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Abstract. In this paper, we study a coefficients inversion problem

of a coupled system controlled by three reaction-diffusion equations

describing a simple dynamic model of a drug epidemic in an ide-

alized community from the final measurement data. Firstly, the

optimization theory is used to transform the given problem into

an optimal control problem, and the existence of minimizer is es-

tablished. Then the stability estimates of the Lipschitz type for

the three spatially varying coefficients are proved, where the upper

bounds are given by some Lebesgue norms of the final measure.
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1 Introduction

Nowadays, inverse problems based on PDE models have become one of the
fastest growing areas in applied mathematics. This is due to the pressing
need for solutions to inverse problems in other disciplines and in engineering
and technology. For example, in geological exploration [4], we may use data
from seismic waves to infer underground structures; in medical imaging [18],
we use X-ray or MRI (magnetic resonance imaging) to diagnose the inside
of the human body; in environmental science [12], we use the distribution of
pollutant concentrations to determine the location and intensity of the source
of pollution, and so on.

Inverse problems are challenging because they are often ill-posed. This
means that even if solutions exist, they may not be unique and are extremely
sensitive to small perturbations in the data. This leads to the need for special
mathematical techniques and algorithms to solve inverse problems, such as reg-
ularization methods [2, 5, 9], Bayesian estimation [3], and various optimization
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techniques [1, 11,22,29] to ensure the stability and reliability of the solution.
In this paper, we are interested in the inverse problem of determining the

spatial coefficients aii(i = 1, 2, 3) in a reaction-diffusion system with the fol-
lowing initial and boundary value conditions:

ut − uxx + a11(x)u+ a12(x)v + a13(x)w = 0, (x, t)∈Q=I×(0, T ],
vt − vxx + a21(x)u+ a22(x)v + a23(x)w = 0, (x, t) ∈ Q,
wt − wxx + a31(x)u+ a32(x)v + a33(x)w = 0, (x, t) ∈ Q,
u(x, 0) = u0, v(x, 0) = v0, w(x, 0) = w0, x ∈ I,
u = v = w = 0, (x, t) ∈ ∂I × (0, T ],

(1.1)

where the interval I = (0, 1) and T > 0 is a constant.
System (1.1) is a drug war weakly coupled reaction-diffusion system, a sim-

ple dynamic model of a drug epidemic in an idealized community if all the
conditions for a definite solution are known. In this model, the population
is divided into three subgroups u(x, t), v(x, t) and w(x, t), which denote the
susceptible, infective and law enforcement levels at (x, t), respectively. Here
we assume three reaction coefficients a11(x), a22(x) and a33(x) are unknown,
so the above-mentioned system is under-determined. However, it is assumed
that it is possible to provide three kinds of population levels at terminal time.
So our inverse problem is to determine reaction coefficients (a11, a22, a33) in
problem (1.1) from the additional final data (u(x, T ), v(x, T ), w(x, T )) given by

u(x, T ) = g1(x), v(x, T ) = g2(x), w(x, T ) = g3(x), x ∈ I, (1.2)

where the given functions g1(x), g2(x) and g3(x) are three known field data.
The aim of this paper is to obtain stability estimates of an inverse problem

for simultaneous determination of three coefficients a11(x), a22(x) and a33(x)
in reaction-diffusion system (1.1) by final value measured data (1.2).

In recent years, the inverse problems of coupled systems controlled by mul-
tiple equations have aroused many researchers’ interest, and some researchers
have discussed such problems. For instance, Cristofol et al. in [7] studied
the inverse problem of simultaneous identification of two discontinuous diffu-
sion coefficients for a one-dimensional coupled parabolic system under a single
component condition. In [23, 24], Srati and Oulmelk et al. investigated the-
oretically and numerically the inverse identification of two unknown spatial
coefficients under additional conditions for a system controlled by two coupled
fractional diffusion equations by the terminal data. In [19,20], Li and Liu et al.
respectively studied the inverse problems of the coefficient of the interaction
term in the Lotka-Volterra model and some coefficients in a coupled nonlinear
parabolic system by using the boundary observations of non-negative solutions.
In [13,14], Ait Ben Hassi et al. studied several inverse problems of determining
four space-dependent coefficients and simultaneous inversion of radiative po-
tentials and initial temperatures in parabolic equations with dynamic boundary
conditions by employing the Carleman estimate.

In addition, some scholars have studied the stability of inverse problems in
systems controlled by multiple equations. e.g., Wu et al. in [27] discussed the
inverse problem of determining the coefficient of spatial change in a strongly
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coupled reaction-diffusion system from internal observation data on arbitrary
subdomain, and used a new Carleman estimate to derive the Hölder stability of
this inverse problem. Chorfi et al. in [6] demonstrated conditional stability esti-
mates for linear and semilinear systems in general backward semilinear strongly
coupled parabolic systems. In [26], Wu et al. studied the inverse problem of
determining the source term of spatial change in a thermoelastic medium with
memory effect, proved the Carleman estimate for a general strongly coupled
hyperbolic system, and obtained the Carleman estimate for a hyperbolic ther-
moelastic system. Based on this estimate, the stability of the inverse source
problem is finally established only by making displacement measurements over
a given subdomain over a sufficiently large period of time.

In this paper, the inverse spatial coefficient problem of the reaction-diffusion
system is discussed, and the stability estimation is obtained by using the opti-
mal control framework. Our main contributions are reflected in the following
two points:

1. Our model consists of three coupled reaction-diffusion equations;
2. Lipschitz stability of coefficient inversion for nonlinear inverse problems

based on terminal measurements.
It should be emphasized that though, for simplicity, we have studied the

stability estimate for a one dimensional diffusion system, it can be extended
to higher dimensional systems. For instance, the dimension d = 2, 3. Here we
need to assume that Ω ⊂ Rd is a bounded domain with a Lipschitz’s smooth
boundary, and to make higher assumptions about the regularity of the un-
known coefficients and other definite solution data. On the other hand, as
possible generalizations, it seems interesting to study the same problem with
the observation taken at different moments Tk for the component uk. Or in a
strongly coupled system, it may be possible to uniquely reconstruct unknown
coefficients by measuring a single component at different times (e.g., such as
u(x, T1), u(x, T2), u(x, T3)). However, such issues require further investigations
and here we restrict ourselves to the issue within the existing framework.

The main goal of our work can be expressed as follows. Let (ũ, ṽ, w̃) be the
solution of the following system:

ũt − ũxx + ã11(x)ũ+ a12(x)ṽ + a13(x)w̃ = 0, (x, t) ∈ Q,
ṽt − ṽxx + a21(x)ũ+ ã22(x)ṽ + a23(x)w̃ = 0, (x, t) ∈ Q,
w̃t − w̃xx + a31(x)ũ+ a32(x)ṽ + ã33(x)w̃ = 0, (x, t) ∈ Q,
ũ(x, 0) = u0, ṽ(x, 0) = v0, w̃(x, 0) = w0, x ∈ I,
ũ = ṽ = w̃ = 0, (x, t) ∈ ∂I × (0, T ].

(1.3)

Set U = u− ũ, V = v − ṽ, W = w− w̃, by subtracting (1.3) from (1.1) we
get a sensitive problem of (1.1) as follows:

Ut − Uxx + a11U + a12V + a13W = −A1ũ, (x, t) ∈ Q,
Vt − Vxx + a21U + a22V + a23W = −A2ṽ, (x, t) ∈ Q,
Wt −Wxx + a31U + a32V + a33W = −A3w̃, (x, t) ∈ Q,
U(x, 0) = 0, V (x, 0) = 0,W (x, 0) = 0, x ∈ I,
U = V = W = 0, (x, t) ∈ ∂I × (0, T ],

(1.4)

where A1 = a11 − ã11, A2 = a22 − ã22 and A3 = a33 − ã33.

Math. Model. Anal., 31(3):521–541, 2026.

https://doi.org/10.3846/mma.2026.24516


524 Z. Zhang and L. Sun

Theorem 1. Let (u, v, w) and (ũ, ṽ, w̃) be the solutions of the systems (1.1)
and (1.3), respectively. Assume the coefficients aii, ãii (i = 1, 2, 3) satisfy
(2.1)–(2.2) defined in Section 2, and there exists a point x0 ∈ I such that
aii(x0) = ãii(x0). Then for small T , there exists a constant C > 0, which
depends only on T and I, satisfying

max
x∈Ī

|a11 − ã11|2 +max
x∈Ī

|a22 − ã22|2 +max
x∈Ī

|a33 − ã33|2

≤ C

∫
I

(
|g1 − g̃1|2 + |g2 − g̃2|2 + |g3 − g̃3|2

)
dx,

where g1, g2, g3, g̃1, g̃2 and g̃3 are the values of the solutions of the systems
(1.1) and (1.3) at final time t = T .

Remark 1. In above theorem, we assume that T is small. In fact, for cases where
T is not small, we can also obtain the similar result, as long as the initial value of
the system is small or the coefficient of the non-diagonal potential term is small,
that is, there are small τ defined in (3.16) and small C1 defined in Lemma 1.
On the other hand, under the condition Ai(x0) = 0, it means that the unknown
coefficients aii are essentially detectable at some specific points x0, and there is
no need to reconstruct them using inverse problem methods. This is also in line
with the actual situation. Furthermore, it can be found from the following proof
that the condition is merely for obtaining the conditional stability estimation
in the sense of L∞-norm in the space of continuous functions. If it is merely
an estimation of the stability of the L2-norm, it can be deleted. Or we can
obtain a relatively rough stability estimate of L∞-norm through the Sobolev
embedding and Poincaré’s inequality in the absence of condition Ai(x0) = 0.

Remark 2. In this article, we only discussed the problem of coefficient inversion
in the case where the initial values are completely known. However, for cases
where the initial values of the system are unknown or only some of the initial
values are unknown, the method used in this paper is not applicable. This is
also a type of problem with significant research value and challenge, because in
reality the initial state of a system is often unknown. This will be one of the
issues we need to study in the future, namely the coefficient inversion problem
with unknown initial states.

This paper is organized as follows: In Section 2, we transform the inverse
problem into the optimal control problem, and prove the existence of the mini-
mum, and obtain some necessary optimality conditions. Using these conditions
and estimates, we complete the stability estimates in Section 3. In Section 4,
we end the paper with a brief concluding remark.

2 Optimal control problem

For 0 < α < 1, suppose that coefficients aij (i, j = 1, 2, 3) and initial data
u0, v0 and w0 satisfy

aij(x) ∈ Cα(Ī) (i, j = 1, 2, 3), and u0(x), v0(x), w0(x) ∈ C2,α(Ī), (2.1)
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and the additional measured data g1(x), g2(x), g3(x) ∈ L2(I) and also satisfy
the homogeneous Dirichlet boundary condition. Now we define an admissible
set

Mad =

{
aii(x) : 0 < ai ≤ aii(x) ≤ āi, ∇aii ∈ L2(I), i = 1, 2, 3

}
, (2.2)

where the constants ai, āi, i = 1, 2, 3 are given. The optimal control problem
is stated as follows: Find

(
a∗11(x), a

∗
22(x), a

∗
33(x)

)
∈ Mad satisfying

(a∗11, a
∗
22, a

∗
33) = argmin

a11,a22,a33∈Mad

J (a11, a22, a33), (2.3)

where

J (a11, a22, a33) =
1

2

∫
I

(
|u(x, T ; a11, a22, a33)− g1(x)|2

+ |v(x, T ; a11, a22, a33)− g2(x)|2 + |w(x, T ; a11, a22, a33)− g3(x)|2
)
dx

+
µ

2

∫
I

(
|∇a11|2 + |∇a22|2 + |∇a33|2

)
dx.

(2.4)

Here, (u, v, w) is the solution of the system (1.1) associated with (a11, a22, a33),
and µ is the regularization parameter.

The following existence result can be proved by means of the well-known
Schauder theory of parabolic equations and the maximum principle [10,17,28].

Theorem 2. Let 0 < α < 1 and the coefficients aij(x), u0, v0, w0 satisfy (2.1)
(i, j = 1, 2, 3). Then there exists a unique solution u(x, t), v(x, t), w(x, t) ∈
C2+α,1+α

2 (Q̄) to system (1.1).

Theorem 3. Let 0 < α < 1/2, gi ∈ L2(I) and the coefficients aij(x), u0, v0, w0

satisfy (2.1)–(2.2) (i, j = 1, 2, 3). Then there is a minimizer (ā11, ā22, ā33) ∈
Mad, such that

J (ā11, ā22, ā33) = min
a11,a22,a33∈Mad

J (a11, a22, a33).

Proof. According to the definition of J , note that this functional is non-
negative. Moreover, since the admissible set Mad is non-empty, J admits a
greatest lower bound.

Let (an11, a
n
22, a

n
33) be a minimizing sequence, then we get

inf
a11,a22,a33∈Mad

J (a11, a22, a33) ≤ J (an11, a
n
22, a

n
33)

≤ inf
a11,a22,a33∈Mad

J (a11, a22, a33) +
1

n
, ∀n ∈ Z+.

From J (an11, a
n
22, a

n
33) ≤ C and the definition of admissible sets, we can easily

infer that
∥∇an11∥L2(I) + ∥∇an22∥L2(I) + ∥∇an33∥L2(I) ≤ C,
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where the constant C is independent of n. Then for 0 < α ≤ 1
2 , H

1(I) can de
embedded in Cα(I) continuously. Thus we obtain

vertan11∥C 1
2 (I)

+ ∥an22∥C 1
2 (I)

+ ∥an33∥C 1
2 (I)

≤ C.

Therefore, according to Theorem 2, we derive

∥un∥
C

1
2
, 1
4 (Q̄)

+ ∥vn∥
C

1
2
, 1
4 (Q̄)

+ ∥wn∥
C

1
2
, 1
4 (Q̄)

≤ C,

where (un, vn, wn) is the solution of (1.1) corresponding to the coefficients
(an11, a

n
22, a

n
33). And for any Q0 ⋐ Q, we also get

∥un∥
C2+ 1

2
,1+ 1

4 (Q0)
+ ∥vn∥

C2+ 1
2
,1+ 1

4 (Q0)
+ ∥wn∥

C2+ 1
2
,1+ 1

4 (Q0)
≤ C.

Thus, there exists a subsequence of (un, vn, wn, a
n
11, a

n
22, a

n
33), which is also ex-

pressed by (un, vn, wn, a
n
11, a

n
22, a

n
33), such that

(an11, a
n
22, a

n
33) −→ (ā11, ā22, ā33) ∈ C

1
2 (I) uniformly on Cα(Ī),

(un, vn, wn) −→ (ū, v̄, w̄) uniformly on Cα,α2 (Q̄) ∩ C
2+α,1+α

2

loc (Q).

Therefore, we replace (u, v, w, a11, a22, a33) in (1.1) by (un, vn, wn, a
n
11, a

n
22, a

n
33)

and pass to the limit, we can see that (ū, v̄, w̄, ā11, ā22, ā33) satisfies the system
(1.1). In addition, by means of the Lebesgue control convergence theorem and
the weak lower semi-continuity of the L2-norm, we have

J (ā11, ā22, ā33) ≤ lim inf
n→∞

J (an11, a
n
22, a

n
33) = min

a11,a22,a33∈Mad

J (a11, a22, a33).

Then,
J (ā11, ā22, ā33) = min

a11,a22,a33∈Mad

J (a11, a22, a33).

Therefore, (ā11, ā22, ā33) := (a11, a22, a33) is one of the optimal solutions to the
optimal control problem (2.2)–(2.4). This concludes the proof of this theorem.
⊓⊔

In that follows, we will investigate the necessary conditions for the optimal
control problem (2.3). Firstly we give an adjoint problem of (1.1).

Suppose (p, q, r) is a solution to the following adjoint system of (1.1):

−pt − pxx + a11p+ a21q + a31r = 0, (x, t) ∈ Q,
−qt − qxx + a12p+ a22q + a32r = 0, (x, t) ∈ Q,
−rt − rxx + a13p+ a23q + a33r = 0, (x, t) ∈ Q,
p(x, T ) = u(x, T ; a11, a22, a33)− g1(x), x ∈ I,
q(x, T ) = v(x, T ; a11, a22, a33)− g2(x), x ∈ I,
r(x, T ) = w(x, T ; a11, a22, a33)− g3(x), x ∈ I,
p = q = r = 0, (x, t) ∈ ∂I × (0, T ],

(2.5)

where i = 1, 2, 3, and g1, g2, g3 are the measured data of system (1.1) at the
final time t = T .
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Theorem 4. Assume that (a11, a22, a33) is a solution of the optimal control
problem (2.3). Then there exists a set of functions (u, v, w, p, q, r; a11, a22, a33)
which satisfy∫

Q

pu(a11 − h)dtdx+

∫
Q

qv(a22 − k)dtdx+

∫
Q

rw(a33 − s)dtdx (2.6)

+ µ

∫
I

[
∇a11 · ∇(h− a11) +∇a22 · ∇(k − a22) +∇a33 · ∇(s− a33)

]
dx ≥ 0,

for any h, k, s ∈ Mad.

Proof. For any h, k, s ∈ Mad and 0 ≤ δ ≤ 1, we consider

aδ11 = (1− δ)a11 + δh ∈ Mad, aδ22 = (1− δ)a22 + δk ∈ Mad,

aδ33 = (1− δ)a33 + δs ∈ Mad.

Let (uδ, vδ, wδ) be the solution of the system (1.1) corresponding to the per-
turbed coefficients (aδ11, a

δ
22, a

δ
33), then we have

J (aδ11, a
δ
22, a

δ
33) =

1

2

∫
I

(
|uδ(·, T )− g1|2 + |vδ(·, T )− g2|2 + |wδ(·, T )− g3|2

)
dx

+
µ

2

∫
I

(
|∇aδ11|2 + |∇aδ22|2 + |∇aδ33|2

)
dx.

Now take the Fréchet derivative for J , we obtain

dJ
dδ

∣∣∣
δ=0

=

∫
I

([
uδ(·, T )− g1

](∂uδ

∂δ

) ∣∣∣∣
δ=0

+
[
vδ(·, T )− g2

](∂vδ
∂δ

) ∣∣∣∣
δ=0

+
[
wδ(·, T )− g3

](∂wδ

∂δ

) ∣∣∣∣
δ=0

)
dx

+ µ

∫
I

[
∇a11 · ∇(h− a11) +∇a22 · ∇(k − a22) +∇a33 · ∇(s− a33)

]
dx.

Furthermore, as (a11, a22, a33) is an optimal solution, so

dJ
dδ

∣∣∣∣
δ=0

≥ 0. (2.7)

If we set (ūδ, v̄δ, w̄δ) =
(

∂uδ

∂δ , ∂vδ

∂δ ,
∂wδ

∂δ

)
, then (ūδ, v̄δ, w̄δ) satisfies the system

with coefficients (aδ11, a12, a13, a21, a
δ
22, a23, a31, a32, a

δ
33) as follows:

(ūδ)t − (ūδ)xx + aδ11ūδ + (h− a11)uδ + a12v̄δ + a13w̄δ = 0, (x, t) ∈ Q,
(v̄δ)t − (v̄δ)xx + a21ūδ + aδ22v̄δ + (k − a22)vδ + a23w̄δ = 0, (x, t) ∈ Q,
(w̄δ)t − (w̄δ)xx + a31ūδ + a32v̄δ + aδ33w̄δ + (s− a33)wδ = 0, (x, t) ∈ Q,
ūδ(x, 0) = 0, v̄δ(x, 0) = 0, w̄δ(x, 0) = 0, x ∈ I,
ūδ = v̄δ = w̄δ = 0, (x, t) ∈ ∂I × (0, T ].
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Taking ξ = ūδ

∣∣
δ=0

, η = v̄δ
∣∣
δ=0

, φ = w̄δ

∣∣
δ=0

, we obtain that (ξ, η, φ) satisfies
the following system:

ξt − ξxx + a11ξ + a12η + a13φ = (a11 − h)u, (x, t) ∈ Q = I × (0, T ],
ηt − ηxx + a21ξ + a22η + a23φ = (a22 − k)v, (x, t) ∈ Q,
φt − φxx + a31ξ + a32η + a33φ = (a33 − s)w, (x, t) ∈ Q,
ξ(x, 0) = 0, η(x, 0) = 0, φ(x, 0) = 0, x ∈ I,
ξ = η = φ = 0, (x, t) ∈ ∂I × (0, T ],

(2.8)
where u = uδ

∣∣
δ=0

, v = vδ
∣∣
δ=0

, and w = wδ

∣∣
δ=0

. From (2.7), we have∫
I

( [
u(·, T )− g1

]
ξ(·, T ) +

[
v(·, T )− g2

]
η(·, T ) +

[
w(·, T )− g3

]
φ(·, T )

)
dx

+µ

∫
I

[
∇a11 · ∇(h− a11) +∇a22 · ∇(k − a22) +∇a33 · ∇(s− a33)

]
dx ≥ 0.

From (2.5), the above equation can be rewritten as∫
I

(
p(·, T )ξ(·, T ) + q(·, T )η(·, T ) + r(·, T )φ(·, T )

)
dx (2.9)

+ µ

∫
I

[
∇a11 · ∇(h−a11)+∇a22 · ∇(k−a22)+∇a33 · ∇(s− a33)

]
dx ≥ 0.

Suppose that (p, q, r) is a solution for the system (2.5). Multiplying the first
equation of (2.5) (expressed as (2.5)1) by ξ and applying Green’s theorem, we
get

0 =

∫
Q

ξ(−pt − pxx + a11p+ a21q + a31r)dtdx

= −
∫
I

(
ξp
∣∣T
0
−
∫ T

0

ξtpdt

)
dx−

∫ T

0

(
ξpx
∣∣1
0
− ξxp

∣∣1
0
+

∫ 1

0

ξxxpdx

)
dt

+

∫
Q

(
a11pξ + a21qξ + a31rξ

)
dtdx = −

∫
I

ξ(·, T )p(·, T )dx+

∫
Q

ξtpdtdx

−
∫
Q

ξxxpdtdx+

∫
Q

(
a11pξ + a21qξ + a31rξ

)
dtdx

= −
∫
I

ξ(·, T )p(·, T )dx+

∫
Q

p
(
ξt − ξxx + a11ξ + a12η + a13φ

)
dtdx

+

∫
Q

(
a21qξ − a12pη

)
+
(
a31rξ − a13pφ

)
dtdx.

From system (2.8), one can get∫
I

ξ(·, T )p(·, T )dx =

∫
Q

pu(a11 − h)dtdx

+

∫
Q

(
a21qξ − a12pη

)
+
(
a31rξ − a13pφ

)
dtdx. (2.10)
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In the same way, from (2.5)i (i = 2, 3) and (2.8) we obtain∫
I

η(·, T )q(·, T )dx

=

∫
Q

qv(a22 − k)dtdx+

∫
Q

(
a12pη − a21qξ

)
+
(
a32rη − a23qφ

)
dtdx,

and∫
I

φ(·, T )r(·, T )dx

=

∫
Q

rw(a33 − s)dtdx+

∫
Q

(
a13pφ− a31rξ

)
+
(
a23qφ− a32rη

)
dtdx.

(2.11)

By substituting (2.10)–(2.11) into (2.9) to obtain∫
Q

pu(a11 − h)dtdx+

∫
Q

qv(a22 − k)dtdx+

∫
Q

rw(a33 − s)dtdx

+ µ

∫
I

[
∇a11 · ∇(h−a11)+∇a22 · ∇(k−a22)+∇a33 · ∇(s−a33)

]
dx ≥ 0.

One can easily complete the proof of Theorem 4. ⊓⊔

3 Main results

This section provides stability estimates of the inverse problem of finding three
smooth coefficients a11(x), a22(x) and a33(x) in a given parabolic system.
These results (Lemmas 1–4) can be obtained by the standard L2 energy es-
timation [8], but we still present the proof process here for the completeness
of the paper and to obtaining a more precise right-hand side control constant.
We firstly give an estimate of a solution to the sensitive problem (1.4).

Lemma 1. Suppose that (U, V,W ) is a solution of the system (1.4). Then, we
have the following estimate:

max
0≤t≤T

∫
I

(
|U |2 + |V |2 + |W |2

)
dx

≤exp(C1T )

[
max
x∈Ī

|A1|2
∫
Q

|ũ|2dtdx+max
x∈Ī

|A2|2
∫
Q

|ṽ|2dtdx

+max
x∈Ī

|A3|2
∫
Q

|w̃|2dtdx
]
,

(3.1)

where C1 = 3 +
∑3

i,j=1,i̸=j maxx∈Ī |aij(x)|2.

Proof. Multiply the first equation of (1.4) (denoted as (1.4)1) by U and inte-
grate over I, we have

1

2

d

dt
∥U∥2L2(I) +

∫
I

|Ux|2dx+

∫
I

a11|U |2dx =−
∫
I

a12UV dx−
∫
I

a13UWdx

−
∫
I

A1Uũdx.
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Using the assumption of the coefficient a11 and Cauchy’s inequality, we have

1

2

d

dt
∥U∥2L2(I) +

∫
I

|Ux|2dx+

∫
I

a1|U |2dx

≤1

2

∫
I

(
|U |2 + |a12V |2

)
dx+

1

2

∫
I

(
|U |2 + |a13W |2

)
dx

+
1

2

∫
I

(
|U |2 + |A1ũ|2

)
dx

≤3

2

∫
I

|U |2dx+
1

2
max
x∈Ī

|a12|2
∫
I

|V |2dx+
1

2
max
x∈Ī

|a13|2
∫
I

|W |2dx

+
1

2
max
x∈Ī

|A1|2
∫
I

|ũ|2dx.

(3.2)

Similarly according to (1.4)i and the assumption of aii, i = 2, 3, we have

1

2

d

dt
∥V ∥2L2(I) +

∫
I

|Vx|2dx+

∫
I

a2|V |2dx

≤3

2

∫
I

|V |2dx+
1

2
max
x∈Ī

|a21|2
∫
I

|U |2dx+
1

2
max
x∈Ī

|a23|2
∫
I

|W |2dx

+
1

2
max
x∈Ī

|A2|2
∫
I

|ṽ|2dx,

and

1

2

d

dt
∥W∥2L2(I) +

∫
I

|Wx|2dx+

∫
I

a3|W |2dx

≤3

2

∫
I

|W |2dx+
1

2
max
x∈Ī

|a31|2
∫
I

|U |2dx+
1

2
max
x∈Ī

|a32|2
∫
I

|V |2dx

+
1

2
max
x∈Ī

|A3|2
∫
I

|w̃|2dx.

(3.3)

Now, combining (3.2)–(3.3), we get

d

dt

[
∥U∥2L2(I) + ∥V ∥2L2(I) + ∥W∥2L2(I)

]
≤C1

(
∥U∥2L2(I) + ∥V ∥2L2(I) + ∥W∥2L2(I)

)
+max

x∈Ī
|A1|2

∫
I

|ũ|2dx

+max
x∈Ī

|A2|2
∫
I

|ṽ|2dx+max
x∈Ī

|A3|2
∫
I

|w̃|2dx,

where C1 = 3 +
∑3

i,j=1,i̸=j maxx∈Ī |aij(x)|2.
Multiply both sides by exp(−C1t) and shift the terms, we obtain

d

dt

[
exp(−C1t)

(
∥U∥2L2(I) + ∥V ∥2L2(I) + ∥W∥2L2(I)

)]
≤ exp(−C1t)

(
max
x∈Ī

|A1|2
∫
I

|ũ|2dx+max
x∈Ī

|A2|2
∫
I

|ṽ|2dx

+max
x∈Ī

|A3|2
∫
I

|w̃|2dx
)
.
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Therefore, by integrating from 0 to t, we obtain

∥U∥2L2(I) + ∥V ∥2L2(I) + ∥W∥2L2(I)

≤ exp(C1t)

(
max
x∈Ī

|A1|2
∫
I

∫ t

0

exp(−C1s)|ũ|2dsdx

+max
x∈Ī

|A2|2
∫
I

∫ t

0

exp(−C1s)|ṽ|2dsdx

+max
x∈Ī

|A3|2
∫
I

∫ t

0

exp(−C1s)|w̃|2dsdx
)

≤exp(C1T )
(
max
x∈Ī

|A1|2
∫
Q

|ũ|2dtdx+max
x∈Ī

|A2|2
∫
Q

|ṽ|2dtdx

+max
x∈Ī

|A3|2
∫
Q

|w̃|2dtdx
)
.

This is the end of the proof of Lemma 1. ⊓⊔

Let (a11, a22, a33) and (ã11, ã22, ã33) be two minimizers of the optimal con-
trol problem (2.3) corresponding to (g1, g2, g3) and (g̃1, g̃2, g̃3), respectively.
(ũ, ṽ, w̃) is solution of the state system (1.1) associated with (ã11, ã22, ã33), and
(p̃, q̃, r̃) is solution of the adjoint system (2.5) associated with (ã11, ã22, ã33).
Now let P = p− p̃, Q = q− q̃ and R = r− r̃, thus adjoint system (2.5) becomes

−Pt − Pxx + a11P + a21Q+ a31R = −A1p̃, (x, t) ∈ Q,
−Qt −Qxx + a12P + a22Q+ a32R = −A2q̃, (x, t) ∈ Q,
−Rt −Rxx + a13P + a23Q+ a33R = −A3r̃, (x, t) ∈ Q,
P(x, T ) = U(x, T )− (g1 − g̃1), x ∈ I,
Q(x, T ) = V (x, T )− (g2 − g̃2), x ∈ I,
R(x, T ) = W (x, T )− (g3 − g̃3)), x ∈ I,
P = Q = R = 0, (x, t) ∈ ∂I × (0, T ].

(3.4)

Now, we give an estimate of a solution to the adjoint problem (2.5) as follows.

Lemma 2. Let (P,Q,R) be a solution of system (3.4). Then we have the
following estimate:

max
0≤t≤T

∫
I

(
|P|2 + |Q|2 + |R|2

)
dx

≤ 2exp(2C1T )

(
max
x∈Ī

|A1|2
∫
Q

(
|p̃|2 + |ũ|2

)
dtdx

+max
x∈Ī

|A2|2
∫
Q

(
|q̃|2 + |ṽ|2

)
dtdx+max

x∈Ī
|A3|2

∫
Q

(
|r̃|2 + |w̃|2

)
dtdx

+

∫
I

(
|g1 − g̃1|2 + |g2 − g̃2|2 + |g3 − g̃3|2

)
dx

)
,

where C1 is the constant defined in Lemma 1.
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Proof. Multiply the first equation of (3.4) (denoted as (3.4)1) by P and inte-
grate over I to get∫

I

(
−PPt − PPxx + a11P2 + a21PQ+ a31PR

)
dx =

∫
I

−A1P p̃dx,

using the assumption of the coefficient a11 and Cauchy’s inequality, we have

− 1

2

d

dt
∥P∥2L2(I) +

∫
I

|Px|2dx+

∫
I

a1|P|2dx ≤ 1

2

∫
I

(
|P|2 + |a21Q|2

)
dx

+
1

2

∫
I

(
|P|2 + |a31R|2

)
dx+

1

2

∫
I

(
|P|2 + |A1p̃|2

)
dx

≤ 3

2

∫
I

|P|2dx+
1

2
max
x∈Ī

|a21|2
∫
I

|Q|2dx+
1

2
max
x∈Ī

|a31|2
∫
I

|R|2dx

+
1

2
max
x∈Ī

|A1|2
∫
I

|p̃|2dx.

(3.5)

Similarly according to (3.4)i and the assumption of aii, i = 2, 3, we have

− 1

2

d

dt
∥Q∥2L2(I) +

∫
I

|Qx|2dx+

∫
I

a2|Q|2dx

≤3

2

∫
I

|Q|2dx+
1

2
max
x∈Ī

|a12|2
∫
I

|P|2dx+
1

2
max
x∈Ī

|a32|2
∫
I

|R|2dx

+
1

2
max
x∈Ī

|A2|2
∫
I

|q̃|2dx,

and

− 1

2

d

dt
∥R∥2L2(I) +

∫
I

|Rx|2dx+

∫
I

a3|R|2dx

≤3

2

∫
I

|R|2dx+
1

2
max
x∈Ī

|a13|2
∫
I

|P|2dx+
1

2
max
x∈Ī

|a23|2
∫
I

|Q|2dx

+
1

2
max
x∈Ī

|A3|2
∫
I

|r̃|2dx.

(3.6)

Now, by combining (3.5)–(3.6), we obtain

− d

dt

[
∥P∥2L2(I) + ∥Q∥2L2(I) + ∥R∥2L2(I)

]
≤C1

(
∥P∥2L2(I) + ∥Q∥2L2(I) + ∥R∥2L2(I)

)
+max

x∈Ī
|A1|2

∫
I

|p̃|2dx+max
x∈Ī

|A2|2
∫
I

|q̃|2dx+max
x∈Ī

|A3|2
∫
I

|r̃|2dx,

where C1 = 3 +
∑3

i,j=1,i̸=j maxx∈Ī |aij(x)|2. Multiply both sides by exp(C1t)
and shift the terms, we get

− d

dt

[
exp(C1t)

(
∥P∥2L2(I) + ∥Q∥2L2(I) + ∥R∥2L2(I)

)]
≤ exp(C1t)

(
max
x∈Ī

|A1|2
∫
I

|p̃|2dx+max
x∈Ī

|A2|2
∫
I

|q̃|2dx+max
x∈Ī

|A3|2
∫
I

|r̃|2dx
)
.
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Therefore, by integrating from t to T , we obtain

exp(C1t)
(
∥P(·, t)∥2L2(I) + ∥Q(·, t)∥2L2(I) + ∥R(·, t)∥2L2(I)

)
≤max

x∈Ī
|A1|2

∫
I

∫ T

t

exp(C1s)|p̃|2dsdx+max
x∈Ī

|A2|2
∫
I

∫ T

t

exp(C1s)|q̃|2dsdx

+max
x∈Ī

|A3|2
∫
I

∫ T

t

exp(C1s)|r̃|2dsdx

+ exp(C1T )
(
∥P(·, T )∥2L2(I) + ∥Q(·, T )∥2L2(I) + ∥R(·, T )∥2L2(I)

)
.

Setting

I1 :=max
x∈Ī

|A1|2
∫
I

∫ T

t

exp(C1s)|p̃|2dsdx+max
x∈Ī

|A2|2
∫
I

∫ T

t

exp(C1s)|q̃|2dsdx

+max
x∈Ī

|A3|2
∫
I

∫ T

t

exp(C1s)|r̃|2dsdx,

according to (3.4)4–(3.4)6 we get

exp(C1t)
(
∥P∥2L2(I) + ∥Q∥2L2(I) + ∥R∥2L2(I)

)
≤ I1+exp(C1T )

(∫
I

∣∣U(x, T )−(g1−g̃1)
∣∣2dx+

∫
I

∣∣V (x, T )−(g2−g̃2)
∣∣2dx

+

∫
I

∣∣W (x, T )− (g3 − g̃3)
∣∣2dx).

Thus, by (3.1), one can get

∥P∥2L2(I)+∥Q∥2L2(I)+∥R∥2L2(I)≤ exp(−C1t)I1+2 exp
(
C1(T−t)

)
×
(∫

I

∣∣U(x, T )
∣∣2dx+

∫
I

∣∣V (x, T )
∣∣2dx+

∫
I

∣∣W (x, T )
∣∣2dx)

+ 2 exp
(
C1(T − t)

)(∫
I

∣∣g1 − g̃1
∣∣2dx+

∫
I

∣∣g2 − g̃2
∣∣2dx

+

∫
I

∣∣g3 − g̃3
∣∣2dx)≤2 exp(2C1T )

(
max
x∈Ī

|A1|2
∫
Q

(|p̃|2 + |ũ|2)dtdx

+max
x∈Ī

|A2|2
∫
Q

(|q̃|2 + |ṽ|2)dtdx+max
x∈Ī

|A3|2
∫
Q

(|r̃|2 + |w̃|2)dtdx

+

∫
I

(∣∣g1 − g̃1
∣∣2 + ∣∣g2 − g̃2

∣∣2 + ∣∣g3 − g̃3
∣∣2) dx).

This completes the proof of the lemma. ⊓⊔

Lemma 3. Let (u, v, w) be a solution for system (1.1). Then we have the
following estimate:

max
0≤t≤T

∫
I

(
|u|2+|v|2+|w|2

)
dx≤ exp(C1T )

(
∥u0∥2L2(I)+∥v0∥2L2(I)+∥w0∥2L2(I)

)
,

(3.7)
where C1 is the constant defined in Lemma 1.
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Proof. Multiplying (1.1)1, (1.1)2 and (1.1)3 by u, v and w respectively, and
integrating over I, we obtain the following inequality

1

2

d

dt
∥u∥2L2(I) +

∫
I

|ux|2dx+

∫
I

a11|u|2dx

≤
∫
I

|u|2dx+
1

2
max
x∈Ī

|a12|2
∫
I

|v|2dx+
1

2
max
x∈Ī

|a13|2
∫
I

|w|2dx,
(3.8)

1

2

d

dt
∥v∥2L2(I) +

∫
I

|vx|2dx+

∫
I

a22|v|2dx

≤
∫
I

|v|2dx+
1

2
max
x∈Ī

|a21|2
∫
I

|u|2dx+
1

2
max
x∈Ī

|a23|2
∫
I

|w|2dx

and

1

2

d

dt
∥w∥2L2(I) +

∫
I

|wx|2dx+

∫
I

a33|w|2dx

≤
∫
I

|w|2dx+
1

2
max
x∈Ī

|a31|2
∫
I

|u|2dx+
1

2
max
x∈Ī

|a32|2
∫
I

|v|2dx.
(3.9)

By coupling (3.8)–(3.9), we deduce that

1

2

d

dt

[
∥u∥2L2(I) + ∥v∥2L2(I) + ∥w∥2L2(I)

]
+

∫
I

(
|ux|2 + |vx|2 + |wx|2

)
dx+

∫
I

(
a11u

2 + a22v
2 + a33w

2
)
dx

≤
(
1 +

1

2
max
x∈Ī

|a12|2 +
1

2
max
x∈Ī

|a13|2 +
1

2
max
x∈Ī

|a21|2 +
1

2
max
x∈Ī

|a23|2

+
1

2
max
x∈Ī

|a31|2 +
1

2
max
x∈Ī

|a32|2
)(

∥u∥2L2(I) + ∥v∥2L2(I) + ∥w∥2L2(I)

)
≤C1

2

(
∥u∥2L2(I) + ∥v∥2L2(I) + ∥w∥2L2(I)

)
.

Under the assumptions of a11, a22 and a33, we have

1

2

d

dt

[
∥u∥2L2(I)+∥v∥2L2(I)+∥w∥2L2(I)

]
≤C1

2

(
∥u∥2L2(I)+∥v∥2L2(I)+∥w∥2L2(I)

)
.

Multiply both sides by exp(−C1t) and shift the terms, we get

d

dt

[
exp(−C1t)

(
∥u∥2L2(I) + ∥v∥2L2(I) + ∥w∥2L2(I)

)]
≤ 0,

thus, by integrating from 0 to t, we obtain

∥u∥2L2(I) + ∥v∥2L2(I) + ∥w∥2L2(I)

≤ exp(C1t)
(
∥u(·, 0)∥2L2(I) + ∥v(·, 0)∥2L2(I) + ∥w(·, 0)∥2L2(I)

)
≤ exp(C1T )

(
∥u0∥2L2(I) + ∥v0∥2L2(I) + ∥w0∥2L2(I)

)
.

The proof can be completed. ⊓⊔
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Lemma 4. Let (p, q, r) be a solution of system (2.5). Then we have the fol-
lowing estimate:

max
0≤t≤T

∫
I

(
|p|2 + |q|2 + |r|2

)
dx ≤2 exp(2C1T )

(
∥u0∥2L2(I) + ∥v0∥2L2(I)

+ ∥w0∥2L2(I) +

∫
I

(
|g1|2 + |g2|2 + |g3|2

)
dx

)
,

where C1 is the constant defined in Lemma 1.

Proof. Multiplying (2.5)1, (2.5)2 and (2.5)3 by p, q and r respectively, and
integrating over I, we obtain

− 1

2

d

dt
∥p∥2L2(I) +

∫
I

|px|2dx+

∫
I

a11|p|2dx

≤
∫
I

|p|2dx+
1

2
max
x∈Ī

|a21|2
∫
I

|q|2dx+
1

2
max
x∈Ī

|a31|2
∫
I

|r|2dx,
(3.10)

− 1

2

d

dt
∥q∥2L2(I) +

∫
I

|qx|2dx+

∫
I

a22|q|2dx

≤
∫
I

|q|2dx+
1

2
max
x∈Ī

|a12|2
∫
I

|p|2dx+
1

2
max
x∈Ī

|a32|2
∫
I

|r|2dx

and

− 1

2

d

dt
∥r∥2L2(I) +

∫
I

|rx|2dx+

∫
I

a33|r|2dx

≤
∫
I

|r|2dx+
1

2
max
x∈Ī

|a13|2
∫
I

|p|2dx+
1

2
max
x∈Ī

|a23|2
∫
I

|q|2dx.
(3.11)

By coupling (3.10)–(3.11), we get

− 1

2

d

dt

[
∥p∥2L2(I) + ∥q∥2L2(I) + ∥r∥2L2(I)

]
+

∫
I

(
|px|2 + |qx|2 + |rx|2

)
dx+

∫
I

(
a11p

2 + a22q
2 + a33r

2
)
dx

≤
(
1 +

1

2
max
x∈Ī

|a12|2 +
1

2
max
x∈Ī

|a13|2 +
1

2
max
x∈Ī

|a21|2 +
1

2
max
x∈Ī

|a23|2

+
1

2
max
x∈Ī

|a31|2 +
1

2
max
x∈Ī

|a32|2
)(

∥p∥2L2(I) + ∥q∥2L2(I) + ∥r∥2L2(I)

)
≤C1

2

(
∥p∥2L2(I) + ∥q∥2L2(I) + ∥r∥2L2(I)

)
.

According to the hypotheses on a11, a22 and a33, we have the following result

−1

2

d

dt

[
∥p∥2L2(I) + ∥q∥2L2(I) + ∥r∥2L2(I)

]
≤ C1

2

(
∥p∥2L2(I) + ∥q∥2L2(I) + ∥r∥2L2(I)

)
.

Multiply both sides by exp(C1t) and shift the terms, we get

−1

2

d

dt

[
exp(C1t)

(
∥p∥2L2(I) + ∥q∥2L2(I) + ∥r∥2L2(I)

)]
≤ 0.
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Therefore, by integration from t to T , we have

∥p(·, t)∥2L2(I) + ∥q(·, t)∥2L2(I) + ∥r(·, t)∥2L2(I)

≤ exp(C1(T − t))
(
∥p(·, T )∥2L2(I) + ∥q(·, T )∥2L2(I) + ∥r(·, T )∥2L2(I)

)
.

According to (2.5)4–(2.5)6 we get

∥p∥2L2(I) + ∥q∥2L2(I) + ∥r∥2L2(I) ≤ 2 exp(C1(T − t)

×
(
∥u(·, T )∥2L2(I) + ∥v(·, T )∥2L2(I) + ∥w(·, T )∥2L2(I)

+

∫
I

(
|g1|2 + |g2|2 + |g3|2

)
dx

)
≤ 2 exp(2C1T )

×
(
∥u0∥2L2(I) + ∥v0∥2L2(I) + ∥w0∥2L2(I) +

∫
I

(
|g1|2 + |g2|2 + |g3|2

)
dx

)
This completes the proof of the Lemma 4. ⊓⊔

Now, with the help of the lemmas we established above, we are ready to
prove the main result of this paper. For the proof of the local stability estimates,
we follow certain ideas used to reconstruct the source terms of the phase field
system [15] and the local fluctuations of the Black-Scholes equations [16].

Now we are in a position to prove Theorem 1.1.

Proof. We give Proof of Theorem 1.1

Let us begin the proof by taking h = ã11, k = ã22, s = ã33 in (2.6), we
have∫

Q

pu(a11 − ã11)dtdx+

∫
Q

qv(a22 − ã22)dtdx+

∫
Q

rw(a33 − ã33)dtdx (3.12)

+ µ

∫
I

[
∇a11 · ∇(ã11−a11)+∇a22 · ∇(ã22−a22)+∇a33 · ∇(ã33−a33)

]
dx≥0,

and by taking a11=ã11, a22=ã22, a33=ã33 when h=a11, k = a22, s = a33 we
get∫

Q

p̃ũ(ã11 − a11)dtdx+

∫
Q

q̃ṽ(ã22 − a22)dtdx+

∫
Q

r̃w̃(ã33 − a33)dtdx (3.13)

+µ

∫
I

[
∇ã11 · ∇(a11−ã11)+∇ã22 · ∇(a22−ã22)+∇ã33 · ∇(a33 − ã33)

]
dx ≥ 0,

where (u, v, w) and (ũ, ṽ, w̃) are solutions of the system (1.1) with the coef-
ficients aij (i, j = 1, 2, 3) and (ã11, a12, a13, a21, ã22, a23, a31, a32, ã33), respec-
tively. (p, q, r) and (p̃, q̃, r̃) are solutions of the corresponding adjoint systems
(2.5). Now combining the inequality (3.12) and (3.13), and using Cauchy’s
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inequality, we obtain

µ
(∫

I

|∇(a11 − ã11)|2dx+

∫
I

|∇(a22 − ã22)|2dx+

∫
I

|∇(a33 − ã33)|2dx
)

≤
∫
Q

A1

(
pU+Pũ

)
dtdx+

∫
Q

A2

(
qV +Qṽ

)
dtdx+

∫
Q

A3

(
rW +Rw̃

)
dtdx

≤1

2

∫
Q

(
|A1p|2 + |U |2 + |A1ũ|2 + |P|2

)
dtdx

+
1

2

∫
Q

(
|A2q|2 + |V |2 + |A2ṽ|2 + |Q|2

)
dtdx

+
1

2

∫
Q

(
|A3r|2 + |W |2 + |A3w̃|2 + |R|2

)
dtdx

≤1

2
max
x∈Ī

|A1|2
∫
Q

(|p|2 + |ũ|2)dtdx

+
1

2
max
x∈Ī

|A2|2
∫
Q

(|q|2 + |ṽ|2)dtdx+
1

2
max
x∈Ī

|A3|2
∫
Q

(|r|2 + |w̃|2)dtdx

+
1

2

∫
Q

(
|U |2 + |V |2 + |W |2 + |P|2 + |Q|2 + |R|2

)
dtdx. (3.14)

According to Lemmas 1–2, we have∫
Q

(
|U |2 + |V |2 + |W |2 + |P|2 + |Q|2 + |R|2

)
dtdx

≤4T exp(2C1T )

(
max
x∈Ī

|A1|2
∫
Q

(
|p̃|2 + |ũ|2

)
dtdx

+max
x∈Ī

|A2|2
∫
Q

(
|q̃|2 + |ṽ|2

)
dtdx+max

x∈Ī
|A3|2

∫
Q

|
(
|r̃|2 + |w̃|2

)
dtdx

+

∫
I

(
|g1 − g̃1|2 + |g2 − g̃2|2 + |g3 − g̃3|2

)
dx

)
. (3.15)

Furthermore, from the analogues of Lemma 3 and Lemma 4, there exists a
constant

τ = ∥u0∥2L2(I) + ∥v0∥2L2(I) + ∥w0∥2L2(I) +

3∑
i=1

∥gi∥2L2(I) (3.16)

such that ∫
Q

(
|ũ|2 + |ṽ|2 + |w̃|2

)
dtdx ≤ T exp(C1T )τ,∫

Q

(
|p̃|2 + |q̃|2 + |r̃|2

)
dtdx ≤ 2T exp(2C1T )τ.

Besides, considering Ai(x0) = 0 and using the Hölder’s inequality, we have

max
x∈Ī

|Ai(x)| = max
x∈Ī

∣∣∣∣∣
∫ x

x0

A′
i(y)dy

∣∣∣∣∣ ≤
∣∣∣∣∫

I

|∇A|2dy
∣∣∣∣ 12 . (3.17)

Math. Model. Anal., 31(3):521–541, 2026.

https://doi.org/10.3846/mma.2026.24516


538 Z. Zhang and L. Sun

Substitute (3.15)–(3.17) above into (3.14), we obtain

max
x∈Ī

|A1|2 +max
x∈Ī

|A2|2 +max
x∈Ī

|A3|2

≤ 1

2µ
max
x∈Ī

|A1|2
(
T exp(C1T )τ + 2T exp(2C1T )τ

)
+

1

2µ
max
x∈Ī

|A2|2
(
T exp(C1T )τ + 2T exp(2C1T )τ

)
+

1

2µ
max
x∈Ī

|A3|2
(
T exp(C1T )τ + 2T exp(2C1T )τ

)
+

1

2µ
4T exp(2C1T )

(
max
x∈Ī

|A1|2
(
T exp(C1T )τ + 2T exp(2C1T )τ

)
+max

x∈Ī
|A2|2

(
T exp(C1T )τ + 2T exp(2C1T )τ

)
+max

x∈Ī
|A3|2

(
T exp(C1T )τ + 2T exp(2C1T )τ

)
+

∫
I

(
|g1 − g̃1|2 + |g2 − g̃2|2 + |g3 − g̃3|2

)
dx

)
≤ 2

µ
T exp(2C1T )τ

(
max
x∈Ī

|A1|2 +max
x∈Ī

|A2|2 +max
x∈Ī

|A3|2
)

+
8

µ
T 2 exp(4C1T )τ

(
max
x∈Ī

|A1|2 +max
x∈Ī

|A2|2 +max
x∈Ī

|A3|2
)

+
2

µ
T exp(2C1T )

(∫
I

(
|g1 − g̃1|2 + |g2 − g̃2|2 + |g3 − g̃3|2

)
dx

)
= CT

(
max
x∈Ī

|A1|2 +max
x∈Ī

|A2|2 +max
x∈Ī

|A3|2
)

+
1

µ
T exp(2C1T )

(∫
I

(
|g1 − g̃1|2 + |g2 − g̃2|2 + |g3 − g̃3|2

)
dx

)
, (3.18)

where CT = 2T
µ exp(2C1T )τ(1+4T exp(2C1T )). Now choosing T > 0 such that

CT < 1, one can complete the proof. ⊓⊔
Remark 3. From Theorem 1, we see that if the final measurements of the sys-
tems (1.1) and (1.3) are equal, that is

u(x, T ) = ũ(x, T ), v(x, T ) = ṽ(x, T ) and w(x, T ) = w̃(x, T ),

then the data a11, a22, a33 can be uniquely determined, i.e., for some small
T0 > 0 there is a11 = ã11, a22 = ã22 and a33 = ã33 in I. In fact, from (3.18),
it follows that

max
x∈Ī

|A1|2+max
x∈Ī

|A2|2+max
x∈Ī

|A3|2≤CT

(
max
x∈Ī

|A1|2+max
x∈Ī

|A2|2+max
x∈Ī

|A3|2
)
.

Similarly, choosing T0 > 0 such that CT0
< 1 leads to the conclusion that

max
x∈Ī

|A1|2 +max
x∈Ī

|A2|2 +max
x∈Ī

|A3|2 ≤ 0.

So we deduce that aii(x) ≡ ãii(x), i = 1, 2, 3 for all x ∈ Ī.
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Remark 4. For the coefficient reconstruction problem in the non-diagonal case,
the method proposed in this paper is only applicable to some cases, that is,
when the unknown coefficients are located in different rows and columns, and
is not applicable to all other cases. For instance, when reconstructing the
three coefficients (a11, a12, a13) (i.e. in the same row), we cannot obtain a re-
sult similar to that of Lemma 1. We can only obtain the estimation of the
first equation U with respect to the unknown coefficient of the disturbance.
Such an estimation is insufficient in the proof of conditional stability. Simi-
larly, when reconstructing coefficients like (a11, a21, a31) (in the same column),
results similar to those of Lemma 2 cannot be obtained either. In addition,
Lemmas 3-4 also need to be adjusted accordingly. The reason is that when the
diagonal coefficient aii is perturbated, the estimates of the above two lemmas
remain unchanged. However, when perturbating non-diagonal coefficients, the
estimates in the above lemma need to be adjusted accordingly.

4 Concluding remarks

This paper mainly focuses on the inverse problem of determining three spatial
coefficients in a reaction-diffusion system based on final measurement data.
Firstly, the given problem is transformed into an optimal control problem using
optimization theory, and the existence of a minimizer is proven. Subsequently,
stability estimates for the three spatially varying coefficients are derived, with
upper bounds provided by the Lebesgue norm of the final measurement. In
the following work, we will continue to deepen the study of the application of
optimization theory to inverse problems, such as inverse non-diagonal potential
terms problem or inverse coefficient problem in anomalous diffusion system (for
instance, our previous situation regarding a single equation [21, 25]). Try to
introduce more advanced optimization algorithms and techniques to improve
the accuracy and efficiency of parameter identification. At the same time, it is
considered to extend the method to more complex strongly coupled reaction-
diffusion systems.
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