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1 Introduction

Since the early 1950s, when Calderén and Zygmund, in their pioneering work
and with the aim of generating an n-dimensional substitute for the Riesz’s
Rising Sun Lemma, introduced the decomposition of functions using dyadic
partitions of the supporting cube, the technique has been extensively and in-
tensively used in Harmonic Analysis. However, in recent years, Dyadic Analysis
has transcended its role as a mere tool of classical Harmonic Analysis. This
is due to several reasons. One of them is the correspondence that its theoret-
ical substrate has with image- and signal-digitization technologies. From the
analytical point of view, it has been recognized that the precision provided
by dyadic schemes to classical covering lemmas yields results with improved
estimates, which in turn lead to the search for better constants in bounds for
classical operators. This relevance of dyadic analysis has also led to its gen-
eralization to spaces of homogeneous type and to metric spaces with doubling

Copyright (©) 2026 The Author(s). Published by Vilnius Gediminas Technical University

This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduc-
tion in any medium, provided the original author and source are credited.


https://ror.org/02x3e4q36
https://journals.vilniustech.lt/index.php/MMA
https://doi.org/10.3846/mma.2026.24576
https://orcid.org/0000-0003-3829-7738
mailto:jboasso@santafe-conicet.gov.ar
https://orcid.org/0009-0005-0070-0095
mailto:jboasso@santafe-conicet.gov.ar
mailto:jboasso@santafe-conicet.gov.ar
https://creativecommons.org/licenses/by/4.0/

432 H. Aimar and J. Boasso

measures; see, for example, [18]. Likewise, recent works that develop different
relevant aspects of dyadic analysis include [3,4,11,12,13]. In all these works
the context is Euclidean, metric, or quasi-metric.

Our work in this paper consists essentially in freeing ourselves from the
metric and geometric structure and preserving only the measure structure of
the space. This approach, as we show in the examples of Section 7, allows us to
produce Haar systems that, while not orthonormal bases, can detect particular
textures in images, providing Lipschitz-type regularity indices for pixelations
generated with the underlying dyadic family.

As it is well known from the results obtained by M. Holschneider and P.
Tchamitchian, [15] and [16], see also [8], a-Lipschitz regularity of functions
defined on Euclidean spaces is completely characterized in terms of the behavior
of the continuous wavelet transform. These results hold true for very general
wavelet families. The basic feature of this characterization is given by the
power law on the scale, uniformly in the position parameter, for the size of the
projection of the function under analysis. The classical Haar function h in R
shows that such a characterization is not possible in terms of the behavior of
the discrete wavelet coefficients with respect to the standard orthonormal basis
generated by h. Nevertheless, the results in [1] show that some hidden regularity
is still reflected by a power law in the scale, uniformly in the position parameter,
for the Haar wavelet coefficients. In fact, this behavior characterizes Lipschitz
regularity with respect to the distance induced by the measure of the dyadic
intervals. On the other hand, this metric is only given by the dyadic family itself
and the measure space supporting the dyadic sets. The usual dyadic families
in R™ and even the generalizations built on spaces of homogeneous type, see [7]
and [9], are strongly related to the underlying metric structure. In particular,
they are differentiation bases in the sense defined in [10]. This differentiation
property leads to the construction of orthonormal Haar wavelet-type bases
for the space L?. Non-metric guided dyadic families can be constructed in
very general settings. Also, specially simple constructions in the plane R? can
be designed in order to produce quantitative parameters measuring particular
textures in images and time series. The wavelet-type functions provided by
these general dyadic families will usually not produce orthonormal bases for
the space of square-integrable functions. Even so, as we aim to show in this
note, there is no need for the basis character of the Haar system induced by a
dyadic family in order to obtain a characterization through power laws of the
Haar coefficients of the Lipschitz type regularity of a function with respect to
the metric induced by the dyadic family. The exponents of these power laws
would serve as indicators of textures and diverse features of signals and images.
The Hurst exponent (see [17]) used in hydrology as a measure of persistence for
time series can be computed using wavelets. Let us observe that when there is
a metric in the space guiding the construction of the dyadic families, the results
in [2] show that the dyadic families are suitable to recover the metric Lipschitz
character of a function. It is worthy to mention at this point the construction
of regular wavelet bases given in [6] (see also [5]) in spaces of homogeneous
type.

In this note we work on probability non-atomic spaces, without metric, but
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equipped with a family of dyadic sets that does not need to be a differentiation
basis for the Lebesgue spaces of the setting.

It is important to emphasize that the recent relevant results in dyadic anal-
ysis are framed within metric contexts. Although these techniques have been
extended to very general situations involving abstract sets endowed with met-
rics and doubling measures, except for the work [1], which addresses a prob-
lem of one-dimensional signals, the regularity of functions through, pixelations
lacking metric control had never been considered before. That is, analyzing
regularities of images and objects of any dimension based solely on the mea-
sure structure of the space. This approach is not only theoretically aimed at
reducing the assumptions of the analysis, but also allows for the construction of
non-standard pixelations of images that may be useful for detecting particular
textures.

Although the continuous wavelet transform and smooth wavelets are widely
used in the characterization of function spaces, discrete Haar wavelets do not
succeed in characterizing classical smooth function spaces. What seems to have
gone unnoticed until this work is that Haar wavelets, in their analytical and
computational simplicity, do suffice to characterize another type of regularity,
precisely, the regularity governed by the underlying dyadic family itself. This
makes it possible to generate Lipschitz-type exponents that are intrinsic to
the pixelations and provide sensitive information about the analyzed images.
One might see as a weakness of the method that a fixed dyadic system does
not recover information about the classical regularity of an image; however,
several dyadic systems, or their randomization, could be able to recover this
information through the corresponding dyadic analyses.

The paper is organized as follows. Section 2 is devoted to introducing
the dyadic families on a non-atomic probability space and some of their basic
properties. In Section 3, we review the definition of pseudo-metrics produced
by dyadic systems in measure spaces. In Section 4, we introduce the notions
of Lipschitz regularity with respect to a given dyadic family that we shall
consider later. Section 5 is devoted to reviewing the construction of the Haar
wavelet families provided by general dyadic systems and to proving some of
their basic properties. The main result, i.e., the characterization of dyadic
Lipschitz regularity in terms of the generalized Haar coefficients, is proved in
Section 6. The main results are contained in Theorems 1, 2, and 3. Finally,
Section 7 is devoted to illustrating, in the case of elementary 2-D images, the
ability of different dyadic families to reflect particular textures.

2 Dyadic systems in probability spaces

Let (X, F, 1) be a finite positive measure space. For simplicity and without
loosing generality we shall assume that u(X) = 1. Or, in other words, that
(X, F,u) is a probability space. Let us recall that the measurable sets, the
elements of F, admit a notion of distance given by the measure of the symmetric
difference p(E A F). In this setting the notions of density and separability are
given by the general context of metric spaces. As it can be seen, for example,
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in [14], every finite measure space (X, F, 1) that is separable and non-atomic, is
naturally isomorphic to the interval [0, 1] with the Lebesgue measure. This fact
allows the construction on any non-atomic separable probability space (X, F, u)
of a diversity of dyadic systems, as introduced in the next definition. It is
worthy noticing that this isomorphism is only relevant to answer the questions
regarding the existence of dyadic families satisfying the required properties in
a general setting. Usually, for example, in the case of the analysis of images,
the dyadic families are crafted by partitioning in several ways the frame of the
given image. We shall see some examples in Section 7.

DEFINITION 1. We shall say that a family D in a probability space (X, F, ) is
a dyadic family with inheritance coefficient B > 2 in (X, F, p) if

l.a. D C F;

Lb. D = ;50 DI, with P° = {X}; and for j > 1, DI = {Q;x : k € K;},
#(K;) = Kj, Uke,cj Qjr=Xand Q;,NQ,; =0 for k # [ both in K;;

Le ik =u(Qjk) >0, forall j >0and k € Kj;

1.d. for each j > 1 and each £ € K; there is a unique ! € K;_; such that
Qjx € Qj—1,, we briefly say that Q;_1 is the first ancestor of Q; x;

L.e. if Q is the first ancestor of Q, both in D, then w(@) < B,u(Q).

Let us notice that property 1.e can be regarded as a dyadic doubling condition
with dyadic doubling constant B. Usually, the first ancestor of Q is said to be
the parent of @, and the offspring of @ are the children of Q.

The next statement provides some elementary but relevant properties of a
dyadic family.

Lemma 1. Let D be a dyadic family with inheritance coefficient B. Then

1.1. UQeO(Q) Q=0qQ, for every Q € D where O denotes the offspring of Q, in
other words O(Q) = {Q : Q) 1s the first ancestor of Q},

1.2. given any @ € D, the offspring of Q has at least two elements and at
most B;

1.8. given j and l positive integers, k € K; and m € K, with Qjq1.m C Qjk,
then ijy1m < ’Yl/Jch, with 0 <~y=1-— % < 1.

Proof. To prove 1.1 notice that from 1.d we have UQEO(Q) Q C Q. Assume
Q = Qjk. Since D! is a disjoint cover of X, then Q C Utex,., @i+1a- If
l € Kj4+1 is such that Q;11,; N Q # 0, then again from 1.d we must have that
Qjt14 C Q. Or in other words Q;41: € O(Q). So that Q@ C Upep(g) @- In
order to prove 1.2, let us first observe that, from 1.d, #(O(Q)) > 2. In order
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to prove the upper bound for #(O(Q)) write the measure of @) as the sum of
the measures of its offspring and use 1.e

M(Q)=u( U @)z S @Dz Y £n(Q) = S#OQuQ).

QeO(Q) QeO(Q) QeO(Q)

which implies that #(O(Q)) < B, as stated. Let us finally prove 1.3. Suppose
first that [ = 1, since @Q); 1, is the first ancestor of ;11 and from 1.2, Q1 has
at least one brother, say Q1 p, then from 1.e we get ;1 > pjt1,m + [j+1,p =

Hit1,m + %#g‘,k- In other words pjq1,m < (1 — %),ujyk = Yl k- So, the result
follows inductively in [. 0O

Of course, the basic examples of dyadic systems in probability spaces are the
classical, usually metric driven constructions such as those in the interval [0, 1),
where D7 = {I; ), = [k277,(k+1)277) : k =0,...,27 -1}, with j a non-negative

integer. Or in a cube @ = [0,1)™ of R™, with D/ = {Q;x = [}, Lik, : k =
(k1. km) ki =0,...,29 — 154 =1,...,m}. Or even particular rectangles in
Q like DI = {Rj,k = [k}14_j, (kjl + 1)4_3) X HZZQ Ij,ki tk1=0,... ,4j -1k =
0,...,29 —1;4 = 2,...,m}. All of them are balls with respect to some metric

in X. The first are balls with respect to distances which are equivalent to the
Euclidean. The last are balls associated to parabolic distances in R™. Being
S0, these families share several extra properties aside from 1.a to 1.e such as
that of being differentiation bases in the Lebesgue sense. Nevertheless, our
approach, purely measure theoretic, lacks of metric structure and allows a
large diversity of partitions. For example, for Q = [0,1)? = X and p the
area measure in @), du = dzdy, an acceptable dyadic family for the square is
given by DI = {Rj = I;, x [0,1) : k= 0,...,29 —1},j > 0, which satisfies
properties l.a to l.e with B = 2, but it is not a differentiation basis in the
following sense. Given D in X, j a nonnegative integer and x € X, since
Di = {Qj,k' 1k € K;} is a partition of X, then there exists one, and only one,
k = k(j,z) € K; such that € Q;x(j,»). We say that D is a differentiation

. . 1
basis if T fijk(j)m) f(y) du(y) converges to f(z) for p almost every z € X

and every f € LY(X,F, ) when j tends to infinity. The basic definitions and
results regarding differentiation of integral can be found in [10]. In order to see
that D = J,5o D7, D/ = {Rjx = Ljx x [0,1) 1 k=0,...,2) —1},j > 0, is not
a differentiation basis for L'(Q, dxdy), it is enough to take f(z,y) = X[0,2)()-

The basic fact is that these non-differentiating dyadic families still provide
Haar type wavelets, which in general will only be orthonormal systems in L2,
but not orthonormal bases. These systems are still enough to characterize a
certain regularity of Lipschitz type for real functions defined in X. The Lipschitz
character is defined through a pseudo metric generated by the same family D
that are on the basis of the construction of the wavelets. Of course, when the
“cubes” in D are driven by a metric or quasi-metric, like in [7], we recover
more classical results of characterization of regularity through the behavior of
the Haar coefficients; see [2].

Math. Model. Anal., 31(3):431-451, 2026.
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3 Pseudo metrization of probability spaces through dyadic
families

The aim of this brief section is to introduce the pseudo metric provided
by a dyadic family on a probability space and to prove some of its elementary
properties.

Proposition 1. Let D be a dyadic family with inheritance coefficient B in the
probability space (X, F, ). Then the function ép : X x X — RT U {0} given by

op(x,y) = nf{u(Q) : 7,y € Q;Q € D}
satisfies the following properties.
1.1. op(z,x) = 0 for every x € X;
1.2. 6p(z,y) = op(y,x), for every x and y in X;
1.3. ép(z,2) < max {dp(z,y),0p(y, 2)} for every choice of z, y and z in X.

Proof. Given x € X and j a non-negative integer, from 1.b we have one and
only one k = k(j,z) € K; such that x € Q;y(j.»)- Now, from 1.3 we have
(Qjk(jz)) < ¥ u(Qo,1) = 7. Therefore, w(Qj k(j,z)) approaches 0 as j grows
to infinity. Let € X, then there are elements @ € D of measure as small as
we wish containing x, so that dp(x,2) = 0. The second property, 1.2, follows
directly from the symmetry of the condition that defines dp. Finally, to prove
1.3, let @1 and @2 be the two dyadic cubes in D that realize the distances
0p(z,y) and 0p(y, z) respectively. Then, dp(x,y) = u(Q1) with z,y € Q1 and
op(y,z) = u(Q2) with y,z € Q2. Since y € Q1 N Qa, it follows that Q1 C Q-
or Q2 C Q1. Suppose @1 C @2, then x and z are both in ()5. This implies that

op(z,2) < p(Q2) = max {u(Q1), 1(Q2)} = max {dp(z,y),0p(y, 2)}.
O

Notice that Proposition 1 only gives dp(z,2) = 0 but, in our general sit-
uation, dp(x,y) = 0 does not imply x = y. That is why ép behaves like
a pseudo-metric. On the other hand, 1.3 is stronger than the classical tri-
angle inequality. In this regard, dp behaves as an ultra-metric. To briefly
collect these two aspects of ép we say, somehow loosely, that dp is a pseudo-
ultrametric on X. A simple case of this general situation is given by the dyadic
family D7 = {R;r = I;x x [0,1) : k = 0,...,27 — 1}, 7 > 0 and, as before,
Lig=1k279,(k+1)277) in X = [0,1)%

The next statement contains a simple but basic fact; the dp-balls are pre-
cisely the sets in D. As usual we shall consider in X the open dp ball centered
at € X with radius r > 0 as the set Bs, (z,r) = {y € X: op(x,y) <r}.

Proposition 2. For every x € X and every r > 0, By, (z,r) = Q(x,r), where
Q(z,r) is the largest dyadic cube in D containing x with measure strictly less
than r. So that,

D ={Bsy(x,r):x €X,r>0}.
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Proof. Notice that from the definition of 0p we have that y € Bs,, (z,r) if and
only if there exists @ € D containing both z and y with ©(Q) < r. Since given
two cubes Q and @’ belonging to D, both containing z and y, we have Q C Q’
or Q' C Q, the result is clear. O

Notice that for » > 1 the dp-balls are always the whole space X. The
following proposition shows that the space (X, dp,p) is Ahlfors regular with

exponent equal to one.

Proposition 3. For 0 < r < 1, we have that

< pu(Bsy(z,1)) <1,

&

for every z € X.

Proof. From 1.3, we have that given z, with the notation in the proof of
Proposition 1, the sequence {1} x(j.) : j > 0} is strictly decreasing to zero and
to,1 = 1. Then, given 0 < r < 1, there exists one and only one 7 > 0 such
that 111 k(41,0) < 7 < Wjkz)- Hence Bsy, (z,7) = Q(z,7) = Q)41 k(j+1,2)-
So that, from 1.e,

r 1 1
B S BHikGae) = EN(Qj,k(j,w)) < 1(Qjs1.kG4+1,2))

= M(35D (%7")) = Wil k(G+1,2) < T

O

In a general metric space (X,d), the distance from a subset A of X to
another subset B of X is defined by d(A,B) = inf {d(z,y) : x € A,y € B}.
In our current dyadic setting, with d = ép, when the subsets A and B are
themselves dyadic cubes, we have an explicit way to compute their distances.

Proposition 4. Let Q1 and Q5 be two disjoint dyadic cubes in D. Then

6p(Q1,Q2) = inf {u(Q) : Q € D and Q1 U Q2 C Q}.

Proof. Since dp(Q1,Q2) = inf {dp(x,y) : € Q1 and y € Q2}, we have to
consider dp(z,y) = inf {u(Q) : @ € D;z € Q and y € Q} for every choice

of z € Q1 and y € Q2. So that dp(Q1,Q2) = inf ze@,inf 5 yeou(Q). Since
YEQ2 QeD

Q1NQ2 = 0, the smallest Q € D containing some z € Q1 and some y € Qs is the
same as the smallest cube in D containing ()1 and Q2. In fact, since @) contains
x, then QN Q1 # 0, if it would happen that Q1 ¢ Q, then it should happen that
@ C Q1. But in this case, since y € Q C @1 we have that y € Q1 N Q2, which

contradicts the hypothesis @1 N Q2 = 0. Then dp(Q1,Q2) = inf g, cou(Q). O
Q2CQ
QeD

Math. Model. Anal., 31(3):431-451, 2026.


https://doi.org/10.3846/mma.2026.24576

438 H. Aimar and J. Boasso

4 Lipschitz and generalized Lipschitz funct. in (X, dp)

Once a metric or pseudo metric is given on a set X, we have function spaces
generated by regularity conditions provided by the metric. The best known are
those given by power laws of the distance. The Lipschitz or Holder functions.

DEFINITION 2. Let D be a dyadic family with inheritance coeflicient B in the
probability space (X, F, ). Let « be a given positive real number. We say that
a real valued function f defined on X is of class a-Lipschitz with respect
to the dyadic family D, if there exists some positive constant A such that
the inequality

[f (@) = f(y)| < Adp(x,y)
holds for every z and y in X. The infimum of the constants A is called the

semi-norm of f and the vector space of a-Lipschitz functions with respect to
D is denoted by Lips, ().

Let us observe at this point that, in Euclidean instances of our general setting,
for example when X = [0,1) and D is the standard dyadic family, we have that
|z —y| < ép(z,y). Hence every standard (Euclidean) Lipschitz function is also
a Lipschitz function, with the same exponent, with respect to D. In the general
case, we have that the indicator function of @ € D belongs to Lips, (o) for
every a with semi-norm given by (M(Q))_a

Two reasons leads us to consider a weaker form of the a-Lipschitz condition
with respect to a general dyadic family. The first is theoretical. Our charac-
terization by Haar type wavelet systems without the differentiation property
in D will be based in mean values. The second has practical purposes for ap-
plications where digital time series or images are given as mean values of some
unknown continuous signal. The following result provides the key for the next
definition.

Proposition 5. Let f be of class a-Lipschitz with respect to the dyadic family
D in (X,D, ). Given Q € D, let fo to denote the mean value of f on Q. Then
the inequality

’fQj,m - fQJ’,n| S A(s%(Qj,ma Q],n)

holds for every j > 0 and every m and n on K;.

Proof. When m = n there is nothing to prove. Assume that n # m both in
K; and write

1
fay — fa,.| < ——— /Q 1£(2) = fa,..| dn(z)

/’L(Q],m) jom
:u(Qljm)/Q. ‘f(x)_u(Qljn) o f(y) duly)| dp(x)

1 1
= u(ng)u(an)/Q /QM [f (@) = F ()] du(y)dp(z)

J,m

IN

/ 52 (2, y) duy)du(a).
Q

A
1(Qs.m)1(Qjn) / -

J,m
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Notice that, in the last integral z € Qjm, ¥ € Qjn and Qjm N Qj, = 0
because m # n. So that, as we proved in Proposition 4, we have that dp(z,y)
is constantly equal to dp(Q;j,m,Q;,») and the desired inequality is proved.

O

DEFINITION 3. Let (X, D, ) and D be as before. A function f defined and
integrable on X is said to be of pixelated a-Lipschitz class with respect
to D if, for some positive constant A, the inequality

S A(S%(Qj,ma thn)

holds for every j > 0 and every choice of m and n on K;. We shall write A;,, ()
to denote the space of these functions and |f|A5D(a) to denote the infimum of
those constants A.

Qs = fas

Proposition 5 shows that a-Lipschitz implies pixelated a-Lipschitz. In our
general setting, when D is not a differentiation basis for L' (X, F, i) the converse
is generally false.

In concrete applications to the analysis of images, there is only a finite
number of scales available. This fact leads to the following definition.

DEFINITION 4. Let (X, D, 1), D and f be as in Definition 3. We shall say that
f is of discrete a-Lipschitz type up to level J > 0 with respect to D
with bound A if the inequality

{fQj,m, - fQj,n| < A(S%(Qj,ma Qj,n)

holds for every j € {0,1,...,J} and every m and n in K;. We denote the
space of these functions f by Af () and we shall write [flaz_(a) to denote the
D

infimum of the constants A.

5 Haar type wavelets associated to dyadic families

Let D be a dyadic family with inheritance coefficient B > 2 in (X, F, p).
On the bases of the properties of D, a multiresolution type analysis can be
given in L?(X, F,u) by defining, for j > 0

Vj = {f :X = R such that f|g,, is constant for every k € K;}.

Notice that each V; is a closed subspace of L?(X, F, u). Moreover V; is a closed
subspace of V;;1 with the L*(X,F, 1) norm. Notice also that Njo Vi = Vo
is the one dimensional space of all constant functions. Under our general as-
sumptions, the density of | >0 Vi fails to be true.

Given @ € D, the offspring O(Q) can be conveniently indexed by their scale
and by the position index in that scale. Precisely, given j > 0 and k € Kj, let
Kitip ={l € Kjt1: Qi1 C Qj i} be the set of indices of the offspring of
Qj k- We shall also consider the auxiliary subspaces of L?(X,F, u) defined by

Vik =1{f X = R/fl|g,,,, is constant VI € K; 1 and f(x) =0 for x ¢ Q; 1}

Math. Model. Anal., 31(3):431-451, 2026.
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Notice that from 1.2, 2 < dimV; < B, instead dim V; tends to infinity as j
grows.

All the above construction allows to build a Haar type family of functions
in X which will generally fail to be an orthonormal bases for L*(X, F, ), but
it will suffice to characterize Lipschitz regularity as described in Section 4.

Proposition 6. Let D be a dyadic family in (X, F, ) with inheritance coeffi-
cient B. Let V; 1. as above. Then

6.1. for each j > 0 and each k € K; there exists an orthonormal basis
of Vi given by {(/’[’j,k)_%XQj,k} U Mk, where Hjp = {wj’\k A=
., dimVj, — 1}
6.2. the system Hp = ;5 Ukefcj Hjy is orthonormal in L*(X,F,u). We
shall say that Hp is a Haar system generated by D;

6.5. if D is a differentiation basis of L'(X,F,u), in the sense that for f €
LY(X, F,p), fQ 0 — f(x) as j — infty for almost every x, then the
family {1} UHp is an orthonormal basis for L*(X, F, ).

Proof. 1In order to prove 6.1, take IC;-JrLk to be any subset of K;i1 ) with
#(Ki15) = dimVjp — 1 = #(Kj41) — 1. Then, the set of dimV;, ele-
ments given by {xq,,} U{xqQ,.., 1l € IC;_HJ} is an algebraic basis of V; i,
because they are linearly independent. Since V; inherits the Hilbert struc-
ture of L?(X, F, i), we can apply the Gramm-Schmidt algorithm starting with
XQ, .- This procedure gives an orthonormal basis of V; . of dim V; j elements,
the first being (,uj,k)_%XQj’k(ac). The remaining dim V; — 1 elements of this
basis, which being orthogonal to xq, , necessarily will have zero integral, are de-
noted by H;x = {¢}, : A=1,...,dimV; . — 1}. Of course, (¢3,,92,) = O is
with 4§, 5 be the Kronecker delta Let us now prove 6.2. From the construc-
tion of {1#;.",6 1j>0ke Kj;A=1,...,dimV;; — 1} we certainly have that
||¢;‘k||2 =1 for every choice of 4, k and A. So that we only need to show that
(W2 V) = S dn (@)U o (@) dpa(x) = 0 when j # j" or k # K or A # X
When j = 5/, k = k and by # )X, the result follows from the construction of
H; . We only have to consider the case j # j' and Qjk N Q1 # 0. Assume
that j > j/, then the support of 1&;" & is contained in some cube of the offspring
of Q. But since 7/’3\',,19' is constant on each cube of the offspring of Q) 5 and

the integral of %)-‘,  vanishes, we have that

[ 0¥ ae@)(@) duta) = € [ W) duto) =0

Property 6.3 follows, as usual (see [8]), from the fact that under the hypothesis
of differentiation of D, we have that (J,-,V; is dense in LA(X, F,u). O

6 The main result

In this section, we search for a characterization of dyadic a-Lipschitz reg-
ularity of a function in X in terms of a power law on the scales for the Haar
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system defined by D. At this point it is worth noticing that the one-dimensional
resemblance of our results is due to the fact that, as we proved in Proposition 3,
the space (X, F, ) is 1-Ahlfors regular. So that when dealing with classical
spaces such as R? with the Lebesgue measure and the standard dyadic cubes,
0p(z,y) is the diameter of the smallest dyadic cube containing x and y, raised
to the power d. The first result is the simplest one and shows that the Lips-
chitz character of f entails a power law of the Haar coefficients in terms of the
measures of their dyadic supports. For this first result, we actually do not need
the existence of an inheritance coefficient B > 2 and properties 1.a to 1.d of
the dyadic family are sufficient.

Theorem 1. Let D be a dyadic family in (X, F, u) that satisfies properties 1.a
to 1.d. Let « >0 and f € Lips, (o) be given. Then, the inequality

atl
[ 03] < U F sy (o) (i) 2T 2
holds for every j > 0, every k € K; and every A =1,2,...,dimV;; — 1.

Proof. Fix j, k and \. Since w;‘ . has a vanishing mean, we may write
() = / F@) (@) d() = / (F(@) — fa,0) ¥ (x) du(z)
X X
- /Q L (F@) - 1) (@) duly) du(e).

ik Hik JQj

Taking absolute values in the last identity and using the fact that f € Lips,,
we see that

(Foal < —

ik
1 (o3

g [ [ 80) [84(0)| du(y) dulz)
Hjk JQj k7 Qi
1

Lo L (@) @ ) dute)

~lainsm (500" [ 1WAl duta)

z€Qj,k

[ 15@) = ) dut) [ (@)] duo)
Qi 4 Qjk

IA

< |f|Lip5,D ()

1
< Flzipsy @) (i k) N3 kll2lx@, i 12 = | F1Lips, () (g.0) 22

7

as desired. O

In order to get a version of the above result for functions f in the pixelated
and discrete classes A5, (o) and A7 (), defined in 3 and 4, let us first prove
the following result.

Lemma 2. Let D be a dyadic family in (X, F,u) that satisfies properties 1.a
to 1.d. Let a > 0 be given and J a positive integer larger than two. Given

f € LNX, F, ), define 9(@) = ,exc, fQumXQun (). Then, the identity
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holds for every j such that 0 < j < J — 1, every k € K; and every A =
1,2,...,dimV;; — 1.

Proof. The result can be directly seen from the projections on the spaces
V;. Nevertheless we include the following direct computation based on the
particular structure of the wavelets ¢ ,. Since ¥}, € Vj, then ¢}, can be

written as
A
j,k(x) = Z Bjyk,hl XQj+1, (CU)
{:Q5+1,1CQ k)

Then,

/ fi/@,k dp =/ f( Z Bkl XQJ-H,[) du
Qj.k Qj.k

{1:Qj41,.CQj .k}

= Z ﬂj,k,)\,l/ fdp

{I:Qj4+1,1CQ4x} Qjit1,1
- Z Bkl Z / fdu
{1:Qj+1,1CQy,k} {m:QumCQj41.} Qum
— Z Bike, Al Z IQsm / XQym dpt
{:Qi+1.CQyk } {m:QumCQj+1,1} Qjk
= Z ﬁj,k,/\,l/ gdu
{1:Qj4+1,1CQj,k} Qj+1,1

= / g( Z Bj,k,)\,l XQ_7‘+1,Z> d/J’ = / gqvbj/\,k d:u’
Qj,k Qj.k

{1:Q;j4+1,1CQj k}
O
Theorem 2. Let D be a dyadic family in (X, F, u) that satisfies properties 1.a

to 1.d. Let o > 0 be given. Let f € As, () (resp. f € Af (a)). Then, the
inequality

[(f,000)] < |f|A5D(a)(Nj,k)a+%v (resp. |(f, 07| < ‘f|A({D(a)(Uj7k)a+%)

holds for every j > 0 (resp. 0 < j < J—1), every k € K; and every X\ =
1,2,...,dimV;; — 1.
Proof. For large J and 0 < j < J — 1, applying Lemma 2, we have
1
(F,070) = (9. ¥30) =/ — (9(z) = 9(v) V34 (x) dp(y)dp(x),

z€Qjx Mik JyeQ;

with 9= 3 exc, f@smXQsm» 50 that

o] < Mlk / N / o, 190 — 9 0)| di)d).
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On the other hand, from the definition of g we have that |g(z) — ¢g(y)| vanishes
if 2 and y belong to Qjm, whereas |g(z) — g(y)| = ’fQJ_’m — fQ,..| for those
z € Qsm and y € Q. From the hypothesis on f we have that

l9(@) = 9| < [flas, ()0D(Qum, Qun)-

Since z,y € Qj k, both Q ., and @ 5, are sub-cubes of (); 1, we then have that

l9(z) = 9(W)| < [flas, (@) (15 k)"

So that, from Fubini’s Theorem,
3 < g o010 / / ()] dia(y) ()
J;
= g o 08500 50 / ()| du(a),
75

ik

M\»—l

now, since [, [ ()] du(x) < (o, 92 du(@))* (ia)F = (i),

we have )
[(F2ad ] < 1Ly o) (150) 2.

0O

In order to search for reciprocals of Theorems 1 and 2 let us state and prove
some auxiliary lemmas.

Lemma 3. Let D be a dyadic family in (X,F,u) satisfying properties 1.a to
1.d. Let o > 0 be given. Assume that f € LY (X, F,u) and that there exists a
constant C' > 0 such that the inequality

[(f 7] < Clpy)te

holds for every j > 0, every k € K; and every A =1,2,...,dimV; — 1. Then,
for every Q € D and every @Q in the offspring of Q we have the inequality

Q) — (@)

o= tol <€\ la00)

or, with index notation

Mgl — Hj+1,1 a
| fQynt — fQJk|<Cwmvdlmvgk— (1jr)* 2,
75 J

Jor every l € Kj .

Proof. Let us start by obtaining a formula for fQ — fo in terms of the Haar
system {w;\k} Notice that from 1.d, the dimension of Vg is at least two. Set
Q(z), i =1,2,...,dimVg — 1 to denote the brothers of Q. In other words,
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Q = Qu (U2 Q(i)), and the union is disjoint. Then, from the additivity
on the domain of the integral and the fact that the offspring of @ provides a
measurable partition of Q, we get

) ) dim Vg —1
= dy — —— d d
fa - fa M(Q)/Qf ” #(Q)< S Q(i)f u+/@f u)

i=1
dim Vg —1

= / fdp— Z / fdp.
u
The last term obove can be written as an integral on @,
dim Vg —1

1 1
fQ_fQ_/Q[(u(Q)_M(Q)> 3 Z X6 ]fd“

It is clear that the function

dim Vg -1

1 1
g(x) = (m - m)xc} Z Xga) (@

belongs to the space Vg of functions that are constants on the offspring of Q.
Moreover,

1 1 ~ 1 ~
/ngu:/di,u: <’u(©)—M(Q)>M(Q)—N(Q)(M(Q)_/~L(Q)):O'

Hence, g can be written as a linear combination of the Haar functions {¢é) :
A=1,2,...,dimVg — 1}. In other words, g = dlva ! CM/’Q Then, since
[(f,08)] < Cu(@)+3,

dim Vg —1 dim Vg —1
|fQ_fQ|:’/X< AZ CA%)fdu < ; Gl v)]
=1 =1

dim Vo —1 .
§C< > OA)(.U(Q))OH_Q-

A=1

di Vo1
Let us now estimate the sum Y 3, @~

we see that

|C|. From Cauchy-Schwarz inequality

dim Vo —1 dim V-1 3
Y. o< ( > |CA|2> VdimVg — L.
A=1 A=1

On the other hand, since {wé? A=1,2,...,dimVgy — 1} is orthonormal, we
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necessarily have that

dim Vo —1 2
S o= / Lﬁm:( ! —1> Q) + —— (u(Q) — w(Q)

= (@) Q) 12(Q)
_ Q) — Q)
mQ)u(Q)
Then,
[fo—fol <C W dim Vg — 1(p(@)""?
O

Lemma 4. Let D, f, o, Q and Q as in Lemma 3. Assume now that D satisfies
also property 1.e. Then,

fo — fol < CVB(B—-1)(u(Q))".

Proof. From Lemmas 1 and 3, we have

- W@~ 1Q) i oo
o =tal <\ G VP 1H@)T
On the other hand
TR M B
w(Q)u(Q) Q) M<Q)_\/@_\/m’

and we are done.
O

We are now in position to prove that the power laws for the Haar coefficients
of a function on X entail its Lipschitz regularity.

Theorem 3. Let D be a dyadic family in (X, F, u) satisfying properties 1.a to
1.e of Definition 1. Let f be an integrable function in (X, F,pn) such that for
some constant C' > 0 the inequalities

[(F M| < Clujp)ots

hold for every j > 0, every k € K; and every A = 1,2,...,dimV; — 1. Then,
with B the inheritance coefficient in 1.e, the inequality

_20B°/B(B-1)

="Ba_(B-1)°

fQJ,m - fQJ,n 6%(QJ,m7 QJ,n)

holds for every positive integer J and every m,n € K. In other words, f €

Asp (@), moreover |f| 4, (a) < 20B*\/B(B —1)/(B* — (B —1)%).
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Proof. Fix J, m and n. Of course, we may assume that m # n. Let Q;, € D
be the smallest common ancestor of both @, and @ ;.. Observe that, since
X itself is a common ancestor of @, and @y, such a @, is well-defined.
Moreover, ft 5 = p(Qjk) = 0D(QJm, Qun)- It is clear that the scale index j of
Qj,1 is smaller than J. Let [ be the positive integer such that j 41 = J. Then,
we may follow the genealogies of @ j,, and @, up to their common ancestor
Qj k in the following way

Qim C QJfl,k(Jfl,J,m) C QJ72,k(J72,J,m) c--C Qj+1,k(j+1,J,m) C Qj ks
Qin CQi—1k(-1,0m) C Qr—2k(-2,0m) C** C Qjs1k(+1,7m) C Qjks

where the notation Q ;_; x(s—i,7,m) stands for i*" ancestor of Q jm- With these
two family chains we may write

-1

fQJ,m - fQJ,n = (fQJ,m - fQj,k) + (fQj,k - fQJ,n) = Z (fQJ—i,k(J—i,J,m)
1=0

=

-1

- fQJ—(i+1),k(J—(i+l),J,m)) - (fQJ—i,k(J—i,.I,n) - fQJ—(i+1),k(J—(i+1),J,n))'
2

I
o

Now, taking absolute values and using Lemma 4 in every term of the sums we
obtain

-1
|fQJ,m - fQJ,n| < Z |fQJ7i,k(in,J,m) - fQJ—(i+1),k(J—(H»l),J,m)
=0

-1
+ § |fQJ—i,k(J—i,J,n) - fQJ—(i+1),k(]—(i+1),J,n)
=0

l

<C\VBB-1)

(]

(M(QJ—(i-H),k(J—(i+1),J,m)))a

?

L

-1

+CVB(B=1)Y (1Qs—(i+1) k(I—(i+1).0m)) -

1=0

Since both subcubes sequences are contained in and increasing to Qj, we
apply 1.3 in Lemma 1 to get

=1 (l—i—1)a

@ = Faual <2C¢B<B—1><Z(1—;) 1 )(u]—w
=0

_20B*/B(B-1)

= Be—(B-1)

6%(QJ,ma QJ,n)-
O
We have already observed that our general dyadic families with inheritance

coefficient B need not be differentiation bases for L!(X,F, 1) functions. Nev-
ertheless, the results above show that a power law in the scale size of the Haar
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coeflicients, are still giving some information on the smoothness of the means
of a function over the dyadic sets in the given family. To be a differentiation
basis for a dyadic family as defined above means that for every f € L1(X, F, u),

1
li _— d =
o /Q W) ) = 0

for p almost every x € X. Since, as it is easy to prove, the dyadic maximal

function
1
Mp f(x) = sup {M(Q)/Q | f] dM}

is of weak type (1,1), what is generally lacking in our setting is the existence
of some dense subspace of L'(X,F,u) for which the limit above is satisfied.
Of course, we recover these properties in general settings such as spaces of
homogeneous type with metric guided constructions of dyadic families, such as
those in [7]. The next result is a consequence of Theorem 3 under the hypothesis
of differentiation and can be seen as a reciprocal of Theorem 1 above.

Corollary 1. Let D be a dyadic family in (X, F, u) satisfying properties 1.a to
l.e. Assume also that D is a differentiation basis. Let f be an integrable
function in (X, F, u) such that for some constant C' > 0 the inequalities

(20| < Clujp)t?

holds for every j > 0, every k£ € K; and every A = 1,2,...,dimV; ; — 1. Then,
with B the inheritance coefficient in 1.e, we have the inequality

2CB*/B(B — 1)

Ba _ (B _ 1)@ 6D(x7y)7

|f(z) = fly)| <

for almost every z and y in X. Hence, f € Lips, (), moreover |f|Lip; (o) <

2CB*\/B(B—1)

Be—(B—-1)~

Proof.  Given x and y in X, let us consider the two sequences of cubes {Q; x(j,z) :
J > 0} and {Qj () * J > 0}, and let us apply the result of Theorem 3 to
these sequences, hence

2CB*\/B(B—1) ,
S B mo1e 2@k Qiniv)

fQj,w,w) - fQch(j,y)

Because of the differentiation property of D for L!(X, F, i) functions, the left-
hand side of the above inequality tends to ‘ flx)—f (y)| when j grows to infinity
for almost every z and almost every y, both in X. On the other hand, let @,
be the smallest dyadic cube containing both x and y. Then dp(z,y) = o ko -
Since for j > jo + 1 we have that Q; r(j.») and Q;r(j) are disjoint subcubes
of Qj,.ky» We necessarily have that

0p(Qj k(.x)s Qi) < Hioko = 0D(2,Y),

and we are done. 0O
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7 Examples

The basic results in Section 6 relate the dyadic regularity of a function on X with
a power law for the Haar coefficients in terms of the measures p; ) of the sup-
ports of the ¢]>‘\,k- One may take averageson k € Kj and A € {1,...,dimV; -1}
for fixed j in the inequalities for the wavelet coefficients provided by Theo-
rem 3 and Corollary 1; [(f,¢},)] < Clujp)®t2, 5 >0, k € K; and A =

1,2,...,dim V;; — 1. In this way we obtain the average wavelet coefficients
1 1 dim ijk/fl 1
AWC(HG) = =) ——— A <o— k)T
keK; ' A=1 keK;

When u; 1, = pj only depends on the scale 7 but not on the position k of the
support of wj)-"k, we have that AWC(f)(j) < C(uj)oﬁL% for every j > 0. This
functional inequality, involving two parameters o and C, the Lipschitz exponent
and the corresponding bound according to Definition 4, can be written in simple
form by taking logarithms,

LAWC(f)(§) = log AWC(f)(j) < (a +1 /2)1og 1 +log C.

The important information in this inequality is that for empirical images -
AWC(f)(j) and LAWC(f)(j) can explicitly be computed. Sometimes, in par-
ticular for uniform partitions, LAW C' behaves like a linear function of j with
slope 8 < 0, and this fact gives a plausible value of the regularity exponent
a=—-0-— %

In this section, we aim to illustrate, using some simple two-dimensional
images, the potential use of diverse dyadic systems to detect particular textures
in images. By linear regression, we shall estimate, using Python, the slope and
the intercept of the line, as a function of the scale j, on the upper estimate of
LAWC(f)(j). The slope —(8 + 1) gives an estimate of the worst regularity in
the image, and the intercept log C' provides an estimate for the amount of that
regularity. Let us be precise with the images and the dyadic systems that we
shall consider. The first set of images contains the two following trigonometric
bivariate functions on the square [0,1]? = [0,1] x [0,1] with the usual area
measure, Fy(z,y) = 22 (1+sin(207x)) and Fy(z,y) = 222 (1+sin(20m(z+y))).
The second set of images on [0,1]? is given by Gi(z,y) = Fi(x,y)X[0,,](,Y),
1= 1,...,5; with b; = %, by = %, b3 = %, by = % and b5 = % The first set
{F1, Fy} is depicted in Figure 1 and the second in Figure 2.

Figure 1. The level sets of F; and F». Black corresponds to the value 0 and white to 255.



Lipschitz regularity and its Haar type wavelet analysis m

a) G1 b) Gg C) G3 d) G4 e) G5

Figure 2. The five functions G;,i=1,...,5.

Table 1. The three exponents of regularity for F and Fs.

Fy Fy
I a1 1 = 0.4936 gy = 0.4782
II a1 11 = 0.6234 Q211 = 0.3002
111 Q111 = 0.4873 Q2 111 = 0.3412

The three families of wavelets that we shall use are associated with the
dyadic families that we introduced in Section 2. Namely, squares, parabolic
rectangles, and non-metric bands. Precisely, we shall get the Haar coefficients
of F;, 1 =1,2 and G;, 71 = 1,...,5 with respect to three wavelets, one in each
of the dyadic cases. The first is the classical Haar function of the plane, given
by

"/};‘,k(xvy) = 2 ho,0(27z — k1)X[0,1)(2"y — k2),

with k = (]{71, kz), 0 < kl < 2j — 1, 1= 1, 2 and ho,o(t) = X[O,%)(t) _X[%,l)(t) the
one-dimensional Haar function. The second is one of the seven (23 — 1) Haar
parabolic functions given by

%,Ik(x, y) = 8%hgo(4z — kl)X[O,l](ij — ka),

with k = (k1,k2), 0 < k3 < 49 —1 and 0 < ko < 2/ — 1. The third is the
associated non-differentiating dyadic family of vertical bands,

M (2, y) = 28 ho (27 — k),

with 0 < k < 29 — 1. Each one of these three wavelets are applied to obtain the
corresponding Haar coefficients of each one of the seven images. In this way,
we obtain for j = 0,...,12, the values of LAWC(F;,I)(j), LAWC(F;,11)(35)
and LAWC(F;, IIT)(§) for i = 1,2 and LAWC(G;,1)(j), LAWC(G;,1I)(j) and
LAWC(G;,1II)(j) for ¢ = 1,...,5. The estimates of the Lipschitz exponents
for F| and F5 are summarized in Table 1.
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Table 2. Persistence of o and the increment of log C.

Gy Ga G3 Gy Gs
apy = Qg1 = ag1 = g1 = a1 =
I 0.4491 0.4821 0.4892 0.4896 0.4933
log4 0171 = log4 0271 = log4 0371 = log4 C4,[ = 10g4 05,[ =
4.8237 5.5285 6.0666 6.3640 6.4899
apn = ag 1 = g = Qg1 = a5 11 =
I 0.5640 0.6087 0.6174 0.6176 0.6207
logg C1 11 = logg Ca 11 = logg C3,11 = logg C4,11 = logg Cs,11 =
3.6739 4.1613 4.5212 4.7176 4.7941
a1 = Qg 111 = Qg 11 = Q111 = a5 111 =
I 0.3981 0.4642 0.4784 0.4793 0.4865
logy C 111 = logy Ca 111 = log, C3,111 = logy Cy 111 = logy Cs 111 =
8.6474 10.0569 11.1332 11.7281 11.9798
The estimates for the intercepts of the regression lines for G;,7 =1,...,5 are

summarized in Table 2, where aside from the increment of log C' for i increasing
in the set {1,2,3,4,5}, shows the empirical stability of the regularity exponent
a. To make the comparison possible, we use different bases for the logarithm
function according to the scales of the dyadic objects.

Notice that, from Table 1, the three types of wavelets are detecting more
regularity in F than in F5, but the parabolic wavelets have a better separation
performance between the vertical and oblique textures in these images.

8 Conclusions

In the quest for quantifiers for particular textures in images, power-law behavior
across scales of ad hoc Haar wavelets, constructed without guidance from either
FEuclidean or metric structures, can be useful in applications.
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