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1 Introduction

In the past decades, carbon nanotubes (CNTs) have been considered as one
of the most promising materials in nanotechnology, due to their unique elec-
tronic and mechanical properties, see [8,13]. Notably, they show great po-
tential as super fibers in nanocomposites, thus attracting a great number of
studies from scientists. Researching the behaviour of waves and vibrations in
carbon nanotubes has become an important field and focus within current stud-
ies. Out of all the approaches, the continuum elastic-beam models have been
successful in the analysis of vibrations and the propagation of sound waves
through these structures, see [18]. In these works, based on various physical
considerations, a number of models of carbon nanotubes have been described
and classified, including single-wall carbon nanotubes (SWCNTs), double-wall
carbon nanotubes (DWCNTs), and multi-wall carbon nanotubes (MWCNTSs),
see Figure 1. Using the well-known Timoshenko-beam theory [12], Yoon et
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Figure 1. Layers of carbon nanotubes.

al. [20] introduced a coupled Timoshenko beam model that characterizes the
wave propagation in double-wall carbon nanotubes (DWCNTS) structures, see
Figure 2 and system (1.1)

AR

TN
<G

Figure 2. Propagation of transverse waves in a single DWCNT.
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where the constitutive laws S;, M;, ¢ = 1,2 and P are defined by

Sh :HGAl(be + w), M, = Ejlwza Sy = K?GA2(w:v + Z),
Mg :EIQZx’ P = H0(¢ - ’UJ),

with ¢ = ¢(z,t) and w = w(x,t) representing the transverse displacement
of the inner and outer tubes, respectively, while ¥ = ¥(x,t) and z = z(x,t)
denote the associated bending deformation of the inner and outer nanotubes.
The physical parameters: A;,j = 1,2 and I, j = 1,2 are, respectively: cross-
sectional area and moment of inertia of the inner and outer tubes, P is known
as the Van der Waals force acting on the interaction between the two nanotubes
and kg represents the Van der Waals interaction coefficient for the interaction
pressure between the nanotubes. As remarked in [20], the model (1.1) remains
valid if the Van der waas force P = ko(1) — z) is on the second and four equa-
tions in (1.1). Finally, p, E,G and k are mass density, the Young modulus,
shear modulus and shear correction coefficient, respectively. There are limited
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amount of results in literature concerning system (1.1). Recently, Guesmia [11]
studied (1.1) with linear damping on all four equations and proved the existence
and uniqueness result, as well as asymptotic analysis for various variation of
the damping coefficients. Subsequently, other authors have used thermoelastic
coupling to investigate system (1.1), and well-posedness and exponential decay
results have been established, see the works in Aparala et al. [4] and Muki-
awa [15]. Now, viscoelasticity for materials containing history properties have
been extensively studied in literature, see for instance Drozdov et al. [9] and
Priiss [17]. In the case of CNTs materials, Suhr et al. [19] performed a direct
shear testing of epoxy thin films containing dense packing of MWCNTs fillers
and established strong viscoelastic behaviour. The viscoelastic behaviour CNTs
confirmed the inherent ability to exhibit both elastic (stiff, energy-storing) and
viscous (dissipative, energy-losing), interlayer sliding, and interfacial slippage
in composites. Recently, Chang et al. [6] characterized the viscoelasticity of
CNTs between laden air and water interface through two different experimen-
tal methods. They observed linear viscoelastic regime for a normal strain.
Systems with viscoelastic damping have been extensively studied in literature,
for instance, Conti and Pata [7] investigated a volterra integro-differential equa-
tion without imposing the usual differentiability decay condition on the kernel
function and proved uniform decay estimate. Buriol et al. [5] studied a coupled
Volterra integro-differential equations with fading memories and established a
uniform general stability result depending on the kernel functions. We refer the
reader to the results in [10,16] and the references within for a rich literature
on memory-type Timoshenko beam results.

Motivated by the works above, the present work is devoted to the investi-
gation of the asymptotic behaviour of viscoelasticity mechanism in DWCNTs.
In particular, we consider a DWCNT modeled as a coupled-Timoshenko beam
with viscoelastic damping acting on the shear force. More specifically, the
analysis is carried out for system (1.1) with the following constitutive laws:

S1 =kGA (¢py + 1) — /0 g1(t — 5)(¢e + ) (z, 5)ds,

Sy =G A (wy + 2) — /0 go(t — 8)(wy + 2)(z, s)ds, (12)

M1 :Eflll)z, M2 = EIQZI, P = —H0(¢ — Z)
Thus, substituting (1.2) into (1.1) and setting

p1 =pAi1, p2 = pli, ps = pAz, ps = pls,
K1 :KZGAl,HQ = HGAQ,bl = EIl,bQ = EIQ,

we obtain the following memory-type double-wall carbon nanotubes (DWC-
NTs) beam system:
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¢

P10 — K1 (Gz + ) +/ 91(t = 8) (¢ +)u(w,5)ds =0, in |0, L[xR4,
0

P2t — D1y + K1 (P + 1)

t
— / g1(t — 8)(dx + ¥)(x, 8)ds + ko(tb — 2) + 1 =0, in |0, L[xR,,
0

t
p3wy — Ka(Wy + 2) + / g2t — 8)(wg + 2)z(x,8)ds =0, in |0, L[xR4,
0

pazit — baZye + Ko(wy + 2)

t
— / g2t — s)(wy + 2)(x, 8)ds — ko(¥ — 2) + v22¢ =0, in |0, L[xR4,
0

(1.3)
where v; > 0 and v, > 0 are constant damping coefficients, and the memory
kernels g; and go are specified in Section 2. We observe that when xy = 0 and
7 =72 =0, then (1.3),-(1.3), and (1.3),-(1.3), are exactly the memory-type
Timoshenko beam model studied in [3]. To study system (1.3), we endow it
with Dirichlet-Neumann boundary conditions:

¢.(0,t) = 1(0,t) = w,(0,t) = 2(0,¢) =0, ¢t >0, (1.4)

bz (L,t) = Y(L,t) = we(L,t) = 2(L,t) =0, t >0 '
and initial data

¢($,0) = ¢0(x)7 ¢t(x’0) - ¢1($), T e [OaL]a

1#(3770) = %(33)’ wt(xvo) = 1#1(33)7 T e [OvLL (1 5)

w(x,0) = wo(x), wi(x,0) =wi(x), =€]l0,L], )

2(@,0) = 20(), 2(2,0) = 51 (2), @ €0, L.

The novelty of the present work is to address the general stability result for
memory-type double-wall carbon nanotubes (DWCNTSs) beam system (1.3)—
(1.5) under general decay conditions on the kernels g; and go. The rest of
this work is organized as follows: In Section 2, we recall a few tools and state
assumptions on the relaxation functions ¢g; and go. In Section 3, we establish
the existence result for system (1.3)—(1.5). In Section 4, a few technical lemmas
will be established. In Section 5, we state and prove a general decay result for
the associated energy functional of system (1.3)—(1.5).

2 Conditions on memory functions and functional setting

For the rest of this work ¢ > 0, and ¢; > 0 are constants that may change from
a line to another, or within the same line, and ¢, > 0 the Poincaré constant.
We denote by ||.|| the usual norm in L2(]0, L[). For the relaxation functions
gi, © = 1,2, we impose the following conditions:

Math. Model. Anal., 31(4):690-711, 2026.
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(C1) g; : [0,400) — (0,+00), i = 1,2 is a C'— function that is decreasing
and

//%i = K; —/ gl(S)dS = 57, > 0.
0

(C2) For i = 1,2, there exist a differentiable and non-increasing function &; :
[0, +00) — (0,400), such that

gi(t) < =&i(t)gi(t), vt > 0.

Now, from the boundary conditions in (1.4), we observe that the Poincaré
inequality cannot be directly apply to ¢ and w. Thus, integrating (1.3); and
(1.3)5 over ]0, L[, we obtain

L L
% (/0 ¢(x,t)dx> =0 and % (/0 w(x,t)dx) =0.

It follows that
L L L
/o o(z,t)dx :/0 ¢o(x)dx + t/o o1 (z)dx,

/OL w(z,t)de = /OL wo(z)dz +t/OL w (z)dz.

So, by setting

L L

bz, t) =¢(x,t) — /0 ¢o(z)dx — t/o ¢1(z)dx,
L L

w(x,t) =w(z,t) — /0 wo(x)dx — t/o wi (z)dx,

we obtain
L L
/ o(x,t)dx :/ w(z,t)dr = 0. (2.1)
0 0

Therefore, we can apply the Poincaré inequality to ¢ and w. Going forward,
we work with (¢,),w, z) which satisfies (1.3)(1.5) with initial and boundary
conditions for ¢ and w given by

3(z,0) = / do(2)d, B1(2,0) = 1 (x / b1(
L

wl.0) =uo(e) ~ [ wnla)dr, wi(z.0) = w(o) - / wy(2)de

0 0

and
$2(0,t) = ¢po(L,t) = w,(0,t) = w,(L,t) = 0,Vt >0,
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respectively. For the purpose of convenience, we shall perform our computa-
tions with (¢, 1, w, z). Also, the following notations shall use throughout this
work:

(g0 f) (t) = / ot — )1 F(t) — £(5)|%ds,

Next, we introduce the following Hilbert spaces:

I =201 = [ V)P,

HY o HN0, LD, £ = 1520 + 1111,
L2120, L]) = {f € L2(0, L] / F@)dz = 0},
HE =HY(0,L]) = {u € H'(0, L) : u(0) = u(L) = 0},

HY —H()0,L]) = {f € H'()0, L]) /f

The phase space of our problem is given by
H=H!xL?x Hy x L> x H! x L? x H} x L*
and the domain of the evolution operator is given by

Hy = (H*NH})xH} x (H*NHy)xHy x(H*NH}) x H} x (H* N Hy) x Hy.

3 Existence and uniqueness result

In this section, we present the well-posedness result for system (1.3)—(1.5). The
result is obtainable via the Faedo-Galerkin approximation method, see [14].

Theorem 1. Suppose assumptions (C1) and (C2) hold.

(i) Let Uy = (¢o, 1,0, Y1, wo, w1, 20, 21) € H, be given, then system (1.3)—
(1.5) has a global unique weak solution (¢,1,w, z) such that

¢,w €L (0,T; HY), ¢, wy € L=(0,T; L7),
¥,z €L™(0,T; Hy), b,z € L(0,T;L?).
(i) Furthermore, if Uy = (¢o, 1,0, %1, wo, w1, 20, 21) € Hy, then, the global
unique weak solution (¢,1,w, z) has more regularity in the class
¢,w ELOO(O7Ta H2 N Hi), ¢tawt € Loo (O7T7 Hi)7 ¢tt7wtt € Loo (O7T7 Li)’
¥,z €L>(0,T; H* N HY), by, 20 € L(0, T3 Hy), thye, 20 € L°(0,T; L?).

Proof. Step 1: Approximate system. For the linear unbounded operator
—0yy; We define the following:

— Op : D(=04) — L* and — 0y : D*(—0yp) — L2

Math. Model. Anal., 31(4):690-711, 2026.
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having domains D(—0,,) = H? N H} and D*(—08,,) = H? N H}, respectively.
We know that the operator —0,, is self-adjoint and nonegative, thus, we can
find a complete orthonormal family of bases {p;} and {¢;} on L?(0,1) for H2N
H} and H? N H}, respectively. Next, we consider finite dimensional subspaces

¥, = span{py,p2, -+ ,pn} and @, = span{qi, g2, -+ ,¢n}. Thus, for each n, we
search an approximate solutions (¢™, ™, w™, 2™) of the form

(@™ (2, 1) 9" (z, 1), w" (2, 1), 2" (2, 1))

(Zaw qjazbmn pjazcu QJvzdhn >

satisfying the approximate system
L L
o [ et |00 4+ 0" usda
0 0
L ¢
[ [ onte = )6 + 0o s =0,
0 0
L L L L
po [ wteds by [ utedetw [ @2 umds o [ otuds
0 0 0 0
L gt L
— / v/ g1(t — s)(dy + ") (x, s)dsdx + Ho/ (Y™ — z™)vdx = 0,
0 0 0
L L
03 / wiodr + K / (w2 + 2™)odx
0 0
L ¢
- / am/ g2(t — s)(wl + 2"),(x, s)dsdz = 0,
0 0

L L L L
p4/ zippdx + by / 2002 dT + Ko / (w2 + 2™)odz + 72 / 21 pdx
0 0 0 0

- /OLw/Ot g2 (t = s)(wl + 2™)(x, s)dsdz — Ko /OL(WL M) =0

(3.1)
for all (u,v,0,¢) € &, X ¥, x &,, X ¥,, with initial conditions satisfying

((bn('70)’¢?( ) ,(/}n( ) n( O),w”(~,0),w?(-,O,z”(-,O),zf(~7O))
= (¢ga¢?7w07/¢1 7w07w17207z?) I (¢07¢17¢07¢17w07w17207Zl)a (32)
strongly in H.

Noting that (3.1)—(3.2) reduces to is finite dimensional system of ordinary
differential equations (ODE), then standard ODE theory guarantees the ex-
istence of a unique local solution (¢™(t), ™ (t), w™(¢),z"(t)) on [0,t,), where
0<t, <T,forall neN.

Step 2: Prior estimate. Setting u = ¢, v = ¢’,0 = wy and ¢ = 2 in
system (3.1), integration by parts and adding the equations, leads to

d mn
O A mller1” + ll2 | (3-3)
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1 1
=-— 0]z + U+ (910 (07 +9™)()

1 1
— 592(Ollwg + 2" + 5 (g2 0 (wy +2"))(t) <0, V¢ >0,

where
mn 1 n n n n - n n
B () =5 o672 + pallf 12 + pallwif? + pall2f 12 + Rl + w1
1 - n n n n n
5 [ba I + Rl + 2712 + bal| 222 + o[y — 2]

T 2 (g0 (62 + V™)) + (g2 0w + ) (D), V2> 0.

2
Integration of (3.3) over 0 < t < t,, and taking into account (3.2), we get for
any n € N

t t
B0+ [ ) Pds +2 [ 10(0)]ds < B0) < e
0 0

where ¢ is a positive constant independent of ¢ and n. Thus, taking the supre-
mum over t € (0,t,), we arrive at

T T
E™(t) +m / 107 ()12t + 2 / |2 (6)2dt < e, (3.4)

with ¢; been a positive constant independent of ¢t and n. Therefore, the ap-
proximate solution for system(3.1) exist V¢ € [0, 1.

Step 3: Passage to Limit. On account of (3.4) and recalling the definition
of E™(t), we obtain

{¢"} is bounded in L™ ((),T; Hj) and {¢}} is bounded in L* (O,T; Lf),
{¢"} is bounded in L>(0,T; Hg) and {¢'} is bounded in L>(0,T; L?),
{w"} is bounded in L>(0,T; H}) and {w}} is bounded in L*>(0,T}; L),
{z"} is bounded in L>(0,T; H}) and {z}'} is bounded in L*>(0, T} L?).

Therefore, we can extract subsequences {¢™}, {¢o™}, {w™} and {z™} of
{¢"}, {y"}, {w"} and {z"}, respectively, such that

" —* ¢ in L™ (O,T; H,}) and ¢7* —* ¢ in LOO(O,T; Lf),
Y™ —* ) in LOO(O,T; H&) and ;" —=* 1y in LOO(O,T;LQ),
w™ —* w in L™ (O,T; Hi) and wi® —=* w; in L™ (O,T; Li),
ZMm —* zin L (O,T; Hg) and 2" =% z; in L™ (O,T;L2).

(3.5)

On account of the limits above and replacing {¢™}, {¢"}, {w™}, {2z"} with
{o™}, {v™}, {w™},{z™} in the approximate system (3.1)—(3.2), then passing
to limit, we obtain a weak solution satisfying

¢,w € L>¥(0, T3 H,), v,z € L*(0,T; Hy),
¢r,wy € L(0,T; L2), by, z € L>(0,T; L?).

Math. Model. Anal., 31(4):690-711, 2026.
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Step 4: Regular solution. Next, we assume the initial data for the approx-
imate system (3.1)—(3.2) (¢o, ¢1, o, ¥1,wo, w1, 20, 21) € Hy satistying

(Q%lv(/571171/1871??71061710?,23,2?) — (¢07¢17¢07¢17w07w1,20721) StI’OHgly in H1~

(3.6)
Now, setting v = —¢%,,,v = =Y, ,0 = —wl, and ¢ = —2I . in (3.1),
integration by parts and adding the equations, we arrive at
d n n (|2 n (|2
G B0 () + 7al[9g 1™ + vall2zl
1 n n 1 n n
1 1
— 59 @)llws, + 22 [% + 59 o (Wi +2))(6) <0, V=0, (37)

where

1 ~
BL(t) =5 [l 6ml + 2031 + palleiel? + pall | + R0 + 2 12]
1 ~
5 [l 2 + Rl + 2212 + ball=t |2 + ol — 221?]

b2 (00 (62 + U0 + (g0 (wly + ) (0] . ¥ 0.

Integration of (3.7) and recalling (3.6) gives for all ¢ € [0,T], n € N,

T T
B (t) +m / o7, ()12t + s / @)t < B 0) < e (38)
0 0

for some positive constant ¢y independent of ¢t and n. Also, setting u = ¢}, v =
Y, o =wy; and ¢ = 2% in (3.1), we have for any n > 0,

pr G I2 + 16312 + pslwfil> + pall=5 12
<n (prllORI + 1 + psllis? + pall25)12)
+ g (8110 + V2P + 12 + Ballu, + 2212 + b 22 )

e (ollw™ = 2712 + el + 2l

+ ey (910 (D50 +93))(8) + (g2 0 (Wi, + 23))(t) ) -
(3.9)
Consequently, choosing 7 small enough such that (1 —n) > 0, and combining
with (3.4) and (3.8), it follows from (3.9) that

Pl Ol + 13l + psllwii|® + pall2fi ] < s, (3.10)

for some positive constant c; independent of ¢ and n. From (3.8) and (3.10) we
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conclude that

{¢"} is bounded in L™
{¢%} is bounded in L™
{y"} is bounded in L>(0,T; H? N H&),

{¢} is bounded in L>(0,T; Hg) and {3} is bounded in L*>(0,T}; L?),
{w"} is bounded in L*(0,T; H? N Hi),

{wp} is bounded in L*°(0,T; H!) and {w}}} is bounded in L*>(0,T}; L?),
{z"} is bounded in L>(0,T; H*> N H}),

{27} is bounded in L*(0,T; H}) and {z7;} is bounded in L>(0,T}; L?).

0,T; H>N H}),
0,T; Hj) and {¢%L} is bounded in L (O,T; LE),

T~

T~

Therefore, we can extract subsequences {¢™}, {¢™}, {w™} and {2} such that

O™ —* ¢ in L‘X’(O,T;H2 ﬂH,}),

o7 —* ¢ in L™ (O,T;H,}) and ¢} —* ¢y in L™ (O,T;Lf),

Y™ —=* ) in L‘X’(O,T;H2 ﬂH&),

Y —* 1y in L°(0,T; Hy) and g —* oy, in L>°(0,T; L?),
w™ —* w in LC’O(O,T;H2 ﬂHi),

wyt =" wy in L™ (O,T;H*l) and wif —* wy in L™ (O,T; Lf),
2™ =% 2 in LOO(O,T;H2 ﬂH&),

zit =" 2z in L™ (O,T; H&) and zj} —* 2y in L™ (O,T; LQ).

(3.11)

Thus, we conclude that (¢, %, w, z) is a more regular solution of system (3.1)—
(3.2) satisfying
¢aw ELOO(O7T7 H2 N Hi)7¢t7wt S LOO(OaT;Hi)7¢ttawtt S LOO(05T7 Lz)v
Y,z €L™(0,T; H* N HY), by, 2 € L(0,T5 Hy ), tbee, 20 € L(0,T; L?).

Step 5: Initial conditions: From (3.5) and (3.11), (see Aubin-Lions lemma
[14]), we deduce that up to subsequences

#™ —¢ strongly in C([0,T); H!) and ¢* — ¢; strongly in C([0, T]; L?)
[0,T]; Hy) and ¢ — ¢ strongly in C([0,T]; L?),

([0, T]; L),
J; L%).

(
Y™ —¢ strongly in C(
w™ —w strongly in C(

[0,T]; H!) and w}™ — w; strongly in C([0,
—z strongly in C([0,T]; Hy) and 2™ — z; strongly in C([0,T

TYL

It follows that

(gzﬁm(x, 0), o7 (z,0), 4™ (x,0), ¢ (x,0), w™ (x,0), w;" (z,0), 2™ (z,0), 2" (z, O))
all makes sense and
(¢m(x, 0), o7 (x,0), 4™ (x,0), ¢ (x,0), w™ (x,0), w; (x,0), 2™ (x,0), 2" (z, 0))

— ((b(x’ O)a ¢t(x’ O)a w(% 0),’(/)t($,0),UJ(J?, 0),w;n(x’ 0),2(.%‘, 0)7 Zt(l‘,O))

= (¢0(33)7‘231(33)7¢0($)7¢1($)7w0($)7w1($a0)720(5'3)a2’1($)) € Ha
(3.12)

Math. Model. Anal., 31(4):690-711, 2026.
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Recalling (3.2) and (3.12), and the uniqueness of limit, we obtain the initial
data.

Step 6: Uniqueness Suppose system (1.3)—(1.5) has two (¢1, 11, w1, 21) and
(2, a2, wa, z2) Then, the solution

(D, 0, W, Z) = (1 — 2,91 — Y2, w1 — w2, 21 — 22)
satisfies the system
¢
p1P — K1 (Pr + V) + / q1(t — 8)(Py + W) (x,s)ds = 0,
0

ﬂtht - blgpwa: + R1 (dsa: + Lp)

t
7/ g1t = 8)( Py + V) (x,8)ds + ko(¥ — Z) + ¥ = 0,
0

. (3.13)
p3Wee — ko(Wo + Z), + / g2(t — s)(Wa + Z)x(x, 8)ds = 0,
0
,04Ztt - bQZ:cm + KZ(Wm + Z)
t
- / 0ot — ) (W + Z) (@, 8)ds — o (¥ — Z) + 127 — 0,
0
with boundary conditions
&,(0,t) =¥ (0,t) = W,(0,t) = Z(0,¢t) =0, >0,
&, (L,t) =¥ (L,t) =W, (L,t)=Z(L,t) =0, t>0
and initial data
&(z,0) =P4(x,0) = ¥(z,0) = ¥(z,0) =0, x €0, L] (3.14)
W(z,0) = Wi(z,0) = wi(x) = Z(x,0) = Z¢(2,0) =0, z€[0,L]. '

Multiplying the equations in (3.13) by @;, ¥;, W; and Z;, respectively, we arrive
dissipative law

d

~ 1 1
B = [ = 591 ()1 Pe + T + 5 (g1 0 (P2 + P))(2)

. ) (3.15)
~ 2l ZP = 5o OIWe + 22 + S (gho (We + 2)(6) <0, V1 >0,

where
B(t) =1 ol + pall P + pall Wl + pall 222 + | + 0]
5 [l + Rl + 212 + bl Ze) + ol — 2]
+ 5 [0 @+ )0 + (920 (W + 2)(0)], ¥t >0
Integrating (3.15) over (0,t¢) and recalling(3.14), we have

E(t) < E(0) =0,
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which gives ® = ¥ = W = Z = 0. Hence, (¢1, 01, w1, 21)= ($2, P2, W, 22).
Therefore, system (1.3)—(1.5) has a unique solution. This completes the proof
of Theorem 1. O

4 Needed lemmas

In this section, we present some important lemmas that will use to establish
the stability result. The following Lemma will be applicable for the rest of the

paper.
Lemma 1. For any f,h € L?(0,L) and ¢ € L?([0,00); L2(0, L)), we have

(A)
2

L t
/O ( / gilt — 5)[ip(t) - w(S)]dS> dx < (s — B:)(g: 0 9)(0).
(B) Given ¢ > 0, we have

/Lf<x> [ wayae < 113+ £ g
. . y)ay =5 2 2% 2-

</OI f(y)dy)2 < x/om fA(y)dy < L|| f||2. (4.1)

Proof. Using Cauchy-Schwarz and Young inequalities we obtain the results.
O

Lemma 2. Let (¢, %, w, z) be the solution of Problem (1.3)—(1.5). The energy
functional of system (1.3)—(1.5) is given by

1 -
E(t)=5 [pl||¢t||2+p2Hwtll2+p3||wt||2+p4HZt||2+f<:1|\¢x+¢\|2+b1II%HQ}

+ 5 [Rallwe + 21 + ballzu |2 + rollw — 217 (4.2)

+5 [(g10 (62 +9))(#) + (920 (we +2))(t)], V¢ >0

N — N~

and satisfies the dissipative inequality

E'(t) = —nllell? = 501 0llge + 12 + 5 (64 © (62 +6))(1) "

1 1
—nlzl® = Se®lws + 2 + 5 (g5 © (wa +2))(t) <0, V>0,

Proof. Multiplying (1.3),,(1.3),,(1.3); and (1.3), by ¢, ¥, w; and 2z re-
spectively, follow by integrating over ]0, L[, using integration by parts and the
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boundary condition (1.4), then summing the outcome yields

1d

575 [P0l + mallf + 1% + palall® + bal[al* + paffwn]?]

1d
+ 57 [Fallwe + 212 + pallzcll? + ballz |2 + oy — 12

- / G+ 000 [ or(t=)0a+ O)dsdotnll? (4
0 0
J1
L t
~ [ w200 [ gale = ) + s ] o
0 0

Jo

We express J; and Jo as follows:

t

L
Ii=[ Gat 00| 919 [(6:40) ()~ (a0 0+ (0rr40) O] ds
0 0
- / (60 +V)(2) / g1(t — 8)( + 6)(0)dsde
0 0
L t
4 / / 01t — 9)[(De +)(s) — (D0 + )] (b0 + e (t)dsda

=%% [(/ 1(s)d >Il¢x+w|2] - gl()||¢z+wu2

— 5e(a1 0 Be + 0D + 55k 0 (60 +0)(0).

Similarly, we get

J=14 / (s)ds | ws + 207 | — 2ga(t) s + 2|
2_2dt o ga2(s)as Wy z 292 Wy z

520 (we + )0+ 5 (g0 (wa +2)).

On substituting the expressions of J; and Jy into (4.4), we arrive at (4.3).
Thus, it follows from (4.3) that the energy is decreasing and bounded above by
E0). O

Lemma 3. The functionals M; and M5 defined as
L x t
== [ o [ [ =96, +9)0 - (@, + )] dsdyd
L x t
t) = —p3/0 wt/o /0 g2(t = ) [(wy + 2)(t) — (wy + 2)(s)]dsdydx
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along the the solution of system (1.3)—(1.5), satisfies respectively, for any ¢; >
0, e > 0 and tg > 0, the estimates

0
M(0) < =26 + allgn + VI + el + (14 <) (g1 0 (0 + 0D

—c(g) o (¢x +9))(t), VE> to, (4.5)
.0
M(8) <~ 222 a2 4 o+ 212+ elfan + 1+ =) (g2 (s +2))(0)

— (g3 0 (wz + 2))(t), Vt > to, (4.6)

to to
where g9 = / q1(T)dr >0, g5 = / g2(T)dT > 0.
0 0

Proof. Direct differentiation of M; with respect to t gives

M{(t) =—p1 /0 but /O ) /0 g1(t = 8)[(¢y +¥)(t) — (¢y + ) (s)]dsdydx

Q1
L x t
1 / o / / gl (t — 3)[(6y +0)(2) — (&, + ¥)(s)) dsdyda

Q2
L T t
—p / b / / g1 (t — 5)(&y + ) (t)dsdydz (4.7)
Q3

On account of continuity of g1, we can fixed ¢y > 0 such that

to ¢
@A = / g1(m)dr < / g1(T)dr, ¥t >to. (4.8)
0 0

Now, we estimate the terms @1 — Q3 as follows: On account of (1.3); and using
integration by parts, we arrive at

t

L
Q1 = / (60 +¥)(0) / g1t — )[(fe + B)(0) — (B0 + )(s)] dsdz
0 0

L t t
- / / 01(t—5) (ot 4)()ds / 01(t=5) [(Ba 1) (1) — (62 + ¥)(s)] dsdlx
0 0 0

2

L t
+/O (/0 g1(t —s) [(¢x +Y)(t) — (¢ + ¢)(5)]d8> dx.

Recalling Lemma 1 and (4.8) and making use of Cauchy-Schwarz and Young’s
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inequalities, we have for any positive €;

Q1 =71 / (60 +)(2) / 01(t = )[(fe + B)(t) — (b0 + )(s)] dsde

2

L t
+ / ( / gl<ts>[<¢z+w><t><¢z+¢><s>]ds> da
Seallpn + P + L= g (6, 4y
+r1(k1 — B1)(g1 0 (d +9))(2)

<crlldo + 6|2 + ¢ (1+ 1) (910 (60 + V))(0).

Applying Cauchy-Schwarz and Young’s inequality and recalling (4.1), we get

c L z prt 2
Q< Flol+s [ < / /gi<ts>[<¢y+w><t><¢y+¢><s>]dsdy> da

< S+ £ [ </¢ 9t =)/ =gilt = 9) (62 + )0

(62 +¥)(s >]ds) da

< ‘illl@l\Q 91 (2 + ) (1) = (0 + ¥)(5)]* dsda

—||¢t|\2—£<g1 o (e +))(t), for any 61 > 0.

For the term Qs, recalling (2.1), we obtain

Qs = —m ( / t gl<s>ds> / “ / (0 + V)t)dyds
0
= < /0 tgl(s)ds> /O L¢fdm—¢t(0,tM+ /0 ;t Ozwt(y)dydaf

(51 C
= ol + S lleell® + gnwtni for any 01 > 0.

Now, substitution of the estimates for Q1 —Q3 into (4.7) and choosing ;= plql

yield (4.5). Following the exactly thesame steps, we obtain the estimate for
Ms in (4.6). O

Lemma 4. The functionals M3 and M, defined by

L x
Ms(t) = —py / (60 + ) (1) / o (y)dydz
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and
L x
Mi(t) = —ps / (ws + 2)(1) / wi(y)dydz

along the solution of system (1.3)—(1.5), satisfies the estimates, respectively

My(t)< — 7”(1)93"‘11)” +ellgel*ellve|*Helgio(dat))(t), V>0 and  (4.9)

My(t)< — %Ilwm + 2| elfwe P + ellzl” + e(g2 © (wa + 2))(2), VE>0.
(4.10)

Proof. Differentiating M3 with respect to ¢, using (1.3),, integration by parts,
and keeping mind (2.1), we have

L x L x
MY() = —pr / (Gar0) (1) / o) dyda—pr [ (Gat0)(2) / o (y)dyde
0 0 0 0
x = 0 L x
— o | g —lled?| o [ / bo(y)dyda—rr || (dot+ )|
0 0 0

=0

L t
+ / (60 +0)(2) / 01(t — 8)(s + ¥)(s)dsda
L x
**751 T 2 1| Pt 2_ 1 t t X
= Rl (e + V)2 + prlldel p/o w/o o1 () dyd

- /0 (62 +0)(2) /0 1t = ) [(60 + 0)() = (6 + ) (5)] dsda.

Applying Lemma 1 and Young’s inequality, we obtain

2(k1—P1)
B

Following exactly the same steps, we obtain the estimate for My in (4.10). O

3P1

My(t)< II¢$+¢II +2 IthH +5 l0elP+ = (g10(d0+1)) ().

Lemma 5. The functional M5 defined as

L L L L
M;(t) = p2/ Ypedr + %/ Yide + p4/ zzedx + 72—2/ Zdr  (4.11)
0 0 0 0

along the solution of system (1.3)-(1.5) satisfies, the estimate

b
My(t) < — *II%HQ - 52||»2‘:z:||2 — ol = 2I* + p2lle|* + pallz |
t+ellge + Y + ellws + 2[7 + c(s1 = B1) (g1 0 (@2 +¥))(?)
+ (ko — B2)(g2 © (wy + 2))(t), Vit >0. (4.12)

Proof. Differentiating (4.11) and using (1.3), and (1.3),, we get

Mg (t) = = ballvoo||* = bollzal® — wolltr — 21 + pallvell® + pall ]
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L L
—ﬂqéqﬂ%+wﬂmm—ﬁaéz@@+@@Mx

L rt L ot
+ /Ow/ogl(tfs)(gbfrw)(s)dsdx + /0 Z/o g2(t — s)(wy + 2)(s)dsdx

= —b1|[¢a]|® = ballze]|* — Kol — 21> + palltoel|® + pallze|®

L L
— R / U(ps + V) (t)dx — Ko / z(wy + 2)(t)dx
0 0
[ o [ ot = 9)@n+0)(0) ~ (6 + 0)(5)]dsds
0 0
L gt
_ /0 Z/o g2t — 8)[(wa + 2)(t) — (wy + 2)(s)]dsdz.

Thus, applying Lemma 1 and making use of Young’s and Poincaré’s inequalities,
we have

Mg (t) < —bil]|* - b2llzx||2 — kol — 2| + />2||1/Jt||2 + pallz ]

b B
T P

2
Dy + +

2 pLf gt 2
+ZW¢AP+L§[;([@ut—ﬂk¢m+wxw—w¢x+wx$hw>(m
2

bQ 3612) L t
||Zac||2 by /0 (/0 92(t — 8)[(wz + 2)(t) — (ws + z)(S)Ms) da

b1 b
< —*H%II2 = 5 lzl? = ol — 2I1° + pal|ull® + pallzl?

6 2 36302 2
gl 4 P 1)
— 3c2 —
+ﬁﬁ%f@@owﬁww»+ﬁﬁ%i@@owﬁww»
1 2

Hence, we obtain (4.12). O

Lemma 6. Let (¢, ¢, w, z) be the solution of system (1.3)—(1.5) in Theorem 1.
Then the Lyapunov functional G defined by

Q(t) = nE(t) + n1 My (t) + ngMg(t) + ’I’LgMg(t) + TL4M4(t) + n5M5(t)

is equivalent to the energy functional (4.2) (G = E). That is, there exist some
positive numbers a; and as such that

a B(t) < G(t) < axB(t), Vit >0, (4.13)

where n,nins, n3, ng, Ny are positive numbers to be specified later.

Proof. Applying Lemma 1, Cauchy-Schwarz, Young’s and Poincaré’s inequal-
ities, routine estimations yield the result. 0O
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Lemma 7. Let (¢, 9, w, z) be the solution of system (1.3)—(1.5) in Theorem 1.
Then, the Lyapunov functional

g(t) = TLE(t) + TL1M1 (t) + nzMg(t) + ngMg(t) + n4M4(t) + 715M5(t) (414)
satisfies for some positive numbers a3 and a4 the estimate
G'(t) < —azE(t)+aq [(g10(02+0)) (0)+(g20(we+2))(8)] ,  VE>to.  (4.15)

Proof. For ty > 0, let

to to
go = min {9?793} = min {/0 g1(3)d8,/0 92(3)d3} > 0.

Then, differentiating (4.14) bearing in mind (4.3), (4.5), (4.6), (4.9),(4.10),

(4.12), and setting ns = 1, ¢; = iﬁ:“ and €3 =

214
41’L2 ?

r 0
(1) <~ | “2ns = cna sl = n = — s = g

395
— Tng - cm;} l|lwe||? — {’ygn —cng — cny — p4} [EAl

O o e o e e [

by

Zlleal = ol =l + |3 = om|(gh o (6 + ) (@160

. n .
+ _ <1 + 51713) ny + cng + (kg — 51)_ (910 (¢ +9))(t)

n

+ 5~ cng} (93 0 (we + 2))(t)

n (1 + o 4) na + cng + c(k2 — B2) | (g2 © (wa + 2))(t).

Now, we fixed the rest of the remaining parameters as follows:
First, we select ng and n4 large such that

B1 B2

—ng—c>0 Zn4—c>0

followed by choosing n; and ns even larger so that

0 0
P11 ny —cng > 0, P392 no —cng > 0.
2 2
Finally, we select n very large as possible such that (4.13) is always valid and

Mn —cny —ceng — p2 >0, yan — cng — cng — pg > 0,

n n
§—cn1>0, 5—cn2>0.

Math. Model. Anal., 31(4):690-711, 2026.


https://doi.org/10.3846/mma.2026.25068

708 S.E. Mukiawa

It follows from (4.16) that for some positive numbers a3 and a4, we arrive at

G'(t) < —asE(t) + as [(g1 0 (¢ +9))(t) + (g2 0 (W +2))(1)],  VE = to.

O

Now, we are ready to give the main result of the paper. Using the energy
dissipation in Lemma 2, and the estimates in Lemma 6 and Lemma 7.

5 General decay of energy

The main general decay of solution result is given below.

Theorem 2. Let (¢, ¢, w,z) be the solution of system (1.3)—(1.5) in Theo-
rem 1. Suppose conditions (C;) and (Cs) hold. Then, for any ¢, > 0 fixed,
there exist positive numbers «; and as such that the energy functional E de-
fined in (4.2) satisfies

E(t) < oy exp{ . /totf(T)dT}, > to, (5.1)

where £(t) = min {&(t), i =1,2}.

Proof. We begin by multiplying (4.15) with £(¢), then on account of a as-
sumption (C2) and (4.3), we have for any to > 0

E)G'(t) < —as€(t)E(t) + asé(t) [(91 0 (z +¥))(t) + (92 0 (we + 2))(1)]
—az§(D)E(t) + as€(t) / g1(t = )[[(¢o + ) (t) = (60 +9)(s)||*ds

to

+as€(t) / g2(t = 8)ll(wz + 2)(t) — (ws + 2)(s)[*ds

to
t

< —asf(t)E(t)+a4§1(t)/tg1(t—8)||(¢x+¢)(t)—(¢x+1/))(8)||2d8

+ as6>(t) / g2(t = 8)ll(ws + 2)(t) = (wo + 2)(s)|*ds

to

< —azd(t)E(t) + aq t &1(8)g1(t — 9)[(¢e + ¥)(t) — (¢ + 1)(s)]|*ds

t
b / €a(5)ga(t — 8)l|(ws + 2)(8) — (ws + 2)(s)||ds
to
< —azé(t)E(t) — 4asE'(t), Vt > to.
It follows that

(EM)G(t) +4asB(t)) < —asE(t)E(t), V> to.
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since ¢'(t) = min {¢/(t), i =1,2} <0, Vt > 0, Using the relation (4.13), we
obtain

F(t) =€(t)G(t) + dasE(t) ~ E(t). (5.2)
Therefore, for some positive number as > 0, we arrive at
F'(t) < —ag&(t)F(t), Vt>to. (5.3)

Integration of (5.3) over (to,t) gives

t
F(t) < Flto) exp (— Gs / f(s)ds), VE > to. (5.4)
to
On account of (5.2), we obtain (5.1) from (5.4). This completes the proof. O

Corollary 1. Under the conditions of Theorem 2. There exist positive numbers
aq and @y such that E the energy functional defined in (4.2) satisfies

Eit)<a exp{ - 0?2/0 f(T)dT}, vt >0, (5.5)
where £(t) = min {&(t), i = 1,2}.

Proof. On account of the continuity and boundedness of £(¢) = min {Ei(t), 1=
1,2} and the energy fuctional E, we have that for ¢ € [0, to]

E(t) < E(0) exp <a2 /O ! g(T)dT) exp < — a /O t g(T)dT).

Thus, set a3 = a1 E(0) exp (ag fgo f(T)dT), then estimate (5.5) is valid for all
t>0. O

6 Concluding remarks

In the present paper, we have studied a double-wall carbon nanotube model
as new coupled Timoshenko beam model with viscoelastic dissipation effect
acting on the transverse displacements and linear frictional damping on the
longitudinal displacements. We showed that the energy functional of the system
has a general decay estimate, from which the exponential and polynomial decay
are particular cases. Of course, due to the nature of the damping on the system,
no additional conditions were made on the coefficient parameters. We note the
follow key points: If the damping coefficients y; = 5 = 0, then the result in
(5.1) holds provided the usual equal-wave speed propagation assumption holds.
In this case, following the same steps in [3], with few modification to our case,
Theorem 2 holds provided % = 2—; and % = Z—i.

The assumption in (C3) can be optimized to a more general smooth and
convex function G, j = 1,2 such that

g5(t) < =&;(1)G;(g;(1), 5 = 1,2.

Also, if infinite memory is considered instead of the finite memory in this work,
the exponential stability result is still obtainable, see [1,2].
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