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1 Introduction

Fisher’s equation [4], a reaction-diffusion model proposed in 1937, applies to
physics, biology, chemistry, and economics [8,16,31]. Recent extensions in-
tegrate neural and complex networks to analyze propagation in complex sys-
tems [15]. Existing solution methods include the exp-function [9], split New-
ton iteration [12], finite difference [10, 21], meshless [22], first integral [17],
and Jacobi wavelet collocation [18] methods. Spectral methods are widely em-
ployed [11], often combining spectral spatial discretization with finite difference
time integration [28, 30].

In numerical computation, spectral method selection depends on prob-
lem characteristics. The spectral-Galerkin method addresses linear problems
with constant or polynomial coefficients on rectangular domains; the Petrov-
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STMD spectral collocation method for the Fisher’s equation

Galerkin method handles odd-order derivatives or non-homogeneous boundary
conditions; and the spectral collocation method applies to variable-coefficient
or nonlinear problems.

Researchers have extensively employed spectral collocation with Legendre
and Chebyshev-Gauss-Lobatto nodes for ODEs, nonlinear PDEs, and integral
equations [19,23,24,26,27,32,33], as well as fractional-order equations [1,2,3].
Spectral methods achieve high accuracy with fewer nodes than finite difference
schemes. To minimize errors in both space and time, spatio-temporal spec-
tral and spectral element methods have been developed [13,25, 34], including
specific applications to the KdV equation [14]. For large-scale problems where
high approximation orders increase computational cost, domain decomposition
methods provide an efficient alternative.

Building on the work mentioned above, this paper explores the binary multi-
domain collocation method for the Fisher’s equation in bounded domains. We
now turn our attention to the initial boundary value problem of the Fisher’s
equation [30].

Ou— 2u=u(l —u),z € D= (a,b),t € (0,T],
u(a,t) =91 (t),u(bt) =92 (t),t €0,77, (1.1)
u(xz,0) = go (z),z € D.

Regarding Equation (1.1), we consider the case h = b—a > 1. Using Lagrange
interpolation polynomials, we partition Equation (1.1) into multiple domains
to construct a spectral collocation scheme. In each sub-domain, Legendre-
Gauss-Lobatto nodes are used for both time and space, forming corresponding
nonlinear systems. To ensure continuity at the boundaries of adjacent sub-
domains, constraint conditions are applied, ensuring equal function and first
derivative values at common boundaries, thus transforming Equation (1.1) into
a nonlinear matrix equation. The numerical solution is obtained iteratively.

Numerical experiments show that the multi-domain collocation method
achieves spectral accuracy and significantly outperforms the single-domain me-
thod in error precision, proving the algorithm’s effectiveness. By combin-
ing multi-domain pseudo-orthogonal approximation with the Petrov-Galerkin
method and numerical integration, we establish the algorithm’s convergence
and stability. The main advantages of this approach are as follows:

e We apply spectral collocation in both space and time for evolution equa-
tions, balancing node distributions. Unlike finite difference methods, this
approach mitigates aliasing errors from nonlinear terms and reduces sys-
tem dimensionality, thereby enhancing computational efficiency.

e For large-scale problems, we develop a multi-domain spectral collocation
method that decomposes the spatial domain into subdomains. This strat-
egy significantly improves accuracy over single-domain approaches while
maintaining high efficiency despite increased implementation complexity.

e We establish a rigorous convergence analysis for both single- and multi-
domain schemes using quasi-orthogonal approximation and the Petrov-
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Galerkin method with numerical integration. Theoretical findings on sta-
bility and convergence are validated by numerical experiments.

e Distinct from sequential discretization methods [28], our approach em-
ploys bivariate interpolation to directly transform nonlinear differential
equations into matrix systems, yielding superior efficiency. Furthermore,
unlike the time-axis decomposition in [25], our multi-domain strategy
focuses on spatial decomposition.

e We present a novel error analysis for the multi-domain method, lever-
aging quasi-orthogonal operators tailored for interior point interpolation
combined with Petrov-Galerkin numerical integration. To our knowledge,
such an analysis is absent in current literature.

The next section reviews the differentiation matrix for Lagrange interpola-
tion using Legendre-Gauss-Lobatto nodes, discrete inner products, and inter-
polation results, and introduces the multi-domain pseudo-orthogonal approx-
imation as the basis for convergence analysis. Sections 3 and 4 present the
spatiotemporal spectral collocation scheme for Fisher’s equation in single and
multiple domains, with numerical results and convergence and stability analy-
sis. The paper concludes with a brief summary.

2 Preliminaries

In this section, we review the differentiation matrix related to Legendre inter-
polation and its interpolation approximation, as well as the pseudo-orthogonal
approximation results.

2.1 Legendre interpolation and its differentiation matrix

We note g—g = OJeu. Let Lp(§)(€ € I = (—1,1)) represent the M order

Legendre polynomial, where §, = —1,&{; =1 and &,,(m =1,2,--- M — 1) is
the root of 9:Las(§) = 0, then the interpolation basis function with &, as the
node is as follows (cf. [14])

(€% = 1D)0eLu ()
M(M + 1)LJVI(£m)(§ - gm) .

Denoted Py (]) is the set of polynomials whose order does not exceed M, and
for u(§) € C(I), its interpolated polynomial is:

om(§) =

M
Pur(€) = D um@m ()t = u(ém), € € I.
m=0

Write Pps(€) as a function of £, and find its n-th derivative to obtain:

M
O Par(§) =t o (€)-
m=0
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The entries of first-order differentiation matrix D = (dgm)o<m. k<m and the

n- order (n > 2) differentiation matrix D™ = (d( Jo<m, k< MOf @ () are as
follows:

dim = Oeom(Er),  dS) = O o (). (2.1)

The entries of the first-order differentiation matrix D can be determined by
the explicit formulas below, see (3.68) and (3.203) of literature [20],

L (&)
€k — &m) L (Em)’
0 — MM+ 1)/4,  k=m=0,
M(M+1)/4,  k=m=M,
0, 0<k=m< M.

k # m,

The n-th differentiation matrix is the n power of the first-order differential
matrix, namely D = D™,

2.2 Legendre interpolation approximation on domain D

For any integer r > 0, we define the space H"(D) and its norm |ju|,p as
usual. Let Pp(D) be similar to Pas(I). Let’s make parr;(0 < j < M)
denote the Christoffel number of the corresponding node &;,5 = 1,2,..., M,
we consider the discrete inner product and the discrete norm on the L?(ID).
Let pnp,; = b_TapMJJ(O < j < M) be the Christoffel number corresponding
to node x; = b_Tafj b"‘a ,0=12,..., M. Let’s introduce the discrete inner
product and the discrete norm on the LQ(ID)):

(fa M]D)_Z.f y] .’13] PM,D,j, ||f||M,lD):(f7f)]%\/[,D
7=0

From literature [29], we can get:

(2,9 = (9, 9)p, Vo € Parnr—1(D), (2.2)
lellp < llellyp < V2+1/Mellp, Ve € Pu(D). (2:3)

Let (9 (£)=(1—€)7(14£€)? be the Jacobi weight function, ¢ = %_T“_b eI,
and XD’é(a:) =9 (¢ Elemzo-a=s oy . For any v € C(D), the interpolation approx-
imation 7z, prpv € Par(D), 1s “defined as:

L, MDY (HJJ) = (:EJ) ,7=0,1,..., M.
From literature [29] and the transform of the above, we have that if v € C(D),
r—1
(1—(&(2))?) 2 OLv € L* (D) and the integer © > 1, then:

h T T
||7TL,M,]D>U - 'U”]D SC(M) ||8zv||xugr_1,r_1)7D, h=b-—a. (24)

h
(W, ¥)p = (W, V) prpl <c(7)"I0z0] 1m0 plIPllp, ¥ € Pu(D). (2.5)

Math. Model. Anal., 31(4):712-732, 2026.
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We introduce the quasi-orthogonal mapping on D. Let
F(D)=HY(D)Nn{w | there is finite traces of w at x = a, b},
FoD)={w | we FD), wa)=wbd)=0} PID)="Px(D)NF(D).

The orthogonal mapping W}V}?D : Fo(D) — PY (D) is defined by

(Oa(mpfpw —w), 0:0)p =0, Vo € Py (D).

For any w € F(D), we set w(z) =w(z)—w(x) € Fo(D), w(x)= W(x —a)+
w(a). The quasi-orthogonal projection 7711\}[*7@ is defined by
ﬂ]l\}[wa = W}\}?Dﬁ) + w(x).

Define the quasi-orthogonal projection 7'(']1\/[* ;w(§) in the same way as Lemma 4

in [7]. Obviously, ﬂi/’;@w(x) = 7'('%;:['10(6”6221—;—17. From the Lemma 2.4 in

literature [7] and &(z) = 2z — a — b/h, we give the following result.
Lemma 1. If w € F(D), dLw € Li(T,w,l)(]D)) and integer r > 1, then
D

h \"—1
1,% T
105 (7 pw — w)|lp < c(—M) ||axw||x§;‘“—”,mw uw=0,1. (2.6)

Remark 1. The quasi-orthogonal approximation 7T]1\2D of the function w € H*(D)

is the sum of the orthogonal projection 7'(']1\/’[?@ of the function w(x) € H} (D) that
is homogeneous at the endpoint and the interpolation

W(T)|z=ab = TL,MDW(T)|z=ab = W(T)|z=a,b;

at the endpoint. In other words, the quasi-orthogonal operator ﬁ/}fm is a homo-

geneous orthogonal operator 7r11\’401D plus the boundary’s interpolation operator
7, m,p- Obviously, the quasi-orthogonal approximation satisfies:

T (@)o=ap = W(@)]o—ap-

We need the following embedding result, see Theorem B.5 of [20].

Lemma 2. Let 2 be a domain in R™ with Lipschitz boundary 082, and let
r > % Then there exists a positive constant Co such that for Yu € H"(2)

( [20]),
lull Lo 2y < Collul|r,o- (2.7)

The combination of the two lemmas above gives the following result.

Lemma 3. Ifw € H'(D), 0w € L?,_,,_,,(D) and integer r > 1, then
Xp

h \"#
1,% T
73 pwllLee @) < 1wl Lo m) +C(*M) 105wl rmrrmn 5y = 0,1 (2.8)

Similarly,

h\T
I arowl o) < Nl +e(57) 1050l s b,
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Next, using Theorem 2.7, and Lemma 4.10 of [5], we present an inverse
inequalities used in later parts.

Lemma 4. Vo € Py (D) and integer ¢ > 1,p > 2, then

6 g2
1@l 20 (D) ¢ZW “ilelns  llellLom),u (%MWI 7 [l¢llp-

3 The binary collocation method of the Fisher’s equation

This section presents the binary collocation scheme to Fisher’s equation in a
single domain, along with the corresponding numerical results. The conver-
gence and stability of the algorithmic scheme are also proven.

3.1 Single-domain collocation scheme and numerical results

We perform transformation

b—a b+a T T

5 y+ — 5 , yel, = (- 1,1),75—58—1—5,SEIS—(—l,l]7
which converts (y,s) € A= I, x I, into (z,t) € 2 =D x (0,T). The Legendre
interpolation approximation method of Equation (1.1) is to find the polynomial
um,N (Y, ) € Pu,n(A) = Pn(I,) x Pu(Is) such that

xTr =

2
Fouuann(9) ~ (527 ) Ot uar8) = 03 (0:5) + uan(y:9),
Y = Yk, ]{3:1,2,...,]\[71, s = 8§y, l:1,2,...,M,
up N (—1,8)=91(s), umn(l,s)=092(s),s=s;, 1=1,2,...,M,
um,n (Y, —1) =g0 ),y =y, k=0,1,2,...,N.
(3.1)
The numerical solution is written as:

n=0m=0

Substituting the numerical solution (3.2) into (3.1), using the properties of La-
grange interpolation basis functions and the differentiation matrix (2.1) gives:

’ % z 4P 4 (i) —
T m u n n u, — U,
T m=1 m.k l , (b _ a)2 = L,n®, l L,k
2 N R 2 (3.3)
= (525) (ot + anvd®)) - Zaoadio

k=1,2,...,N—1,0=1,2,... M.

We expand Equation (3.3) according tol =1,2,...,M,and k=1,2,... ,N—1.
The system of Equations (3.3) can be transformed into a nonlinear matrix

equation:
AX - XBT + X *X -X=F-D, (3.4)

Math. Model. Anal., 31(4):712-732, 2026.
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where “*” represents the multiplication of the corresponding element of the
matrix, and the matrices A, B, D, F and X are placed in Appendix A. For the
convenience of programming, by stretching and transposing the matrices X, D
and F', we define them as Y, R and H, respectively. Therefore, Equation (3.4)
can be equivalently rewritten as:

(AR Ey.1—Ey®B)Y=H—-R-Y -xY 1Y,

where “®” denotes the Kronecker product and Ex represents the N-order
identity matrix.

The numerical errors are measured using the L°°-norm and the normal-
ized L2-norm, respectively. Let u (zx,t;) be the exact solution of (3.1), and
um,N (Tk, t;) be the numerical solution, we have that

EMN = max
’ 1<IKM,1<kE<N-1

) 1/2
2 <//|u(x,t)_uMN(x,t)|2dxdt> :
MR Jr o ’

As observed in [30], the exact solution of the Fisher’s equation is:

|u(wr, t1) — unew (T, t0)]

1 V6 5v6 \\? 1 N R%
u (z,t) =1 (1 - tanhﬁ <x — 6t>> , go(x) = 1 (1 - tanhux> ,
2
1 6 5v6
g (1) =1 (1 — tanh% (ai — {t)) , t=1,2 with a; = a,as = b.

Figure 1. L°°— error in the spatial direction of a single domain.

Figure 1 depicts the maximum error s n versus the spatial interpolation
order N for single-domain simulations with parameters (M =13, T=2, a=—1,
b=1). In this case (b — a = 2), the error decays as N increases, confirming the
algorithm’s high spatial accuracy, particularly for smaller domain widths.

Figure 2 depicts the L%-error and the maximum error E N versus the
spatial interpolation order N for single-domain simulations with parameters
(M =12, T =2, a = 0, b = 55). The results indicate that the error in
the L2-norm is slightly lower than in the L>-norm, consistent with empirical
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Figure 2. L2 vs. L™ — error in the spatial direction of a single domain.

observations. However, for the larger domain in Figure 2 (b—a = 55), numerical
errors persist despite increasing N, highlighting the challenges posed by wide
domains.

Figure 3 fixes the spatial degree at N = 40 (using the parameters of Fig-
ure 2) and illustrates the variation of Ej;n with the temporal interpolation
degree M. The results demonstrate that the algorithm effectively approximates
Fisher’s equation over time, achieving high temporal precision.

In Table 1, we present the L2-errors of scheme (3.1) with parameters a = 0,
b=3, M =35, and N =5 at different time instances . The results confirm
that scheme (3.1) maintains numerical stability over extended time intervals,
and these numerical findings are consistent with the theoretical analysis pre-
sented in Subsection 3.3.

Figure 3. L° — error in the time direction of a single domain computation.

Table 1. The numerical error of scheme (3.1) with a = 0,b = 3.

t 0 1 4 7 10 13 15

Error 3.04e-07 3.23e-07 4.18e-07 4.18e-07 4.22e-07 4.22e-07 3.87e-07

Math. Model. Anal., 31(4):712-732, 2026.
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3.2 Single domain error analysis

Typically, only the semi-discrete form of the error analysis of (3.1) is considered.
For this purpose, set

N M
S) = ZUN (ymS) Pn (y)a yna Z mn‘Pm
n=0

Let uy (z,t) = un (y(z),s(t)) . Then (3.1) is transformed into
Orun (z,t) — 2un(z,t) = un(x,t) — ui(z,1),
x=xa, 1<k<N-1,te(0,T],

un (a,t) = gq1 () ,un (b,t) = g2 (t),t € [0,T],
un (2,0) =go (z),x =z, 0 < k < N.

(3.5)

Now, let’s consider the error analysis of the above equation using the Petrov-
Galerkin method with numerical integration. The weak formulation of (1.1) is
to find u € L>°(0,T; L*(D)) N L?(0,T; H'(D)), such that

(Oru(t), v)p + (Opu(t), Ov)p
= (u(t),v)p — (v*(t),v)p, Vv € HF(D),te (0,77, (3.6)
u(z,0) = go(x),z € D.

With aid of (2.2), (3.5) is transformed into to find uy(z) € Py (D)
)

(Orun (1), ¥)N,p + (Ozun (1), 0x%)p
( (t)v )N,]DJ - (u%\/(t)v’lp)N,Dv V'I/J € P?\/’(D),t € (OvT]v (37)

un(z,0) = mp N pgo(z), =€ D.

For error analysis, an auxiliary question is needed. Let Uy = w]l\}*Du. By using
(3.6), we obtain that

(0:.Un(t), )N p + (?IUN(t% Y)p = (Un (1), ¥)Np
_(UJQV(t)’w)N,]D) + Z Kj(wvt)a Vi € PR’(D)7t € (O’T]a (3.8)
un(z,0) = w}\}fmgo(;), r €D,

where

K1(¢,t) = (OUN(1),¥)np — (Oru(t), ¥)p,
Ka(t,t) = (0:Un(t), 0:0)p — (Oru(t), 0x¢)p,
Ks(,t)=(u(t),¥)p—(Un(t),¥)np, Ki(v,t)=UZ(),¥)np—(u?(t),¥)n.

Taking Qn (t) = (un(t) — Un(t)) € P (D), using (3.7) and (3.8) to give that
(0:QN(2), )N + (8$?N<t)) 92¢)p
= (@n(®),V)xp =D K1), Vo ePYD)te (0.T),  (3.9)

Qn(2,0) = 7 N pgo(x) — Ty pge(z), x €D,
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where
Ks5(¥,2) = (u} (), ¥)np — (U (1), ¥)np.
Take 1 = 2Qn (t) in (3.9) to obtain that

olQN O p + 2[10x QN( )5}

=2/|Qn (1) *QZK (@n(t t € (0,T],
Qn(r,0) = 7TL7N,]D)90( ) Pypgo(z), zeD.
Let xp = XI(D: Lr=1) , we use the following notations

E(w(t))=IIw(t)Ilwa/0 lw(2)I3 pdz,  n(u(2)) =10+ 12Cu()

En(w(t)) = ||w(t)||ND+/ (Ilw( Mavp + 118y w(Z)II%)dZ
Ap (u()) = (lu@IF p + DII0zul3; p + 105

Using the above notations, the Cauchy inequality, and aid of (2.3),(2.4), (2.6),
(2.7),(2.8), we have that

X]D)

EN(RN(t)) 2(r 1) /AT dZ—I—H go”iﬁm})
+/O n(u(2)|Qn (2 >\|Ddz+co/0 610w ()|2n

(2)||Ipdz.

Let ny = Orggéctn(u(z)). By (2.3), E(Qn(z) < En(Qn(z), the above formula-

tion can be written as
t
BQx(1) < (020 / Ay (u()dz + [0l ) + o [ 1Qn (2B
/0 61Qn ()12 5l Qn (=) Ind=.

Thus, we have that

HQN()”]D) /(1_GCOHQN(Z)HD)”QN(Z)”%,]D)dZ'

2(r 1) / AT dZ—|- || " g0 2

We need the following result (Lemma 3.1 of [6]).

Lemma 5. Assume that
e the constants by > 0,bo > 0,b3 >0 and d > 0,
e Z(t) and A(t) are non-negative functions of t,
o d < b?/bde bt fort; >0,
o for allt < tq,

Math. Model. Anal., 31(4):712-732, 2026.
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Z(t)+ /t(bl — by Z3 (1)) A(rT)dr < d + by /t Z(T)dr.

Then for all t < tq,
Z(t) < de®t.

Using the above lemma and (2.6), and following the same argument as in the
proof of Theorem 3.1 in [24], we obtain the following convergence result:

Theorem 1. If u(z) and un(z) are the solutions of (3.5) and (3.6), respec-
tively, then for any integer r > 1 and 0 <t < T,

t

lu(t) — un ()15 + % ; lu(t) — un (t)|] pd=

h ¢ . . 3.11
< ([ (eI A5 ) + 105 By )a Y
+exp(noT) [ 5g0l12, -+ 197u(=) 2, ).

provided that the terms

t
105u(2)I12; s / (exp(noT)AB (=) H10mu(2) 12y 5)dz, exp(noT)] g0l »
are finite.

3.3 Single domain stability analysis

Next, we consider the generalized stability of Problem (3.7). Let @y (x,0) rep-
resent a disturbance to uy(z,0), leading to a disturbance in uy(x,t), denoted
as uy(z,t) € P (D). Using Equation (3.7), uy(z,t) satisfies the equation,

(ataN (t)v w)N,D + (8IaN (t)v 5a:¢)m>
= (un(t),¥)np — (2un(t)un(t) + 03 (1), ¥)vp Vo € PR(D),t € (0,7,
EN(m,O) ZEN,(), ZJSED.

(3.12)
Taking ¢ = 2un(t) in (3.12), we obtain that

Oclltin (1)1 p + 2010:2n ()1 = 2l[un ()3
—2((2tn (2)un (2) + Ty (2)), U (2))vp, 2 € (0,T],

un(y,0) =N, yeED.

Like (3.10), we have
¢
[ ()5 +/O (1= 6Collun (t)llp) l[an ()7 pd=

t
2 4, / i (1) dz. (3.13)
0

< il

Applying Lemma 5 to Equation (3.13), the following result is obtained:
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Theorem 2. Define un(t) as the solution of Equation (3.12). If there exists a
certain t1 > 0, ||[unol3 < choze_m’tl, then for all t < ty,

_ I _
[En (@115 + 5/0 [an (2)I pdz < [[anole™. (3.14)
This indicates that the error uy(t) is controlled by a finite un . In particular,
while uny o — 0, one has un(t) — 0.

As in Equation (3.7), this is the generalized stability defined in [5].

4 Multi-domain collocation method

Comparison of Figures 1 and 2 in Subsection 3.2 shows that increasing inter-
polation nodes alone does not improve error accuracy when the spatial length
is large. To address this, multi-domain approximation can be used. We first
construct the algorithmic framework, present numerical results, and prove its
convergence and stability.

4.1 Multi-domain algorithm scheme and numerical results

This subsection extends the single-domain collocation method to a multi-domain
approach to improve error accuracy for large-domain problems.

We divide the domain D = (a,b) into two subdomains Dy = (a,c¢) and Dy =
(¢,b). Besides, 21 =Dy x (0,T),2 =Dy x (0,T). Assume the variable trans-
formation y = y;(x),s = s(t), which transforms the domain {2;,j = 1,2 into
the domain A (cf. page 6 of this paper).

Let N = {N1, Na}. Let upn(z,t)(solution of Equation (1.1)) satisfy in each
subdomain:

uM,N(ya S)|Qj = ug\LNj (ya S)

W | (4.1)
= 3 5 inalus(@)em(s(0), (w,1) € 25,5 =12
Now, let y = y1 = 2‘”0’_%, s = 2t;T,(:C,t) € (21, which transforms the
domain {27 into the domain A. Equation (1.1) is changed into as follows:
gau—i(‘yu:—zf—i—u yel, =(-1,1), se(-1,1)
T (c—a) " 7 . T Y
U(—l, S) = 91(5)7 s € [__]-7 1]7
u(y, _1) = ¢(y)>y € Iy1'
(4.2)
Next, let y = yo = Q’C%Cc_b, s = 2t;T,(gc,t) € {25, which transforms the
domain (2, into the domain A. Equation (1.1) is changed into as follows:
2 4
—0u— ———0u=—u’+u, yecl,=(-1,1), se(-11),
r (b—c (4.3)

1,8) = g2(s),s € [-1,1],

u(
(ya _1) = w(y)vy € Tyz'

u
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Further, we consider the solution at z = c¢. Since the solution u of Equa-
tion (1.1) satisfies w € H'(0,T; H*(a,b)), the numerical solution uysy also
belongs to H(0,T; H?(a,b)). This regularity ensures the continuity of both
the function and its first derivative at * = c. Specifically, for j =0, 1,

Z Z (1) W O0n (yn,) Z Z u(2) on (Yo) om (s1). (44)

n=0m=0 n=0m=0

It can be seen from the definition of the differentiation matrix (2.1),

dl,m = s<P7n(sl)7dk,n: y@n(yk)vd](jZL: EWn(yk)-

—1
c—a
5:(@WW,—bc%ﬁ> :

Combining the cases j = 0,1 in (4.4), we obtain

Let

Nl*l
cC—a (2 1

o =l =52 Zul P DRTHU
n=0

In the domain (27, approximate the exact solution within the domain {27 us-
ing numerical methods. By substituting Equation (4.1) uy, y, (y,s) € Par,n(A)
into Equation (4.2), using the differentiation matrix definition and Equation (4.5),
we get:

. 1 2\ 1) ,(2 1)) 2 1 2 .«
Tzam3kdl,m_<> S il + (i) - il + Zalao (16

m=1 n=1
Ny,
= U( )dOn Z Ul th 2
. n= n=0 2 d(2) + 2 ﬁ(l)d@)
dn, Ny, —doo(c—a)/(b—c) c—a k, Ny c—a L0 7k,0

k=1,2,...,Ny—1,1=1,2,... M.

Equation (4.6) is first expanded for [ = 1,2,--- , M, and then further expanded
for k=1,2,..., Ny — 1, resulting in the following matrix equation:

A Xy~ X1 BT+ Dy — Fi+ X1+ X1 — X1 = Hi®[6(XoEs— X1 E1) +6G1], (4.7)
where the matrices Ay, By, ..., X; are similar to the A, B,..., X in (3.4).

Similarly, following the approach used for domain {27, the exact solution in
domain {25 is approximated by a numerical solution. By substituting Equa-
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tion (4.1) u3; v, (y,5) € Pu,n(4) into Equation (4.3), we obtain:

9 N M 2 \° . (2)
2 Y A hnen (W) Depm (1) — Z Z Um0y o (Yie ) (51)
T =0 m=0 Qb CJ) n=0m=0
Ny
= ZO Zoum non () om(s) | + ZO Z W on () om (1)
k=1,2,...,No—1,0=1,2,..., M,
SESRIC)
Z_)O Z_)O Urn\nPn (YN, )Pm(51) = g2 (51) 5
Ny . (2)
Z_:O Z_:Oum,nsﬂn(ykwm(st)) =1 (y) -

(4.8)
By proposing the endpoint values and using the differentiation matrix, we sub-
stitute Equation (4.5) into Equation (4.8), yielding:

AsXo—XoBT 4 Dy— Fyt Xo % Xo— Xo = Hy®[6(XoEy— X1 E1)+6Ga), (4.9)

where the matrices As, Ba, ..., X5 are are similar to the A, B,..., X in (3.4).
Equation (1.1) is solved by integrating (4.7) and (4.9) with T' =2, a = 0,
c = 12.94255, and b = 55. We measure the error via the L°°-norm:

Eyn =max{Enm N, Enmn, b
where

EM,Ni max ‘ (-’L’k7tl)—uM,Ni(l'k,tl)|, i = 152a
1<ISM,1<k<N; -1
with N7 = Ny = N denoting the number of spatial interpolation points and
M = 12 representing the number of time steps.

Figure 4 shows that the L°>°-error Ey; n decays as N increases. Compared
to the single-domain results in Figure 2, the multi-domain method yields lower
errors, validating the effectiveness of the multi-domain Legendre collocation
scheme. Additionally, normalized L?-errors across multiple regions are pre-
sented. These values are lower than the corresponding L°°-errors, consistent
with empirical observations.

Figure 5 (with the parameters shown in 4) shows CPU time consumption as
a function of the spatial node count N = N; + Ny (with fixed temporal nodes
M =12). The recorded times range from 0.1s (N = 24) to 1.2s (N = 40). This
trend reflects the O(N?) complexity of the global space-time solver combined
with the overhead of nonlinear iterations (= 15 steps). Despite this scaling,
the exponential convergence of the spectral method ensures high accuracy with
minimal absolute cost (< 1.55s).

Figure 5 clearly indicates that the present space-time collocation method
yields markedly better results than the method in [28], which combines pseu-
dospectral spatial discretization with finite difference time stepping.
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CPU times(s)

Figure 5. Multi-domain CPU time.

4.2 Multi-domain error analysis

In studying the error analysis for scheme of multi-domain, we need composite
interpolation and quasi-orthogonal approximation.

Let D;, 7 = 1,2 be the same as before. Moreover, let pn, p, j = 5*pN,,1,, )
(0 < j < N1) be the Christoffel number corresponding to node z; = 5%y; +
cgaaj = 1327 .. '3N17 and PN2,Da,j — 05(b - c)pN2,Iy2,j(O < ] < NQ) be the
Christoffel number corresponding to node z; = bgcyj + c;rb,j =1,2,...,No,
respectively. In the same manner as Subsection 2.2, we define the space H" (D;)
and their norm ||u||,p,, the discrete inner product (f, g)n, p,, the discrete norm
llglln, b, on the L?(D;), interpolation projection 7y, n, p, and quasi-orthogonal
projection 71']1\}:1]])1_,@' = 1,2. Let N be the same as in Subsection 4.1, Py(D) =

{v | ¥lp, € Py, (D)}
The discrete inner product (f, g)np is defined by

(fa g)N,]D) = (fvg)Nth + (f:g)Nz,Dz’ Hf“N,]D) = (f7 f)l\%l,]D) :

The composite interpolation 7, np and quasi-orthogonal approximation ﬂé’a
is defined by

_ 1,% 1= i —1.9
TLNDUD, = TLN, DU, TypUlp, =Ty, pu, =12
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Like (2.2)—(2.5) and (2.6), we can get:

(0, ¥V)yp = (0,V)p, Vo € Pon-1(D),
1¥llp < 1elyp < (V24 1/N1 4+ v/2 + 1/Na)[¢llp, Ve € Pu(D).

The Jacobi weight function (%) (y) is the same as before. Let X%’f(m) =

X (y)]y= (20—hy)/h; with y = 237_}” €l ,hi=c—ahy=b—cj=12.
For u|p, € C(D;), the mterpolatlon approx1mat10n mLNpu € Pn(D), we

have that if u|p, € C(ID;), (1 —y (;n)) = Oru € L? (D) ,i = 1,2 and the integer
r > 1, then:

7L pu —ull, <c V0 ull -0 5,
D D,

‘(u,w ND‘<CZ )"0z ¥ € P, (D).

Lemma 6. If wlp, € H'(D;), dju € L?_,, ., (D;),i = 1,2 and an integer
XDi
r > 1, then

Ha“(ﬂ'NDw w ||JD><CZ i )T “|8TUH (r Lr=1) -

l

Remark 2. By virtue of the definition of 71']1\}*@ ;i = 1,2, the quasi-orthogonal

approximation ﬂéD satisfies: ﬂ'N ()| z=a,c0 = u()|z=q,c,p, which not only
accurately fits the boundary pomts of the domain but also precisely fits the
points within the domain, playing a crucial role in error analysis and extending
the existing quasi-orthogonal approximation results (see [7,29]).

Note that common points of the two subdomains were not used as collo-
cation points, complicating error analysis. To address this, we consider the
Petrov-Galerkin spectral method with numerical integration.

We now consider the error analysis for scheme of multi-domain. We intro-
duce the following spaces.

MD)={u | ue H'(D),u(z)|z=ape=0.} Pn(D)=M(D)NPyD).

N, M
un (4, 9) [, = Y _(un Yn5) [5,)0n () un (Un, 8) [, = D05 0m (), 5=1,2.
n=0 m=0

The weak formulation of (1.1) is to find u€L>(0,T; L*(D))NL*(0,T; H' (D),
such that

(Opu(t), v)p + (Ou(t), Oxv)p = (u(t) — u?(t),v)p, Yo € M(D),z € (0,T],

u(z,0) = ¢(z),z € D.
(4.10)
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Let un(z,t) = un (y(x), s(t)) . Like (3.7), with aid of (2.2), (4.2) and (4.3), the
spectral collocation scheme is to find uy(z) € Pn(D),
(8tuN(t) 1/’)1\1 D + (a:xzuN<t); aqu)]])
( (t) (t)ad))N D, vd) efN(D%t € (O7TL (411)
un(z,0) = 7z npop(x), x €D,

For error analysis, an auxiliary question is needed. Let Uy = ﬂé’au. By virtue
of (3.6), we have that

(0:Un(t), ¥)np + (02Un(t), ax¢)® + (Un(2), 9)np
:(UN( ) UN( ND"‘ZK ¢7 ) V(bEfN(D)?ZE(OvT]v

un(z,0) = PI\II:]BQO(‘%), T € Dv

where
K1(9,2) = (0:Un(2), o)np — (9:u(2), 9)p,
K3(¢,z) = (0yUn(2), 0y®)p — (9yu(2), 0yP)n,
K3(¢7 Z) (UN Z)a d) N,D — (U(Z a¢)]DJ
K4(¢)7 Z) 2(“’2(’2)7 ¢)D - 2(UI§I(Z)7 )N,ID)7

.11), we have the following convergence

09
—
w

Following the same line as derivin
result.

Theorem 3. If u(z) and un(z) are the solutions of (4.10) and (4.11), respec-
tively, then for any integer r > 1 and 0 <t < T,

t
[[u(t) — un(t ||1%>+/ lu(z) — un(2)II3 pdz
2 o
h; )21 2
Z AP (] CexpnT) A5, () + 10, )
I 2 T 2
(not)Hamgonx](j;ferl)’Dj + ||azU(Z)||Xé;—1,r—1),Dj)a
provided that the terms
¢
/ (exp(noT)AB, (u(2)) + |05 1. msy ) Ve,
0 Dj ”
JOE Nt EXPOONI5001 1m0 = 1,2
are finite.

4.3 Multi-domain stability analysis

Next, we will consider the generalized stability of Problem (4.11). Assum-
ing that uy(z,0) is a disturbance from uy(z,0), resulting in uy(z,t) having
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a disturbance uy(z,t) € Py(D). Using Equation (4.11), uy(z,t) satisfies the
equation,

(Orun(t), ¥)n,p + (Ozun(t), Ox¥)p = (un(t), ¥)n,p
—2((n(=)un(z) + (), Wup VO € Py(D)z € (O,T),  (419)

ﬂN(QL'70) = 171\]707 x € D.

Like (3.14), we obtain the result of Stability.

Theorem 4. If uy(t) is the solution of (4.12), if for certain t; > 0, ||[un ||} <

ﬁe"’o“, then for all t < tq,

- (R .
@13 + 5 [ 1T(:)IR pdz < ol exp(m)
0

which indicates that the error uy(¢) is controlled by a finite uy . In particular,

while Uy — 0, one has uy(t) — 0.

5 Conclusions

In conclusion, this work presents a robust numerical framework for large-scale
simulations of Fisher’s equation, characterized by the following key contribu-
tions:

e Simultaneous Space-Time Discretization: = The method employs
Legendre-Gauss-Lobatto (LGL) nodes and Lagrange interpolation to dis-
cretize both spatial and temporal dimensions simultaneously. This trans-
forms the governing partial differential equation directly into a nonlinear
matrix system, bypassing sequential time-stepping.

e Spatial Domain Decomposition: The spatial domain is partitioned
into smaller subdomains to enable parallel computation. Continuity across
subdomain interfaces is rigorously enforced using constructed quasi- or-
thogonal approximation operators.

e Theoretical Analysis:

we employ standard Petrov-Galerkin formulations and quasi-orthogonal
approximations to verify the convergence of our method. A Petrov—
Galerkin formulation is introduced to provide a rigorous proof of stability
and convergence for the fully coupled space-time system, addressing the
challenges of interface conditions in multi-domain settings.

e Numerical Performance: Extensive experiments demonstrate that lo-
calizing computational efforts within subdomains significantly enhances
both accuracy and efficiency compared to conventional single-domain or
sequential discretization methods.
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Appendix A

2 2
d1,1 d1,M 9 dgi dg,])\lfl
2 . B 2 . .
T : o \ba 2) 2 ’
dar At dgv)fm dg\l)fl,Nfl
11 -+ Ai,N—1 C21,0
, D= : ((Goq -+ don-1 ),
Uy o UM N-1 dM,O
1,0 ( df& dg\?)—l,o ) +i1,§ ( d(121)v dg\Qf)—l,N )
4 .
(b—a)? :
Unr,0 ( d(l?()J dg\?)—l,o ) N ( dfz)v dg\?)—l,N )

Here, the ”-%” indicates the multiplication of corresponding elements in the
matrix.
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