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1 Introduction

In this study, we examine singularly perturbed time delay reaction-diffusion
problem of the form:

Oulet) _ 02t Ly yu(a, ) +C (, tul, t — 7)=s(x, 1), (x,1)€S
(0, t)—)\l() telo,2], )
u(l,t) = A(t), t €

[0,2],
t) e

Ar(t
u(z,t) = Xo(x,1), (x (0,1] x [=, 0],

where & = (0,1) x [0,2], €(0 < € <« 1) is the perturbation parameter, and 7
is the delay parameter. The functions pu, (, A;, A\p, A and s are assumed to be
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Uniform numerical method for singularly perturbed parabolic time delay ...
sufficiently smooth and bounded that satisfy
w(x) > p* > 0,¢(x,t) > ¢ >0,(z,t) € 0,1] x [0,2].

As € — 0 the solutions of Equation (1.1) exhibit dual boundary layers. The
characteristics of the reduced problem of (1.1) (after setting e = 0) are the
vertical lines © =constant, which implies that any boundary layers arising in
the solution are of parabolic type.

Singularly perturbed delay differential equations (SPDDEs) arise frequently
in science and engineering. For example, chemical kinetics [5], chemical pro-
cesses [1], control theory [20], semiconductor drift-diffusion model [12], prob-
lems with water quality in river networks [19]. Various applications of partial
differential problems with time lag are given in [22]. The control system model
for the furnace used in metal sheet production is an example of SPDDEs, rep-
resented by the equation:

ou(z,t) 0%u(x,t)

5 —€ 92 =vg(u(z,t — 7)) +¢ [f(u(z,t—r)) —u(x,t)} ,

where u is the temperature distribution in a metal sheet moving at an instanta-
neous material strip velocity v and heated by a distributed temperature source
given by the function f; both v and f are dynamically changing by a controller
monitoring the current temperature distribution. The controller’s finite speed
causes a fixed delay of length 7 [21].

Nowadays, the study of unsteady problems such as singularly perturbed
problems [2,6], inverse boundary problems [7,8,14], and Black-scholes problems
[18] have gained great interest from the scientific community.

The development of solution methodology for singularly perturbed delay
differential problems (SPDDPs) has received remarkable attention from re-
searchers, mainly due to the importance of accuracy independent of the per-
turbation parameter. Boundary layers and interior layers that arise from
e(0 < € < 1) and delay terms, respectively, present additional complexity to
solve SPDDPs. To tackle these challenges, techniques such as the fitted opera-
tor method [4] and fitted mesh method [15] have been established. The devel-
opment of robust numerical algorithms for singularly perturbed parabolic dif-
ferential difference convection-dominated problems with time delay is exhaus-
tively designed. For instance, parameter-uniform numerical schemes have been
developed for singularly perturbed parabolic differential difference convection-
dominated problems with time delay by [3] and the references therein.

Several researchers suggested an e—uniformly convergent computational
methods for singularly perturbed parabolic differential-difference reaction- dom-
inated problems with time delay. For instance, the scholars in [13] have pre-
sented a uniformly convergent numerical method consisting of the Crank-Nicol-
son method for the temporal discretization and an exponentially fitted tension
spline method for the spatial discretization for solving singularly perturbed
parabolic differential-difference reaction-dominated problems with time delay.
The researcher in [16] have constructed an exponentially fitted cubic B-spline
method in space with the implicit-Euler method in time discretization for sin-
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gularly perturbed parabolic reaction-diffusion problems with general time de-
lay. The authors in [17] fitting the Numerov method for singularly perturbed
parabolic partial differential equations with a small negative shift in the tem-
poral variable.

Kumar and Kumar [11] solved singularly perturbed parabolic differential-
difference reaction-dominated problems with time delay using the hybrid scheme
on a generalized Shishkin mesh in spatial direction and the implicit Euler
scheme on a uniform mesh in time direction. Kumar and Ravi Kanth [10]
proposed a numerical method using the Crank-Nicolson method for temporal
discretization and the tension spline scheme on a non-uniform Shishkin mesh
for spatial discretization. Nevertheless, most of the published papers have or-
dered one. Thus, there is a substantial interest in the numerical community to
develop higher-order numerical algorithms for SPDDPs. The primary purpose
of this work is to formulate and analyze high-order robust numerical schemes
for singularly perturbed time delay reaction-dominated problems. In this work,
we employ the Crank-Nicolson method to temporal semi-discretization and the
novel finite difference method to spatial discretization.

The rest of this article is organized as follows: Section 2 is discussed about
the properties of the continuous problem. The derivation of the numerical
scheme is discussed in Section 3. Convergence analysis of the proposed method
is presented in Section 4. In Section 5, numerical examples and results are
given to confirm the theoretical investigations. Finally, the paper ends with
Section 6 with the conclusion.

Notation: The norm ||.|| is denoted for the maximum norm which is defined
as ||ul| = maxz |u(z,t)| . C denote generic positive constants independent of ¢,
mesh points and mesh sizes.

2 Properties of continuous problem

To ensure a unique solution for Equation (1.1), it is assumed that the func-
tions p(x), b(z,t), and s(x,t) are Holder’s continuous, and the compatibility
conditions at the corner points (0,0), (1,0), (0,—7), and (1, —7) hold:

/\b(0,0) = )‘l(o)v /\b(lvo) = )\7‘(0)

20— 2RGO  p(0)A(0,0) = ~¢(0,0)A6(0, —7) + 5(0,0),
02:0) _ c0u(00) 4 1)\ (1,0) = —C(1,0) (1, —7) + (1, 0).

Under the above suitable conditions Equation (1.1) has unique solution, which
exhibits twin boundary layers of width O( /) at © =0 and x = 1.

The differential operator £. = 2 — 583—;2 + p(x) 4+ ((z,t) in Equation (1.1)
satisfies the following maximum principle.

Lemma 1. (Continuous mazimum principle ) Assume that u,¢ € C°(S) and
let ue C*(3)NCY(S). Suppose that u >0 on IS = I — . Then, £.u >0 in
S implies that u > 0 in .

Proof. See reference [9]. O
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Lemma 2. Let u be the solution of Equation (1.1), then the following bound
holds:
lull < (1 + *T) max {|| £ull, [lull oo } -

Proof.  See reference [13]. O

Lemma 3. Derivatives of the solution of Equation (1.1) satisfy the following
bound:

9otby

<
Ozaotd ¢

1479/ (exp (—x\/;T/a) + exp (—(1 — x)J;T/E))] ,

fora=0,1,2,3,4 and b=0,1,2.

Proof.  See reference [16]. O

3 Construction of the numerical scheme

3.1 Temporal discretization

Let M be the number of mesh points in the discretization of the interval [0, T,
and m is the number of mesh points in the discretization of the interval [—7, 0].
We assume the delay 7 is an integer multiple of the time step k (i.e 7 = 1k,
for some positive integer r)to simplify implementation and analysis. The time
domain [0, 7] is discretized using a uniform mesh with time step k as

%iVI:{():t()<t1<t2<-~-<tj:’7'<--~<lf]\/[,1<1,L]\/[:TJﬂ:T/.Z\f}7
%;”:{fT:t_j<t_j+1<~'<t_1<t0<0,k:7/m}.

Using the Crank-Nicolson method, the problem in Equation (1.1) is discretized
as follows:

£RUI (2) = HIY(2),
Uj+1(0) = )\{“’1’ Uj+1(1) — A£+17 (3.1)
where -
LEUT (o) = —ET@+ (2/k + p(x)) U ()
and
T4 (2/k—p(2) U7 () = (4O N ) + 7 ()
HI Y (z) = +f7(z), for j = 0(1)m,

PV 1 (2/k—p(x)) U ()~ (CIH14¢T) UT (@) +f9+ (x)
+f7(x), for j =m+1(1)M — 1.

Lemma 4. Suppose that ‘%‘ < C,(z,t) €[0,1] x [0,T),0 < n < 2. Then,

the local error estimate given by

leja]| < C1(R), j=1(1)M — 1.

Math. Model. Anal., 31(3):392-406, 2026.
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Proof. Using Taylor’s series approximation for u(xz,t;) and u(z,t;1;/2) cen-
tering at t;41/2, we have

k k2
u(z,tjp1) =u(z, tj1/2) + Eut(xvtj+1/2) + g“tt(%tﬁl/z) +O(K%), (3.2)
k k2
u(@,tj) =u(@, tjrrje) = Guel;tivrye) + (@, tivrye) + O(k%).  (3.3)
From Equations (3.2) and (3.3), we have
u(x,t; —ul(x,t;
( ]+1) ( ]+1) _ ut(x’tj+1/2) +0(1{72) (34)

k
Substituting Equation (3.1) into Equation (3.4), we obtain

N :gagug?“) — (/@) u, )+ H (2)TO(R?).

Since the error ;41 = u(z, t;4+1) — U’ T!(x) satisfies the semi discrete difference
scheme

£hejpr = O(K?), ¢j41(0) = 0 = ej41(1).
Hence, by applying the maximum principle, we get
lej]l < Ci(k)*, §=1(1)M.
O

Lemma 5. The global error in temporal discretization at t; time step is given
by
||| < Ca(k)®, §=1(1)M.

Proof. From Lemma 4 it follows that

J
125 = | 22| < lleall +lleall +---+ e
g=1

< Cyj(k)*, using Lemma 4
< C1(jk)(k*) < C1T(k)* as jk < T,
1Bl < G2 (k)?, Co=CAT.
]

Lemma 6. The solution Ut (z) of semi-discretized scheme (3.1) and its deriva-
tives satisfies

9r Ui+ (2)

<
ox® =C

e (enp (a3 7E) o (01— x>¢m7))] ,
fora=0,1,2,3,4.

Proof. See reference [16]. O
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3.2 Spatial discretization

In this section, we use the finite difference method for the spatial discretization
of Equation (3.1) with h = %, where N is the number of nodal points in the
spatial direction. Let U7*1(x) be a smooth function in the interval [0,1]. By

. . . i+1 i+1
applying Taylor’s series expansion, we can express U, ~ UZH as:

avitt or2auitt Uit ptatult!
dz +§ dz? +§ dz? +E dz?
RS dSUITY RS @SUIT  pTdTUT pd @tUl T
5 dab 6 daf 7 da” 8l da8

J+1 _rri+l _ prj+l
Ul =UL =U" +h

+0(h°) (3.5)

and

avyt' nrduitt R dPuitt ot diult!
h—— 4 — G t — i

dx 21 dx? 3! dad 4! dxt
5 7577J+1 6 j677J+1 7 g7rrJ+1 8 1877+l

WU RS dSUIT BT dTU BEVT 500y, (3.6)
5! dab 6! daf T daT 8! dax8

J+L ppatl ot
Ui, =Ui—y =U;

Adding Equations (3.5) and (3.6), we get

1 +1 I+1 +1
Uit _ gt | ga 2R U aht AU 2t dOU)
i1 i LT 9l (a2 4! dat 6! daf

2h8 aSU7 !
TR + O(h'?). (3.7)

Operating differential operator f—; on both sides of Equation (3.7), we get

PULL EUT | PU o atut ot durt | o vt

dx? dxz? de?2 2! dat 4! daS 6! dx®
o2h8 leUij+1
TR O(h'?). (3.8)
j+1
By solving Equation (3.8) for ’f—; ds;i'ig gives:

MU EUS eut R et s sut

12 da® — da? da? dx? 2 dat 6! dad
2h8 droy7tt 12

Substituting Equation (3.9) into Equation (3.7), we obtain

W UL RUIT UL

Uil _ouitl Lt =
il i tlUia 30( dx? dx? dx?

)+ R, (3.10)
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h4 diuItt 13h8 dSUTH! 10
where R = o — 302100 aas— + O(h).

Equation (3 1) can be discretized and rewritten as

[P0 (xa) N 02U ()
c Ox? ox?

— (2/k+ () U9 wa) + (21K — la)) U7 ()~
(G + )N+ 7 (0) + [ (24), for j =0(1)m
=9 — (2/k+p(za)) Ut (z0) + (2/k — p(24)) U7 (20) - (3.11)
(@14 Q) U (o) + P4 (a0) + (),
for j=m+1(1)M -1,

where o = 4,7 £ 1.

To handle the effect of the perturbation parameter ¢ on the solution profiles
of Equation (3.11), we use the exponential fitting factor [13]:

h2?/dep;
o= [t . (3.12)

(sinh(h /2) \/ﬁa)

Then

B 02Ut (x,,) N 02U (z4)
7 Ox? 0z2

= (2 () U7 () + (27K — p(za)) U9 (20)—
(@ + YN+ 7 () + (), Tor j = 0(1)m
= _(2/k+ﬂ( )) Uﬁ_l +( [k — Nma)) U (za)—

(EH+ ) U (2 )+fj Haa) + f7(za),
for j =m+1(1)M — 1.

Using Equation (3.10) into Equation (3.12), we obtain

AT u J+1 + Alu J+1 _|_A+ 3111 = B;u{ 1 —I—Bcuj +B+ j+1 +F (313)

(2

where

(2

A7 =224 o (/b ), BT = Tt oo (k= ).
.2 ._ 2
A hf‘;+7(2/k+ul), B;—h—;+—(2/k (i),

— 1
Aj :hig—’_% (2/k+ﬂz+1), B; = %‘F% (2/]{3—[11+1)7
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and
j_ 1 J+1 i 1 j 41 j
FI =5 (51‘71 + 57 1 +28(s] 7 4 87) + s + 5i+1)
L (egtl  matl) AgHL 98 (i1 | A1\ yj+l
B (1 + )N ) + 3 (G ) A
1 j+1 j+1Y\ yj+1 .
35 (G TG0 )N (i), for j =0(1)m,
L (Gl g AL gmm 28 (G T i
50 \Gi1 T Gior ) i F 50 (Ci +G )uz +
1
30

I+ ) Wi, for j=m+1(1)M — 1.

(
(
it+1

4 Convergence analysis
Lemma 7. For a fixred number of mesh N and for positive integer r as € — 0
exp(fczi /\/E)

72 =0, lim max
€ e—01<i<N—1

exp(C(lfzi)/\/E)

lim max e =0.

e—01<i<N—1
Proof.  See reference [13]. O

Lemma 8. If 19?“ be any mesh function such that 196“ =0= 193\,“. Then,

O < — max [£bhgrt|.

W 1<a<N-1

Proof. See reference [13]. O

Lemma 9. The discrete solution satisfies the following error bound:
HUj“(x) - Ug'“H <CN-Z

Proof. The truncation error of the scheme (3.13) is given by

| £U7 (@) = £107 | = —eULE (@) + (@)U (2)

5 . . . . . .
- [_hg (v =20 + Ufjf)} — [nU + 2su Ut

where n = 1/30(2/k + p;). Using Taylor’s series expansion of the terms ij;ll,

we have

= U (@) £ hULY (00) + B UL (o) + T ULE @) + BU2EL (@)
iLUJ+1 (xi)+...

120 Y xxzax

(4.1)
Substituting Equation (4.1) into Equation (4.1), we obtain
| £5U7 (@) — £°U7 | = —eULE (@) + (@)U (@) (4.2)
4 4
| — 0 (hepit ) gt o V| = o207 (e e (e,

Math. Model. Anal., 31(3):392-406, 2026.
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Using Taylor’s series expansion on fitting factor (o), we have

_ah? it
12" 240

Taking Equation (4.3) into Equation (4.2), we get

oc=1 +O(h%). (4.3)

L5071 (@) — £4U7 = (S5 (U @0n? + Ui (@) + U2 ()

Trrxr

4 4 . 4 .
+h* (e UEE (@) — UL (o) + U5 (0) ) + R (535 Udids ()

Using Lemma 6 together with Lemma 7 and the relation N=2 > N=4 > N=6 >
... the discrete scheme satisfies the bound

)fﬂﬂ*%x)—i%Uf“)g<3N—%
Using the bound in Lemma 8, we obtain
HUﬂJ@)—Uf4H§CN;?
O

Theorem 1. Let u and U be the solutions of (1.1) and (3.13), respectively.
Then, the following uniform error bound holds

\m—Uch@F+N4)

Proof. The proof follows from the error estimate for the temporal and spatial
discretization. 0O

5 Numerical results and discussion

We considered several examples for validating the theoretical analysis. Since
there is no exact solution for the case considered, we computed the maximum
absolute errors using the double mesh principle [3].

M= NM (g Y _f2N2M (. o
e B (wi7tjf}?é(§N’M| (U (x“tj-‘rl) U (x’b7t]+1))|a

where UMM (2;,¢;41) and U?N2M (g, ;1) denote the numerical solution ob-
tained in MM and 32N:2M with N and M mesh intervals in the spatial and
the temporal directions, respectively. The corresponding rate of convergence is

computed by
PN = log (XM /2V).

The parameter uniform maximum absolute error and uniform order of conver-
gence are calculated by

VM N,M) VM = og, (BN,M/62N,2M) )

= max, (ee
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Ezample 1. Consider the problem

Gu(x t) (:v t) + (1+z )U(l‘
( t) = 0 u( t)=0, t €0,
u(z,t) =0, (z,t) € [0,1] x [-7,0].

Table 1. Maximum absolute error and the rate of convergence for Example 1.

1) +ulzt—7) =17, (z,t) € (0,1) x
I,
0

[0,2],

el N =2° N =26 N =27 N =28 N =2°
M=20 M=40 M=80 M=160 M=320

107°  1.2971e-03  3.3996e-04  8.5977e-05 2.1556e-05  5.3930e-06

1.9319 1.9833 1.9959 1.9989

1072 1.9505e-02 4.7894e-03 1.1914e-03  2.9748e-04  7.4345e-05

2.0259 2.0072 2.0018 2.0005

1078 2.0244e-02  4.9410e-03  1.2272e-03  3.0630e-04  7.6542¢-05

2.0346 2.0094 2.0024 2.0006

10712 2.0244e-02  4.9410e-03  1.2272¢-03  3.0630e-04  7.6542¢-05

2.0346 2.0094 2.0024 2.0006

10716 2.0244e-02 4.9410e-03 1.2272¢-03  3.0630e-04  7.6542e-05

2.0346 2.0094 2.0024 2.0006

10720 2.0244e-02  4.9410e-03  1.2272e-03  3.0630e-04  7.6542¢-05

2.0346 2.0094 2.0024 2.0006
e
rNM 2.0346 2.0094 2.0024 2.0006

NM9.0244e-02  4.9410e-03  1.2272e-03  3.0630e-04  7.6542¢-05

lumerical Solution - u

Z ol

Figure 1. 3D view of numerical solution for Example 1 on (a) e = 276, on (b) e = 2720

Ezxample 2. Consider the problem

Bulz) _ g Pulwt) | (B2 (2, t) + u(e, t — 1) = 63, (2, 1) € (0,1) X

ox
w(0,t) = 0, u(L,t) =0, t € [0,2],

u(z,t) =0, (z,¢t) € [0,1] x [—7,0].

Math. Model. Anal., 31(3):392-406, 2026.
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Ezample 3. Consider the problem

Qule) _ 00D 1 g2y (s, t) + u(z,t — 1) =1, (,1) € (0,1) x 0,2,
u(0,t) =0, u(1,t) =0, ¢t €[0,2],
’U,(.T,t) = Oa (‘Tat) € [07 1] X [77-7 O]

Table 2. Maximum absolute error and the rate of convergence for Example 2.

el N=2° N =26 N =27 N =28 N =29
M=20 M=40 M=80 M=160 M=320

107 1.2861e-03  3.3707e-04 8.5245e-05 2.1372e-05 5.3470e-06

1.9319 1.9834 1.9959 1.9989

1072 1.8992¢-02 4.6744e-03 1.1635¢-03  2.9055¢-04  7.2617¢-05
2.0225 2.0063 2.0016 2.0004

1074 1.9662e-02  4.8155¢-03  1.3595¢-03  3.4701e-04  8.6805¢-05
2.0297 1.8246 1.9700 1.9991

1078 1.9703e-02 4.8213e-03 1.1982¢-03 2.9911e-04 7.4749¢-05
2.0309 2.0086 2.0021 2.0005

10712 1.9703e-02 4.8213e-03  1.1982e-03 2.9911e-04  7.4749¢-05
2.0309 2.0086 2.0021 2.0005

10716 1.9703¢-02 4.8213e-03  1.1982¢-03 2.9911e-04  7.4749¢-05
2.0309 2.0086 2.0021 2.0005

10720 1.9703e-02 4.8213e-03 1.1982¢-03 2.9911e-04 7.4749¢-05
2.0309 2.0086 2.0021 2.0005

MM 1.9703e-02  4.8213e-03  1.3595¢-03  3.4701e-04  8.6805e-05

rNM 2.0309 1.8263 1.9700 1.9991

<

Numerical Solution - u
Numerical Solutiol

Figure 2. 3D view of numerical solution for Example 3 on (a) e = 276, on (b) e = 2720,
The computed eX¥-M | eN:M pN.M and rN:M for Examples 1-3 are tabulated
in Tables 1-4. The results in Tables 1-4 depict that the proposed numerical
method is accurate in order O(k?+ N ~2) which aligns with the theoretical pre-
dictions. The numerical solutions obtained by the numerical scheme presented
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Table 3. Maximum absolute error and the rate of convergence for Example 3.

el N=2 N =26 N=27 N =28 N=2
M=20 M=40 M=80 M=160 M=320

1079 1.3807e-03  3.6193e-04 9.1539¢-05  2.2952e-05  5.7422e-06
1.9316 1.9833 1.9958 1.9989

1072 2.5050e-02 6.0116e-03 1.4867e-03 3.7068¢-04  9.2606e-05
2.0590 2.0156 2.0039 2.0010

107%  2.6775e-02  6.3522e-03  1.5595¢-03  3.9001e-04  9.7472e-05
2.0756 2.0262 1.9995 2.0005

1078 2.6860e-02 6.3664e-03 1.5698¢-03  3.9108e-04  9.7685e-05
2.0769 2.0199 2.0050 2.0013

10712 2.6860e-02  6.3664e-03  1.5698e-03  3.9108e-04  9.7685¢-05
2.0769 2.0199 2.0050 2.0013

10716 2.6860e-02 6.3664e-03  1.5698e-03  3.9108e-04  9.7685e-05
2.0769 2.0199 2.0050 2.0013

10720 2.6860e-02 6.3664e-03  1.5698¢-03  3.9108e-04  9.7685¢-05
2.0769 2.0199 2.0050 2.0013

e M 2.6860e-02  6.3664e-03  1.5698¢-03  3.9108e-04  9.7685e-05

rNM 2.0769 2.0199 2.0050 2.0013
T S T
1 T ol T

Figure 3. Numerical solution on (a) Example 1, on (b) Example 3.

in Examples 1 and 3 are shown in Figures 1 and 2, respectively, showing the
boundary layer formation on the solution is given as € — 0.

From Figures 3 (a) and (b), one can conclude that as e — 0 dual boundary
layer is created near x = 0 and x = 1. In general, it is observed from Figures 2—
3 that when goes small, a dual boundary layer is created at the two endpoints
of the underlying interval. The comparison in Table 4 reveals that the proposed
method is more accurate than the methods in [13,17] and [10].

Math. Model. Anal., 31(3):392-406, 2026.


https://doi.org/10.3846/mma.2026.24165

M.J. Huntul and I.T. Daba

Table 4. Comparison of uniform errors eN*™ and uniform order of convergence V- for
Example 1.

el N =26 N=27 N=2%  Method] N=2" N=28
M=20 M=40 M=80 M=8 M=32

PM PM

10~8 1.937e-2 4.752e-3 1.182e-3 4.983e-2  1.200e-2
2.0268 2.0074 2.0539

10~10 1.959e-2 4.798e-3 1.193e-3 5.060e-2 1.213e-2
2.0294 2.0081 2.0608

10~12 1.966e-2 4.813e-3 1.196e-3 5.086e-2 1.217e-2
2.0303 2.0084 2.0633

10~ 1.969e-2 4.818e-3 1.1972e-3 5.095e-2 1.218e-2
2.0306 2.0089 2.0642

1016 1.970e-2 4.820e-3 1.199e-3 5.098e-2  1.219e-2
2.0309 2.0078 2.0645

10—18 1.970e-2 4.821e-3 1.189e-3 5.099e-2  1.219e-2
2.0310 2.0191 2.0646

10—20 1.971e-2 4.821e-3 1.198e-3 1.219e-2  5.099e-2
2.0312 2.0086 2.0646

10722 1.971e-2 4.821e-3 1.198e-3 5.099e-2  1.219e-2
2.0312 2.0086 2.0646

eNM o 1.971e-2 4.821e-3 1.198e-3 5.099e-2  1.219e-2

rV-M 2.0312 2.0086 2.0646

Results in [13] Results in [10]

eV M 8.929e-2 2.422e-2 4.951e-3 2.39%-1 1.28e-1

rNM 1.8824 2.2903 0.9008 0.9556

Results in [17]

eV M 53429e-02  2.7108e-02  1.3653e-02

rN.M 0.97890

0.98950

6 Conclusions

Uniform numerical algorithm is presented to solve the singularly perturbed
parabolic time delay reaction-diffusion problem. It utilizes the Crank-Nicolson
method for time derivative discretization and the novel finite difference ap-
proach for spatial derivatives. The stability and convergence analysis of the
scheme are discussed and proved. Several test examples are presented to illus-
trate the efficiency of the proposed method. Numerical results suggest second-

order uniform convergence in both space and time directions.

The findings

depict that the proposed scheme achieves greater accuracy and a higher order
of convergence compared to existing methods in the literature.
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