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uate its accuracy and efficiency. A Von Neumann stability analysis
is performed for the linearized form of the scheme, demonstrating
that the method is unconditionally stable in the linear sense. Nu-
merical experiments demonstrate that the method provides stable
and accurate approximations, with good agreement between the
computed and exact solutions. The results confirm that the cu-
bic Hermite spline approach is a reliable tool for solving the NLS
equation, particularly in capturing the qualitative behavior of the
wave profiles. Comparisons with existing numerical methods fur-
ther highlight the effectiveness of the proposed technique.
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1 Introduction

The nonlinear Schrédinger (NLS) equation is one of the most important non-
linear partial differential equations in mathematical physics, with wide appli-
cations in fields such as nonlinear optics, plasma physics, fluid dynamics. It
describes the evolution of slowly varying wave packets in nonlinear dispersive
media and has been extensively studied both analytically and numerically. Due
to its ability to capture soliton dynamics and other nonlinear wave phenomena,
the NLS equation has become a prototype model in nonlinear science.
Despite the availability of some analytical solutions for specific cases, most
realistic problems require efficient and accurate numerical methods. Over the
past decades, numerous numerical schemes have been developed for solving the

Copyright (©) 2026 The Author(s). Published by Vilnius Gediminas Technical University

This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduc-
tion in any medium, provided the original author and source are credited.


https://ror.org/02x3e4q36
https://journals.vilniustech.lt/index.php/MMA
https://doi.org/10.3846/mma.2026.25083
https://orcid.org/0000-0002-4039-5970
https://ror.org/037vvf096
mailto:muratari@kmu.edu.tr
mailto:muratari@kmu.edu.tr
https://creativecommons.org/licenses/by/4.0/

672 ‘ M. Ar

NLS equation. Early numerical approaches heavily relied on finite-difference
and finite-element methods; for instance, Delfour et al. [4] introduced a finite-
difference method that satisfies a discrete analogue of the equation’s conserva-
tion laws to model soliton formation. Similarly, Twizell et al. [28] developed
a family of finite-difference methods that transform the problem into a first-
order linear initial-value problem, providing detailed stability and convergence
analyses.

B-spline finite element methods have also been extensively utilized to ensure
continuous derivatives across the solution range. Dag [2] obtained numerical
solutions using a quadratic B-spline finite element method, while Gardner et
al. [11,12] proposed an approach based on the collocation of cubic B-splines over
spatial finite elements. In these studies, time integration was handled using a
Crank-Nicolson approximation [11] and a leapfrog algorithm [12], both demon-
strating excellent conservation properties. Higher-order approximations, such
as the quintic B-spline collocation method developed by Saka [27], have further
proven their efficiency and robustness in modeling single and interacting soli-
tons. In addition to splines, orthogonal spline collocation semidiscretizations
have been examined by Robinson and Fairweather [26] for the cubic Schrodinger
equation, which Robinson [25] later extended to NLS equations with general
power nonlinearities, emphasizing the preservation of theoretical invariants.
Differential quadrature (DQ) algorithms have also shown high accuracy for
NLS simulations; Korkmaz and Dag [15,16] successfully simulated soliton dy-
namics using both cosine expansion-based DQ [15] and polynomial-based DQ
coupled with a fourth-order Runge-Kutta scheme [16].

From an alternative standpoint, meshless methods have gained significant
traction for their flexibility. Dereli et al. [6] presented a meshless method
based on collocation with radial basis functions (RBFs), which Dereli [5] ex-
panded upon by evaluating the meshless kernel-based method of lines with
Multiquadric, Gaussian, and Wendland’s functions. Furthermore, Kaplan and
Dereli [13] applied a moving least-squares approximation meshless method, con-
ducting thorough stability analyses and calculating error norms. Collectively,
these studies provide accurate, stable and conservation-compatible approxima-
tions for simulating soliton propagation and interaction in the NLS equation.

In addition to numerical approaches, analytical techniques have been de-
veloped to obtain exact soliton solutions. Khuri [14] introduced a complex
tanh-function method for constructing travelling wave and multiple soliton so-
lutions of Schrodinger-type equations. Ozi§ and Yildirim [23] applied He’s
modified Lindstedt-Poincaré method to derive dispersion-managed exact soli-
ton solutions expressed in trigonometric and hyperbolic forms.

Overall, the existing literature demonstrates that finite-difference, spline-
based finite element, orthogonal spline collocation, meshless radial basis func-
tion and differential quadrature methods are all effective for solving the NLS
equation. Among these, spline-based and meshless collocation techniques stand
out due to their smoothness, high-order convergence and favorable conservation
properties, making them particularly suitable for accurately simulating soliton
dynamics.

While the above discussion has primarily focused on classical spline formu-
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lations, in the present study we turn our attention to Hermite spline functions,
which have proven highly effective in the numerical solution of various other
nonlinear evolution equations. In particular, cubic Hermite splines are ad-
vantageous due to their built-in continuity properties and their suitability for
approximating both the function and its derivatives. Several works in the lit-
erature have reported promising results using hermite spline functions for non-
linear wave equations [1,7,8,9,10,17,18,19, 20, 21, 22, 24], motivating further
exploration of this approach for the NLS equation.

In this paper, we apply a cubic Hermite spline (CHS) method to the NLS
equation and present detailed numerical results. The selection of CHS is mo-
tivated by the necessity to balance numerical precision with computational
efficiency. While lower-order approximations often provide insufficient con-
vergence for capturing complex wave phenomena, the CHS approach natu-
rally preserves both the solution and its gradient at each node. Furthermore,
CHS avoids the excessive algorithmic complexity and additional boundary con-
straints associated with higher-order alternatives, maintaining a more efficient
matrix structure that is better suited for the NLS equation.

The main aim is to demonstrate the applicability, accuracy, and efficiency of
the proposed scheme through a set of benchmark problems. Numerical exper-
iments are carried out to validate the method and to compare its performance
with existing approaches. The results confirm that the cubic Hermite spline
method provides reliable and accurate approximations, making it a useful tool
for the numerical treatment of the NLS equation.

The general form of the nonlinear Schrédinger (NLS) equation can be ex-
pressed as

iU + U + qlUPU =0, (2,t) € [a,b] x [0, T,

Ule,0) = g(a) (L)

subject to the boundary conditions
U(a,t) =0, U(b,t) =0,

where i = v/—1 and ¢ > 0 is a real constant [3]. The function U = U(z,t)
represents a complex-valued field variable.

To simplify the numerical analysis of Equation (1.1), the complex variable
U(z,t) is partitioned into its real and imaginary parts as

U(z,t) =r(x,t)+is(z,t),

where r(z,t) and s(x,t) represent real-valued functions that define the real
and imaginary components, respectively. Substituting this representation into
Equation (1.1) and separating the real and imaginary parts yield the following
coupled system of real partial differential equations:

e + Spz + q(r? 4+ 5%)s = 0, (1.2)
8¢ — Toe —q(r? +8)r =0 .
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The initial and boundary conditions prescribed for the system (1.2) are formu-
lated as follows,

r(z,0) = g, (), s(x,0) = gs(xz), = € [a,b],
r(a,t) =r(b,t) =0, s(a,t) = s(b,t) =0, te][0,T],

where g,.(z) and gs(x) are respectively the real and imaginary components of
the initial function g(x).

After this transformation, the cubic Hermite spline approximation is applied
separately to the real-valued functions r(x,t) and s(x,t). In this way, the
complex-valued NLS equation is handled through a coupled system of real
equations while preserving the polynomial approximation framework.

2 The cubic Hermite collocation method

Cubic Hermite splines are piecewise cubic polynomial functions that interpolate
both the function values and their first derivatives at the grid points. Let
a =1z < x3 < -+ < xyy1 = b be a partition of the interval [a,b]. The
cubic Hermite interpolant of a function f is a function s(x) such that on each
subinterval [z, zr11] it coincides with a cubic polynomial sg(z).

The spline satisfies the interpolation conditions

s(zk) = flag), s'(xg) = f'(z1), k=1,2,...,N+1,
which ensures that both the function and its first derivative are matched at the
nodes. Moreover, the continuity conditions
sk(Trr1) = skp1(@rt1),  S,(@rt1) = Shp1 (Thtn)

guarantee that s(z) and its first derivative are continuous on the entire interval
[a, b], that is, s(z) € C'[a,b].

Consequently, the cubic polynomial on each subinterval can be expressed
in terms of the function and derivative values at the end points as

si(2) = Hi () f (x1,) + Hy () f' ()
+ HE () f' (x1) + Hy (2) f (2r41),
where H; are the cubic Hermite basis functions that satisfy the essential inter-
polation properties defined by [7,8,9]:
2
(Q’J—.’Ej_l) (3h—2(m—xi_1)), X € [l‘]‘_l,l‘j] y
1 2
Haj-1(z) =43 (h —(z— :vj)) (h —2(z— asj)) . @€ [z, x4,
0, otherwise ,

1 —h ($—.13j_1)2 (h;x—l‘j_1), HARS [.13]'_1,33]‘} s
Hjj(x) 3 h (h — (x — arj)) (x — CL‘j) , T € [mj,xjH] ,

0, otherwise ,

j=1,2,3,...,N +1.
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These properties provide smooth C! approximations with local support, which
makes cubic Hermite splines particularly suitable for numerical schemes applied
to nonlinear wave equations.

The approximate solution to u(z, t) is represented in terms of cubic Hermite

basis functions as
N+1

u(z,t) =Y ajran—2(t) Hij,
j=1

where a;(t) are time-dependent coefficients to be determined, k denotes the
number of elements, and i = 1,2. Within each sub-interval [:Cj,ijr]}, the
Gauss-Legendre quadrature points 7;, of order two are employed as colloca-
tion points. These roots are selected as collocation points because they mini-
mize the numerical integration error and enhance the overall accuracy of the
method. Unlike equally spaced nodes, these points provide better control of
interpolation error growth and significantly reduce spurious oscillations. Their
non-uniform distribution, characterized by clustering near the boundaries, im-
proves numerical stability and enhances the conditioning of the resulting dis-
crete system. These properties make them particularly suitable for nonlinear
wave equations, where stability and accurate resolution of wave profiles are
essential.

. . h
N = (W)H—D’J 2<j<n+1,1<r<2.  (2.1)

By taking A\, = % (1 — %) and Ay = % (1 + %) (shifted Legendre roots) in

Equation (2.1), we obtain

h; h;
Mil — %j—1 _ Nj2 — %1 _
h] 1, hj 2.

Nj1— %y Nj2 — %j
BAZS —y,, B2TH o,

For Chebyshev polynomial A\; = % (1 — %) and Ag = % (1 + %)

Following the discretization process, each element is associated with a lo-
cal coordinate &, where the relation between z and ¢ is given by £ = =%«
Through this transformation, the varying global intervals [z, zk+1] are con-
sistently projected onto a normalized local interval of [0,1] for all elements.
Finally, the transformation z = h& 4+ x; is used to express the subsequent
equations in terms of the local coordinate system.

Hi(§) = (1+26)(1 - €)% Ha(§) = €£(1 - €)°h,
Hy(g) = £2(3 — 2¢), Hy(§) = €2(& — Dh,

A (§) = 662 — 6, Az(€) = (1 —4¢ +3¢6%) h,
Az () = 6 — 662, Ay(€) = (3¢2 = 26) h,
Bi(§) = 12 - 6, By(§) = (6§ — 4)h,

Bs(§) = 6 —12¢, By(§) = (6§ = 2)h
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Thus, the trial function over the k" element are defined as

N
t) = ajion—o(t)Hy;
j=1

The trial functions with their first and second order derivatives at the colloca-
tion points in terms of local variable £ are defined as follows

4
V(&) =D ajara(t)H; (6),
=1
= agk—1H1 (&) + aerH2(§) + agk+1Hs(E) + askr2Ha(€),
4
uy(§,t) = %Z aj+2k—2(t)A;(8),
=1

_1
_h

un(§:t) = 3 Za3+2k 2(t)B; (8),

[a2k—1A1(€) + a2k A2(€) + azrs143(E) + azer244()]

= % [aok—1B1(§) + a2k Ba(€) + azpi1B3(€) + asp2Ba(§)] -

Here Ay, As, Az, Ay ve By, Bo, B3, B4 represent the first and second derivatives
of the Hermite basis functions, respectively. By applying Equations (2.4) and
(2.5) at the nodal points, one obtains the following approximate solutions:

u; = un (&,t) = ask—1H1i + asiHoi + asp+1Hsi + aspr2Hui,
hul, = uly (&,t) = agg—1A41; + agpAgi + asg1A43; + aspi2A4,
h*ul = uy (&,t) = ask—1Byi + asy Ba; + ask+1B3; + ask2Bui,

where Hji = Hj(f),AJZ = Aj(f) and Bji = BJ(g) for i = 172.

In the developed numerical scheme, the time integration is carried out by
applying a Crank-Nicolson finite difference formulation, while the spatial dis-
cretization is achieved through a collocation technique utilizing cubic Hermite
spline basis functions. The use of these functions ensures high computational
efficiency owing to their compact support, simple structure, and minimal stor-
age requirements. Moreover, the resulting discrete algebraic equations exhibit
favorable numerical properties such as stability, good conditioning, and reduced
sensitivity to rounding errors. The associated system matrices are sparse and
banded, making them particularly suitable for fast and efficient implementa-
tion.

Although cubic Hermite splines theoretically provide fourth-order accuracy
in space for sufficiently smooth functions, the overall convergence rate of the
proposed scheme is influenced by the time discretization and the treatment of
the nonlinear term. In particular, the Crank-Nicolson scheme is second order
accurate in time, and the applied linearization further affects the global accu-
racy. Therefore, the observed convergence rate in the numerical experiments is
approximately O(h?), which is consistent with similar studies in the literature.
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3 Implementation of the method

Integrating the Crank-Nicolson discretization into Equation (1.2) yields the
following expression:

Sn+1 —s" T;’L;—l + Ir;l:r n\2 n\2 ,r.n+1 + r
S - g () (57)?) | 5 | =0,

rn+1 — Sn+1 + " ) ) Sn+l + P
_ Cax Tx n n =0.
At 2 +q((r)+(s)) 2

It should be noted that the nonlinear terms contain the factor (r? 4 s?), which
depends on the unknown solution. A direct Crank-Nicolson discretization
would therefore result in a nonlinear algebraic system at each time step. To
avoid solving a nonlinear system, the nonlinear coefficient is evaluated using
the solution at the previous time level. Introducing

2n = (") + (5")?).

the nonlinear terms can be linearized by means of a Taylor series expansion.
After this linearization, the resulting system can be written as

25" — Aty — Atz T = 25" £ At 4 Atz ",

2r" T 4 AtsH 4 Atz s" T = 20" — Ats?, — Atz s

The stability of the time discretization should also be noted. The Crank-
Nicolson method is well known to be second order accurate in time and uncon-
ditionally stable for linear problems. In the present formulation, the nonlinear
coefficient z,, is evaluated using the solution at the previous time level, which
results in a semi-implicit scheme. This approach avoids solving a nonlinear
system at each time step while preserving the favorable stability properties of
the Crank-Nicolson discretization. The numerical experiments presented in the
following section further confirm the stable behavior of the proposed scheme.
For each time iteration, by substituting

N+1
r(z,t) =Y ajpoe2(t)Hji, i=1,2,
j=1

N+1
S(l‘,t) = Z bj+2k,2(t>Hji, 1= 1,27
j=1

Math. Model. Anal., 31(4):671-689, 2026.
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the following form of the linear system of equations is obtained:

At
2H11a;1,;"_11+2H21a31;"1 + 2H31ag]:__&1+2H4za;L]ji2+ (BM+AthH11> bg’:__ll

h2
At At At
+AthH4,L) bg:_:z = 2H1ia;’k71 =+ 2H2ia§k + 2H3ia;’k+1 + 2H4Z-a§k+2
At At
+ (_MBM —AthHli) bgk71—|— (—hZBQi — AthH2i> bgk
At At
+ <_hQBgi — AthH31> b;lk+1 + (_thM — AthHM) bngrQ’
At B At B At
(hQBlethHh) a22—_11+ (hQBngthHQZ) 0,2]:_1 <h2331

At

—AthHgi) a;’,jj:l (—h2

B4i—At2mH4i) aS,;TQ + 2H11b32_51+2H21b32_1
At

+ 2Hg, by + 2H b = (hz

At
B]_i + AthH]_rL) a/gk71 =+ <h232i (31)

At At
+ Atz Hoy) agp+ (hQB;gi—f—AthHgi) agp 1+ (thM—l—AtzmHM) A%kt
+ 2H ;b5 1 + 2Hpibgy, + 2H3:b5, 1 + 2Hyibyy o, i=1,2.

A solvable 4N x4 N matrix system is obtained by imposing boundary conditions
on the recursive system (3.1), which originally contains 4N equations and 4N +
4 unknown variables. This process effectively eliminates the four redundant
parameters, resulting in:

Lz™t! = Ra™,

where L, R coefficient matrices and, z™ = (a‘f, ab,...,ahy, b7, b5, ... ,bSN)T
are time dependent unknown vectors to be determined. Given that each cubic
Hermite basis function spans a maximum of four sub-intervals, a band matrix
with a bandwidth of four is generated (see Figure 1). In order to start the
iteration, the initial vectors a® and b" are needed. This vectors are calculated
by the initial condition presented by the governing equation.

3.1 Algorithm of the method

The computational steps for executing the proposed algorithm are structured
in the following manner:

1. The spatial domain is discretized into a finite number of elements, and
suitable collocation points (Legendre or Chebyshev roots) are selected.

2. The complex-valued problem is transformed into a coupled real system
and approximated using cubic Hermite spline basis functions.
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X X X X X X
X X X - X X X - -
X X X X s XX X X -
X X X X XXX X e
s XX X X - s XX X X -
X X X X - X X X X -
s XX X X - c XX X X -
- XX X X - XX X X
- XXX . o XX X
e . ><><><‘.. . ><><><
X X X R X X X . co
X X X - - X X X - -
- XX X X c XX X X -
XX XX« - - XXX X -
s XXX X - s XXX X .
X X X X - X X X X -
X X X X - X X X X -
X X X X - X X X X -
- XXX s XX X
- XX X - X XX

Figure 1. Pattern of nonzero elements of banded matrices L and R.

3. The corresponding system matrices L and R are assembled. Using the
prescribed initial condition u(x,0), the initial coefficient vector z° is com-
puted.

4. Set the initial time level n = 0 and start the time-marching process.

5. At each time step, update (or recompute when necessary) the matrices
L, R, and the coefficient vector according to the numerical formulation,
including the treatment of the nonlinear terms.

6. Compute the unknown coefficients at the next time level by solving the
linear system
La" ™! = Ra™.

7. Advance the time level (n < n + 1) and repeat the time-marching pro-
cedure until the prescribed final time is reached.

8. After completing the time integration, reconstruct the complex solution
from its real and imaginary components, and evaluate the numerical re-
sults through appropriate error norms and graphical analysis.

4 Stability analysis

In this section, Von-Neumann stability analysis is to used to investigate stability
of the linear numerical scheme. Since this stability technique applies only

Math. Model. Anal., 31(4):671-689, 2026.
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linear differential equations, nonlinear terms in Equation (1.2) is changed by a
constant A and the coupled system of is written as

ou 0*U

— A— MNAU = 4.1

B + 922 + MAU =0, (4.1)
where U = [ Z ] and A = [ _01 (1) } By applying the Crank-Nicolson

method to Equation (4.1) and reorganizing we get

Un+1 Un-i—l Un—

. : U, (4.2)

2 02

ant (20" aanat
ox? 2

AAL ( 62U>” AAL
Now we apply cubic Hermite collocation

N+1

Uz, t) = Z Ciyon—2(t)Hj;, i=1,2
j=1

to the Equation(4.2) we get

o1cht oach +U362k+1+a402;+2_7—102k 1720+ T3Chy 1 +TaChy 0, (4.3)

where ANt AAAL
Om = IHm'L + TBmz + THmia
Tm = THp; — ATAthz - #Hmw m = 1a273a4~

In the von Neumann stability analysis, we assume the solution to be of the
form:

= £"ye?, (4.4)
where i = v/—1, v € R? and ¢ € R?2*2 is the amplification matrix.

Substituting Equation (4.4) into Equation (4.3) we obtain the following rela-
tionship:

gntl (0167“" + 09 + 03e™ + 04ei2“") =&" (7‘167“0 + Ty 4 T3€" + T4ei2“"> .
Using the Euler identities the above expressions can be written as:

S1 4 1Sy =09 + (01 + 03) cos p + 04 cos2¢ + i [(03 — 01) sin + o4 sin 2@]
Ss + 1S4 =72 + (11 + T3) COS  + T4 COS 20 + 1 [(7'3 — 71)sin ¢ + 74 sin 2@] .

Hence the amplification matrix is obtained as
€= (S1+1iS2) "' (S5 +1iS4).

Since the coefficients o,,, and 7,, contain the matrix

0 1
=)
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which is skew symmetric, the matrices involved in the amplification relation
preserve this property. Consequently, the matrices (57 + 4S2) and (S5 + 4Sy)
possess the same eigenvalue structure. Hence the spectral radius of the ampli-
fication matrix satisfies

p(§) = 1.

Therefore, the proposed linearized scheme is unconditionally stable.

5 Numerical examples

In this section, numerical experiments are carried out for four benchmark prob-
lems governed by the nonlinear Schrédinger (NLS) equation. To ensure the
reliability of the computed solutions, it is crucial that the numerical scheme
preserves the discrete analogues of the continuous conservation laws associated
with the equation. These invariants play a key role in maintaining the smooth-
ness and stability of the soliton profiles during time evolution.

The NLS equation admits the following conserved quantities:

b b
1
C, = / |U|? de, Cy = / <|Um2 - 2q|U4> dx.

The performance and accuracy of the proposed method are assessed through
two standard error norms: the discrete Ly and L., measures, defined respec-
tively as

2
exact __ , num —
uj (& , Lo 1§mjsz uj u;

exact _ , num

N
Ly=|h)_
j=1

Ezample 1. As an initial validation test, we examine the analytical one-soliton
solution of the nonlinear Schrédinger (NLS) equation. Following the formula-
tion presented in [11], the exact solution can be expressed as

U =a(?) Ve [ (350 - 3062 oﬂ)t)] sech (a(z — 1)),

where S represents the velocity of the soliton, determined by the amplitude
parameter «. Numerical experiments were performed with the parameter set
q=2,5 =4, and a = 1 over the spatial domain —20 < x < 20.

With these parameters, the envelope of the soliton is given by

|U| = sech(x — 4t),

which travels rightward with constant shape and velocity equal to 4. The
solitary wave profile, along with its real and imaginary parts, is displayed in
Figure 2. The numerical outcomes obtained using Legendre basis functions are
visually identical to those produced with Chebyshev functions.

Math. Model. Anal., 31(4):671-689, 2026.
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The analytical expressions of the conserved invariants yield C; = 2 and Cy =
7.333333. The computation is advanced up to the final time ¢ = 2.5, and
the corresponding error norms together with the invariant quantities are listed
in Table 1. The numerical results demonstrate excellent agreement with the
analytical predictions, confirming the reliability and precision of the proposed
approach.

Table 1. Comparison of error norms of NLS for two methods (QHCM-L and QHCM-C)
with some previous methods at ¢t = 2.5.

Method h At Lo Error Loo Error Cq Cs
CHCM-L 0.05 0.0005 8.147 x 1073 3.711 x 10~ 1.999999 7.312040
CHCM-C 0.05 0.0005 3.749 x 10~3 1.576 x 10~3 2.000000 7.312118
CHCM-L 0.1 0.0001 1.581 x 103 7.213 x 10~* 1.999999 7.329006
CHCM-C 0.1  0.0001 2.492 x 102 1.095 x 10~2 2.000000 7.329084
CHCM-L 0.3125 0.0001 4.264 x 10~3 1.839 x 10~3 1.999999 7.323042
CHCM-C 0.3125 0.0001 2.392 x 10~! 1.027 x 10~ 2.000027 7.322541
G [6] 0.3125 0.001 4.6x 107> 28 x 1075 1.999908 7.333177
MQ [6] 0.3125 0.001 4.434 x 10723 2.165 x 1073 1.999472 7.331960
IMQ [6] 0.3125 0.001 6.68 x 10~% 4.86 x 10~* 1.999137 7.329795
1Q [6] 0.3125 0.001 5.652 x 10~3 2.037 x 10~3 1.999812 7.329801
Quin. B-Spline [27] 0.05 0.005 9 x 104 6 x 10~*  2.000000 7.333333

Figure 2. Single soliton simulation.

Ezxample 2. As the second test problem, the nonlinear interaction between two
solitons is considered. The initial condition describing the soliton collision is
expressed as

U(z,0) = Ui (z,0) + Us(z,0),

where each soliton component Uj;(z,0) is defined by

U;(z,0) = o <Z)1/2 exp {2 g(x - xj)} sech(a;(z — z;)), j=1,2

The computational parameters are assigned as ¢ = 2, a; = 1, S1 = —4,
x1=-10, ap =1, Sy =4, o = 10, h = 0.4, and At = 0.001 within the spatial
interval —20 < z < 20.
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This configuration is employed to examine the nonlinear behavior and phase
variation that take place when two solitons interact with each other. The
numerical experiment is performed up to the final time ¢ = 6. The prescribed
initial profile describes two solitary waves that are initially separated by a
distance of 20 units. One soliton with amplitude 1.0 is centered at x = —10,
while the other of identical amplitude is located at = 10. The time evolution
of the elastic collision between two waves is illustrated in Figure 3. As the
simulation advances, both solitons propagate in opposite directions, undergo a
collision, and then move apart again. After the interaction, each soliton retains
its original amplitude and shape.

The computed invariant quantities are summarized in Table 2, and com-
pared some previous results.

Table 2. Comparison of invariants of two soliton problem at time ¢ = 6.

Method h At C1 Cy

CHCM-L 0.3125 0.0001 4.00000 14.63634
CHCM-C 0.3125 0.0001 4.00005 14.62701
Gaussian [13)] 0.1 0.01  3.99999  14.66715
W(4,2) [13] 0.1 0.01  3.99999  14.66874
W(5,3) [13] 0.1 0.01  4.00000 14.66654
W(6,4) [13] 0.1 0.01  4.00000 14.66679
W(7,5) [13] 0.1 0.01  3.99999  14.66665
G [6] 0.3125  0.001  4.00040  14.66846
MQ [6] 0.3125  0.001  4.00637 14.69381
IMQ [6] 0.3125  0.001  4.00616 14.69505
1Q [6] 0.3125  0.001  3.99613  14.65291

Quin. B-Spline [27] 0.3125  0.001  4.00000 14.66672

Figure 3. Collision of two solitons.

Ezample 3. In this numerical experiment, the formation of a standing soliton is
examined. The formation of such a soliton occurs when the following condition
is satisfied:

/ U(z,0)dx > .

—0o0

This phenomenon is investigated using the following Maxwellian-type initial
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condition
2

U(x,0) = Ae™ ™. (5.1)
When the amplitude A of the Maxwellian initial condition is smaller than
/7, the solution gradually diminishes over time, indicating that no soliton is
generated. This phenomenon, known as soliton decay, has been verified by
several numerical methods in [2,5,6,11,27]. Conversely, when A > /7 =
1.7725, a stable soliton structure is formed. In this example, we will also
observe this characteristic behavior by employing our proposed method.
In this example, the evolution of a stationary solution is observed by adopting
the initial condition (5.1) with the parameters ¢ = 2, h = 0.25, and At = 0.001
within the computational domain —45 < z < 45 up to the final time ¢ = 6.
Simulations are carried out for two amplitude values, A = 1 and A = 1.78.
The temporal evolution of the standing wave formation for these amplitudes is
depicted in Figure 4.

Figure 4. Formation of a standing soliton for A = 1.78 and A = 1.

The analytical expressions of the conserved quantities are given by

1
Cy = AQ\/? Cy = 1A?(z\f— qA%) /7.

Accordingly, for A = 1, the computed results are C; = 1.2533141373 and
Cs = 0.3670872118, whereas for A = 1.78, they are C7; = 3.9710005126 and
Cy = —4.9256176213. The corresponding numerical estimations and a compar-
ative analysis of the invariants, along with their relative variations at ¢ = 6,
are summarized in Table 5. The numerical results in this table indicate that
soliton formation depends on the magnitude of the initial pulse amplitude and
is associated with a physically meaningful threshold. From a physical stand-
point, the emergence of a stable soliton requires a balance between dispersive
spreading and nonlinear self-focusing effects. When the initial power or norm
of the pulse remains below a certain level, dispersion dominates and the wave
packet spreads. However, above this regime, nonlinear effects are sufficiently
strong to counteract dispersion, leading to the formation of a localized struc-
ture. The preservation of analytical invariants in our simulations confirms that
the method accurately captures this delicate balance and the associated tran-
sition behavior.
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Table 3. Comparison of invariants of birth of standing soliton problem at time ¢t = 6.

Method A h At Ch Co
CHCM-L 1 0.25 0.0001 1.2533141373 0.3671196920
CHCM-C 1 0.25 0.0001 1.2533143988 0.3708031109
G [5] 1 0.25 0.01 1.2533141373 0.3670872106
MQ [5] 1 0.25 0.01 1.2533141398 0.3670872071
W (7,5) [5] 1 0.25 0.01 1.2533141374 0.3670872107
W (6,4) [5] 1 0.25 0.01 1.2533141207 0.3670872197
w(5,3) [5] 1 0.25 0.01 1.2533141284 0.3670868861
W (4,2) [5] 1 0.25 0.01 1.2533204063 0.3670656847
CHCM-L 1.78 0.25 0.001 3.9710005126  -4.9071789067
CHCM-C 1.78 0.25 0.001 3.9710027553  -4.9513646014
G [5] 1.78 0.25 0.01 3.9710005127  -4.9256176957
MQ [5] 1.78 0.25 0.01 3.9710005126  -4.9256221031
W (7,5) [5] 1.78 0.25 0.01 3.9710005127  -4.9256176321
W(6,4) [5] 1.78 0.25 0.01 3.9710005071  -4.9256176397
w(5,3) [5] 1.78 0.25 0.01 3.9710005116  -4.9256187196
W (4,2) [5] 1.78 0.25 0.01 3.9710005049  -4.9256646071
B-Spline [27] 1.78 0.25 0.04 3.97100 -4.93298

Ezxample 4. In this numerical experiment, the generation and propagation of a
traveling soliton are investigated. The initial profile

U(x,0) = A exp(—2? + 2ix)

gives rise to a soliton that exhibits translational motion. Initially, the solitary
wave is centered at x = 0, and as time evolves, it propagates toward the positive

a-direction.

For this experiment, the spatial step size and time increment are chosen
as h = 0.25 and At = 0.0001, respectively. The simulations are performed
within the computational region [—30, 60] for the time interval [0, 6], considering
amplitude parameters A = 1 and A = 1.78. The temporal development of the

traveling soliton is illustrated in Figure 5.

Figure 5. Formation of a travelling soliton for A =1.78 and A = 1.

The analytical expressions of the conserved quantities yield C; = 1.2533141373
and Cy = 5.3803437645 for A = 1, while for A = 1.78, the corresponding values
are Cp = 3.9710005126 and Cs = 10.9583844401. The computed numerical in-
variants together with their relative variations at the final simulation time are
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summarized in Table 4. It can be observed that both invariants remain nearly
constant throughout the evolution, confirming the stability and accuracy of the
proposed numerical scheme.

Table 4. Comparison of invariants of birth of mobile soliton problem at time t = 6.

Method A h At Cq Co
CHCM-L 1 0.25 0.0001 1.2533141373 5.3814444602
CHCM-C 1 0.25 0.0001  1.2533185889 5.3938277599
G [5] 1 0.25 0.01 1.2533141373 5.3803436429
MQ [5] 1 0.25 0.01 1.2533141961 5.3803433917
W(7,5) [5] 1 0.25 0.01 1.2533141375 5.3803434416
W (6,4) [5] 1 0.25 0.01 1.2533141345 5.3803407068
W (5,3) [5] 1 0.25 0.01 1.2533141391 5.3802912465
W (4,2) [5] 1 0.25 0.01 1.2533140994 5.3792124676
CHCM-L 1.78 0.25 0.0001 3.9710005126 10.6661827472
CHCM-C 1.78 0.25 0.0001 3.9710629787  10.6176351877
G [5] 1.78 0.25 0.01 3.9710005126  10.9583840548
MQ [5] 1.78 0.25 0.01 3.9710006989  10.9583823585
W(7,5) [5] 1.78 0.25 0.01 3.9710005132  10.9583834148
W(6,4) [5] 1.78 0.25 0.01 3.9710005044  10.9583747700
W (5,3) [5] 1.78 0.25 0.01 3.9709993206  10.9582284948
W (4,2) [5] 1.78 0.25 0.01 3.9710005433  10.9547877730
B-Spline [27] 1.78 0.25 0.04 3.97100 10.97592

5.1 Discussion on the performance of CHCM-L and CHCM-C

It is observed from the numerical results that CHCM-L outperforms CHCM-C
in certain test cases. This behavior can be attributed to the different distribu-
tion of collocation nodes. While Chebyshev nodes are strongly clustered near
the boundaries, Legendre nodes exhibit a comparatively more uniform distribu-
tion over the computational domain. For problems where the solution remains
sufficiently smooth and does not exhibit strong boundary-layer behavior, the
Legendre-based discretization may provide a more balanced error distribution
across the domain. Consequently, improved overall accuracy may be obtained
in such cases.

6 Conclusions

In this study, the Cubic Hermite Collocation Method has been effectively uti-
lized to obtain accurate numerical solutions of the nonlinear Schrédinger (NLS)
equation. The method not only captures the strong nonlinear and dispersive
effects characteristic of the NLS equation but also maintains excellent stabil-
ity over long-time simulations. The numerical results reveal that the scheme
preserves the smoothness and essential features of the soliton structures while
efficiently satisfying boundary conditions. Owing to its compact formulation
and high-order accuracy, the method requires relatively low computational ef-
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fort compared to other techniques commonly used in the literature. These ad-
vantages make the Cubic Hermite Collocation Method a powerful and flexible
approach for modeling nonlinear wave propagation phenomena. Furthermore,
its adaptable framework suggests that it can be extended to a broad class of
nonlinear partial differential equations exhibiting similar complex dynamics.
While the developed cubic Hermite spline approach offers notable preci-
sion and stability, it is not without specific constraints, particularly regarding
its reliance on solution smoothness and increased computational complexity
for higher-dimensional extensions. The method may also require careful dis-
cretization in problems involving steep gradients. Future research will aim to
enhance the efficiency and robustness of the scheme by incorporating adap-
tive discretization strategies and extending the method to multidimensional
nonlinear Schrodinger equations and other nonlinear dispersive models.
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