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1 Introduction

Nowadays, inverse problems based on PDE models have become one of the
fastest growing areas in applied mathematics. This is due to the pressing
need for solutions to inverse problems in other disciplines and in engineering
and technology. For example, in geological exploration [4], we may use data
from seismic waves to infer underground structures; in medical imaging [18],
we use X-ray or MRI (magnetic resonance imaging) to diagnose the inside
of the human body; in environmental science [12], we use the distribution of
pollutant concentrations to determine the location and intensity of the source
of pollution, and so on.

Inverse problems are challenging because they are often ill-posed. This
means that even if solutions exist, they may not be unique and are extremely
sensitive to small perturbations in the data. This leads to the need for special
mathematical techniques and algorithms to solve inverse problems, such as reg-
ularization methods [2,5,9], Bayesian estimation [3], and various optimization
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techniques [1,11,22,29] to ensure the stability and reliability of the solution.

In this paper, we are interested in the inverse problem of determining the
spatial coefficients a;;(i = 1,2,3) in a reaction-diffusion system with the fol-
lowing initial and boundary value conditions:

Ut — Uy + a11(2)u + ar2(x)v + arz(x)w = (x,t)eQ=Ix(0,T]

Vf — Vgg + a1 (2)u + age(x)v + agz(z)w =0, (x,t) € Q,

Wy — Wae + az1(T)u + azz(z)v + azz(v)w =0, (x,t) € Q, (1.1)
u(z,0) = ug,v(z,0) = vo,w(z,0) = wy, xel,

u=v=w=0, x,t) € I x (0,71,

where the interval I = (0,1) and 7' > 0 is a constant.

System (1.1) is a drug war weakly coupled reaction-diffusion system, a sim-
ple dynamic model of a drug epidemic in an idealized community if all the
conditions for a definite solution are known. In this model, the population
is divided into three subgroups w(z,t), v(z,t) and w(z,t), which denote the
susceptible, infective and law enforcement levels at (x,t), respectively. Here
we assume three reaction coefficients a11(z), a2 (z) and ass(x) are unknown,
so the above-mentioned system is under-determined. However, it is assumed
that it is possible to provide three kinds of population levels at terminal time.
So our inverse problem is to determine reaction coefficients (aj1,ass,ass) in
problem (1.1) from the additional final data (u(x,T),v(z,T),w(x,T)) given by

u(va) = gl<x)7 U(LE,T) = gz(fﬂ), ’U}(.’E,T) = gS(x)v rel, (12)

where the given functions g1 (x), g2(z) and g3(x) are three known field data.

The aim of this paper is to obtain stability estimates of an inverse problem
for simultaneous determination of three coefficients a1 (x), age(x) and ass(x)
in reaction-diffusion system (1.1) by final value measured data (1.2).

In recent years, the inverse problems of coupled systems controlled by mul-
tiple equations have aroused many researchers’ interest, and some researchers
have discussed such problems. For instance, Cristofol et al. in [7] studied
the inverse problem of simultaneous identification of two discontinuous diffu-
sion coefficients for a one-dimensional coupled parabolic system under a single
component condition. In [23,24], Srati and Oulmelk et al. investigated the-
oretically and numerically the inverse identification of two unknown spatial
coefficients under additional conditions for a system controlled by two coupled
fractional diffusion equations by the terminal data. In [19,20], Li and Liu et al.
respectively studied the inverse problems of the coefficient of the interaction
term in the Lotka-Volterra model and some coefficients in a coupled nonlinear
parabolic system by using the boundary observations of non-negative solutions.
In [13,14], Ait Ben Hassi et al. studied several inverse problems of determining
four space-dependent coefficients and simultaneous inversion of radiative po-
tentials and initial temperatures in parabolic equations with dynamic boundary
conditions by employing the Carleman estimate.

In addition, some scholars have studied the stability of inverse problems in
systems controlled by multiple equations. e.g., Wu et al. in [27] discussed the
inverse problem of determining the coefficient of spatial change in a strongly



ICP for reaction-diffusion system via optimization approach

coupled reaction-diffusion system from internal observation data on arbitrary
subdomain, and used a new Carleman estimate to derive the Holder stability of
this inverse problem. Chorfi et al. in [6] demonstrated conditional stability esti-
mates for linear and semilinear systems in general backward semilinear strongly
coupled parabolic systems. In [26], Wu et al. studied the inverse problem of
determining the source term of spatial change in a thermoelastic medium with
memory effect, proved the Carleman estimate for a general strongly coupled
hyperbolic system, and obtained the Carleman estimate for a hyperbolic ther-
moelastic system. Based on this estimate, the stability of the inverse source
problem is finally established only by making displacement measurements over
a given subdomain over a sufficiently large period of time.

In this paper, the inverse spatial coefficient problem of the reaction-diffusion
system is discussed, and the stability estimation is obtained by using the opti-
mal control framework. Our main contributions are reflected in the following
two points:

1. Our model consists of three coupled reaction-diffusion equations;

2. Lipschitz stability of coefficient inversion for nonlinear inverse problems
based on terminal measurements.

It should be emphasized that though, for simplicity, we have studied the
stability estimate for a one dimensional diffusion system, it can be extended
to higher dimensional systems. For instance, the dimension d = 2,3. Here we
need to assume that £2 C R? is a bounded domain with a Lipschitz’s smooth
boundary, and to make higher assumptions about the regularity of the un-
known coefficients and other definite solution data. On the other hand, as
possible generalizations, it seems interesting to study the same problem with
the observation taken at different moments T}, for the component ug. Or in a
strongly coupled system, it may be possible to uniquely reconstruct unknown
coefficients by measuring a single component at different times (e.g., such as
u(z, 1), u(x, Tz), u(x, T3)). However, such issues require further investigations
and here we restrict ourselves to the issue within the existing framework.

The main goal of our work can be expressed as follows. Let (@, 9, w) be the
solution of the following system:

Up — Ugy + G11(2)0 + a12(2)0 + ar3(z)w =0, (z,t) € Q,

V¢ — Ugy + agl(l‘)ﬂ + CNLQQ(I)’Z} + agg(l‘)ﬁ) =0, (SC, t) S Q,

Wy — Weg + (131(1’)’&, + 0432(%)17 + Zlgg(l’) 0 =0, (x,t) S Q, (1 3)
a(z,0) = ug, 0(x,0) = v, w(z,0) = wo, xel,

u=70=w=0, (x,t) € I x (0,T].

Set U=u—1u, V=v—09, W=w-—®, by subtracting (1.3) from (1.1) we
get a sensitive problem of (1.1) as follows:

Ui — Upz +a11U 4+ a12V + a13W = —AlfL, ($,t) € Q,

Vi = Vaz + a21U + a22V + agsW = —As0, (z,t) € Q,

Wt - me + a31U + a32V + a33W = _Aiﬂba (l',t) € Qa (14)
U(z,0)=0,V(x,0) =0,W(z,0) =0, zel,

U=V =W=0, x,t)G@Ix(O,T],

where .Al = a1 — dlla AQ = a2 — dgg and .Ag = aszs — d33.

Math. Model. Anal., 31(3):521-541, 2026.
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Theorem 1. Let (u,v,w) and (4,0, w) be the solutions of the systems (1.1)
and (1.83), respectively. Assume the coefficients a;;, a; (i = 1,2,3) satisfy
(2.1)-(2.2) defined in Section 2, and there exists a point xo € I such that
aii(xo) = a4i(xg). Then for small T, there exists a constant C' > 0, which
depends only on T and I, satisfying

max |a11 — @1|? + max |ase — a2a|* + max agz — ds3)?
xel xzel xzel
< C/ (lg1 — @1)* + |92 — G2I* + lgs — 33]*) da,
I

where g1, g2, g3, G1, Go and gz are the values of the solutions of the systems
(1.1) and (1.3) at final timet =T.

Remark 1. In above theorem, we assume that 7" is small. In fact, for cases where
T is not small, we can also obtain the similar result, as long as the initial value of
the system is small or the coefficient of the non-diagonal potential term is small,
that is, there are small 7 defined in (3.16) and small C defined in Lemma 1.
On the other hand, under the condition A;(z) = 0, it means that the unknown
coeflicients a;; are essentially detectable at some specific points xg, and there is
no need to reconstruct them using inverse problem methods. This is also in line
with the actual situation. Furthermore, it can be found from the following proof
that the condition is merely for obtaining the conditional stability estimation
in the sense of L*>°-norm in the space of continuous functions. If it is merely
an estimation of the stability of the L?-norm, it can be deleted. Or we can
obtain a relatively rough stability estimate of L°°-norm through the Sobolev
embedding and Poincaré’s inequality in the absence of condition A;(x¢) = 0.

Remark 2. In this article, we only discussed the problem of coefficient inversion
in the case where the initial values are completely known. However, for cases
where the initial values of the system are unknown or only some of the initial
values are unknown, the method used in this paper is not applicable. This is
also a type of problem with significant research value and challenge, because in
reality the initial state of a system is often unknown. This will be one of the
issues we need to study in the future, namely the coefficient inversion problem
with unknown initial states.

This paper is organized as follows: In Section 2, we transform the inverse
problem into the optimal control problem, and prove the existence of the mini-
mum, and obtain some necessary optimality conditions. Using these conditions
and estimates, we complete the stability estimates in Section 3. In Section 4,
we end the paper with a brief concluding remark.

2 Optimal control problem

For 0 < a < 1, suppose that coefficients a;; (¢, = 1,2,3) and initial data
ug, vg and wy satisfy

aij(z) € C*(I) (i,7 =1,2,3), and ug(z), vo(z), wo(x) € c*(I), (2.1)
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and the additional measured data g (), ga(z), gs(z) € L*(I) and also satisfy
the homogeneous Dirichlet boundary condition. Now we define an admissible
set

Mg = {aii(ac) 10 < g; <ay(x) <a;, Vag € L2(I),i = 1,2,3}, (2.2)

where the constants a,, a;, ¢ = 1,2,3 are given. The optimal control problem
is stated as follows: Find (af,(z), a3y (), a33(x)) € Maq satisfying

(a1, ade,aks) = argmin  J (a1, aze,ass), (2.3)
a11,a22,a33€EMaq

where

1
J(ai1,a22,a33) = 5/ (\U(I,T; a1, as,asz) — g1(z)?
I

+ [v(@, T;a11, ase, azs) — go(x)|* + |w(z, T a1, ass, asz) — gg(x)IQ)dx (2.4)

+§/ (IVan[? + [Vazsl? + [Vazs|?) da.
I

Here, (u,v,w) is the solution of the system (1.1) associated with (a1, ass, ass),
and p is the regularization parameter.

The following existence result can be proved by means of the well-known
Schauder theory of parabolic equations and the maximum principle [10,17,28].

Theorem 2. Let 0 < a < 1 and the coefficients a;j(x), uo,vo,wo satisfy (2.1)
(4,7 = 1,2,3). Then there exists a unique solution u(z,t), v(z,t), w(z,t) €
C*al+3(Q) to system (1.1).

Theorem 3. Let0 < a < 1/2, g; € L*(I) and the coefficients a;;(z), uo, vo, wo
satisfy (2.1)-(2.2) (i,j = 1,2,3). Then there is a minimizer (a11,dg2,ass) €
Ma, such that

J (@11, a22,a33) = min J(a11, azz, ass).
a11,a22,a33E€EMaaq
Proof. According to the definition of J, note that this functional is non-
negative. Moreover, since the admissible set My is non-empty, J admits a
greatest lower bound.
Let (afy,a%,,a%s) be a minimizing sequence, then we get

inf J(a11, 22, a33) < J(afy, ay, ass)
a11,a22,a33€Mad

1
< inf j(a11,a22,a33) + —, Vn € 7.
n

a11,a22,a33EMaq

From J(afy,a%,,a%s) < C and the definition of admissible sets, we can easily
infer that
IVatillzzcy + IVags |2y + [IVags|liaay < €,

Math. Model. Anal., 31(3):521-541, 2026.
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where the constant C' is independent of n. Then for 0 < a < 1, H(I) can de
embedded in C*(I) continuously. Thus we obtain

+ [lags] 1. < C.

+ llags | b S

n
vertaHHC%(I) o

Therefore, according to Theorem 2, we derive

+lwnll 11,5 < C,

+ ||Un|| Ci’Z(Q) —

lunllos4q) cri )

where (up,v,,w,) is the solution of (1.1) corresponding to the coefficients
(a}y, a8y, a%s). And for any Qo € @, we also get

[[un| 3t (Q, + [[vn]| O3 Qo) + Hwn‘lc2+%,l+%(Q0) <C.
Thus, there exists a subsequence of (tn, U, Wy, aly, aly, als), which is also ex-
pressed by (un, Up, Wn,aly, a,, a4s), such that

(a1, aby, afs) — (@11, A22,a33) € C%(I) uniformly on  C*(I),

(tn, Vp, wy) — (@, D, @) uniformly on C*%(Q)N 02+a’1+%(Q).

loc

Therefore, we replace (u, v, w, ai1, azz, ags) in (1.1) by (un, U, Wn, aly, ay, als)
and pass to the limit, we can see that (u,v,w, a1, ase, ass) satisfies the system
(1.1). In addition, by means of the Lebesgue control convergence theorem and
the weak lower semi-continuity of the L2-norm, we have

J (@11, 22, a33) < lim inf 7 (afy, azy, ags) = min J (a1, az, azs).
n—o0 a11,a22,833EMaa

Then,
J (a1, G22,a33) = min J(a11, az2, ass).
a11,022,a33EMaq
Therefore, (@11, a92, a33) := (a11, azs, ass) is one of the optimal solutions to the
optimal control problem (2.2)—(2.4). This concludes the proof of this theorem.
O

In that follows, we will investigate the necessary conditions for the optimal
control problem (2.3). Firstly we give an adjoint problem of (1.1).
Suppose (p, g, r) is a solution to the following adjoint system of (1.1):

=Pt — Pz + a11p + 219 + az1r =0, (z,t) € Q,

=Gt — Quz + @12p + a22q + azar =0, (z,t) € Q,

—T¢ — Taa + a13D + a23q + azzr =0, (z,t) € Q,

p(x, T) =w(x,T;a11,a22,a33) — g1(z), =z €I, (2.5)
q(x,T) =v(x,T;a11,a22,a33) — g2(x), x€l,

r(z,T) = w(x,T;a11,a22,a33) — g3(x), = €l,
p=q=r=0, (x,t) € OI x (0,7,

where ¢ = 1,2,3, and ¢1, g2, g3 are the measured data of system (1.1) at the
final time t = T
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Theorem 4. Assume that (a11,a29,as3) is a solution of the optimal control
problem (2.83). Then there exists a set of functions (u,v,w,p,q,r;a11,ase, ass)
which satisfy

/ pu(ayr — h)dtdz —l—/ qu(agy — k)dtdx +/ rw(ags — s)dtdz (2.6)
Q Q Q

+ /L/ {VCLU . V(h — all) + Vass - V(k — a22) + Vass - V(s — a33) dx > 0,
I

for any h, k, s € Myq.
Proof. For any h, k, s € Myq and 0 < 9§ < 1, we consider

Ggl = (]. — 6)@11 + oh c Mad) ag2 = (1 — 5)0422 + ok S Mad,
agS =(1—-19)ass + s € Mgq.

Let (us,vs,ws) be the solution of the system (1.1) corresponding to the per-
turbed coefficients (a{,, a3, ajs), then we have

1
J(al), b, ads) =3 / (lus (. T) = g1 + 03 T) = gal? + [ws (-, T) = g5?) da

+ %/j (1Val 2 + [Valol? + |Vad, ) da.

Now take the Fréchet derivative for J, we obtain

% = /I ( [us(-,T) — 1] (%ﬁ;) + [vs(-,T) — go] (aa?)

- ()] )

+ /J/ [VCLH . V(h — a11) + Vays - V(kj — a22) + Vass - V(S — a33)] dx.
I

6=0 6=0

Furthermore, as (a11, asz, ass) is an optimal solution, so

aJ

il > 0. (2.7)

6=0

If we set (s, Vs, Ws) = (%, %, %), then (s, 05, ws) satisfies the system

with coefficients (a‘fl, ai2,013, agl,agz, as3, 31, as2, ag3) as follows:

(t5)t — (Us)zx + a1 s + (h — a11)us + a120s + ar3ws = 0, (z,t) € Q,
(V)¢ — (U§)aa + a21is + adyvs + (k — ag2)vs + agsws =0, (z,t) € Q,
(W5)¢ — (Wg)zz + az1ts + aza¥s + adsws + (s — azz)ws =0, (2,t) € Q,
ts(x,0) = 0,75(x,0) = 0,ws(x,0) =0, xze€l,

us = U5 = ws = 0, (x,t) € I x (0,T7.

Math. Model. Anal., 31(3):521-541, 2026.
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Taking £ = ﬂ5|6:0, n= 175’5:0, p = 1D5|6:0, we obtain that (£, 7, ) satisfies
the following system:

ft - gmz + allf + a1+ azp = (all - h)u’ (l‘,t) € Q =1Ix (OaT]’
Nt — New + a21§ + agen + azzp = (a2 — kv,  (z,1) € Q,
Ot — Pz + a31€ + azen + azzp = (azz — s)w, (z,t) € Q,
&(x,0) =0,n(x,0) =0,¢9(x,0) =0, rvel,
E=n=¢=0, x,t) € I x (0,77,
(2.8)

where u = “5’5:0’ v = 1)5‘5:0, and w = w5’5:0‘ From (2.7), we have

J (1 T) = 0] €610+ o6 T) = 2] 0 T) + [l T) = ga] - T) ) o
+,U/I [Vau . V(h — a11) + Vass - V(kj — a22) + Vass - V(S — agg)] dz > 0.

From (2.5), the above equation can be rewritten as

J (T T) + 4l T T) + (Tl T) ) d (29)
+ M/I [V(ln . V(h—an)-i-vagg . V(k—a22)+Va33 -V(s— a33>} dz > 0.

Suppose that (p,q,r) is a solution for the system (2.5). Multiplying the first
equation of (2.5) (expressed as (2.5)1) by ¢ and applying Green’s theorem, we
get

0= / §(=pt — Pz + 11D + a21q + azyr)dtdr
Q
. T T . . 1
-/ (fp\o -/ ftpdt)dx -/ (m!o ~ealy+ [ §mpdx>dt
I 0 0 0
4 [ (a6 + annag + aar€)deds = — [ D)o+ [ pitds
Q I Q
~ [ oaptdo+ [ (a1 + anigé + aar€) deds
Q Q
= — / 5(, T)p(’ T)d:t -+ / P(ﬁt — fmx -+ (1115 + ajom + a13g0> dtdx
I Q
+/ (621Qf - a12p77> + (a31r§ - a13p<ﬂ)dtd$-
Q
From system (2.8), one can get

/g('vT)p(';T)d-T = / pu(ayy — h)dtdx

I Q
+/Q (a21q§ - algpn) + (a31r§ - (1131790) dtdz. (2.10)
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In the same way, from (2.5); (i = 2,3) and (2.8) we obtain

/nhﬂﬂ#ﬁm

I

Z/ qu(ags — k)dtdz + / (a12p77 — azﬂ]f) + <a327"?7 — a23CI<P) dtdz,
Q Q

et 1y
! (2.11)
z/ rw(asz — s)dtdx + / (algpcp — a317‘§> + (aggqu - a32r7]> dtdzx.
Q Q

By substituting (2.10)—(2.11) into (2.9) to obtain

/ pu(ayr — h)dtdz + / qu(agy — k)dtdx + / rw(ass — s)dtdx
Q Q Q

+ M/ |:VCL11 . V(h—a11)+Va22 . V(k—a22)+Va33 . V(S—agg) dzx Z 0.
I

One can easily complete the proof of Theorem 4. 0O

3 Main results

This section provides stability estimates of the inverse problem of finding three
smooth coefficients aq1(x), ass(x) and asz(x) in a given parabolic system.
These results (Lemmas 1-4) can be obtained by the standard L? energy es-
timation [8], but we still present the proof process here for the completeness
of the paper and to obtaining a more precise right-hand side control constant.
We firstly give an estimate of a solution to the sensitive problem (1.4).

Lemma 1. Suppose that (U, V, W) is a solution of the system (1.4). Then, we
have the following estimate:

max /(|U|2 L VP 4 WP)de
0<t<T J;

<exp(C1T) [max \.A1|2/ || dtdz + max |.A2|2/ |o|2dtdx (3.1)
zel Q zel Q
—|—mag<|.,43|2/ |ﬁ)|2dtdsc}7
zel Q
where Cp = 3+ Z:ig,j:l,i#j max,j|ai;(z)[?.

Proof.  Multiply the first equation of (1.4) (denoted as (1.4);) by U and inte-
grate over I, we have

1d
**HU”%;(I)+/|Ug;|2d$+/a11|U|2dl‘:—/algUVd$—/a13UWd$
2dt I I I I

- /.AlUdex.
1

Math. Model. Anal., 31(3):521-541, 2026.
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Using the assumption of the coefficient a;; and Cauchy’s inequality, we have

1d
3lUIn + [ 0P+ [ wfvias

g5/1(|U|2+|a12V| )dx+§/l<|U\2+\a13W|2) do

1
+§/<|U\2+\A1a\2) da (3.2)
I
3 2 1 2 2 1 2 2
<= [ |U)*dx + = max|a12|* | |V|dz + = max|a;3] |W|*dx
2 I 2 xzel I 2 xzel I
1
+7mag<\A1|2/|ﬂ|2dx.
2 gel I
Similarly according to (1.4); and the assumption of a;,% = 2,3, we have
sVl + [1ValPdo s [ aylVPda
<—/|V|2dx+fmag<|a21|2/|U|2da?+fmag(\a23|2/|W|2dm
2 I 2 zel I 2 zel I
1
+7mag<|.,42\2/\17|2dx,
2 gel I
and
th”WHL?(I)—’_/‘W |2dx+/a3|W|2dx
1 1
§f/|W|2dx+fmag<|a31|2/|U|2dx+fmag<|a32|2/|V|2dx (3.3)
2 I 2 gel I 2 zerl I
1
+7max\¢43|2/|11)|2dx.
I

2 zel
Now, combining (3.2)—(3.3), we get

d
= N0ty + 1V 12y + W 122 )|
<Ch (HU||2L2(I) VT2 + ||W||2Lz(1)) +Iilea;<|/41|2/l|a\2d$
+mag<|,42|2/|a|2dm+mag<|,43|2/|uv\24x,
xzel T zel I

where C; = 3 + Zijzl,i#j max, ¢ |a;;(z)[*
Multiply both sides by exp(—Cit) and shift the terms, we obtain

d
= [expwlt) (H012 )+ IV 22y + W||%zm)]
Sexp(—Clt)(magc|A1|2/|d\2dx+mag<|A2|2/|f}\2d$
zel I xzel I

+ max | Ag 2 / ).
xel I
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Therefore, by integrating from 0 to t, we obtain

HU||2L2(1) + ||V||2L2(1) + ||W||2L2(1)

¢
<exp(C’1t)<max.A1|2// exp(—Cys)|i|*dsdx
zel 1Jo
t
+mag(|A2|2// exp(—Cys)|0|?dsdx
zel 1Jo

t
+mag<|.A3|2// exp(—Cls)|zI)2dsdx>
zel 1Jo
§exp(C’1T)(mag(|A1|2/ \ﬂ|2dtdx+mag(|Ag|2/ |o|2dtda
el Q xzel Q
+ma§<|A3|2/ )
zel Q
This is the end of the proof of Lemma 1. O

Let (a11,a22,a33) and (@11, dgz, ass) be two minimizers of the optimal con-
trol problem (2.3) corresponding to (g1,92,93) and (g1, ge, g3), respectively.
(4, D, w) is solution of the state system (1.1) associated with (a;1, @22, ass), and
(P, q,7) is solution of the adjoint system (2.5) associated with (@11, d22,ass).
Now let P =p—p, Q = ¢g—q and R = r—7, thus adjoint system (2.5) becomes

—Pt — Paz+a1P +a21Q+a51R=—-Aip, (x,t) €Q,
—Qt — Quy + a12P + 0229 + a32R = — A2, (x,t) € Q,
—Ri — Raz + a13P + a3Q + azzsR = —As7, (x,t) € Q,

Pz, T)=U(z,T) — (g1 — G1), xel, (3.4)
Q(va) = V(I,T) - (92 - §2)a T e I7
R(.’E,T) = W(.’E,T) - (g?) - §3))7 xr e Iv

Now, we give an estimate of a solution to the adjoint problem (2.5) as follows.

Lemma 2. Let (P,Q,R) be a solution of system (3.4). Then we have the
following estimate:

max / (PP + QP + [R]?)da
I

0<t<T

< 2exp(2C1T) (maX|A1|2/ <|1f5|2 + \ﬂ|2)dtdx

xel Q

+mag<|.A2|2/ (af* + 1of?) dtdx+mag<\A3|2/ (172 + [f?) deda

xel Q xel Q

4 [ (190 = 01 4192 = 5ol + 190 — 3P m),

I
where Cy is the constant defined in Lemma 1.
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Proof. Multiply the first equation of (3.4) (denoted as (3.4)1) by P and inte-
grate over I to get

/ (—Ppt — PPz +a11P* +anPQ + a3173R> de = / — A1 Ppdz,
1 1

using the assumption of the coefficient a;; and Cauchy’s inequality, we have
1
- 5Pl + [ 1PPdot [wlPPao <5 [ (PP +lon0P) do

+3 /I (1P + lasaRI?) dar + 5 /I (PP + 14151 da

3 1 1 (3.5)
< f/\P|2dm+fma2<|a21|2/|Q\2dm+fmag(\a31|2/|R|2dx
2 I 2 zel I 2 ger I
1
+7ma§\A1|2/|ﬁ|2dm.
2 ger
Similarly according to (3.4); and the assumption of a;;,7 = 2,3, we have
~ 5Ol + [ 10+ [ sl0Pds
§7/|Q|2dx+fmag<|a12|2/\73|2dx+fmag<|a32|2/|7€|2dm
2 I 2 xzel I 2 z€l I
1
+ g max AP [ [qPda,
2 zel I
and
- 3Rl + [1RePdo+ [ afRPds
3 1 1
<3 /\R| do + max|a13|2/|73|2dx—|—fmag(|a23\2/|Q|2dx (3.6)
2 2 2 xel I

1

+ fmagc\A3|2/|F|2dx.
2 ger I

Now, by combining (3.5)—(3.6), we obtain
d
= [Pty + 1Q0 0y + IR 1)
<C1 (IPIar + 19130y + RN (r))

tmax Al [ [P+ max|Aof? [ lgPds + max iAol [ 7Pdo,

xzel I xel I el I

where C, = 3 + Zg’,jzl’i# max, 7 |a;;(z)[?. Multiply both sides by exp(Cit)
and shift the terms, we get

d
- 4t [0 (1Pt + 100 + IRIE )|

< exp(Cht) (max|A1|2 [+ masl 4o [ e + max Al [ |f|2dx) .
zel I zel I zel I
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Therefore, by integrating from ¢ to T', we obtain

exp(C1t) (IPCOlary + 190, Ol ary + IRC, )2 )
<max\.,41|2// exp( Cls)|p|2d8dac+max|A2|2// exp(C15)|G|*dsdx

—|—mag<|./43\2// exp(C18)|7|*dsdx
xzel IJt
+exp(CT) (IPCT) sy + 19T sy + IRC T Bagr)

Setting

T T
L ::mag<|,41\2//exp(Cls)|ﬁ\2dsdx+mag<|A2|2//exp(Cls)|(j|2dsdm
zel 1Jt zel IJt

T
+maX|A3|2// exp(Cy s)|7|*dsdz,
I

according to (3.4)4—(3.4)¢ we get
exp(Crt) (P 3y + QU3 + IRIZ2())
SIH—exp(C’lT)(/|U(:13,T)—(gl—§1)|2dz+ V (2, T)~(g2—3s) | da
I I
+ [1W1) - (- ) )
I

Thus, by (3.1), one can get
P22+ QI T2 (1) HIRIZ2 (1) < exp(=Crt) [1+2 exp (C1 (T 1))

X (/I|U(x,T)\2dx+/I|V(g;,T)y2dx+/I|W(x,T)}2dx>

+ 2exp (Cl(T—t))</|gl —§1|2dm+/}gg —§2|2dx
I I
+/’gg—§3|2d:c>§26Xp(201T)(ma;(|,41|2/(|ﬁ|2—|—|ﬁ|2)dtdx
I z€ Q

+ max | Ao ? / (1d? + [6?)dtdz + max | As]? / (72 + | [2)dtd
xel Q xel Q

-2 -2 -2
+/I<‘91—g1| +|g2—92} +’gg—gg| )dx)

This completes the proof of the lemma. O

Lemma 3. Let (u,v,w) be a solution for system (1.1). Then we have the
following estimate:

max / (12 +of2+wf?) da< exp(CiT) (luolecry+Hlvolz ey HiwolFaq )

0<t<T
where Cy is the constant defined in Lemma 1. (3.7)
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Proof. Multiplying (1.1)1, (1.1)2 and (1.1)3 by w, v and w respectively, and
integrating over I, we obtain the following inequality

1d I / i / :
U Uy |“dx aq1|ul“dx
2 t” HL2(1) 1| ‘ . |ul

1 1 (3.8)
§/|u|2dm+fmag(|a12|2/|v|2dx+fma3<|a13|2/|w|2dm,
I 2 xzel T 2 zel I
1d
sl + [ oPdo+ [anloPds
§/\v\2dz+fmag(|a21|2/|u|2dx+fmag(|a23|2/\w|2dx
I 2 zel I 2 el I
and
gl + [ lwade+ [ amlubda
(3.9)

§/|w|2daﬁ+fmag(|a31|2/|u\2dm+fmag(\a32|2/|v|2dm.
T 2 xel I 2 xel I

By coupling (3.8)—(3.9), we deduce that

1d
535 [ulZa + lol3a + lwlfa

+/ <|u;c|2 + v )® + \wx|2) dzx +/ (a11u2 + agov? + a33w2> dz
T I
1 2 1 2 1 2 1 2
<| 14 = max|a12|* + = max|ai3]° + = max |ag1|* + = max |aqs]
2 zel 2 wer 2 zel 2 wer
1 2 1 2 2 2 2
+2ﬁ§MH+2g§mﬂ>@umm+hhmHHMmm)

Cy
<= (lullfe + Iolag + lwlifa ) -
Under the assumptions of a1, ags and asz, we have

1d Ch
522 Iile ol Hiw e | <5 (lulle g Holdem il ) -

Multiply both sides by exp(—Cit) and shift the terms, we get

2 [ev-xt) (Iullagy + 1ol + Il | <o
thus, by integrating from 0 to ¢, we obtain
[ullZa(ry + 01220y + w2
<exp(Cit) (llu("0)||2m(1) + v, )72y + ||w("0)||2L2(1))
<exp(C1T) (Jluollfer + vollEqr) + lwollFeqr ) -

The proof can be completed. 0O
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Lemma 4. Let (p,q,r) be a solution of system (2.5). Then we have the fol-
lowing estimate:

s, [ (1?10 + 7) do <2exp(z0iT) (ol + ool
I

0<t<T
lunlan + [ (19 + o + lol?) ),
I

where Cy is the constant defined in Lemma 1.

Proof. Multiplying (2.5)1, (2.5)2 and (2.5)3 by p, ¢ and r respectively, and
integrating over I, we obtain

1d
T S / pa2di + / anlpldz

| ) (3.10)
< [ IpPds + 3 maxlan [ loPdo+ g maxan P [ [rPd.
I 2 z€l I 2 zel I
1d
~ gl + [laPdet [anloPas
2 1 2 2 1 2 2
< [ lgl*dz + = max|a;2| |p|“dz + = max |ags| |r|“dx
I 2 zel I 2 ger I
and
1d
7§%HT‘H%2(I)+‘/I‘7’I|2d:17+/1a33|1"|2d13
(3.11)

1 1
§/|r|2daz+fmag(|a13|2/\p|2dx+fmag(|a23\2/|q|2dx.
I 2 zel I 2 el I

By coupling (3.10)—(3.11), we get
.
2dt
+/ (lpacl2 +lga | + |m|2) dx +/ (a11p2 + agq’ + a33r2) dx
I I

(1Pl 2y + NallEe ) + M7l

1 2, 1 2, 1 2 1 2
<( 1+ ;max|aiz|” + 5 max|ai3|” + 5 max|ag|” + 5 max|ags|
2 zel 2 wel 2 wel 2 zel

1 2 1 2 2 2 2
+ g maxlan? + g maxanl® ) (1ol + lalEac + Il

Gy
= (Il + llalZary + 7 ) -

According to the hypotheses on a11, ass and ags, we have the following result

1d Cy
—5 = [IPWey + NallZeqr) + i3] < 5 (IP1ary + lalary + Il ) -

Multiply both sides by exp(C4t) and shift the terms, we get

_Ld
2 dt

<

exn(Cut) (Il + ol + e | <o
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Therefore, by integration from ¢ to T', we have

()22 () + Nl 2y + I (5 122y
< exp(Co(T 1) (IpC ) By + laC- T gy + I D))
According to (2.5)4—(2.5) we get
Ip172(ry + gl Zecry + Il 72y < 2exp(Ci(T —t)

< (s DI + o DB + o Tl
[ (10 + bl + 02) o) < 2espteci)
I
s (ol + ool + lula + [ (10 + bl + )

This completes the proof of the Lemma 4. O

Now, with the help of the lemmas we established above, we are ready to
prove the main result of this paper. For the proof of the local stability estimates,
we follow certain ideas used to reconstruct the source terms of the phase field
system [15] and the local fluctuations of the Black-Scholes equations [16].

Now we are in a position to prove Theorem 1.1.

Proof. We give Proof of Theorem 1.1
Let us begin the proof by taking h = a1, k = dg2, s = ass in (2.6), we
have

/ pu(a11 — du)dtdl' -l-/ qv(a22 — &gg)dtdl‘ +/ T‘w(ag,g - d33)dtd$ (312)
Q Q Q
+ H/ [Van - V(a11—a11)+Vags - V(Gaa—ag2)+Vass - V(asz—ass)|dz>0,

I

and by taking au:dll, (ZQQ:a,QQ, 1133:&33 when h:au, k = ag9, S — A33 We
get

/ ﬁﬂ(&ll - all)dtd.%' —|—/ (j’f](dgg - agg)dtdl‘ +/ 7:11}(&33 - a33)dtdl‘ (313)
Q Q Q

+H/ [V&M . V(allfa11)+VC~L22 . V(a227&22)+V&33 . V(agg - C~L33) dr > 0,
I

where (u,v,w) and (@, ?,w) are solutions of the system (1.1) with the coef-
ficients a;; (i,j = 1,2,3) and (@11, @12, @13, @21, do2, @23, @31, A32, d33), respec-
tively. (p,q,r) and (P, G, 7) are solutions of the corresponding adjoint systems
(2.5). Now combining the inequality (3.12) and (3.13), and using Cauchy’s
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inequality, we obtain
,u(/ ‘V(au — d11)|2d.’£ + / |V(a22 — d22)‘2d$ + / |V(a33 — &33)|2d$)
I I I

< / A (pU—l—Pﬁ) dtdz+ /Q As (qv + Qﬁ)dtdm—l— QAg (TW + Rw) dtdz

1 -
2/ (1402 + U + Ay + [P[?) drda

1
+ 7/ (IAqu2 + V2 + [Az0]? + \QP)dtdx
2 Jq

1
+ 5/ (|A3r|2 + W + |Asw|* + |R|2)dtdx

1

<gmaxlAif® [ (o + )

1
+ fmag(|./42|2/ (|q|* + |8]?)dtdx + fmag<|./43|2/ (|r? + [@]?)dtda
2 zel Q 2 zel Q

1
by [ (P4 WP+ WP+ PR+ |QF + [RF) ded. (3.14)
Q

According to Lemmas 1-2, we have

[ (WP +1VE+ WP+ (PP 4]0P +|RP) dida
Q
<4Texp(2C:T) (max |.A1|2/ (|]5|2 + |ﬂ|2) dtdz
xel Q
+mag(|A2|2/ <|(j|2+\17|2> dtdx+mag<\A3|2/ |(|f|2+\w|2) dtdz
zel Q xel Q

+/(\91—91\2+\gz—§2\2+\gs—§3\2) d:c>. (3.15)
1

Furthermore, from the analogues of Lemma 3 and Lemma 4, there exists a
constant
3
T= ||U0||3:2(1) + HUOH%%I) + ||U’OH%2(1) + Z ||91‘||2L2(1) (3.16)
i=1
such that
/ (|a|2 1o+ |w|2) dtdz < T exp(CyT)r,
Q

/ (16> + 14l + |7 dide < 2T exp(20:T)r.
Q

Besides, considering A;(z¢) = 0 and using the Holder’s inequality, we have

/.A/ )dy| <

’/WA dy‘ . (3.17)

max |A;(z)] = max
zel
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Substitute (3.15)—(3.17) above into (3.14), we obtain

max | A; |2 + max | As|? + max | A;3|?
xel zel zel

1
< — max |A|? (T exp(ChT)T + 2T exp(QClT)T)
20 zel

1

+ — max|Ay|? (T exp(C1T)T + 2T exp(2C’1T)7>
20 zel
1

+ — max |A3|? (T exp(C1T)T + 2T exp(2C’1T)T>
2M xzel
1

+ 5, ATexp(201T) <max A, |2 (T exp(CLT)T + 2T exp(QC’lT)T)

zel

+ max | Ay |? (T exp(ChT)T + 2T exp(2ClT)T)

zel

+ max | Az|? (T exp(ChT)T + 2T eXp(ZC’lT)T)
xel
+ / (lon = 1% + lg2 = G2 + Igs — G2) d:c)
I
2
< —Texp(2C1T)T (max |A1]? 4 max | Ap|? + max A3|2>
12 xzel xzel xel
8
+ —T%exp(4C1T)T <max |A1]? + max |Az|? + max A3|2>
1 xzel xzel xel
2 - - -
+ ;Texp(QClT) (/ (|g1 — 11?4 |92 — G| + |93 — g3|2) dx)
I
=Cr (max |A1]? 4 max | Az|? 4 max |A3|2>
xel zel zel

1 - ~ ~
T exp(201T) ( [ (190 = 512+ lo2 = P + 19 - ) dx) SNESE)
I
where Cp = %exp(ZClT)T(l +4T exp(2C1T)). Now choosing T' > 0 such that
Cr < 1, one can complete the proof. O

Remark 3. From Theorem 1, we see that if the final measurements of the sys-
tems (1.1) and (1.3) are equal, that is

w(z, T) =u(z,T), v(z,T) =0(z,T) and w(z,T) = w(z,T),

then the data a1y, ags, ass can be uniquely determined, i.e., for some small
To > 0 there is a11 = @11, a2 = a22 and ags = ass in I. In fact, from (3.18),
it follows that

max | A; |2+ max | Az |+ max | A3 <Cr <max |A1]?+ max | Az >+ max |A3|2> .
xzel xzel el el xzel el

Similarly, choosing Ty > 0 such that C', < 1 leads to the conclusion that
max |A; [* + max [As|* + max [ A3]? < 0.
xel rzel xzel

So we deduce that a;;(z) = as(x),i =1,2,3 for all z € I.
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Remark 4. For the coefficient reconstruction problem in the non-diagonal case,
the method proposed in this paper is only applicable to some cases, that is,
when the unknown coefficients are located in different rows and columns, and
is not applicable to all other cases. For instance, when reconstructing the
three coeflicients (aj1,a12,a13) (i.e. in the same row), we cannot obtain a re-
sult similar to that of Lemma 1. We can only obtain the estimation of the
first equation U with respect to the unknown coefficient of the disturbance.
Such an estimation is insufficient in the proof of conditional stability. Simi-
larly, when reconstructing coefficients like (a11, a21,asz1) (in the same column),
results similar to those of Lemma 2 cannot be obtained either. In addition,
Lemmas 3-4 also need to be adjusted accordingly. The reason is that when the
diagonal coefficient a;; is perturbated, the estimates of the above two lemmas
remain unchanged. However, when perturbating non-diagonal coefficients, the
estimates in the above lemma need to be adjusted accordingly.

4 Concluding remarks

This paper mainly focuses on the inverse problem of determining three spatial
coefficients in a reaction-diffusion system based on final measurement data.
Firstly, the given problem is transformed into an optimal control problem using
optimization theory, and the existence of a minimizer is proven. Subsequently,
stability estimates for the three spatially varying coefficients are derived, with
upper bounds provided by the Lebesgue norm of the final measurement. In
the following work, we will continue to deepen the study of the application of
optimization theory to inverse problems, such as inverse non-diagonal potential
terms problem or inverse coefficient problem in anomalous diffusion system (for
instance, our previous situation regarding a single equation [21,25]). Try to
introduce more advanced optimization algorithms and techniques to improve
the accuracy and efficiency of parameter identification. At the same time, it is
considered to extend the method to more complex strongly coupled reaction-
diffusion systems.

Acknowledgements

The authors thank the anonymous referees and the editor for their valuable
comments. This work is supported by the NSF of China (grant no. 12561079,
and grant no. 12201502), the Young Doctor Support Project of Gansu Province
(grant no. 2025QB-017).

References

[1] A.F. Albu, Y.G. Evtushenko and V.I. Zubov. Application of second-order
optimization methods for solving an inverse coefficient problem in the three-
dimensional statement. Tr. Inst. Mat. Mekh., 27(4):19-31, 2021.

[2] N. Buong, N.D. Nguyen and N.T.Q. Anh. An inertial iterative regulariza-
tion method for a class of variational inequalities. J. Optim. Theory Appl.,
202(2):649-667, 2024. https://doi.org/10.1007/s10957-024-02443-0.

Math. Model. Anal., 31(3):521-541, 2026.


https://doi.org/10.1007/s10957-024-02443-0
https://doi.org/10.3846/mma.2026.24516

m Z. Zhang and L. Sun

3]

4]

(5]

(6]

(7l

(9]
(10]

(1]

[12]

[13]

14]

(15]

[16]

D. Campos-Knupp, L.G. da Silva, L. Bevilacqua, A.C.N.R. Gale ao and
A. da Silva Neto. Inverse analysis of a new anomalous diffusion model employ-
ing maximum likelihood and Bayesian estimation. In Mathematical modeling

and computational intelligence in engineering applications, pp. 89—-104. Springer,
[Cham], 2016. https://doi.org/10.1007/978-3-319-38869-4_7.

S. Carmo, L. Azevedo and A. Soares. Exploring seismic inversion methodologies
for non-stationary geological environments: a benchmark study between deter-
ministic and geostatistical seismic inversion. Geophys. Prospect., 65(5):1333—
1350, 2017. https://doi.org/10.1111/1365-2478.12489.

M. Chang, L. Sun and Y. Wang. Two regularization methods
for identifying the unknown source in a multiterm time-fractional dif-
fusion equation. Rocky Mountain J. Math., 53(5):1387-1414, 2023.
https://doi.org/10.1216/rmj.2023.53.1387.

S.-E. Chorfi and M. Yamamoto. Stability of backward-in-time semilin-
ear coupled parabolic systems. J. Math. Anal. Appl., 545(2):1-16, 2025.
https://doi.org/10.1016/j.jmaa.2025.129240.

M. Cristofol, P. Gaitan, K. Niinimdki and O. Poisson. Inverse
problem for a coupled parabolic system with discontinuous conductivi-
ties: one-dimensional case. Inverse Probl. Imaging, 7(1):159-182, 2013.
https://doi.org/10.3934/ipi.2013.7.159.

Lawrence C. Evans. Partial differential equations, volume 19 of Graduate Studies
in Mathematics. American Mathematical Society, Providence, RI, 1998.

J. Fan and X. Qin. Tikhonov regularization methods for inverse mixed quasi-
variational inequalities. J. Nonlinear Convex Anal., 21(2):451-461, 2020.

A. Friedman. Partial differential equations of parabolic type. Prentice-Hall, Inc.,
Englewood Cliffs, NJ, 1964.

R. Gu, B. Han and Y. Chen. Fast subspace optimization method for nonlinear
inverse problems in Banach spaces with uniformly convex penalty terms. Inverse
Probl., 35(12):1-34, 2019. https://doi.org/10.1088/1361-6420/ab2a2b.

G. Gurarslan and H. Karahan. Solving inverse problems of groundwater-
pollution-source identification using a differential evolution algorithm. Hydrogeol.
J., 23(6):1109-1119, 2015. https://doi.org/10.1007/s10040-015-1256-z.

E.M. Ait Ben Hassi, S.-E. Chorfi and L. Maniar. An inverse problem of
radiative potentials and initial temperatures in parabolic equations with dy-
namic boundary conditions. J. Inverse Ill-Posed Probl., 30(3):363-378, 2022.
https://doi.org/10.1515/jiip-2020-0067.

E.M. Ait Ben Hassi, S.-E. Chorfi and L. Maniar. Stable determination of coeffi-
cients in semilinear parabolic system with dynamic boundary conditions. Inverse
Probl., 38(11):1-28, 2022. https://doi.org/10.1088/1361-6420/ac91ed.

K.-H. Hoffmann and L. Jiang. Optimal control of a phase field model
for solidification. Numer. Funct. Anal. Optim., 13(1-2):11-27, 1992.
https://doi.org/10.1080/01630569208816458.

L. Jiang and Y. Tao. Identifying the volatility of underlying assets from op-
tion prices. Inverse Probl., 17(1):137-155, 2001. https://doi.org/10.1088/0266-
5611/17/1/311.


https://doi.org/10.1007/978-3-319-38869-4_7
https://doi.org/10.1111/1365-2478.12489
https://doi.org/10.1216/rmj.2023.53.1387
https://doi.org/10.1016/j.jmaa.2025.129240
https://doi.org/10.3934/ipi.2013.7.159
https://doi.org/10.1088/1361-6420/ab2a2b
https://doi.org/10.1007/s10040-015-1256-z
https://doi.org/10.1515/jiip-2020-0067
https://doi.org/10.1088/1361-6420/ac91ed
https://doi.org/10.1080/01630569208816458
https://doi.org/10.1088/0266-5611/17/1/311
https://doi.org/10.1088/0266-5611/17/1/311

[17]

18]

[19]

[20]

21]

22]

(23]

[24]

[25]

[26]

27]

(28]

[29]

ICP for reaction-diffusion system via optimization approach

O.A. Ladyzenskaja, V.A. Solonnikov and N.N. Uralcprime ceva. Linear
and quasilinear equations of parabolic type. Translations of Mathematical
Monographs, Vol. 23. American Mathematical Society, Providence, RI, 1968.
https://doi.org/10.1090/mmono/023.

M.-H. Laves, M. Tolle, A. Schlaefer and S. Engelhardt. Posterior temperature
optimized bayesian models for inverse problems in medical imaging. Med. Image
Anal., 78:1-12, 2022. https://doi.org/10.1016/j.media.2022.102382.

Y. Li, H. Liu and C.W.K. Lo. On inverse problems in predator-
prey  models. J.  Differential  FEquations, 397:349-376, 2024.
https://doi.org/10.1016/].jde.2024.04.009.

H. Liu and C.W.K. Lo. Determining a parabolic system by boundary observation
of its non-negative solutions with biological applications. Inverse Probl., 40(2):1—
24, 2024. https://doi.org/10.1088/1361-6420/ad149f.

W. Ma and L. Sun. Inverse potential problem for a semilinear generalized
fractional diffusion equation with spatio-temporal dependent coefficients. In-
verse Probl., 39(1):Paper No. 015005, 29, 2023. https://doi.org/10.1088/1361-
6420/aca49e.

A. Oulmelk, L. Afraites, A. Hadri and M. Nachaoui. An optimal con-
trol approach for determining the source term in fractional diffusion equa-
tion by different cost functionals. Appl. Numer. Math., 181:647-664, 2022.
https://doi.org/10.1016/j.apnum.2022.07.009.

M. Srati, A. Oulmelk, L. Afraites and A. Hadri. An ADMM ap-
proach to a TV model for identifying two coefficients in the time-
fractional diffusion system. Fract. Calc. Appl. Anal., 26(4):1964-1999, 2023.
https://doi.org/10.1007 /s13540-023-00180-1.

M. Srati, A. Oulmelk, L. Afraites and A. Hadri. An inverse problem of identifying
two coefficients in a time-fractional reaction diffusion system. Discrete Contin.
Dyn. Syst. Ser. S, 18(1):113-147, 2025. https://doi.org/10.3934/dcdss.2023054.

L. Sun, Y. Li and Y. Zhang. Simultaneous inversion of the potential term
and the fractional orders in a multi-term time-fractional diffusion equation. In-
verse Probl., 37(5):Paper No. 055007, 26, 2021. https://doi.org/10.1088/1361-
6420/abf162.

B. Wu and J. Liu. Determination of an unknown source for a ther-
moelastic system with a memory effect. Inverse Probl., 28(9):1-17, 2012.
https://doi.org/10.1088,/0266-5611/28/9/095012.

B. Wu and J. Yu. Hoélder stability of an inverse problem for a strongly cou-
pled reaction-diffusion system. IMA J. Appl. Math., 82(2):424-444, 2017.
https://doi.org/10.1093/imamat /hxw058.

Z. Wu, J. Yin and C. Wang. Elliptic & parabolic equations. World Scientific
Publishing Co. Pte. Ltd., Hackensack, NJ, 2006.

L. Yang, Z. Deng, J. Yu and G. Luo. Optimization method
for the inverse problem of reconstructing the source term in a
parabolic equation. Math. Comput. Simulation, 80(2):314-326, 2009.
https://doi.org/10.1016/j.matcom.2009.06.031.

Math. Model. Anal., 31(3):521-541, 2026.


https://doi.org/10.1090/mmono/023
https://doi.org/10.1016/j.media.2022.102382
https://doi.org/10.1016/j.jde.2024.04.009
https://doi.org/10.1088/1361-6420/ad149f
https://doi.org/10.1088/1361-6420/aca49e
https://doi.org/10.1088/1361-6420/aca49e
https://doi.org/10.1016/j.apnum.2022.07.009
https://doi.org/10.1007/s13540-023-00180-1
https://doi.org/10.3934/dcdss.2023054
https://doi.org/10.1088/1361-6420/abf162
https://doi.org/10.1088/1361-6420/abf162
https://doi.org/10.1088/0266-5611/28/9/095012
https://doi.org/10.1093/imamat/hxw058
https://doi.org/10.1016/j.matcom.2009.06.031
https://doi.org/10.3846/mma.2026.24516

	Introduction
	Optimal control problem
	Main results
	Concluding remarks
	References

