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Abstract. Let Q be a positive definite n×n matrix, n ∈ 2N, n ⩾ 4.

The Epstein zeta-function ζ(s;Q), defined for Re s > n
2 , is given

by ζ(s;Q) =
∑

x∈Zn\{0}(x
TQx)−s, and has a meromorphic con-

tinuation to the whole complex plane. Let T 27/82 ⩽ H ⩽ T 1/2.

In this paper, we prove a limit theorem on weak convergence for
1
H meas

{
t ∈ [T, T + H] : ζ(σ + it;Q) ∈ A

}
, A ∈ B(C), as T → ∞,

where B(C) is the Borel σ-algebra on C. The limit measure is ex-

plicitly given. The result extends a known theorem obtained for

the interval [0, T ].
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1 Introduction

It is well known that the value distribution of many functions, including the
Riemann zeta-function

ζ(s) =

∞∑
n=1

1

ns
, s = σ + it, σ > 1,

is quite chaotic, and it is difficult to give precise statements about their concrete
values. In turn, H. Bohr proposed the following statistical approach: one fixes
a set A ⊂ C and considers the density of values of ζ(s) belonging to A. In [3],
H. Bohr jointly with B. Jessen proved that, for σ > 1 and for every rectangle
R with edges parallel to axis, the limit

lim
T→∞

1

T
J
{
t ∈ [0, T ] : log ζ(σ + it) ∈ R

}
,
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exists, where JA denotes the Jordan measure of A ⊂ C. In [4], the latter result
has been extended to the region σ > 1

2 .
In the middle of the 20th century, the theory of weak convergence of prob-

ability measures was created, and it became convenient to state Bohr-Jessen
type theorems as limit theorems on weakly convergent probability measures.

We begin by recalling the essential definitions. Let X be a topological space,
and B(X) the Borel σ-field on X. Let P and Pn, n ∈ N, be probability measures

on (X,B(X)). We say that Pn converges weakly to P as n→ ∞ (Pn
w−−−−→

n→∞
P )

if, for every real bounded continuous function g on X,

lim
n→∞

∫
X
g dPn =

∫
X
g dP.

Using the above definition, the Bohr-Jessen type theorem for ζ(s) can be stated
in a modern form: suppose that measA denotes the Lebesgue measure of A ⊂ R,
and σ > 1

2 is fixed; then, on (C,B(C)), there exists a probability measure P
such that

PT (A) =
1

T
meas

{
t ∈ [0, T ] : ζ(σ + it) ∈ A

}
, A ∈ B(C),

converges weakly to P as T → ∞ (see, for example, [17]).
Owing to B. Bagchi’s contribution, the concept of weak convergence of prob-

ability measures has become widely used, especially in theorems established in
the space of analytic functions, since the proofs of universality theorems on
the approximation of analytic functions by shifts of zeta-functions are based on
such results. The contributions of Bohr and Jessen, as well as a probabilistic
approach to value-distribution of various zeta-functions, have influenced sub-
sequent developments. For example, in a series of papers, this probabilistic
technique was extended to the analysis of the value-distribution for modified
Mellin transforms of powers of the Riemann zeta-function, see [19, 25]. We
observe that, in this case, the limit distribution is degenerated at the point
s = 0.

Among the various analytic functions studied in number theory, the Ep-
stein zeta-function stands out as a particularly interesting object. The value
distribution of ζ(s;Q), as with other zeta-functions, is chaotic; therefore, it
motivates the application of a probabilistic approach to its characterization.

Let Q be a positive definite n × n matrix, n ∈ N. For x ∈ Zn, denote
Q[x] = xTQx, where xT is the transpose of x. The Epstein zeta-function
ζ(s;Q), for σ > n

2 , is defined by the series

ζ(s;Q) =
∑

x∈Zn\{0}

(Q[x])−s.

Moreover, ζ(s;Q) admits an analytic continuation to the whole complex plane,
except for a simple pole at s = n

2 , and

Res
s=n/2

ζ(s;Q) = π
n
2

(
Γ
(
n/2

)√
detQ

)−1

,
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where, Γ(s) is the Euler gamma-function. The function ζ(s;Q) was introduced
by P. Epstein in [9]. He also obtained the functional equation of Riemann type
for ζ(s;Q). Let Q−1 stand for the inverse of Q. Then, in [9], it was given that

π−sΓ(s)ζ(s;Q) =
√
detQπs−n

2 Γ
(
n/2− s

)
ζ
(
n/2− s;Q−1

)
, s ∈ C.

Properties of the function ζ(s;Q), of course, depend on the matrix Q, and are
quite different from those of ζ(s). For example, there are matrices Q such that
ζ(s;Q) has zeros in the region of absolute convergence σ > n

2 , while ζ(s) ̸= 0
for σ > 1. Moreover, for certain matrices, the Riemann hypothesis for ζ(s;Q) is
not true: there are zeros off the critical line σ = n

4 . Also, it is proved that zeros
of ζ(s;Q), in general, are not symmetric with respect to the line σ = n

4 [28]. On
the other hand, it has been established [27] that imaginary parts of the zeros of
ζ(s;Q), as of ζ(s), are uniformly distributed modulo 1. Recent investigations
concerning the values of Epstein zeta-functions include a formula for a sum of
values of ζ(s;Q) over the nontrivial zeros of ζ(s) presented in [10].

The Epstein zeta-function has wide-ranging applications in both pure and
applied sciences. For example, in mathematics, ζ(s;Q) as an automorphic form
for the unimodular group, plays a significant role in algebraic number theory.
Beyond mathematics, it is an important tool in the study of crystallography
[13], quantum field theory [7], temperature and energy related problems [5, 8].

The first attempt was made successful in [20] to prove a limit theorem in the
sense of weak convergence of probability measures for the Epstein zeta-function
ζ(s;Q). To state the result, we need to give a description of the situation in
question. Suppose that Q[x] ∈ Z for all x ∈ Zn \ {0}. Fomenko proved that
then the representation

ζ(s;Q) = ζ(s;EQ) + ζ(s;FQ)

holds, where ζ(s;EQ) is the zeta-function of a certain Eisenstein series, and
ζ(s;FQ) the zeta-function of a modular form of weight n

2 . Moreover, suppose
that n ∈ 2N and n ⩾ 4. Then, it is known (see [14, 15]) that the Eisenstein
series EQ(s) is a modular form of level q, where q ∈ N is such that q(2Q)−1 is
an integral matrix, and, for σ > n−1

2 ,

ζ(s;Q) =

K∑
k=1

L∑
l=1

akl
ksls

L(s, χk)L

(
s− n

2
+ 1, ψl

)
+

∞∑
m=1

bQ(m)

ms
. (1.1)

Here k and l are positive divisors of q, χk and ψl are Dirichlet characters
modulo q/k and q/l, respectively, L(s, χk) and L(s, ψl) are the corresponding
Dirichlet L-functions, and akl ∈ C are certain complex coefficients. Further-
more, the series with coefficients bQ(m) is absolutely convergent for σ > n−1

2 .
The representation (1.1) is fundamental to the study of the function ζ(s;Q).

Now, we define the limit measure in the main theorem of [20]. Let

Ω =
∏
p∈P

{s ∈ C : |s| = 1},
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where P is the set of all prime numbers. The set Ω consists of all functions
from P into the unit circle. With the product topology and pointwise multipli-
cation, Ω is a compact topological group. Therefore, on (Ω,B(Ω)), the prob-
ability Haar measure mH can be defined. This leads to a probability space
(Ω,B(Ω),mH). Denote by ω = (ω(p) : p ∈ P) elements of Ω, and extend the
functions ω(p), p ∈ P, to the set N by using the formula

ω(m) =
∏
pl∥m

ωl(p), m ∈ N,

where pl ∥ m means that pl | m, but pl+1 ∤ m. On the probability space
(Ω,B(Ω),mH), define the complex-valued random element

ζ(σ, ω;Q) =

K∑
k=1

L∑
l=1

aklω(k)ω(l)

kσlσ
L(σ, ω, χk)L

(
σ − n

2
+ 1, ω, ψl

)
+

∞∑
m=1

bQ(m)ω(m)

mσ
, σ > n−1

2 ,

where, for a Dirichlet character χ, and almost all ω,

L(s, ω, χ) =

∞∑
m=1

χ(m)ω(m)

ms
=
∏
p∈P

(
1− χ(p)ω(p)

ps

)−1

, σ >
1

2
.

Let Pζ = Pζ,σ,Q be the distribution of the random element ζ(σ, ω;Q), that is,

Pζ(A) = mH

{
ω ∈ Ω : ζ(σ, ω;Q) ∈ A

}
, A ∈ B(C).

In [20], the weak convergence of the probability measure

PT,ζ(A) = PT,ζ,σ,Q(A) =
1

T
meas

{
t ∈ [0, T ] : ζ(σ + it;Q) ∈ A

}
, A ∈ B(C),

where measA denotes the Lebesgue measure of a measurable set A ⊂ R, was
analysed. The main result of the mentioned paper is the following statement.

Theorem 1. Suppose that σ > n−1
2 is fixed. Then PT,ζ converges weakly to

the measure Pζ as T → ∞.

Theorem 1 has been further developed in subsequent works [21, 22, 23, 24] in
several directions, including the use of discrete shifts, certain generalized shifts,
and the study of joint distributions. Furthermore, the papers [11] and [12] are
devoted to two-dimensional limit theorems for the Epstein and Hurwitz zeta-
functions. In these works, the measures are defined by a density in the interval
of length T . In this study, we aim to decrease the length of T , i.e., to prove
that Theorem 1 remains valid in short intervals.

Several limit theorems for zeta-functions in the space of analytic functions
have been obtained in the papers on universality in short intervals. The first
result of this type was given in [18] for the Riemann zeta-function. Subse-
quently, such limit theorems have been established for zeta-functions of certain
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cusp forms, as well as for the Lerch and Hurwitz zeta-functions.
We now proceed to formulate the main result of the paper. For A ∈ B(C), set

PT,H,ζ(A) = PT,H,ζ,σ,Q(A) =
1

H
meas

{
t ∈ [T, T +H] : ζ(σ + it;Q) ∈ A

}
.

Theorem 2. Suppose that σ > n−1
2 is fixed, and T 27/82 ⩽ H ≤ T 1/2. Then,

PT,H,ζ converges weakly to the measure Pζ as T → ∞.

Thus, Theorem 2 extends Theorem 1 to the interval of length at least T 27/82.
The proof of Theorem 2 is based on the representation (1.1), and on the mean
square estimate for the Hurwitz zeta-functions obtained in [26].

2 Case of absolute convergence

We start with a limit lemma for the probability measures on (Ω,B(Ω)) in short
intervals. For A ∈ B(Ω), define

QT,H(A) =
1

H
meas

{
t ∈ [T, T +H] :

(
p−it : p ∈ P

)
∈ A

}
.

Lemma 1. Suppose that H → ∞ as T → ∞. Then QT,H converges weakly to
the Haar measure mH as T → ∞.

Proof. Consider the Fourier transform fT,H(k), k =
(
kp : kp ∈ Z, p ∈ P

)
, of

QT,H given by

fT,H(k) =

∫
Ω

(∏∗

p∈P
ωkp(p)

)
dQT,H ,

where the star ”*” shows that only a finite number of integers kp are not equal
to zero. Thus, by the definition of QT,H ,

fT,H(k) =
1

H

∫ T+H

T

∏∗

p∈P
p−ikptdt =

1

H

∫ T+H

T

exp

{
− it

∑∗

p∈P
kp log p

}
dt. (2.1)

Obviously,
fT,H(0) = 1. (2.2)

The set {log p : p ∈ P} is linearly independent over the field of rational numbers.
Therefore, for k ̸= 0,

A(k)
def
=
∑∗

p∈P
kp log p ̸= 0.

In view of (2.1), we have

fT,H(k) =
exp{−iTA(k)} − exp{−i(T +H)A(k)}

iHA(k)
.
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This and (2.2) show that

lim
T→∞

fT,H(k) =

{
1 if k = 0,
0 if k ̸= 0.

Since the right-hand side of that equality is the Fourier transform of the measure
mH , and Ω is a compact group, the lemma follows. ⊓⊔

Fix a number θ > 1
2 , and, for m,N ∈ N, set

wN (m) = exp
{
−
(
m/N

)θ}
,

where exp{a} = ea. Return to representation (1.1), and define

LN

(
s− n

2
+ 1, ψl

)
=

∞∑
m=1

ψl(m)wN (m)

ms
,

and

ζN (s;Q) =

K∑
k=1

L∑
l=1

akl
ksls

L(s, χk)LN

(
s− n

2
+ 1, ψl

)
+

∞∑
m=1

bQ(m)

ms
.

Since wN (m) decreases exponentially with respect to m, and |ψl(m)| ⩽ 1, the
series for LN (s− n

2 + 1, ψl) is absolutely convergent in any half-plane σ > σ0.
Moreover, the series for L(s, χk) is absolutely convergent for σ > n−1

2 , assuming
that n ⩾ 4. These remarks show that the function ζN (s;Q) is a combination
of absolutely convergent Dirichlet series for σ > n−1

2 .
Next, we consider the weak convergence of the probability measure

PT,H,N,ζ(A) = PT,H,N,ζ,σ(A)

=
1

H
meas

{
t ∈ [T, T +H] : ζN (σ + it;Q) ∈ A

}
, A ∈ B(C).

Lemma 2. Suppose that σ > n−1
2 is fixed, and H → ∞ as T → ∞. Then, on

(C,B(C)), there exists a probability measure PN,σ,ζ such that PT,H,N,ζ converges
weakly to PN,σ,ζ as T → ∞.

Proof. For ω ∈ Ω, define

ζN (s, ω;Q) =

K∑
k=1

L∑
l=1

aklω(k)ω(l)

ksls
L(s, ω, χk)LN

(
s− n

2
+ 1, ω, ψl

)

+

∞∑
m=1

bQ(m)ω(m)

ms
,

where

LN

(
s− n

2
+ 1, ω, ψl

)
=

∞∑
m=1

ψl(m)ω(m)wN (m)

ms
.
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Consider the function vN,σ : Ω → C given by the formula

vN,σ(ω) = ζN (σ, ω;Q), ω ∈ Ω.

Since ζN (σ, ω;Q) is a combination of absolutely convergent Dirichlet series,
thus, uniformly in ω, the function vN,σ is continuous with respect to the topol-
ogy of Ω. Moreover, by the definition of vN,σ,

vN,σ

(
(p−it : p ∈ P)

)
= ζN (σ + it;Q). (2.3)

Consequently, we have a situation which allows to apply a method on preser-
vation of weak convergence under continuous mappings, see Section 5.1 of [2].
Actually, in view of (2.3), for all A ∈ B(C),

PT,H,N,ζ(A)=
1

H
meas

{
t∈[T, T+H] :

(
p−it : p∈P

)
∈v−1

N,σA

}
=QT,H(v−1

N,σA),

where QT,H is the measure from Lemma 1. Define

PN,σ,ζ,Q = QT,Hv
−1
N,σ,

where
QT,Hv

−1
N,σ(A) = QT,H(v−1

N,σA).

Then, Theorem 5.1 of [2] together with Lemma 1 imply that PN,σ,ζ,Q converges
weakly to mHv

−1
N,σ as T → ∞. Thus, PN,σ,ζ = mHv

−1
N,σ. ⊓⊔

3 Approximation results

To derive a limit theorem for ζ(s;Q) from Lemma 2, we need the approximation
result for ζ(s;Q) by ζN (s;Q) in short intervals. The definition of ζN (s;Q) and
(1.1) show that it suffices to do this for L

(
s− n

2 + 1, ψl

)
by LN

(
s− n

2 + 1, ψl

)
in short intervals. The result is based on the mean square estimate for Dirich-
let L-functions in short intervals. Suppose that χ is an arbitrary Dirichlet
character modulo q and L(s, χ) is the corresponding Dirichlet L-function.

Lemma 3. Suppose that 1
2 < σ ⩽ 7

12 is fixed, and T 27/82 ⩽ H ⩽ Tσ. Then,
the estimate ∫ T+H

T−H

|L(σ + it, χ)|2dt≪σ,q H (3.1)

holds.

Here, the notation a ≪ b, a ∈ C, b > 0, means that there exists a constant
c = c(θ) > 0 such that |a| ⩽ cb.

Proof. We will use a mean square estimate in short intervals for the Hurwitz
zeta-function. Let 0 < α ⩽ 1 be a fixed parameter. The Hurwitz zeta-function
ζ(s, α), for σ > 1, is defined by the Dirichlet series

ζ(s, α) =

∞∑
m=0

1

(m+ α)s
,
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and, as the Riemann zeta-function ζ(s) = ζ(s, 1), has analytic continuation to
the whole complex plane, except for the point s = 1 which is a simple pole
with residue 1. In [26], it was obtained that under hypotheses of the lemma,
the estimate ∫ T+H

T−H

|ζ(σ + it, α)|2dt≪σ,α H (3.2)

for the Hurwitz zeta function is valid. We note that Hurwitz zeta- and Dirichlet
L-functions are connected by the following relation [6]

L(s, χ) =
1

qs

q∑
m=1

χ(m)ζ
(
s,m/q

)
.

From this, we have that

|L(σ + it, χ)|2 ≪q

∣∣∣∣∣∣
q∑

m=1

ζ

(
σ + it,

m

q

)∣∣∣∣∣∣
2

≪q max
1⩽m⩽q

∣∣∣∣∣ζ
(
σ + it,

m

q

)∣∣∣∣∣
2

. (3.3)

Thus, (3.3) and (3.2) gives (3.1). ⊓⊔

It is important to emphasize that one of the key aspects in this lemma is
to minimize the exponent of T in the lower bound for H. For example, in the
case of the Riemann zeta-function, a universality theorem in short intervals for
which T 1/3(log T )26/15 ≤ H ≤ T was established in [18], and the lower bound
for H was later improved to 1273/4053 in [1].

Now, we recall that

LN (s, χ) =

∞∑
m=1

χ(m)wN (m)

ms
.

Lemma 4. Suppose that θ > 1
2 is fixed, and κN (s) = Ns

θ Γ
(
s
θ

)
with N ∈ N.

Then, for σ > 1
2 , the representation

LN (s, χ) =
1

2πi

∫ θ+i∞

θ−i∞
L(s+ z, χ)κN (z)dz

is valid.

Proof. The representation stated in the lemma follows from the classical Mellin
formula

1

2πi

∫ a+i∞

a−i∞
Γ(z)b−zdz = e−b, a, b > 0,

the definitions of LN (s, χ), κN (s), and inequalities θ > 1
2 , σ >

1
2 . ⊓⊔

We turn to considering the approximation of L(s, χ) by LN (s, χ) in mean.

Math. Model. Anal., 31(2):288–302, 2026.
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Lemma 5. Suppose that 1
2 < σ ⩽ 7

12 is fixed, and T 27/82 ⩽ H ⩽ T 1/2. Then,

lim
N→∞

lim sup
T→∞

1

H

∫ T+H

T

∣∣L (σ + it, χ)− LN (σ + it, χ)
∣∣dt = 0.

Proof. Take θ = 1
2 + ε, and 1

2 + 2ε ⩽ σ ⩽ 7
12 , ε > 0, and θ1 = 1

2 + ε − σ.
Then θ1 < 0 and θ1 ⩾ ε− 1

12 . Hence, the function L(s+ z, χ)κN (z) has in the
strip θ1 ⩽ Res ⩽ θ a simple pole at the point z = 0 (the pole of Γ(z)), and a
simple pole at the point z = 1 − s if χ is the principal character (the pole of
L(s+z, χ)). Therefore, the integral representation of Lemma 5 and the residue
theorem give that

LN (s, χ)− L(s, χ) =
1

2πi

∫ θ1+i∞

θ1−i∞
L(s+ z, χ)κN (z)dz + rn(s),

with

rn(s) = Res
z=1−s

L(s+z, χ)κN (z) =

{
κN (1− s) if χ is the principal character,

0 otherwise.

Hence, we have

L(σ + it, χ)− LN (σ + it, χ) ≪
∫ ∞

−∞

∣∣∣L (1/2 + ε+ it+ iu, χ
)∣∣∣

×
∣∣∣κN (1/2 + ε− σ + iu

)∣∣∣du+ |κN (1− σ − it)|

=

(∫ − log2 T

−∞
+

∫ log2 T

− log2 T

+

∫ ∞

log2 T

)∣∣∣L (1/2 + ε+ it+ iu, χ
)∣∣∣

×
∣∣∣κN (1/2 + ε− σ + iu

)∣∣∣du+ |κN (1− σ − it)|. (3.4)

Recall that uniformly in σ1 ⩽ σ ⩽ σ2, for fixed σ1 < σ2, the estimate

Γ(σ + it) ≪ exp{−c|t|}, c > 0, (3.5)

is valid. This and the definition of κN (z) imply

κN
(
1/2+ε−σ

)
≪N1/2+ε−σ exp

{
− c
θ
|u|
}
≪εN

−ε exp{−c1|u|}, c1 > 0. (3.6)

Thus, we obtain(∫ − log2 T

−∞
+

∫ ∞

log2 T

)∣∣∣L (1/2 + ε+ it+ iu, χ
)∣∣∣ ∣∣∣κN (1/2+ε−σ + iu

)∣∣∣du
≪q,ε N

−ε

(∫ − log2 T

−∞
+

∫ ∞

log2 T

)(
|t| 12 + |u| 12

)
exp{−c1|u|}du

≪q,ε N
−ε
(
1 + |t| 12

)
exp{−c2 log2 T}, c2 > 0,
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as in view of (3.3) and the estimate (see [26])

ζ(σ + it, α) ≪σ,α |t| 12 , σ ⩾
1

2
,

it follows that

L
(
1/2 + ε+ it+ iu, χ

)
≪q,ε

(
|t| 12 + |u| 12

)
.

From this and (3.4), we find

I
def
=

1

H

∫ T+H

T

∣∣L(σ + it, χ)− LN (σ + it, χ)
∣∣ dt≪q,ε

∫ log2 T

− log2 T

×

(
1

H

∫ T+H

T

∣∣∣L (1/2+ε+it+iu, χ)∣∣∣dt)∣∣∣κN (1/2+ε−σ + iu
)∣∣∣du

+
1

H

∫ T+H

T

|κN (1−σ−it)|dt+ 1

H
N−ε exp{−c2 log2 T}

∫ T+H

T

(
1+|t| 12

)
dt

def
= J1 + J2 + J3.

The Cauchy-Schwarz inequality gives

1

H

T+H∫
T

∣∣∣L (1/2+ε+it+iu, χ)∣∣∣dt≪
 1

H

T+H+|u|∫
T−H−|u|

∣∣∣L (1/2+ε+it, χ)∣∣∣2 dt


1
2

. (3.7)

For T 27/82 ⩽ H ⩽ T 1/2 and |u| ⩽ log2 T , it follows that

T
27
82 ⩽ H + |u| ⩽ T

1
2 + log2 T ⩽ T

1
2+ε, T → ∞.

Therefore, for the mean square in (3.7), Lemma 3 is applicable, and we find
that

1

H

∫ T+H

T

∣∣∣∣∣L
(
1

2
+ ε+ it+ iu, χ

)∣∣∣∣∣dt≪q,ε

(
1

H

(
H + |u|

)) 1
2

≪q,ε

(
1 + |u|

) 1
2 .

From this and (3.6), we have

J1 ≪q,ε N
−ε

∫ log2 T

− log2 T

(1 + |u|) 1
2 exp{−c1|u|}du≪q,ε N

−ε. (3.8)

Applying (3.5) once more, we get

κN (1− σ − it) ≪ε N
1−σ exp

{
− c
θ
|t|
}

≪ε N
1/2−2ε exp{−c2|t|}, c2 > 0.

Therefore, the estimate

J2 ≪ε N
1
2−2ε 1

H

∫ T+H

T

exp {−c2t}dt≪ N
1
2−2ε 1

H

×
(
exp

{
−c2

2
T

}∫ T+H

T

exp

{
−c2

2
t

}
dt

)
≪ε N

1
2−2ε exp

{
−c2

2
T

}
. (3.9)
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Moreover,
J3 ≪ N−ε exp{−c2 log2 T}

√
T .

This, and (3.7)–(3.9) yield

I ≪ε,q N
−ε +N

1
2−2ε exp

{
−c2

2
T

}
+N−ε

√
T exp{−c2 log2 T}.

Now, letting T → ∞ and then N → ∞, we obtain the equality of the lemma.
⊓⊔

Lemma 6. Suppose that σ > n−1
2 is fixed, and T 27/82 ⩽ H ⩽ T 1/2. Then,

lim
N→∞

lim sup
T→∞

1

H

∫ T+H

T

∣∣ζ (σ + it;Q)− ζN (σ + it;Q)
∣∣ dt = 0.

Proof. By (1.1) and the definition of ζN (s;Q),

ζ(σ + it;Q)− ζN (σ + it;Q) =

K∑
k=1

L∑
l=1

akl
kσ+itlσ+it

L(σ + it, χk)

×
(
L
(
σ + it− n/2 + 1, ψl

)
− LN

(
σ + it− n/2 + 1, ψl

))
.

Hence,

ζ(σ + it;Q)− ζN (σ + it;Q)≪
K∑

k=1

L∑
l=1

|akl|
kσlσ

∣∣L(σ + it, χk)
∣∣

×
∣∣∣L (σ + it− n/2 + 1, ψl

)
− LN

(
σ + it− n/2 + 1, ψl

)∣∣∣ .
Therefore,

lim
N→∞

lim sup
T→∞

1

H

∫ T+H

T

∣∣ζ (σ + it;Q)− ζN (σ + it;Q)
∣∣dt

≪
K∑

k=1

L∑
l=1

|akl|
kσlσ

lim sup
N→∞

lim sup
T→∞

1

H

∫ T+H

T

∣∣∣∣L (σ + it− n/2 + 1, ψl

)
− LN

(
σ + it− n/2 + 1, ψl

) ∣∣∣∣dt = 0

in virtue of Lemma 5, and this proves the lemma. ⊓⊔

4 Proof of Theorem 2

We recall that PN,ζ,σ is the limit measure in Lemma 2. The measure PN,ζ,σ is
independent of H. Therefore, we may use the results obtained in [20].

Lemma 7. [20, Lemma 8]. The sequence {PN,ζ,σ : N ∈ N} is relatively com-
pact, i.e., each sequence of {PN,ζ,σ} contains a subsequence weakly convergent
to a certain probability measure on (C,B(C)).
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Additionally, we state some well known assertions on convergence in distri-
bution and weak convergence. Let XN , N ∈ N, and X be X-valued random
elements, and QN and Q their distributions. We say that XN converges to X

in distribution

(
XN

D−−−−→
N→∞

X

)
if QN

w−−−−→
N→∞

Q.

Lemma 8. [2, Theorem 4.2]. Let YN , X1N , X2N , ... be X-valued random ele-
ments defined on the same probability space with measure ν, and the space
(X, d) is separable. Suppose that, for each k,

XkN
D−−−−→

N→∞
Xk and Xk

D−−−−→
k→∞

X,

and let, for every ε > 0,

lim
k→∞

lim sup
N→∞

ν
{
d (XkN , YN ) ⩾ ε

}
= 0.

Then, YN
D−−−−→

N→∞
X.

Proof of Theorem 2. In view of Lemma 7, there exists a subsequence {PNr,ζ,σ} ⊂
{PN,ζ,σ} and a probability measure Pσ on (C,B(C)) such that

PNr,ζ,σ
w−−−→

r→∞
Pσ. (4.1)

Let ξT,H be a random variable defined on the probability space with measure
ν, and uniformly distributed in the interval [T, T + H]. For σ > n−1

2 , define
the C-valued random element

XT,H,N = XT,H,N (σ) = ζN (σ + iξT,H ;Q).

Introduce one more C-valued random element

XT,H = XT,H(σ) = ζ(σ + iξT,H ;Q).

Now, an application of Lemma 6 and the above definitions, for σ > n−1
2 and

ε > 0, gives

lim
N→∞

lim sup
T→∞

ν
{∣∣XT,H(σ)−XT,H,N (σ)

∣∣ ⩾ ε
}

= lim
N→∞

lim sup
T→∞

1

H
meas

{
t ∈ [T, T+H] :

∣∣ζ(σ+it;Q)−ζN (σ+it;Q)
∣∣ ⩾ ε

}
⩽ lim

N→∞
lim sup
T→∞

1

εT

∫ T+H

T

∣∣ζ(σ + it;Q)− ζN (σ + it;Q)
∣∣dt = 0. (4.2)

Moreover, by Lemma 2,

XT,H,N
D−−−−→

T→∞
XN ,

whereXN = X(σ) is a C-valued random element having the distribution PN,ζ,σ.
So, the relation (4.1) can be rewritten in the form

XNr

D−−−→
r→∞

Pσ.
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Together with (4.2), this allows us to apply Lemma 8. Thus, we have

XT,H
D−−−−→

T→∞
Pσ, (4.3)

or, equivalently, PT,H,ζ
w−−−−→

T→∞
Pσ.

Relation (4.3) shows that the measure Pσ is independent of the sequence
PNr,ζ,σ. Therefore, the relation

XN
D−−−−→

N→∞
Pσ (4.4)

holds.
It remains to identify the measure Pσ. For this, we apply the proof of

Theorem 1. Let ξT be a random variable uniformly distributed in [0, T ],

X̂T,N = X̂T,N (σ) = ζN (σ + iξT ;Q)

and

X̂T = X̂T (σ) = ζ(σ + iξT ;Q).

In [20], it is obtained that

X̂T,N
D−−−−→

T→∞
XN , (4.5)

and, for ε > 0,

lim
N→∞

lim sup
T→∞

ν

{∣∣∣X̂T (σ)− X̂T,N (σ)
∣∣∣ ⩾ ε

}
= 0.

From this, (4.4) and (4.5), it follows the relation

X̂T
D−−−−→

T→∞
Pσ.

Moreover, using the Birkhoff-Khintchine ergodic theorem [16], it is proved that

Pσ = Pζ,σ.

Thus, PT,H,ζ
w−−−−→

T→∞
Pζ,σ, and the theorem is proved. ⊓⊔

References
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[4] H. Bohr and B. Jessen. Über die Wertverteilung der Rieman-
schen Zetafunktion, Zweite Mitteilung. Acta Math., 58:1–55, 1932.
https://doi.org/10.1007/BF02547773.

[5] H.-B. Chen and X.-Z. Li. Casimir energies on a twisted two-torus. Chin. Phys.
Lett., 18:1163–1166, 2005. https://doi.org/10.1088/0256-307X/18/9/303.

[6] H. Davenport. Multiplicative Number Theory. 2nd Ed. Springer-Verlag, Berlin,
1980. https://doi.org/10.1007/978-1-4757-5927-3.

[7] E. Elizalde. Ten Physical Applications of Spectral Zeta Functions.
Lecture Notes Physics, Vol. 35, Springer, Berlin, Heidelberg, 1995.
https://doi.org/10.1007/978-3-540-44757-3.

[8] E. Elizalde and A. Romeo. Epstein-function analysis of the Casimir effect at
finite temperature for massive fields. Intern. J. Mod. Phys. A, 7:7365–7399,
1992. https://doi.org/10.1142/S0217751X92003379.

[9] P. Epstein. Zur Theorie Allgemeiner Zetafunktionen. Math. Ann., 56:615–644,
1903. https://doi.org/10.1007/BF01444309.
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[19] A. Laurinčikas. On approximation by an absolutely convergent in-
tegral related to the Mellin transform. Axioms, 12(789):1–12, 2023.
https://doi.org/10.3390/axioms12080789.

Math. Model. Anal., 31(2):288–302, 2026.

https://doi.org/10.1007/BF02547516
https://doi.org/10.1007/BF02547773
https://doi.org/10.1088/0256-307X/18/9/303
https://doi.org/10.1007/978-1-4757-5927-3
https://doi.org/10.1007/978-3-540-44757-3
https://doi.org/10.1142/S0217751X92003379
https://doi.org/10.1007/BF01444309
https://doi.org/10.1007/s10986-025-09678-y
https://doi.org/10.3390/math12131922
https://doi.org/10.3846/mma.2025.22109
https://doi.org/10.1007/BF01594160
https://doi.org/10.1137/1010010
https://doi.org/10.1007/978-94-017-2091-5
https://doi.org/10.1016/j.jnt.2019.04.006
https://doi.org/10.3390/axioms12080789
https://doi.org/10.3846/mma.2026.24285
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