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Abstract. In this paper, we present a collocation method for linear

Volterra–Fredholm integral equations with delay on a semi-infinite

interval. The method employs orthogonal mapped Legendre basis

functions together with a mapped Gauss quadrature rule adapted

to the Volterra operator, leading to a stable and well-conditioned

linear system. The convergence properties of both the collocation

and iterated collocation solutions are investigated in the L2- and

L∞-norms, and algebraic convergence rates are derived under mild

regularity assumptions. Several numerical examples are presented

and discussed to show the accuracy and efficiency of the methods.
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1 Introduction

Volterra–Fredholm integral equations (VFIEs) constitute a fundamental class
of operator equations arising in applied sciences, including population dynamics
[12, 15, 16, 17, 19], epidemiology [9, 10], engineering [13, 20], physics [1, 6, 8, 11],
and economics [27]. In many such models, the system response depends not
only on its present state but also on its history, leading to the appearance of
delay terms in the unknown function. These delays substantially modify the
analytical structure of the equation and impose additional challenges for its
numerical treatment, especially when the problem is posed on an unbounded
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domain. Consequently, developing accurate and efficient numerical methods
capable of simultaneously handling delay effects and unbounded domains, to
our knowledge, remains largely unexplored. In this work, we consider the form
of a linear VFIE with delay posed on the semi-infinite interval R+

u(x) = f(x) +

∫ x

0

g(x, t)u(t− τ1) dt+

∫ ∞

0

k(x, t)u(t− τ2) dt, x ∈ R+, (1.1)

subject to the initial history condition

u(x) = u0(x), x ∈ [−τ∗, 0], τ∗ := max(τ1, τ2), (1.2)

where τ1, τ2 ≥ 0 are given delay parameters and u0 ∈ C([−τ∗, 0]). Throughout
the paper, we will specify appropriate regularity assumptions on f and the
kernels g and k whenever needed for the theoretical analysis. The Volterra
term encodes the causal dependence of the solution on its past values, while
the Fredholm term captures nonlocal interactions distributed over the entire
domain. Equation (1.1) can be rewritten in operator form as follows:

u− T u = f, (1.3)

where the linear operator T := G +K is defined, for u ∈ L2(R+), by

(Gu)(x) =
∫ x

0

g(x, t)u(t− τ1) dt, (Ku)(x) =
∫ ∞

0

k(x, t)u(t− τ2) dt.

It is well known that traditional discretization techniques, such as finite
difference and finite element methods, often require domain truncation, which
may compromise accuracy or stability. Spectral methods, however, have re-
cently been extended to unbounded domains, where they achieve high-order
accuracy with relatively few degrees of freedom [3, 5, 18, 24]. In particular,
approaches based on mapped orthogonal polynomial systems have proven es-
pecially effective in handling unbounded domains without artificial trunca-
tion [14, 21, 22, 23, 26]. Nevertheless, variable integration limits in the Volterra
term and shifts in the argument caused by the delay make direct application
of standard spectral methods nontrivial.

In this article, we develop a collocation method for the numerical solu-
tion of Equation (1.1) with condition (1.2). The method employs orthogonal
mapped Legendre functions (OMLFs) to construct a stable approximation ba-
sis on R+, combined with a mapped Legendre-Gauss quadrature rule tailored
to the Volterra integral term. This yields a well-conditioned discrete system
that accurately captures the effect of the delay. A rigorous convergence anal-
ysis is established for both the approximate and iterated solutions in the L2-
and L∞-norms. For solutions in the weighted Sobolev-type space B̃m(R+), the
method achieves algebraic convergence. Numerical examples demonstrate its
efficiency and confirm the theoretical rates.

The remainder of this article is organized as follows: Section 2 introduces the
mapped Legendre basis and its approximation properties. Section 3 presents
the collocation discretization and implementation. Section 4 provides the sta-
bility and convergence analysis. Section 5 reports numerical experiments. Fi-
nally, Section 6 draws the conclusion.
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2 Orthogonal mapped Legendre functions (OMLFs)

In this section, we recall tools for approximation and interpolation based on
OMLFs and present two fundamental lemmas, the first of which constitutes the
theoretical cornerstone of our convergence analysis, while the second introduces
a mapped quadrature specifically adapted to the Volterra operator.

2.1 Definition and some properties of OMLFs

The n-th degree Legendre polynomials, denoted by Pn(y), can be defined by:

Pn(y) =
1

2nn!

dn

dyn
(y2 − 1)n, n ≥ 0, y ∈ (−1, 1).

They form an orthogonal set with respect to the L2(−1, 1) inner product:

(Pn, Pm) =

∫ 1

−1

Pn(y)Pm(y)dy =
2

2n+ 1
δnm, n,m ∈ N,

where δnm is the Kronecker delta symbol.
Let L2(R+) denotes the Hilbert space of all square integrable functions

defined on R+, equipped with the following inner product and norm:

(u, v) =

∫ ∞

0

u(x)v(x)dx, ∥u∥L2(R+) =
√
(u, u).

Consider the one-to-one transformation x = φs(y) : (−1, 1) → R+, explicitly
invertible, namely,

y = φ−1
s (x) = ϕs(x), x ∈ R+,

such that ϕs(0) = −1, ϕs(∞) = 1 and satisfy

dx

dy
= φ′

s(y) > 0, y ∈ (−1, 1),

where s is a positive scaling factor. The mapped Legendre functions can be
defined as (see, e.g., [23]):

Ps
n(x) = µs(ϕs(x))Pn(ϕs(x)), s > 0, x ∈ R+, (2.1)

where

µs(y) =
1√
φ′
s(y)

.

They are orthogonal since we have∫ ∞

0

Ps
n(x)Ps

m(x)dx =

∫ 1

−1

Pn(y)Pm(y)dy =
2

2n+ 1
δnm, n,m ∈ N,

and they form a complete L2(R+)-orthogonal system.

Math. Model. Anal., 31(3):499–520, 2026.

https://doi.org/10.3846/mma.2026.24076


502 S. Boutarcha, A. Rahmoune and A. Guechi

2.2 Approximation by OMLFs

Given a positive integer N and let us denote by Vs
N the finite-dimensional

approximation subspace of L2(R+) defined as follows:

Vs
N :=

{
v | v(x) = µs(ϕs(x))ψ(ϕs(x)), ∀ψ ∈ PN

}
,

where PN is the space of all polynomials of degree at most N , defined on the
interval (−1, 1). From (2.1) we find that

Vs
N := span {Ps

n : n = 0, . . . , N}.

In order to derive the interpolation error for the OMLFs, we make use of the
change of variables induced by the mapping x = φs(y) with inverse y = ϕs(x).
For a given function u(x) defined on R+, we consider

Us(y) := u(φs(y)), y ∈ (−1, 1),

and for convenience we introduce its normalized counterpart

Ûs(y) :=
Us(y)

µs(y)
, ûs(x) := Ûs(ϕs(x)) =

u(x)

µs(ϕs(x))
, (2.2)

so that the transformed differential operator can be defined as follows:

Dxu(x) := θs(x)
d

dx
ûs(x), θs(x) :=

dx

dy
=

1

ϕ′s(x)
.

By repeated application, we obtain

Dk
xu(x) = θs(x)

d

dx

(
θs(x)

d

dx

(
· · · θs(x)

d

dx
ûs(x) · · ·

))
= ∂ky Ûs(y), k = 0, 1, . . . .

(2.3)

Now, we introduce the mapped Legendre-weighted Sobolev space

B̃m(R+) =
{
u : Dk

xu ∈ L2
wk

s
(R+), 0 ≤ k ≤ m

}
,

equipped with the norm and semi-norm

∥u∥B̃m =

 m∑
k=0

∥Dk
xu∥2L2

wk
s
(R+)

1/2

, |u|B̃m = ∥Dm
x u∥L2

wm
s

(R+),

where the anisotropic weight functions is given by

wk
s (x) := ϕ′s(x) (1− ϕs(x)

2)k.

Additionally, if we denote by
{
ηsi , ρ

s
i

}N
i=0

, the set of mapped Legendre-Gauss
quadrature nodes and weights, supported on the semi-infinite interval R+, then
it is easy to verify that

ηsi = φs(σi), ρsi = ωiφ
′
s(σi), i = 0, 1, . . . , N,
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where
{
σi, ωi

}N
i=0

denote the set of standard Legendre-Gauss quadrature nodes
and weights. Thus, the discrete inner product in Cb(R+), the space of bounded
continuous functions on R+, and its associated norm are defined by

(u, v)N =

N∑
i=0

u(ηsi )v(η
s
i )ρ

s
i , ∥u∥N =

√
(u, u)N . (2.4)

The mapped Legendre-Gauss interpolation operator IsN : Cb(R+) → Vs
N , asso-

ciated with {ηsi }, is given by

IsNu(η
s
i ) = u(ηsi ), i = 0, 1, . . . , N,

and for u ∈ Cb(R+), we can write

IsNu(x) =

N∑
n=0

ũsnPs
n(x),

such that

ũsn =
1

γn

N∑
i=0

u(ηsi )Ps
n(η

s
i )ρ

s
i .

We have the following lemma:

Lemma 1. For any u ∈ B̃m(R+) with m ≥ 0, we have

∥IsNu− u∥L2(R+) ≤ cN−m|u|B̃m , (2.5)

∥IsNu− u∥L∞(R+) ≤ cN−(m− 3
4 )|u|B̃m , (2.6)

where c is positive constant independent of N and u.

Proof. The proof of estimate (2.5) is derived in [23]. To derive estimate (2.6),
we adopt the same strategy and employ the following pull-back identity

IsNu(x) = IsNu(φs(y)) = µs(y) IN

{
Us(y)
µs(y)

}
= µs(y) IN Ûs(y), (2.7)

where y ∈ (−1, 1) and IN is the standard degree-N Legendre interpolant (at
Legendre-Gauss nodes). Hence for every y ∈ (−1, 1), we have∣∣IsNu(φs(y))− u(φs(y))

∣∣ = µs(y)
∣∣∣IN Ûs(y)− Ûs(y)

∣∣∣ .
Because µs(y) is continuous and strictly positive on (−1, 1), it is in particular
bounded above, let

c1 = sup
y∈(−1,1)

µs(y) <∞.

Therefore, controlling the sup-norm of IsNu − u on R+ is equivalent (up to

constant factors) to controlling the sup-norm of IN Ûs − Ûs on (−1, 1):

∥IsNu− u∥L∞(R+) ≤ c1 ∥IN Ûs − Ûs∥L∞(−1,1). (2.8)
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According to the standard estimate for Legendre interpolation (see, e.g., [7]),
there exists a constant C > 0 independent of N such that

∥IN Ûs − Ûs∥L∞(−1,1) ≤ C N−(m− 3
4 )∥∂my Ûs∥L2

(1−y2)m
(−1,1). (2.9)

By definition of the mapped derivatives (2.3), we have

∂my Ûs(y) = Dm
x u(x).

Hence,

∥∂my Ûs∥2L2
(1−y2)m

(−1,1) =

∫ 1

−1

|∂my Ûs(y)|2(1− y2)mdy = |u|2
B̃m . (2.10)

Then combining (2.9) and (2.10) gives

∥IN Ûs − Ûs∥L∞(−1,1) ≤ C N−(m− 3
4 )|u|B̃m .

Employing (2.8), we get

∥IsNu− u∥L∞(R+) ≤ c1C N
−(m− 3

4 )|u|B̃m ,

which is the claimed estimate, where c = c1C.
In order to handle the variable upper limit of the Volterra operator within

the Legendre-Gauss framework, we need to employ an affine function that
linearly transforms the reference interval (−1, 1) into the interval (−1, ϕs(x))
associated with the change of variables t = φs(y). To this end, one can consider,
the following mapping:

z(x, θ) =
ϕs(x)+1

2
θ +

ϕs(x)−1

2
, θ ∈ (−1, 1).

Next, we have the following lemma: ⊓⊔

Lemma 2. Let
{
ηsi
}N
i=0

be the set of mapped Legendre-Gauss quadrature nodes
on R+, which are the roots of Ps

N+1(x). Then, for every u ∈ Vs
N and v ∈ Vs

N+1,
the following quadrature identity holds:∫ ηs

i

0

u(t) v(t) dt =

N∑
j=0

u
(
η̃s,ij

)
v
(
η̃s,ij

)
ρ̃s,ij ,

where the quadrature nodes and weights are given by

η̃s,ij = z(ηsi , σj), ρ̃s,ij =
1 + σj

2
φ′
s

(
η̃s,ij

)
ωj . (2.11)

Proof. For every (u, v) ∈ Vs
N × Vs

N+1 we can write

u(x) = µs(ϕs(x))ψN (ϕs(x)), v(x) = µs(ϕs(x))ψN+1(ϕs(x)),
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where ψN ∈ PN and ψN+1 ∈ PN+1. Now, by setting t = φs(z(x, θ)), we get

ϕs(t) = ϕs(φs(z(x; θ))) = z(x, θ), (x, θ) ∈ R+ × (−1, 1),

so that ∫ ηs
i

0

u(t)v(t)dt =

∫ ηs
i

0

ψN (ϕs(t))ψN+1(ϕs(t))µ
2
s(ϕs(t))dt

=

∫ 1

−1

ψN (z(ηsi , θ))ψN+1(z(η
s
i , θ))z

′(ηsi , θ)dθ.

Hence, by applying the Legendre-Gauss quadrature formula, yields

∫ ηs
i

0

u(t)v(t)dt =

N∑
j=0

ψN (z(ηsi , σj))ψN+1(z(η
s
i , σj))

1 + σj
2

φ′
s

(
η̃s,ij

)
ωj

=

N∑
j=0

u(η̃s,ij )v(η̃s,ij )ρ̃s,ij ,

where η̃s,ij and ρ̃s,ij are defined in (2.11). ⊓⊔

It is now possible to derive a numerical scheme corresponding to Equation (1.1)
with condition (1.2). For that, the associated kernels g(x, t), k(x, t), and the
source term f(x) are assumed to be continuous and bounded, with u ∈ Cb(R+).

3 Discretization of VFIEs with delays

The spectral-collocation method based on the OMLFs is usually implemented
in the physical space by seeking approximate solution to the Equation (1.1)
supplemented with condition (1.2), in the form

usN (x) =

N∑
n=0

ũsnPs
n(x), x ∈ R+, (3.1)

with usN (x) = u0(x) when x ≤ 0. In practice, this amounts to finding usN (x) ∈
Vs

N such that the residual function

rN (x) = usN (x)− (GusN )(x)− (KusN )(x)− f(x)

is forced to vanish at the (N + 1) mapped Legendre-Gauss nodes. That is,

usN (ηsi )− (GusN )(ηsi )− (KusN )(ηsi )− f(ηsi ) = 0, i = 0, 1, . . . , N. (3.2)

To accomplish this, we must accurately approximate integral terms appearing
in (3.2). Thanks to Lemma 2, the Volterra integral term can be effectively

Math. Model. Anal., 31(3):499–520, 2026.
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approximated at the ith Legendre-Gauss node ηsi as follows:

(GusN )(ηsi ) ≈
N∑
j=0

g(ηsi , η̃
s,i
j )usN (η̃s,ij − τ1)ρ̃

s,i
j

≈
qi−1∑
j=0

g(ηsi , η̃
s,i
j )u0(η̂

s,i
j )ρ̃s,ij +

N∑
j=qi

g(ηsi , η̃
s,i
j )usN (η̂s,ij )ρ̃s,ij , (3.3)

where η̂s,ij := η̃s,ij − τ1 < 0 for all j = 0, . . . , qi − 1. Similarly, the Fred-
holm integral term can be approximated by using the mapped Legendre-Gauss
quadrature rule as:

(KusN )(ηsi ) ≈
N∑
j=0

k(ηsi , η
s
j )u

s
N (ηsj − τ2)ρ

s
j

≈
r−1∑
j=0

k(ηsi , η
s
j )u0(η̂

s
j )ρ

s
j +

N∑
j=r

k(ηsi , η
s
j )u

s
N (η̂sj )ρ

s
j , (3.4)

where η̂sj := ηsj − τ2 < 0 for all j = 0, . . . , r − 1. Hence, inserting (3.1) and the
above two Equations (3.3)–(3.4) into (3.2) leads to the linear system

N∑
n=0

ũsnPs
n(η

s
i )−

qi−1∑
j=0

g(ηsi , η̃
s,i
j )u0(η̂

s,i
j )ρ̃s,ij −

N∑
n=0

ũsn

N∑
j=qi

g(ηsi , η̃
s,i
j )Ps

n(η̂
s,i
j )ρ̃s,ij

−
r−1∑
j=0

k(ηsi , η
s
j )u0(η̂

s
j )ρ

s
j −

N∑
n=0

ũsn

N∑
j=r

k(ηsi , η
s
j )Ps

n(η̂
s
j )ρ

s
j = f(ηsi ). (3.5)

Let us denote

gij = g(ηsi , η̃
s,i
j ), kij = k(ηsi , η

s
j ),

fi = f(ηsi ) +

qi−1∑
j=0

giju0(η̂
s,i
j )ρ̃s,ij +

r−1∑
j=0

kiju0(η̂
s
j )ρ

s
j .

Then (3.5) can be written as

N∑
n=0

ũsn

Ps
n(η

s
i )−

N∑
j=qi

gijPs
n(η̂

s,i
j )ρ̃s,ij −

N∑
j=r

kijPs
n(η̂

s
j )ρ

s
j

 = fi, i = 0, . . . , N,

which is an (N + 1)× (N + 1) matrix equations of the formP−
N∑
i=0

GiWiP̃i −KWP̂

U = F,

where

U = (ũs0, . . . , ũ
s
N )

T
, F = (f0, . . . , fN )

T
, P =

[
Ps
n(η

s
i )
]
0≤i,n≤N

,
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Gi =



0 · · · 0 0 · · · 0
...

...
...

...
0 · · · 0 0 · · · 0
0 · · · 0 gi,qi · · · gi,N
0 · · · 0 0 · · · 0
...

...
...

...
0 · · · 0 0 · · · 0


, P̃i =



0 0 · · · 0
...

...
...

0 0 · · · 0
Ps

0 (η̂
s,i
qi ) Ps

1 (η̂
s,i
qi ) · · · Ps

N (η̂s,i
qi )

...
...

...

Ps
0 (η̂

s,i
N ) Ps

1 (η̂
s,i
N ) · · · Ps

N (η̂s,i
N )


,

K =


0 · · · 0 k0r · · · k0N
0 · · · 0 k1r · · · k1N
...

...
...

...
0 · · · 0 kNr · · · kNN

 , P̂ =



0 0 · · · 0
...

...
...

0 0 · · · 0
Ps

0 (η̂
s
r) Ps

1 (η̂
s
r) · · · Ps

N (η̂s
r)

...
...

...
Ps

0 (η̂
s
N ) Ps

1 (η̂
s
N ) · · · Ps

N (η̂s
N )


,

Wi =



0 0

. . .

0
ρ̃s,iqi

. . .

0 ρ̃s,iN


and W =



0 0

. . .

0
ρsr

. . .

0 ρsN


.

4 Convergence analysis

In this section, we analyze the convergence of the numerical scheme introduced
in the previous section. To this end, we consider the discrete problem:

usN − IsNT usN = IsNf, (4.1)

where IsN : Cb(R+) → Vs
N denotes the mapped Legendre interpolation operator

described in subsection 2.2. For some integer m ≥ 1, we make the following
regularity assumptions:

(A1) The functions x 7→ g(x, t) and x 7→ k(x, t) belong to B̃m(R+) in the x-
variable and there exists a nonnegative function M ∈ L1(R+) ∩ L2(R+)
such that

|g(·, t)|B̃m ≤M(t), |k(·, t)|B̃m ≤M(t), for a.e. t ≥ 0.

(A2) The exact solution u and the right-hand side f belong to B̃m(R+).

(A3) The mapping φs is a Cm-diffeomorphism on (−1, 1), and the derivatives

φ
(j)
s exist and are bounded on (−1, 1) for 1 ≤ j ≤ m, so that the quadra-

ture and interpolation constructions in Section 2 are valid.
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These mild assumptions are satisfied for kernels that are sufficiently smooth
in x, decay in t, and for regular mappings, such as the exponential, algebraic,
and logarithmic mappings [3]. An essential step is to show the stability of the
interpolation operator IsN .

Lemma 3. For any u ∈ B̃1(R+), we have

∥IsNu∥L2(R+) ≤ C (∥u∥L2(R+) +N−1 |u|B̃1) ≤ C (1 +N−1)∥u∥B̃1 .

Proof. Although the result can be easily obtained as a consequence of the
triangle inequality applied to u and IsNu−u, together with Lemma 1, we adopt
here the pull-back approach ( Subsec. 2.2 ), as it better highlights the role of
the mapping and the structure of the underlying approximation space,

Ûs(y) := Us(y)/µs(y) = Us(y)
√
φ′
s(y), y ∈ (−1, 1).

By the change of variables x = φs(y) and µ
2
s(y) = 1/φ′

s(y), we get

∥Ûs∥2L2(−1,1) =

∫ 1

−1

Us(y)
2φ′

s(y) dy =

∫ ∞

0

u(x)2 dx = ∥u∥2L2(R+). (4.2)

Due to (2.7), and using again the change of variables, we find that

∥IsNu∥2L2(R+) =

∫ 1

−1

(
µs(y)IN Ûs(y)

)2
φ′
s(y) dy = ∥IN Ûs∥2L2(−1,1).

From (2.10), one has

∥∂yÛs∥2L2
1−y2 (−1,1) = |u|2

B̃1 . (4.3)

In addition, the Lemma 3.8 of [25, p. 131] (see also [4, Chap. 3]), states that

∥IN Ûs∥L2(−1,1) ≤ C (∥Ûs∥L2(−1,1) +N−1 ∥∂yÛs∥L2
1−y2 (−1,1)).

Hence, employing (4.2)–(4.3) in the above estimate yields

∥IsNu∥L2(R+) ≤ C (∥u∥L2(R+) +N−1|u|B̃1).

⊓⊔

We now recall the following theorem on projection methods from [2, p. 55].

Theorem 1. Let {XN}N≥0 be a sequence of finite dimensional subspaces of a
Banach space X, and let T : X → X be bounded. Further assume I − T :
X → X is bijective, and let PN : X → XN be a bounded projection operator
satisfying

∥ T − PNT ∥ → 0 as N → ∞.

Then, for all sufficiently large N , the operator (I − PNT ) is invertible and

sup
N≥N0

∥(I − PNT )−1∥ <∞.
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Moreover, if u solves (I −T )u = f and uN solves (I − PNT )uN = PNf , then,

∥u− uN∥ ≤ C ∥u− PNu∥,

with C independent of N .

In order to apply the aforementioned theorem to our context, it is necessary to
determine whether ∥T − IsNT ∥ → 0 as N → ∞. The subsequent two lemmas
provide results that address this issue.

Lemma 4. Assume the regularity assumptions (A1)–(A3) are satisfied for the
problem (1.1)–(1.2). Then, for all N ≥ 1, we have

∥(T − IsNT )u∥L2(R+) ≤ C N−m
(
∥u∥L2(R+) + ∥u0∥L2([−τ∗,0])

)
,

where C is a positive constant independent of N , u and u0. Therefore,

∥T − IsNT ∥L2→L2 → 0 as N → ∞.

Proof. Let u ∈ L2(R+) be arbitrary with history u0 ∈ C([−τ∗, 0]). Decompose

T − IsNT = (G − IsNG) + (K − IsNK), (4.4)

where G and K are the Volterra and Fredholm operators, respectively. Bound
each separately; focus on G (similar for K). The error is

(G − IsNG)u(x) =
∫ x

0

eg(x, t)u(t− τ1) dt,

with eg(x, t) := g(x, t)−(IsNg(·, t))(x). By Cauchy–Schwarz inequality, we have∣∣(G − IsNG)u(x)
∣∣ ≤ (∫ ∞

0

|eg(x, t)|2dt
)1/2(∫ ∞

0

|u(t− τ1)|2dt
)1/2

. (4.5)

A change of variable gives∫ ∞

0

|u(t− τ1)|2dt =
∫ ∞

−τ1

|u(s)|2ds

=

∫ ∞

0

|u(s)|2ds+
∫ 0

−τ1

|u0(s)|2ds ≤ ∥u∥2L2(R+) + ∥u0∥2L2([−τ∗,0])
. (4.6)

Thus, using the estimate (4.6), squaring inequality (4.5) and integrating over
x, then applying Fubini’s theorem, we obtain

∥(G − IsNG)u∥2L2(R+) ≤
(
∥u∥2L2(R+) + ∥u0∥2L2([−τ∗,0])

)∫ ∞

0

∥eg(·, t)∥2L2
x(R+)dt,

so that the problem is reduced to estimating ∥eg(·, t)∥L2
x(R+). Thanks to (A1)

and the interpolation estimate of Lemma 1 applied to x-variable, we have for
every t ≥ 0:

∥eg(·, t)∥L2
x(R+) ≤ CintN

−m|g(·, t)|B̃m ≤ CintN
−mM(t),
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where Cint is independent of N and g. Integrating in t, we get∫ ∞

0

∥eg(·, t)∥2L2
x(R+)dt ≤ C2

intN
−2m∥M∥2L2(R+).

Hence, according to (4.4), by collecting the bounds, we obtain

∥(T − IsNT )u∥L2(R+) ≤ CN−m
(
∥u∥L2(R+) + ∥u0∥L2([−τ∗,0])

)
,

with C =
√
2Cint∥M∥L2(R+). To establish convergence in the operator norm,

recall that u0 ∈ C([−τ∗, 0]), as specified in the introduction following equa-
tion (1.2). Since the interval [−τ∗, 0] is compact, u0 is bounded, ensuring that
∥u0∥L2([−τ∗,0]) is a finite constant independent of both N and u. Taking the
supremum over all u with ∥u∥L2(R+) = 1 thus yields the desired limit, namely,

∥T − IsNT ∥L2→L2 → 0 as N → ∞.

⊓⊔

Lemma 5. Assume the regularity assumptions (A1)–(A3) are satisfied for the
problem (1.1)–(1.2). Then, for all N ≥ 1, we have

∥(T − IsNT )u∥L∞(R+) ≤ C N−(m− 3
4 )
(
∥u∥L∞(R+) + ∥u0∥L∞([−τ∗,0])

)
, (4.7)

where C is a positive constant independent of N , u, and u0. Therefore,

∥T − IsNT ∥Cb→Cb
→ 0 as N → ∞.

Proof. Consider an arbitrary u ∈ Cb(R+) with history u0 ∈ C([−τ∗, 0]). By
using the decomposition (4.4) we can derive bounds for each component sepa-
rately. For the Volterra part, the error at any x ≥ 0,

(G − IsNG)u(x) =
∫ x

0

eg(x, t)u(t− τ1) dt,

where eg(x, t) is defined in the proof of Lemma 4. Define ηx = min(x, τ1), so
t− τ1 < 0 on [0, ηx] and t− τ1 ≥ 0 on [ηx, x]. Then,∣∣(G − IsNG)u(x)

∣∣ ≤ ∫ ηx

0

∣∣eg(x, t)∣∣ |u0(t− τ1)| dt+
∫ x

ηx

∣∣eg(x, t)∣∣ |u(t− τ1)| dt.

Taking the supremum over x ≥ 0 and applying the bounds

∥u(· − τ1)∥L∞(R+) ≤ ∥u∥L∞(R+), ∥u0(· − τ1)∥L∞(−τ1,0] ≤ ∥u0∥L∞([−τ∗,0]),

we obtain

∥(G − IsNG)u∥L∞(R+) ≤
(
∥u∥L∞(R+) + ∥u0∥L∞([−τ∗,0])

) ∫ ∞

0

sup
x≥0

∣∣eg(x, t)∣∣ dt.
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Under assumption (A1) and the uniform interpolation error estimate (2.6) from
Lemma 1, we have

sup
x≥0

∣∣eg(x, t)∣∣ ≤ CintN
−(m− 3

4 ) |g(·, t)|B̃m ≤ CintN
−(m− 3

4 )M(t),

yielding ∫ ∞

0

sup
x≥0

∣∣eg(x, t)∣∣dt ≤ CintN
−(m− 3

4 ) ∥M∥L1(R+),

so that

∥(G−IsNG)u∥L∞(R+) ≤ CintN
−(m− 3

4 ) ∥M∥L1(R+)

(
∥u∥L∞(R+)+∥u0∥L∞([−τ∗,0])

)
.

For the Fredholm part, the error is

(K − IsNK)u(x) =

∫ ∞

0

ek(x, t)u(t− τ2) dt,

with ek(x, t) = k(x, t) − (IsNk(., t))(x). Splitting the integral at t = τ2 and
proceeding analogously yields

∥(K−IsNK)u∥L∞(R+) ≤ CintN
−(m− 3

4 ) ∥M∥L1(R+)

(
∥u∥L∞(R+)+∥u0∥L∞([−τ∗,0])

)
.

Summing the bounds for G and K gives (4.7), with C a possibly larger constant
independent of N, u and u0. For the operator norm convergence, recall that
u0 ∈ C([−τ∗, 0]) on a compact interval, implying ∥u0∥L∞([−τ∗,0]) is finite and
independent of N and u. Taking the supremum over all u ∈ Cb(R+) with
∥u∥L∞(R+) = 1 ensures the norm tends to zero as N → ∞. ⊓⊔

Theorem 2. Assume the regularity assumptions (A1)–(A3) are satisfied and
that the problem (1.1)–(1.2) is uniquely solvable. Let usN ∈ Vs

N be the discrete
collocation solution determined by (4.1), and ũsN be the iterated collocation
solution defined by

ũsN := T usN + f.

Then, there exists N0 ≥ 0 and a constant C > 0, independent of N , such that
for all N ≥ N0 the operator (I− IsNT ) is invertible and the following estimates
hold:

∥u− usN∥L2(R+) ≤ C N−m |u|B̃m ,

∥u− ũ s
N∥L2(R+) ≤ C ∥T ∥N−m |u|B̃m .

Proof. From Equation (1.3), we have the following identity

IsNf = IsN ((I − T )u) = IsNu− IsNT u.

Then by using (4.1), we can write

(I − IsNT )(u− usN ) = (I − IsNT )u− IsNf

= u− IsNT u−IsNf=u−IsNT u−(IsNu− IsNT u) = u−IsNu. (4.8)
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The left-hand side of (4.8) involves the discrete operator I − IsNT , while the
right-hand side contains the pure interpolation error. Since I − T is bijective
on L2(R+) and

∥T − IsNT ∥L2→L2 → 0 as N → ∞
by Lemma 4, Theorem 1 yields the existence of N0 ≥ 0 such that for all N ≥ N0

the operator (I − IsNT ) is invertible. Furthermore,

∥(I − IsNT )−1∥L2→L2 ≤ C, (4.9)

for some constant C > 0, independent of N . This implies stability of the
collocation system. Applying (I − IsNT )−1 to (4.8) and using (4.9) yields

∥u− usN∥L2(R+) ≤ C ∥u− IsNu∥L2(R+). (4.10)

Lemma 1 gives
∥u− IsNu∥L2(R+) ≤ C N−m|u|B̃m , (4.11)

where |u|B̃m denotes the highest-order weighted Sobolev seminorm associated
with mapped derivatives. Combining (4.10) and (4.11) yields the asserted
estimate for the collocation approximation:

∥u− usN∥L2(R+) ≤ C N−m |u|B̃m .

Finally, for the iterated approximation ũsN = T usN + f , we use the identity

u− ũsN = T (u− usN ).

Since T is bounded in L2(R+), one obtains immediately

∥u− ũsN∥L2(R+) ≤ ∥T ∥L2→L2∥u− usN∥L2(R+) ≤ C∥T ∥N−m|u|B̃m .

This completes the proof. ⊓⊔

Theorem 3. Under the same assumptions as Theorem 2, the collocation and
iterated collocation solutions satisfy the uniform-norm estimates:

∥u− usN∥L∞(R+) = O
(
N−(m− 3

4 )
)
,

∥u− ũ s
N∥L∞(R+) = O

(
∥T ∥N−(m− 3

4 )
)
.

The proof follows directly by the same arguments used in proving Theorem 2,
with the L2-based interpolation estimates replaced by the corresponding L∞-
bounds from Lemma 1 and Lemma 5, which together ensure the uniform in-
vertibility of I − IsNT in Cb(R+) and yield the stated convergence rates.

5 Illustrative examples

This section presents several numerical examples to confirm the theoretical re-
sults. All computations were carried out on an Intel(R) Core(TM) i5 processor
running at 2.50 GHz with 4 GB of RAM, using a MATLAB R2009b program.
The program is straightforward, requiring only the matrix operations detailed
in Section 3. The implementation of our proposed approach is carried out by
applying the following mappings between x ∈ R+ and y ∈ (−1, 1) with s > 0:
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i) Exponential mapping (EM):

φs(y) = −s ln 1− y

2
, ϕs(x) = 1− 2e−x/s.

ii) Algebraic mapping (AM):

φs(y) = s
1 + y

1− y
, ϕs(x) =

x− s

x+ s
.

iii) Logarithmic mapping (LM):

φs(y) =
s

2
ln

(
3 + y

1− y

)
, ϕs(x) = 2 tanh(x/s)− 1.

For notational convenience, we introduce

esN := u− usN and ẽsN := u− ũsN ,

which denote the error functions of the approximate solution and the iterated
solution, respectively, relative to the exact solution. Except Example 4, these
errors are evaluated using the discrete L2-norm, denoted by ∥.∥L2 , with respect
to the mapped Legendre weight defined in (2.4), as well as the L∞-norm,
denoted by ∥.∥∞, computed as the maximum absolute error (MAE) over a
uniform grid of 1000 points on the interval [0, 10]. The columns labeled “Ratio”
in following tables give the ratio of successive errors as:

Ratio ≈ log(∥eN∥/∥e2N∥)
log 2

.

Example 1. Consider the following delay problem: u(x)− 10

∫ x

0

te−t(x+1)u(t− τ)dt = fτ (x), x ∈ R+, τ ≥ 0,

u(x) = e−x, x ∈ [−τ, 0],

where fτ (x) is chosen so that the exact solution is u(x) = e−x. Under the
above mappings, the choice of the s-parameter is determined by the analyticity
properties of the transformed function Ûs(y). Indeed, from (2.2), using the
exponential mapping (EM), we find that

Ûs(y) :=
u(φs(y))

µs(y)
= (φ′

s(y))
− 1

2 e−φs(y) = 2−s
√
s (1− y)s−

1
2 ,

and when s = r + 1
2 , r ∈ N, Ûs reduces to a polynomial of degree r. In

this case, the interpolation operator is exact for r ≤ N , yielding vanishing
interpolation error (2.8). In particular, the selection (s = 3

2 ) (corresponding
to r = 1) ensures optimal theoretical accuracy for N ≥ 1. It should be em-
phasized, however, that despite the polynomial character of the transformed
solution for this choice, the associated kernel under the same mapping generally
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remains non-polynomial. Consequently, the full numerical scheme still involves
non-polynomial contributions. Nevertheless, the mapped quadrature formula
becomes increasingly effective as N increases, since higher-order interpolation
enhances the resolution of the non-polynomial kernel and strengthens the over-
all convergence. Therefore, half-integer values of s, especially s = 3

2 , represent
an optimal balance between theoretical exactness in the solution approximation
and practical efficiency of the numerical method.

The results in Tables 1–2 and Figure 1 highlight the flexibility and robust-
ness of the proposed method. While the first table show that EM achieves
super-convergence when the scaling parameter s is optimally tuned, the second
table and the figure reveal that with an arbitrary s the LM can outperform
EM. This behavior demonstrates that the method is not rigidly dependent on
a precise choice of s, but instead offers multiple effective mapping options, each
capable of delivering high accuracy depending on the structure of the problem.

Table 1. MAEs and observed convergence rates for Example 1 with τ = 0.2.

Appr. EM AM LM

N ∥e
3
2

N∥∞ Ratio ∥e
3
2

N∥∞ Ratio ∥e
3
2

N∥∞ Ratio

4 2.52× 10−6 – 8.68× 10−3 – 5.22× 10−3 –
8 4.94× 10−13 22.28 2.76× 10−3 1.65 2.19× 10−3 1.25
16 7.77× 10−16 9.31 1.29× 10−4 4.42 8.69× 10−4 1.33

Iter. EM AM LM

N ∥ẽ
3
2

N∥∞ Ratio ∥ẽ
3
2

N∥∞ Ratio ∥ẽ
3
2

N∥∞ Ratio

4 1.64× 10−7 – 1.74× 10−3 – 3.75× 10−4 –
8 8.88× 10−15 24.14 3.10× 10−4 2.49 4.38× 10−5 3.10
16 1.89× 10−15 2.23 4.16× 10−6 6.22 6.25× 10−6 2.81

5 10 15 20 25 30
10−16

10−13

10−10
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Figure 1. Convergence rates of EM, AM and LM methods obtained with s = 3 for
Example 1 with τ = 1.
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Table 2. MAEs and observed convergence rates for Example 1 with τ = 2.

Appr. EM AM LM

N ∥e3N∥∞ Ratio ∥e3N∥∞ Ratio ∥e3N∥∞ Ratio

8 3.75× 10−3 – 2.62× 10−2 – 5.82× 10−4 –
16 4.72× 10−8 16.21 2.01× 10−3 3.7 6.65× 10−11 23.06
32 8.71× 10−10 6.6 1.42× 10−4 3.83 8.55× 10−15 12.92

Iter. EM AM LM

N ∥ẽ3N∥∞ Ratio ∥ẽ3N∥∞ Ratio ∥ẽ3N∥∞ Ratio

8 6.90× 10−7 – 1.27× 10−5 – 3.92× 10−8 –
16 1.38× 10−11 15.61 4.06× 10−7 4.96 7.99× 10−15 23.23
32 1.01× 10−13 7.09 2.76× 10−8 3.88 7.99× 10−15 0.00

Example 2. Consider the following delay problem:

u(x)−
∫ x

0

1

(1 + x)(1 + t)
u(t− 1)dt

−
∫ ∞

0

xt

((1 + x2)(1 + t2))2
u(t− 0.5)dt = f(x), x ∈ R+,

with the initial condition

u(x) =
1√

1 + x2
, x ∈ [−1, 0].

Here, f(x) chosen so that the exact solution is u(x) = 1√
1+x2

, which is smooth

function and decays very slowly at infinity. Table 3 reports the L2-errors and
the maximum absolute errors versus N , obtained using algebraic mapping with
different scaling parameters s. Clearly, as in Example 1, on can see that the
iterative post-processing improve the obtained approximate solutions.

Example 3. Consider the linear Fredholm delay integral equation: u(x)−
∫ ∞

0

e−(x+t) cos(ωt)u(t− 1)dt = e−x

(
1− 2e

4 + ω2

)
, x ∈ R+,

u(x) = e−x, x ∈ [−1, 0],

where the exact solution is u(x) = e−x and the kernel k(x, t) is smooth, highly
oscillatory (controlled by ω > 0), and exponentially decaying. Table 4 reports
the maximum absolute errors for different fixed values of ω, obtained using the
EM and LM methods. The results clearly demonstrate the superiority of EM
over LM for semi-infinite, oscillatory Fredholm problems. Iterated solutions
further improve accuracy, particularly for EM, confirming the effectiveness of
the post-processing strategy. The exponential mapping achieves robust spectral
convergence, even for high-frequency oscillations (ω = 10), whereas LM requires
significantly larger N to reach comparable accuracy.
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Table 3. MAEs and L2-errors with observed convergence rates for Example 2.

Appr. AM

N ∥e1N∥∞ Ratio ∥e1N∥L2 Ratio ∥e2N∥L2 Ratio

8 4.14× 10−4 – 1.61× 10−5 – 1.38× 10−5 –
16 3.79× 10−7 10.09 3.75× 10−9 12.1 2.26× 10−8 9.25
32 2.94× 10−13 20.3 3.53× 10−15 20.0 2.25× 10−14 19.94

Iter. AM

N ∥ẽ1N∥∞ Ratio ∥ẽ1N∥L2 Ratio ∥ẽ2N∥L2 Ratio

8 3.85× 10−6 – 2.27× 10−6 – 4.12× 10−6 –
16 1.11× 10−9 11.76 5.27× 10−10 12.08 3.21× 10−9 10.32
32 6.11× 10−16 20.80 3.68× 10−16 20.02 8.11× 10−15 18.6

Table 4. MAEs using EM and LM methods for Example 3.

ω = 2 EM LM

N ∥e5/2N ∥∞ ∥ẽ5/2N ∥∞ ∥e5/2N ∥∞ ∥ẽ5/2N ∥∞
8 1.57× 10−5 1.93× 10−6 1.39× 10−4 3.93× 10−6

16 4.14× 10−8 5.06× 10−9 3.02× 10−5 1.88× 10−7

32 2.40× 10−11 2.93× 10−12 4.04× 10−6 4.75× 10−9

64 5.37× 10−14 9.99× 10−15 7.57× 10−7 6.10× 10−10

ω = 10 EM LM

N ∥e5/2N ∥∞ ∥ẽ5/2N ∥∞ ∥e5/2N ∥∞ ∥ẽ5/2N ∥∞
8 4.25× 10−2 5.41× 10−4 6.91× 10−2 8.31× 10−4

16 8.06× 10−3 1.02× 10−4 2.73× 10−3 3.29× 10−5

32 1.32× 10−4 1.68× 10−6 1.51× 10−4 1.99× 10−6

64 9.10× 10−8 1.71× 10−9 3.20× 10−6 1.47× 10−7

Example 4. [5] Finally, we consider the following problem without delay:

u(x) =
|x− 2| 72
(x2 + 2)3

+

∫ x

0

e−
t
2 sin(log(t2 + x+ 1))

(x2 + t2 + 2)4
u(t)dt, x ∈ R+,

whose exact solution is unknown. For the sake of comparison with the results
in [5], obtained using the truncated Lagrange interpolation method combined
with a truncated Gaussian quadrature formula, we compute the maximum
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absolute errors using the following weighted error measures

eN = max
x∈[0,d]

∣∣(us1024(x)− usN (x))w(x)
∣∣ ,

ẽN = max
x∈[0,d]

∣∣(ũs1024(x)− ũsN (x))w(x)
∣∣ ,

where w(x) = xγ(1 + x)δe−x/2. We take d = 6, γ = 1/4 and δ = 0. Table 5
shows that the proposed method with s = 5 outperforms that of [5], achieving
comparable accuracy at the approximate solution level (eN ) and significantly
higher accuracy for iterated solutions, with gains of several orders of magni-
tude. It also converges faster and is more numerically efficient, especially when
combined with the algebraic mapping (AM), which remains stable for large
N (Table 6). Figure 2 confirms the convergence and stability of the method,
ensuring the reliability of the numerical solutions.

The superior performance of AM arises from its alignment with the solu-
tion’s algebraic decay. The kernel structure dominated by high-order algebraic
denominators and the algebraically decaying nonhomogeneous term indicate
that the exact solution decays algebraically rather than exponentially. Conse-
quently, AM provides a natural asymptotic match on the semi-infinite domain,
maintaining stable and high convergence rates as N increases.

Table 5. Comparison results for Example 4.

[5] EM AM LM

e8 1.11× 10−4 1.52× 10−2 2.02× 10−2 1.16× 10−2

ẽ8 – 2.37× 10−6 3.59× 10−6 1.65× 10−6

e16 3.79× 10−5 1.60× 10−4 3.17× 10−4 6.67× 10−5

ẽ16 – 1.19× 10−8 2.86× 10−8 3.82× 10−9

e32 1.53× 10−6 1.38× 10−6 3.42× 10−6 5.18× 10−7

ẽ32 – 5.15× 10−11 1.38× 10−10 2.50× 10−12

e64 7.91× 10−8 1.61× 10−7 2.80× 10−7 1.20× 10−7

ẽ64 – 3.43× 10−13 1.34× 10−12 2.09× 10−12

e128 5.76× 10−10 1.04× 10−8 2.64× 10−8 3.16× 10−8

ẽ128 – 1.21× 10−13 3.90× 10−14 3.25× 10−13

e256 4.14× 10−11 3.14× 10−9 2.78× 10−9 1.05× 10−8

ẽ256 – 1.43× 10−14 9.84× 10−16 5.34× 10−14

e512 5.71× 10−12 1.05× 10−9 2.92× 10−10 3.21× 10−9

ẽ512 – 2.16× 10−15 7.07× 10−17 7.66× 10−15
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Table 6. Convergence rates (Ratio) for EM, AM, and LM methods.

EM AM LM

N Appr. Iter. Appr. Iter. Appr. Iter.

8 → 16 6.57 7.64 5.99 6.97 7.45 8.75
16 → 32 6.86 7.85 6.53 7.69 7.01 10.58
32 → 64 3.09 7.23 3.61 6.70 2.10 0.26
64 → 128 3.97 1.53 3.42 5.12 1.93 2.68
128 → 256 1.69 3.00 3.36 4.54 1.59 2.61
256 → 512 1.68 2.32 1.81 1.20 1.71 2.80
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Figure 2. Additional numerical results for Example 4.

6 Conclusions

This work develops an efficient mapped Legendre collocation method for solving
linear VFIEs with delays on the semi-infinite interval, an area where numerical
challenges arise due to the presence of delay terms and the unbounded domain.
By combining orthogonal mapped Legendre functions with a newly designed
mapped Legendre-Gauss quadrature formula, the method achieves high accu-
racy while remaining computationally simple. A rigorous convergence analysis
is provided, covering both the approximate and iterated solutions. The ef-
fectiveness and robustness of the approach are demonstrated through several
representative examples, including cases with known and unknown exact solu-
tions, showing clear advantages over existing numerical techniques. The paper
therefore contributes a general, stable, and spectrally accurate framework for
delayed integral equations on unbounded domains.
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