ) do
A OA

A oA

B (4.9)
Let k = k + ||¢]| 0o, we have

/ B(x,V¢, — 6 ((n)) VI (Cn — ) da

’ B (m VT (Cn) — 6 (T3 (Cn))> VT (T3 (Cn) — ) X ¢a|<F} dz
= [1B (@ VT (Ca) = 0(Gn)) VI (Co) X (n )
—/AB(x,VTE(Cn) = 0(Cn) Vox(n ) 4,

where x A(n.F) is the characteristic function of the measurable set

A(nF) = {IT5 () = ol < K}
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The inequality (4.9) can be written as

1 a(x
J (8 (2975 (€00 (15(60) VT (6)+ 51 (T €)I) xumye
— [ B(0.VT:(6) = 0 (T(6)) Ve vz do
+ [ 1G0T (G =) do+ [ T 06) Te(Gu— ) do

+A/6ATn<cn>Tk<<n—so> do
_ /A Ty (F (2,6)) T (G — ) di + / T, (9) Tk (G — ) do

oA
1 o\
+/A@|9 (TE(Cnm (=) XA(nF) dx. (4.10)
Since
VI (G) = VIQ) in (L0(4)”
O (5 (¢)) — O (T5(0)) i (L0()" (4.11)
then,

N
VT (Ga) = O (T (Gn) = VIR() — O (T5() i (L2O(4))
Thus,

B (x VT (Ga) —6 (Tx (gn))) B (x VT (¢) -6 (TE(C))) in L) (A).
(4.12)
Furthermore, V‘PXA(n,E) — V‘PXA(E) in L0 (A) with A (E) = {|T%(¢) — ¢l
< k}. From this and (4.12), we obtain

im | B (2 V() = 0 (T5(G)) ) Veoxpu d

n—+oo
- /A B (2, VTH(Q) ~ 0 (T(0) ) Veoxu(z da-

According to (H3) and the properties of the truncation function, we get

—\ (@)
10 (Tr(Gu)) 1" < (ck) .
Using (4.11) and the Lebesgue’s dominated convergence theorem, we obtain

1

lim L|@ (TE(Cn)Na(z)XA(n)E) dx :/

notoe [ o) 4 (@)

10 (T5(¢)) > Xa(r) dz-
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Now, since
(B (2, VIR(G) = € (T5(6)) ) VIR(G) + ﬁIO (T(6)) W)) Xa(nf) 2 0
a.e. in A,

we obtain by using Fatou’s lemma

L
a(x)

< liminf ( /A (B, VTE(Ca) — O(T5(Cn) VT(Co)

n—oo

/A (B(ﬂca VTE(Q) = O(THONVTEC) + IQ(Tk(C))Ia($)> Xa®w) 4%

1 .
+a(z)|@(Tk(Cn))|a(l)) XA(n,k) dx) -

Letting n — oo in the equality (4.10) to conclude that ¢ is an entropy solution
of problem (1.1). O
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