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1 Introduction

The field of control theory has long focused on the design and manipulation of
dynamical systems using traditional integer-order derivatives. In recent years,
however, growing interest has emerged in extending control theory to fractional
derivatives. Fractional calculus, which deals with derivatives and integrals of
non-integer orders, provides a robust framework for modeling and analyzing
complex systems with memory and hereditary properties. This has given rise
to a promising research area: control with fractional derivatives, applied across
various domains [14].

Among fractional derivative definitions, the conformable derivative, intro-
duced in [13], has attracted significant attention in the control community. It

Copyright (©) 2026 The Author(s). Published by Vilnius Gediminas Technical University

This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduc-
tion in any medium, provided the original author and source are credited.


https://ror.org/02x3e4q36
https://journals.vilniustech.lt/index.php/MMA
https://doi.org/10.3846/mma.2026.25053
mailto:lourini.a@ucd.ac.ma
https://orcid.org/0000-0002-6923-5997
https://orcid.org/0000-0002-2467-3053
https://orcid.org/0000-0001-8287-1034
mailto:lourini.a@ucd.ac.ma
mailto:lourini.a@ucd.ac.ma
https://creativecommons.org/licenses/by/4.0/

m A. Lourini, M.El Azzouzi and M. Laabissi

satisfies desirable properties and enables the description of fractional system
dynamics [1]. Unlike Caputo or Riemann-Liouville definitions, it offers a more
straightforward mathematical treatment, facilitating the analysis and design of
control strategies for fractional systems.

In this context, the stabilization of infinite-dimensional fractional bound-
ary control systems using the conformable derivative poses a major challenge.
These systems involve controlling a dynamical process by acting on inputs at
the domain boundary, rather than throughout the entire domain. Their sta-
bilization requires a deep understanding of the interplay between fractional
dynamics, control inputs, and boundary conditions.

Currently, the conformable derivative is under intensive study in both finite
and infinite dimensions, particularly for the Cauchy problem, as well as con-
trollability, observability, stability, and stabilization [4,10,21]. Other fractional
derivative definitions are also considered [23,28]. For instance, [23] establishes
stability conditions and exponential stabilization for a semilinear system with
Caputo derivative.

Stabilization of fractional boundary control systems has also been explored,
notably using the backstepping method for fractional reaction-diffusion equa-
tions [19,27]. In the integer-order case, recent works have addressed feed-
back stabilization of quasilinear hyperbolic systems [25] or null controllability
and stabilization via transformation of unbounded to bounded control oper-
ators [16,17]. This paper extends the latter technique to the stabilization of
systems with conformable derivatives.

We investigate the stabilization of abstract conformable boundary control
systems. To address inherent difficulties, we transform the problem into an as-
sociated conformable linear internal control system, thereby leveraging existing
results.

Exponential stability is achieved via spectral decomposition, extending meth-
ods developed for integer-order linear systems [7]. Strong stabilization is also
established for a broad class of boundary control problems governed by Riesz-
spectral operators.

The paper is structured as follows: Section 2 presents preliminaries on the
conformable derivative and a-semigroups. Section 3 addresses the existence of
mild solutions for conformable linear systems of order o € (0, 1] with boundary
control in Banach spaces, along with explicit solution expressions. Section 4
introduces an equivalent conformable linear internal control system and designs
a stabilizing feedback based on results from integer-order internal control sys-
tems. Section 5 establishes exponential stability via spectral decomposition in
Hilbert space and strong stabilization for a class of Riesz-spectral operators.
The conclusion applies the abstract results to a specific class of heat equations
and provides supporting numerical simulations.

2 Preliminaries

In this section, we introduce fundamental definitions and key results from the
literature that are crucial for the development of this work.
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DEFINITION 1. [1,13] Let @ € (0,1] and X represent a Banach space. For
a function f : [0,00[— X, the conformal derivative of order « is defined as

follows: .
Do f(t) -t L) IO

, for every t > 0.
e—0 £

Moreover, we call f a-differentiable if D{ f(t) exists for all ¢ > 0. In addition,
if D¢ f(t) exists on |0, 7[, for some 7 > 0, then D f(0) = lim;_,o DY f(¢).

The definition of the conformable integral, with order a € (0, 1], applies to
a function f : [0, c0[— X as follows:

I f(t) = /0 s f(s)ds.

The Cy-a-semigroup corresponding to the conformable derivative is intro-
duced in [2].

DEFINITION 2. Let X be a Banach space and 0 < a < 1. A family of bounded
linear operators (T (t))i>0 on X is called a conformable Cy-c-semigroup if it
satisfies:

e T,(0)=1,
o T, ((t+ s)é) =T, (ti) To (si) , for all t,s > 0,
o limy .o+ To,(t)z = x, for all z € X.

The definition for the infinitesimal generator of the above Cy-a-semigroup
is as follows:

DEFINITION 3. We call the a-infinitesimal generator of the Cy-a-semigroup
(Tw(t))e>0 the operator (A, D(A)) given by

Az = lim DT, (t)z, for all x € D(A),

t—0t

where
D(A) = {x € X/ lim DOT,(t)z exists in X}.

t—0+

Some basic properties of the conformable Cy-a-semigroup on a Banach space,
which we will use, either in a direct or indirect way, are provided by the fol-
lowing theorems for o € (0, 1].

Theorem 1. [20] Suppose (Ty(t))i>0 is a Co-a-semigroup on X, and let A
denote its a-infinitesimal generator. Then,

1. For x € X, fot 21T, (s)zds € D(A) and

A (/0 s Ta(s)xds> =T, (t)x — x.
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2. For x € D(A),T,(t)x € D(A) and

DT, ()x = AT, (t)x = To(t)Ax.
3. For xz € D(A),

¢ ¢
To(t)x — To(s)x z/ ro T, (r) Axdr z/ ro AT, (r)adr.
Theorem 2. [20] Consider a Cy-a-semigroup (Ty, (t)) ;5o on the Banach space
X. There are constants M > 1 and w > 0 for which the following holds:
ITo(t)]| < Me*t" for every t €]0, 4-o0].

We can observe that, for a given Cy-a-semigroup (Ta(t))t>0, for any x inX,
the function t — To(t)x is continuously defined on [0, +oo[ with values in X.

If w < 0, the Co-a-semigroup (T (%))
Where f = —w.

>0 18 said to be S-exponentially stable.

Remark 1. If A is the infinitesimal generator of Co-a-semigroup (T (t)),.,, and
B € L(LP(R;,U), X). Then, the system -

Dx(t) = Az(t) + Bu(t), x(0)=xo

has a unique mild solution z(t) given by

Q=

x(t) = To(t)xo + /Ot s, ((ta —5%) )Bu(s)xods. (2.1)

The expression (2.1) is said to be conformable variation of parameters formula.

Remark 2. If Ais an infinitesimal generator of a Cyp-semigroup (T'(¢));>0, then A

also functions as the a~infinitesimal generator of the Co-a-semigroup (T, (t)) >0

given by T, (t)z = T(%)x7 for every x € X and ¢ > 0. Furthermore, (2.1) can
be reformulated as

to t o _ ga
z(t)=T () Zo +/ so‘_lT< )Bu(s)xods.
(6% 0 «

In the sequel of this paper, the following notations will be useful: the Cjy-

a-semigroup (Ta(t))t>0 will be denoted by T, := (Ta(ta))tzo' We define

R(\,A) := (A — A)~! for any A € p(A). The space obtained by completing X
with respect to the norm ||z|—1x 1= ||R(A, A)z||, for a fixed A € p(A), is called
the extrapolation space associated with X and T,. This space is denoted as
X_1. Based on references [9,24], it can be established that the unique extension
of T, onto X_; forms a Cy-a-semigroup, denoted as 7% := (1'% (t*))>0, and
its generator is indicated as A_7.
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3 Position problem

In this paper, the following conformable linear boundary control problem

>

2x(t) = Apma(t), t>0,
(FBCP®) ¢ Qx(t) = Bu(t), t>0,
)

is considered where Djf* is the conformable derivative of order o, 0 < o < 1,
z(-) € X is the state, u(-) € L} (Ry,U) (p > 1) is the boundary control with
Banach spaces X, Z C X, 0X, and U are called the state space, the solution
space, the boundary and the control space, respectively. On its domain D(A4,,),
the linear operator A,, : Z := D(A,,) C X — X is both closed and densely
defined, @ is a boundary operator in L([D(A,,)],0X), with [D(A,,)] is the
subspace D(A,,) equipped with the graph norm, and B € £(U,9X) is a control

operator.
Let’s define the concept of a classical solution before examining the well-
posedness of the system.

DEFINITION 4. Let u € L} (Ry,U) where p > 1. A classical solution of

(FBCP®) is a function z(-) = z(-,u,zo) continuously a-differentiable such
that z(t) € Z for all ¢ > 0 and satisfying (FBCP®).

To explore the well-posedness of (FBCP?), we require the following assump-
tions, which establish the well-posedness of the uncontrolled abstract Cauchy
problem (FBCP®), that is, (FBCP®) with B = 0.

Assumptions 1.

(H1) The restricted operator A C Ay, with domain D(A) := ker() generates a
Co-semigroup T := (T'(t))1>0 on X.

(H2) The operator Q : D(A,,) — 0X is surjective.
Greiner [11] established the following lemma under the above assumptions.
Lemma 1. For every X € p(A), we have

i) D(Ap) = D(A) @ ker(A — Ap);

i) Q |rer(r—a,,) is tnvertible and the operator Qx = (Q |ker(r—a,,)) "
0X — ker(A— Ay) C X is bounded;

iii) Py := Qx\Q € L([D(An)]) is a projection on ker(A — Ay,) along D(A) =
kerQ;
iv) R(p A)Qx = 52 (Qp — Qa) = RO\ A)Q, for all A, € p(A), A # .

Consider z(-) as a classical solution of (FBC'P®) and let A € p(A). Then, from
(i)—(iii) in Lemma 1, we get x(t) — Pyz(t) € D(A), for all ¢ > 0. Thus,

x(t) — Byu(t) € D(A), for all t > 0,

Math. Model. Anal., 31(4):583-603, 2026.


https://doi.org/10.3846/mma.2026.25053

588 A. Lourini, M.El Azzouzi and M. Laabissi

where the control operator By := QB is in L(LP(R;,U),ker(A—A4,,)). More-

over, we have
Dix(t) =Anx(t) = Am <x(t) - BAu(t)> + A Bu(t)
:A(x(t) - Bxu(t)) + AByu(t) = A_12(t) + Bau(t),

where the control operator B4 := (A — A_1)B, is unbounded.
As a result, the solutions of (FBCP®) can be described using the following
extrapolated version of the conformable variation of parameters formula.

¢
x(t) =T %)z + / ST (1 — s™) (A — A_1)Byu(s)ds
0
¢
=To(tY) a0 + (N — A_l)/ s (1% — s¥) Byu(s)ds
0
¢
=T (t*)xo + (A — A,l)/ st — s*)Byu(s)ds, t>0.
0

In general, a solution of this kind doesn’t exist within the space X. Conse-
quently, the challenge of ensuring solution existence poses a handicap for both
system analysis and control. To address this, we will use the next definition.

DEFINITION 5. Under Assumptions 1 and for p > 1, the operator B4 € L(U, X_1)
(or B € L(U,0X)) is p-admissible for A or T, if there exists 7 > 0 such that,
for all w € LY. (R4, U),

loc
(A= A,l)/ s (7% — sY)Byu(s)ds € X.
0

The existence of solutions in X for linear and bilinear systems with unbounded
control operators has been studied in [12,26]. As noted in [9,24], A_z € X if
and only if € D(A). Thus, B is p-admissible for T, if and only if

(AC) /0 s 7T, (1% — s*)Byu(s) ds € D(A),

for some p > 1, all u € L} (Ry,U), A € p(A), and ¢ > 0. This admissi-
bility condition (AC) is necessary for (FBCP®) to admit solutions in X. By
Lemma 1(iv), (AC) holds for one A € p(A) if and only if it holds for all i € p(A).

When B = I, p-admissibility depends only on T, @, and u(-). For g € X
and u € W2P(R*,U) with Qzo = Bu(0), (FBCP®) has a unique classical
solution, implying B is admissible. Conversely, if B is p-admissible, then for
u € WEP(RT,U) with Qzo = Bu(0), the solution is classical [8,24].

In non-reflexive spaces, [8, Lemma A.2-A.3] shows (AC) holds if ||Qx| >
YA||z|| for A > g and x € ker(A — A,,), with v > 0, Mg € R. If (T(¢))¢>0 is
analytic, (AC) holds [3, Subsection 6.2.4].
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In this work, we assume B is p-admissible for T, i.e., (AC) holds. Thus,
under (H1)-(H2), for some p > 1 and A € p(A), the mild solution of (FBC'P)
is

t

x(t):a:(tu,xo):Ta(to‘)xo—l—()\—A)/os“_lTa(ta—so‘)BAu(s) ds, t>0. (3.1)

4  Stabilization results

In this section, our idea is to study the stabilization of (FBC P%) by associating
it with the following standard conformable control system for some A € p(A).

DSy(t) = Ay(t) + Bault), t> 0,
(4, Br)a { y(0§/= Yo :zyR(/MA)?Em

where « € (0, 1] and the operators A, By and R(\, A) are defined in the previous
section. Here yx () = y(-,u,yo, ) is called a classical solution of (A4, B))s if
ya(+) is continuously a-differentiable on [0, oo, yA(t) € D(A) for all t > 0 and
yx(.) satisfied (A, By)q-

As B, is bounded and from the Assumption (H1), the system (A, By)q
has a unique mild solution on X and is given by the conformable variation of
parameters formula

yr(t) = T (t)yo +/O s* I, (1% — s*)Byu(s)ds, (4.1)

where u € L} (Ry,U).
Moreover, since B is p-admissible control operator for T, and yo € D(A), then

the solution given by (4.1) is a classical solution of the system (A, B))a.

Remark 3. Under assumptions (H1)—(H2), by part (iv) of Lemma 1, it can be
shown that the mild solution z(t) of (FBCP®), as defined in (3.1), does not
depend on the value of X in p(A); for more details, see [18]. Moreover, for any
sufficiently large A € p(A) and for all ¢ > 0, we have

AR, A)x(t):)\(R()\, AT () 0+ /0 Cgei, (t‘l—sa)B,\u(s)ds):)\y,\(t),

where y,(+) is the mild solution of (A, By)q. It’s know that
limy_,00 AR(A, A)z = x, for any x € X. This implies that the solution (3.1) is
given by

z(t) = AILH;O Aya(t), for all ¢ > 0.

We now introduce key definitions for the stabilization of system (FBCP®).
The conformable exponential function is defined for s > 0, a € (0,1], and
w € R as

Eqy(w,s) = exp (ws*/a) .
The system (FBCP®) is exponentially stable in the fractional sense if there
exist M,w > 0 such that ||z(t)]] < M||zg||Eo(—w,t), t>0.

Math. Model. Anal., 31(4):583-603, 2026.
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The system (FBCP®) (resp. (A, By)a) is strongly stabilizable (for p > 1,
A € p(A)) if there exists a control uw € L (Ry,U) such that, for any 2o € X,

loc

the solution x(t,u,xo) (resp. y(t, u,yo, \)) satisfies

x(t,u,xg) = 0 (resp. y(t,u,y0,\) = 0) ast — oo.

4.1 Characterizations for the stabilization of (FBCP%)

We begin by demonstrating that the stabilization of the system (A, By), re-
mains unaffected by the selection of A € p(A).

Proposition 1. Let A and p in p(A). The system (A, By )y is strongly (resp.exp-
onentialy) stabilizable if and only if the system (A, B,) is as well.

Proof. Let A\, u € p(A). For any yo € X, y(¢,u, yo, 1) represents the solution
of (A, B,). By iv) of Lemma 1, we obtain

R(ﬂa A)y(tv U, Yo, )\) = R()‘v A)y(ta U, gOa ;U’)v

where gp = (A — A)R(p, A)yo. Thus, we get

y(t7 U, Yo, >\) = (/1’ - )\)R(}\, A)y(ta u, g07 /1‘) + y(ta u, :[]07 /1‘)7

it follows that

1y(t w g0, V< ([ = A TR A+ Dlly (s ws o, )l

therefore, which completes the proof. O

In the sequel, for any A € p(A), the mild solution of (A4, B)), will be denoted
y(ta Uu, yO)-
Remark 4. [9] For each A € p(A) and « € D(A), we define the 1-norm || - || as

follows
[zllx == [I(A — A)z]|.

The space Xy := (D(A), || - ||x) is referred to as the first-order Sobolev space
associated with (T'(¢)):>o0-

Now, under Assumptions (H1)—(H2), we establish the first main result of
this section:

Theorem 3. The following properties hold:

1. Let (Tn(t))t>0 be a holomorphic Cy-semigroup on X . The system (FBC P%)
is strongly (resp. exponentially) stabilizable if and only if the system
(A, By)q is strongly (resp. exponentially) stabilizable.

2. The system (FBCP®) is exponentially stabilizable for the norm || - ||-1,x,
if and only if the system (A, By)q is exponentially stabilizable.
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3. The system (FBCP®) is exponentially stabilizable for the usual norm, if
and only if the system (A, By)q 1s exponentially stabilizable for the norm
1+ [Ix-

Proof. From the Remark 3, we have
y(t,u,yo) = R\, A)x(t, u, zo) for all t > 0, (4.2)

where y(t, u, yo) and x(t, u, o) are the solutions of systems (A, By), and (FBCP®)
respectively. Now from (4.2), we can check the properties of Theorem 3. In-
deed,

1. If (FBCP*®) is strongly stabilizable by a control v € L} (R4, U), we
have

ly(t,u,y0)ll = [[R(A, A)z(t, u,zo)|
< ||RO, A ||| (t, u, z0)|| = 0, as ¢t — oc.

Thus, (A, By). is strong stabilizable. Conversely, assume that (A, By)q
is strongly stabilizable. Then,

lim R\, A)x(t, u, zg) = flim y(t,u,yo) = 0.
L oo

t—o0

As (T,) is a holomorphic Cp-semigroup, there exist constants ¢ > 0 and
n > 0 such that:

IAR(A, A)|| < e¢/A, forall A >,

which implies 1 — ¢/A > 0 for sufficiently large A.

From the system dynamics, we have:

2(t) = Ay(t) — Ay(t).

Taking the norm on both sides:

@ < Ayl
+ 1Ay < Ally @Ol + AR, A)z @) < Aly@)] + gllw(t)ll-

Hence, we get
lz@)] <A (1 — c/)\)fl ly(@®)|| — 0 as t — oo.

Therefore, the system (FBCP®) is strong stabilizable.

2. The system (FBCP®) is exponentially stabilizable for the norm || - ||_1 x,
if and only if there exist a control v € L} (R4, U), w > 0 and M > 0
such that

[|R(A, A)x(t,u, x0))|| < M||R(N, A)xo||Eq (—w, t), for all zg € X,

Math. Model. Anal., 31(4):583-603, 2026.
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if and only if (by the Equation (4.2)) there exist a control u € L?

loc(R+’ U)?
w > 0 and M > 0 such that

1yt u, yo)ll < Mllyol| Ea (—w, ), for all yo € D(A),
is equivalent to the system (A, B)), is exponentially stabilizable.

3. The result in the assertion 3) follows from the assertion 2).
O

Remark 5. o If the system (F'BCP®) is exponentially stabilizable for the
norm || - ||=1,x, it implies that it is also strongly stabilizable.

e The results of Theorem 3 may also hold true when considering Caputo’s
fractional derivative, where conformable exponential stability is replaced
by Mittag-Leffler stability.

In the general context of feedback stabilization, the control law u(-) that
stabilizes the conformable system (A, B)), is expressed as a feedback of the
form

u(t) = f(t,y(t)), (4.3)
where f : Ry x X — U is a suitably chosen function, and y(¢) denotes the
solution of (A, By)a.

According to the proof of Theorem 3, we can deduce our second main result
in this section.

Corollary 1. Assume that (A, By ), is strongly (resp. exponentially) stabilizable
and a stabilizing control law is provided by (4.3). Then, the problem (FBCP%)
is strongly (resp. exponentially for the || - ||-1,, norm) stabilizable, and a
stabilizing feedback control u(t) is given by w(t) = f(¢, R(A, A)z(t)), where
x(t) is the solution of (FBCP®).

In the context of internal control systems, the following theorem establishes
the stabilizability of conformable systems via time-scaled feedback.

Theorem 4. If the integer-order system (A, By)1 is stabilizable by a feedback
f(t,y(t)), then for every o € (0,1], the conformable system (A, By)q is stabi-

lizable by the control law f (ta/a, Yy (to‘/a)) .

Proof. For u(t) = v(t) := f(t,2(t)), the mild solution z(-) := z(-,yo,v(:)) of
the system (A, By); is given by

z(t) =T(t)yo + /Ot T(t—s)Bxf(s,z(s))ds, forallt >0 and yo € X. (4.4)

And for a € (0,1] and u(t) = f(%,y(%)), according to Remark 2, y(-) the
solution of (A, By), is given by

(03 [0 e

t
o — ga

—)y0—|—/sa_1T(78)B)\f(s—, y(s—))ds, for all t>0 and yo€X.

o 0 o o «
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. . o .
However, we examine the change of variable r = 2-. Consequently, we derive

v = 1(5)w+ | T(’;—) B S, y(r)r,

and, using the variation of parameters formula (4.4), we have
y(t) =z (to‘/a,yo,v(o)) , for all t > 0 and yy € X.
Thus, the proof is complete. O

In the preceding sections, we studied the stabilization of abstract con-
formable boundary control problems in a Banach space setting. To derive
concrete stabilization results, we now restrict our analysis to Hilbert spaces.
This choice leverages key structural properties, such as spectral decomposition
and the analyticity of the contraction semigroup 7y, that are essential to our
approach. Moreover, we focus on systems where the input operator B) is finite-
rank. This assumption, combined with the Hilbert space framework, enables
precise spectral analysis and explicit feedback design.

In the following sections, we assume X and 90X are Hilbert spaces.

4.2 Spectral decomposition method

Using Theorem 3 and Corollary 1, we derive sufficient conditions for the sta-
bilization of the conformable boundary control problem (FBCP®). When B
is finite-rank and A satisfies the spectral decomposition assumption, we follow
the approach of [7] to characterize exponential stabilization of (FBCP®).

Remark 6. We have range(B)) C ker(A — A,,), with equality if B is surjective.
If dim(0X) < oo, then rank(B)) < oco.

For 6 > 0, we decompose the spectrum of A as

oT(A) =c(A)N{A € C:Re(N) > -5},
0 (A) =0c(A)N{r e C:Re(N) < -4},

with o+ (A) finite. The spectral projection is

1
Psx = — ¢ (M — A)"tzd),
211 T

where I's is a Jordan contour enclosing o+ (A). This yields the decomposition
X=XTeX", Xt:=PX, X :=(-PF5X.

The operators decompose as

(02 ) o= )

Math. Model. Anal., 31(4):583-603, 2026.
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with BY = PsBy € L(U,X") and By = (I — P5)By € L(U,X ™). See [7,
Chapter V] for details.

By Remark 2, the fractional semigroup T, (t%) is d-exponentially stable.
Adapting [7, Chapter V] via Theorem 4, Theorem 3, and Corollary 1, we obtain
the following result.

Theorem 5. Let A € p(A4) and o € (0,1]. If dim(0X) < oo, XT is finite-
dimensional, and there exists an operator Fy € L(XT,U) such that the spec-
trum of A" —|—Bj\rF0 lies in C°.. Then, (FBCP®) is §-exponentially stabilizable
for the norm || - ||=1,x-

Moreover, z(t) the state of (FBCP®) is §-exponentially stabilizable for the
norm || - ||=1,x by the feedback u(t) = FOP(;R()\,A)J:(%).

Proof. Form [7], if for some Fy € L(XT,U) we have the spectrum of A1 +
Bj\'FO lies in C°. Then, A" + B:\*'FO generates an exponentially stable Cy-a-
semigroup. Therefore, the perturbed operator

+ 4 Bt
A+BAF:<A+BAF0 0)

B;FO A~

generates a Cop-semigroup d-exponentially stable. Where F' = (Fp,0) € L(X,U).
Hence, form Theorem 4, y(t) the state of (A, By), is d-exponentially stabiliz-
able and the d-stabilizing feedback operator is given by u(t) = FOP(;y(%).
It follows that, by Theorem 3 and Corollary 1, the proof is complete. O

4.3 Stabilization of Riesz-spectral boundary control problems

This subsection provides a framework for stabilizing linear PDEs with boundary
control, using operators with orthogonal eigenvectors forming a Riesz basis
(see [7] for details).

DEFINITION 6. The system (FBCP®) is a Riesz-spectral boundary control prob-
lem if (H1)—(H2) hold, and A is Riesz-spectral.

Strong stabilization of integer-order systems (A, By); has been studied in [6,
22]. Bounit [6] showed that if A generates a contraction Cp-semigroup T with
compact resolvent, the saturated feedback

Biy(t)

) = =P T BT

p >0,

globally asymptotically stabilizes (A, By); provided
M :={ye X :B5T(t)y =0Vt >0} ={0}.
Combining this with Theorems 3, 4, and Corollary 1, we obtain:

Theorem 6. If T' is a contraction Cy-semigroup with compact resolvent, then

the feedback

p BIR(A, A)z(t”/ )
L+ | B{R(\, A)z(t>/a)||’

u(t) = p>0, (4.5)
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strongly stabilizes (FBCP®), provided
M, = {y € X : B{Ta(t)y = 0 V¢ > 0} = {0}. (4.6)

Remark 7] 19]]. If X = L1(£2) (1 < ¢ < o), 2 C R™ bounded with smooth
boundary, and D(A) < W19(02) with p(A) # 0, then A has compact resolvent.

Now let A be self-adjoint:

M—ZA  On) b, (4.7)

with Ay > Ay > -+, {¢,, }n>1 orthonormal basis of X. If dim(0X) < oo, then
B, is finite-rank:

Byu= biu;, b €ker(A— Ap), u; € LP([0,00),T). (4.8)
i=1
As a result of the Theorem 6, we deduce the next result.

Corollary 2. Under the assumptions of Theorem 6, and let the operator A be
defined by (4.7). The control law (4.5) stabilizes strongly system (FBCP®),
provided the following assumption is satisfied:

B¢, # 0, for all n > 1. (4.9)

Moreover, if By is given by (4.8), then the condition (4.9) becomes

<b17 ¢7l>
rank =1, foralln > 1. (4.10)

<bm’ ¢’I’L>

Proof. According to Theorem 6 and Corollary 2, in order to guarantee the
strong stabilization of (FBC'P?%), it is sufficient to show that condition (4.9) to
imply the condition (4.6). Moreover, we will establish the equivalence between
these two conditions. So, for every y € X, we get y = > ° | (y, $n) ¢, and

L

}n>1 form a free family in L2(0, o), we obtain

(b’ﬂ ¢’I’Lﬂ

as the functions {e*

BT, (t*)y = 0,Vt > 0 <> (y, ¢n,) Bx¢p, = 0,¥n > 1.

But y = 0 if and only if (y, ¢,) = 0, for all n > 1. Tt’s follows that M = {0} if
and only if BY¢, #0, foralln >1. O
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5 Applications

5.1 Strong stabilization of heat equation with Neumann boundary
conditions

Let 2 C R™ (n > 2) be a bounded, connected open set with smooth boundary
082, and I' C 92 a nonempty open subset. We consider the fractional heat
equation with boundary control on I

Dgx(z,t) = Ax(z,t), (z,t) € 2 x (0,00),

Ox

7:ut7 E,tGF 05007

% (t) (€.t) € I x (0,00) -
5o (&) € (02\T) x (0,00),

2(2,0) = xo(2), z € f.

This is formulated as (FBCP®) in X = L*(2), U = H'/?(I'), 0X = HY*(I").
Define A,,f = Af on

D(A,) ={f€H*(Q): f=00n002\ I},

the boundary operator Qf = %“’ and B = Iyy. The operator Q : D(A4,,) —
0X is bounded and surjective, so (H2) holds. The restriction A = Ay, |ker() 18
Riesz-spectral, generates an analytic contraction Cy-semigroup (T'(t))¢>0, and
satisfies (H1), (AC). Thus, B is admissible and (5.1) is well-posed.

By Lemma 1, for A € p(A), there exists a unique Qy € L(L*(I'), ker(\ —
A,,)) such that QQy = I. For g € L*(I),

Ax = Az, on {2,
Qrg =1 <— g—f]':O, on 0\ I,
g—Z:g, on I

Using Green’s formula for h € D(A),

(@3 = Ah, )12y = (A= A)hy Qag) (e = A /Q hadz — /Q Ahadz

:/\/ hxdz—/ %xdﬁ—i-/ ha—zdf—/Axhdz
? a0 On a0 On 0

:/ hgdé = (h, g) 2.
I

Thus, the adjoint is Q3 f = R(\, A)f - 1 for all f € L*(92).

Corollary 2 applies: (5.1) is Riesz-spectral, A has compact resolvent (Re-
mark 7), and for n > ng, there exists £ € I' such that R(\, A)¢, (&) # 0,
satisfying (4.9) for eigenvectors {¢, }n>n, of A = A.

The saturated control law

u(t) = R\, A)x(-,t%/a)

“PTERO, Azt )|

‘1F7 p>0a
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strongly stabilizes (5.1). Numerical illustrations for n = 1 follow. For these
illustrations, the spatial discretization is performed using a finite difference
scheme on a uniform grid, while the time integration is carried out using an
explicit Euler method adapted for conformable fractional derivatives. All com-
putations are implemented in MATLAB (version R2025b). These choices en-
sure accurate and reliable simulations of both the uncontrolled and controlled
systems, as well as the computation of the corresponding L2-norms of the so-
lutions.

5.2 1D strong and exponential stabilization

Consider the 1D heat equation with Neumann boundary control at z = 1:

Dx(z,t) = x,,(2, 1), t>0, z€(0,1),
2,(0,t) =0, z,(1,¢) = u(t), (5.2)
2(2,0) = xo(2) € L*(0,1).

This is formulated as (FBCP%) with A,,f = ", D(A,,) = {f € H*(0,1) :
f(0) =0}, Qf = f'(1), B = I. The operator A = A, |ker(@) With D(A) = {f €
H?(0,1) : f/(0) = (1) = 0} generates an analytic contraction Cp-semigroup
(T(t))t>0. Assumptions (H1) and (AC) hold. Moreover, (H2) holds: @ is
surjective and A,,-bounded, since

<"z < N fllpcan)-

1
1Qf] = /(1)) = | / £"(s) ds

The spectrum consists of simple eigenvalues \,, = —n?7? (n > 0), with eigen-

vectors ¢g(z) = 1, ¢n(2) = v2cos(nmz) (n > 1), forming an orthonormal basis
of L?(0,1). The resolvent is

ROLA) =Y 00 e pa)
n=0 n

For A € p(A), Qxb = hx(z)b with

—cos(zv/—N)

_— A <0,
V=Asin(v/—X\)
h/\(z) = ezﬁ + e—zﬁ

VAR =)

Thus, Byu = uhy(z) satisfies (4.8) and (4.10). By Corollary 2, the control

A>0.

i ha(2)R(A, A)x(z,t* /o) dz

u(t) = — T
1+ ) JEha(z) RO\ A)(z, 1 far) dz

(5.3)

strongly stabilizes (5.2) for all p > 0.

Math. Model. Anal., 31(4):583-603, 2026.
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0 0.1 02 03 04 05 06 07 08 09 1

Time(t)

Figure 1. Evolution of ||z(t)|| under strong stabilization (5.3) for & = 0.5,0.8, 1.

S S— | S, [mm—

a)a=1 b) @ =0.8 c)a=05

Figure 2. State evolution under strong stabilization (5.3).

With A = —72/4, p = 1, x0(2) = 3%(:05(7?2) Figures 1 and 2 show
lz(®)]| — 0 and z(z,t) — 0 for o = 0.5,0.8, 1, suggesting enhanced perfor-
mance of fractional-order systems.

Figure 3 illustrates the comparison between the uncontrolled system and the
system under strong stabilization for the initial state zo(z) = 2 and a = 0.3.
In the absence of control in system (5.2), the state converges to 1, indicat-
ing that the open-loop system is not strongly stable. In contrast, when the
strong stabilizing feedback (5.3) is applied to (5.2), the state converges to zero,
demonstrating the effectiveness of the proposed control strategy. This compar-
ison clearly highlights the stabilizing effect of the boundary feedback law and
confirms the theoretical strong stabilization results established in Section 4.

For exponential stabilization, consider the internal system (A, By)q:
Dfy = y.. + ha(z

u(t),
yz(oat) = yz(lyt) =0,
y(2,0) = R(\, A)zo(2).

The unstable spectrum is o+ (A4) = {0} (multiplicity 1). For circle I's = C(0,1),
Psf = (f,1), so Bfu(t) = (hx, L)u(t).

1% /?*)Z X+ = span{¢o} (unstable: T.F(t*) = 1),
X~ =span{¢, : n > 1} (stable):

Decompose A =

Z2e—n w2t /oe 7¢n>¢n
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AN

Time (t)
a) State evolution of (5.2) under b) State evolution of (5.2) without
strong stabilization (5.3). control (u = 0).

15 2 25 3 3.5 4
Time (t)

c¢) Comparison of the L?(0, 1)-norm
of the state with and without control.

Figure 3. Comparison of the state evolution without control and under strong
stabilization (5.3) for the initial state x9(z) = 2 and o = 0.3.

The system (A*+, B)) is exponentially stabilizable by
u(t) = —plha, Dy (¢ /a),  y* = (y,1).
By Theorem 5, the feedback

u(t) = —p(ha, (R, A)x (-, 1% /), 1) (5.4)

exponentially stabilizes (5.2). With A = —72/4, p = 1 and z¢(2) = = (z —

0 0.1 0.2 0.3 0.4 0.5
Time (t)

Figure 4. Time evolution of ||z(¢)| under the exponentially stabilizing feedback (5.4) for
a=02,05,1.

22)2 +12(2—2?) —2, Figure 4 shows the time evolution of the state norm ||z(t)||
under the exponentially stabilizing feedback (5.4) for « = 0.2, 0.5, and 1. In
all cases, exponential convergence to zero is observed. Lower values of « lead
to faster decay rates, highlighting the influence of the conformable derivative
order on the stabilization dynamics.

Math. Model. Anal., 31(4):583-603, 2026.
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a) Strong stabilization. b) Exponential stabilization.

Figure 5. State evolution for a = 0.5, zo(z) = 7T7r2(z —22)2 +12(2 — 22) — 2.

Figure 5 further compares the state evolution for a = 0.5, showing that
the exponentially stabilizing control achieves faster convergence than strong
stabilization.

5.3 Exponential stabilization of perturbed 1D heat equation

Consider the unstable system (u > 72/4):

Dfx = x,, + px, z€(0,1), t >0,
:ZZZ(O,t) =0, x(lvt) = u(t)v (55)
x(2,0) = xo(2) € L*(0,1).

Formulated as (FBCP®) with A, f = f"+uf, D(An) = {f € H*: f'(0) = 0},
Qf = f(1), B = I. Assumptions (H1) and (H2) hold. Eigenvalues: A, =
p— (m/2+nm)?, eigenvectors ¢, (z) = V2 cos((m/2+nm)z), orthonormal basis.
The semigroup is

) 1
To(t*)zo(z) = Y 2eM"/ cos((m/2 + n)2) /O cos((m/2 + n)s)zo(s) ds.

n=0

For X € p(A), Q u = uhy(z) with

cos(zv/ 1L — A) A< p

cos(vpp — A) ’

h)\(Z) =41 A= Hy
N N T

A>p

eVA—t 4 e=VA=p ]

The internal system is

Let N be such that A\, < —¢ for n > N. For circle I's = C(O, R) enclosing
ot (4) = {A\, : n < N}, the projection is Psf = S0 (f,¢n)pn. Then,
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XT =span{¢o,...,on}, X~ stable:

oo N
ST 2T o, ATF = Aalf @n)Pn,
n=N+1 n=0
N N
T;(t@)x-‘r — Z 26>\nta/(l <.T+, Lpn>@n7 B;\Fu =u Z(h)\’ @n)gon
n=0

We stabilize the finite-dimensional system (A™, B;\') using the feedback

:—pin t%/a) o) F=(forf).

Let hy, = (hx, @n). The closed-loop matrix is

Ao —phofo  —phofi —phofn
A* —pBiF = —phifo A —phifi ’ :
: . —phn_1fn
—phn fo —phnfn_1 AN —phnfn
Choose A = p, so h,(z) = 1, h, = # If o(A* — pBfF) C C°,

Theorem 5 yields exponential stabilization via

B t*/a), on)
—‘sznw~

Ezxample 1. For p =25, N =1, p = 72,

A* pBYF = 25 — w2 /4 —21V/2 —2mV2f .
" 243 f, 25 — 9n% /4 + 252 fy

With fy =, fi =1, eigenvalues are in C°. The feedback

(o t2/a), o)

u(t) = 4r(a(-,1° /). o) + 5

exponentially stabilizes (5.5).
This extends [5] (a = 1, smoother zg) to all zo € L*(0,1) and « € (0, 1].

6 Conclusions
This paper aims to explore the stabilization of conformable boundary con-

trol systems. We establish the correlation between the stabilization of these
boundary control systems and their corresponding internal control systems.

Math. Model. Anal., 31(4):583-603, 2026.
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Furthermore, we establish that both systems can be stabilized using the same
control law. Although several topics of interest remain open, we are currently
working on extending this research to semilinear systems. Specifically, we in-
tend to investigate the stabilization of conformable systems with time-varying
delay and the bilinear boundary control systems discussed in [15] utilizing the
conformable derivative.
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