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1 Introduction and preliminaries

The investigation of two-dimensional non-linear singular integral equations of
Volterra type is of significant importance in various fields. These equations,
characterized by complexity and non-linearity, play an important role in un-
derstanding real-world phenomena, such as the conductor-like screening model,
quantum chemistry, the kinetic theory of gases, the free electron laser, and the
chemistry resolvent, as seen in [5,10, 11,16, 20,24]. Integral equations with a
singular kernel or a fractional form are a significant part of nonlinear analy-
sis, which can be seen in [1,9,13,27,29]. By addressing these challenges, we
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not only contribute to the development of mathematical analysis but also gain
valuable insights that can impact many fields. For the solvability of nonlinear
integral equations, fixed-point theory and measure of non-compactness play
an essential role [3,7,14,21,22,30]. Additionally, the existence of solutions to
n-nonlinear, 2D Volterra, product-type fractional, Hadamard fractional, and n-
product functional integral equations is studied using Petryshyn’s fixed point
theorem in [2,8,12,17,18]. In [31], the existence and uniqueness of the solution
of Hammerstein functional integral equations by extending Burton’s method
is discussed. In this article, we demonstrate the existence and uniqueness of
solution in a Banach space with a measure of non-compactness, for the two-
dimensional non-linear singular Volterra integral equation with fractional order,

m 'y 1 —wn 0—1
u(s,7) =g(s,7) +h(s,7,u(s,1) / / ) )}(0) )
xm€™ Wk (f (s, 7, €, w))u (5, w)dédw, (1.1)

where 0 < 7,0 <1,s,7 € [0,1] and m,n > 0, and I'(v) is defined as the integral
of 7771e™™ from zero to infinity. The function h(s,7,u) is produced by the
superposition operator H. Specifically, (Hu)(s,7) = h(s, T, u(s, 7)) is defined
n ([0,1] x [0,1]) — R. We establish the existence of non-decreasing solutions
for equation (1.1) within the set of all continuous functions on C(]0, 1] x [0, 1]).
We will assume A is non-empty and a subset of B throughout the context
of this article, where (B, || - ||) represents a real Banach space in one- and two-
dimensional cases. Moreover, we consider Mg to be a non-empty family of
bounded subsets of B, and 1y as a subfamily comprising all relatively compact
sets.

DEFINITION 1. [6] A mapping £ : 9 — R is considered a measure of non-
compactness in B if it fulfills the following conditions:

(10) Family ker £={AeMyp : £(A)=0} is nonempty and ker£Cg,

(2°) ACB=£(A) < £(B), (3°) £(A) = £(4), [(4°)] £(ConvA)=£(A),

(5%) £(NA+ (1 = N)B) < AL(A)+ (1 — N)£(B) for X € [0,1],

(6°) If {A,} is a sequence of closed sets from mg such that 4,1 C A, for
n € N and if nh_r)noo £(A,) =0, then the set A, =(),—, A, is nonempty.

2 A generalization of Darbo fixed-point theorem

To establish a generalization of the Darbo fixed-point theorem [6], we use a
type of contraction which was applied in [25]. From now on, we suppose that
functions G, ¥, ¥ : [0, +00) — [0, +00) satisfy the following conditions:

(i) G € C[0,4+00) and G(0) =0 < G(s), for all s> 0;

(ii) ¥(s) < ¥(s), for all s > 0 and ¥(0) = ¥(0) = 0;

(ili) ¥(s),¥(s) € C[0,400); (iv) ¥ is increasing.

Moreover, consider G = {G : G satisfies condition (i)} and X' = {(¥,¥) : ¥
and ¢ satisfy conditions (ii), (iii), and (iv)}. The following definition and
theorem describe a generalization of a (¥, G, 9¥)-contractive mapping, employing
the measure of non-compactness and its application [25].
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DEFINITION 2. Let ¢ # @ be a subset of B, and ¢ : ¢ — ¢ be a mapping. We
define ¢ as a generalized (¥, G, 9)-contractive mapping if, for any 0 < a < b <
00, there exist 0 < pap < 1, G € G, and (¥,9) € X, such that for all A C g and
an arbitrary measure of non-compactness £, the following holds:

a < G(£(A)) < b= U(G(£(s4))) < pap?(G(£(A)))-

Theorem 1. Consider o # &, a closed, bounded, convex subset of B, and
¢:o— 0 as a generalized (¥, G,¥)-contractive continuous mapping. It follows
that ¢ has at least one fixed point in o.

Proof. In [25] the proof is done in Banach space B = C([0,1]) with the
standard norm. Because it is similar to the proof in Banach space B =
C(]0,1] x [0,1]) equipped with the standard norm, we therefore omit it. O

As an application of a generalization of the Darbo fixed-point theorem, we
prove the existence of a solution for two-dimensional non-linear singular integral
equations in the Banach space B = C([0, 1] x [0, 1]) with the standard norm:
|lu]] = max{|u(s, )| : s,7 > 0}. Therefore, assume that A # & is a bounded
subset of C([0,1] x [0,1]), and for u € A and € > 0, let us set

(u,e) = sup{lu(s,7) —u(&,w):
s, 7,&w € [0,1],|s —&| <e€,|T —w| <€} (2.1)
II(Aye) = sup{Il(u,e):uec A}, IIH(A):= ggr(l) I(Aye), (2.2)

and we define
J(u) :=sup{|u(§,w)—u(s, 7)|—[u(&,w)—u(s,7)] : s,7,&,w € [0,1],s<E, 7 < w},
J(A) :=sup{J(u) : u € A}. (2.3)

It is evident that all functions within A are non-decreasing on [0, 1] x [0, 1] if
and only if J(A) = 0. Let us introduce £ on M (jo,1)x[0,1]) by this form:

£(A) == IIo(A) + J(A). (2.4)

Following [6], it is not difficult to show that the function £ is a measure of
non-compactness on C([0, 1] x [0, 1]).
Now, let’s examine Equation (1.1) based on the following conditions:

(b1) g :10,1] x [0,1] — R™T is a continuous, non-decreasing, and nonnegative
function;

(b2) h : [0,1] x [0,1] x R — R is continuous function in s,7,u such that
h([0,1] x [0,1] x RT) C R*. Additionally, there exists a continuous non-
decreasing function 9 : RT — RT with 9(0) = 0. For each s > 0, it holds
that 9(s) < s, such that

|h(s, T, u) — h(s,7,2)| < ¥(u— z|),Vs,7 € ]0,1],Vu, z € R,

also 9 is superadditive, so that 9(s) +9(£) < I(s + &) for all s,£ € RT;

Math. Model. Anal., 31(3):407-430, 2026.
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(bs) In Equation (1.1), the operator H satisfies the condition J(Hu)<9(J(u))
for any nonnegative function u, where ¥ is introduced in (bs);

(bs) f:]0,1] x [0,1] x [0,1] x [0,1] — R is continuous and non-decreasing
with respect to each variable separately;

(bs) k:Imf—RT is a non-decreasing continuous function on the compact
set Im f;

(b¢) With hypotheses My = max{|g(s,7)| : s,7 € [0,1]} and
My = max{|h(s,,0)| : s,7 € [0,1]}, the following inequality
M I(y+ )00+ 1) + (9(r) + Ma) [[kllr < T'(y + DI(0 + 1)r,

ll%llro

oD < -

has a solution rg > 0, where \ =

Theorem 2. Under conditions (b1)—(bg), the Equation (1.1) has at least one
non-decreasing solution as v = u(&,w) € C([0,1] x [0, 1]).

Proof. Regarding Equation (1.1), operators G and ¢ on C([0,1] x [0,1]) are
defined in the forms:

Gu S T / / §m ’y ;5_17-(9)_ wn)e_lmfm_lnwn_l (25)

k(f(s, 7, & w))u (57 )d€dw,
(CU)(S,T) :g(SaT) + h(S,T,u(f, ))(Gu)(saT)

At first, it is shown that G is a self-map on C([0,1] x [0,1]). Let € > 0 be
given, and suppose v € C([0,1] x [0,1]) and s1, 82,71, 72 € [0,1]. Without loss
of generality, let so > s1,70 > 7 and |s2 — 1] < €, |12 — 71| < e. Then,

|(Gu)(s2,72) = (Gu)(s1,71) |
= | Sy Jr S g o (f (2,7, € ) 6, ) d o

e s1 (S _gm)'yfl(Tn_wn)S—l

— o fy e mE™ W k(f (51,71, €, w)u(€, w)dédw

< | Sy o S T mem R (f (52, 72, €, ) (€ ) d e
-1 (Séﬂ’fén;lz;)lv(;é;wn)e_l mE™ nw™ L k(f (51,71, & w))u(€, w)dédw

| S e S e e (f (51,71, €, ) (€, w)dédew
7 e T e nU(f (31,71, €, ) (6, w) dEdo
—|—‘ N (Sgn;gml)j(;;(;(%;wn)gil mEM ™ nw k(f (51,71, & w))u(€, w)dédw
— T g T e on = (f (31,71, €, ) Y€, w) dEd

52 (s;n_g'nt)'yfl(Tén._wn)efl

7'2
< Jo Jo T

mgm—lnwn—l
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‘k( (3277—2757 )) - k(f(slaTl,gaw))Hu(gaw)‘dfdw
71,)9—1

sz (8T —&™)V (7 —w m— n—
Jrf f2(2 F(’y((20) mEMpen=1

k(f (51,71, & w))[u(§, w)|dEdw

s |(Snz gm)'y 1(7_71 n)9—1_(salfn_£m)'y71(Tln_wn)e—l|
ot Jo! HONO

% mfm_lnwn_l |&(f(51,71,& w))||u(é,w)|dédw.

If we set oy (e,.)= sup{[K( (5,7, €, w))—k(f(5', 7, £, )|}, such that
s, s’ 7,7, € ,w €0,1], |sfs/| < ¢, and |7—7'|<e, then, from (b3) we have,

[(Gu)(s2, 72) — )(81771)|
1T,
<IN P kofA™ -] ||UH ’f f / ,Y 1(7_271, o wn)ﬂ—lmgm—lnwn—ldgdw
0 0
k T2 52
||UH || || / 'y 1( 5 7wn)071m£mflnwnfld£dw
T1 S1

wmw|/ﬁ/“ Y )

— (s =™ 1p —w ) - ]mfmflnwnfldgdw

ull Myop(e,0) 57 73%  ull k]| (s5" = s7) (75 — 71")"
ERAOIROEEE 9 I'(y)I'(9) v 0
[[wll 1% [(52 — 1) (15 —11)" 31 1"9 _ s;m 279]
I'(y)I'(0) 70 v 0 vy 0
w|| Hior(e, . 2 [|lul| ||k m m n n
llull Mroy (e, -) | 1] (s — sT) (72— 71 (2.6)

“rO@+0r+1) r@+nrH+1)

Clearly, given the uniform continuity of the function k o f on the set [0,1] x
[0,1] x [0,1] x [0, 1], we can get wyos(€,0) — 0 as € — 0. Thus, Gu € C([0,1] x
[0,1]), and consequently, cu € C([0,1] x [0, 1]). Furthermore, we have

T s (Sm _ gm)'yfl(,rn _ wn)éfl — .
|(Gu) (s, )] S/O /0 oI mem™ pen1

[k(f (s, 7, € w))u(§, w)|dEdw,
||k|| Hu” / / gm y— 1(7_ —w )071 mé-mflnwnfldé-dw

IIkII IIUH
ST(y+ 1O +1)

(2.7)

for all s,7 € [0,1]. Accordingly
[(cu)(s, 7)< lg(s,7)|+ [h(s, 7, u)[|Gu(§, w)
M + [|h(s, ,u) — h(s,T,0)| + |h(s,T,0)|]

([ el
TO+1I(y+1)

([ el
IO+ ) (y+1)

A

IA

My + (O([[ull) + Mz)

Math. Model. Anal., 31(3):407-430, 2026.
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For this reason,

([ el
TO+)I(y+1)

Therefore, if |Ju|| < 7o then by assumption (bg) we have,

[sull < My + (I([[ull) + Ma)

[[E[I o
Fv+10)r@+1) —

Thus, the operator ¢ maps the ball B,, C C([0,1] x [0,1]) into itself. To
demonstrate the continuity of ¢ on B,,, assume that {u,} is a sequence in

By, such that u,, — u. We need to show that cu,, — cu; specifically, for all
s, 7 €[0,1],

[sull < My + (9(ro) + Ma)

(G ) (s (Gu)( ol
gm 'y 1(7_ —w )9 1 e
‘/ / v)I(6) m&™ "k (f (s, 7, & w) ) un (& w)dEdw

m 'v 1 7 yn)i-1

/ / —&m) }(9) ") m&™ W k(f (s, T, & w) )u(€, w)dédw
m ’Y 1 —wn 6—1

/ / 5 }(9) ) m5m71n9n71|k(f(3,T,g,wm

¢ Jim(,00) — (€, 0) € < = ] — )
n& ’ = Tyr) M ~0
Since s™77m 1, then
k
|Gy, — Gul| < Ll l[un —ull.

Iy +1I(0+1)

As, from (b) and (bg) we conclude that,

[(Sun)(s,7) = (cu)(s, 7)| = [h(s, T, un(s, 7)) (Gun)(s, T)
— h(s, T u(s, 7)) (Gu)(s,7)| < |h(s, T, un(s, 7)) (Guyp) (s, T)
— h(s, 7, u(s, 7)) (Gun) (s, 7)| + |h(s, 7, u(s, 7)) (Gun)(s,T)
— h(s, T, u(s, 7)) (Gu)(s,7)| < |h(s,T,un(s,7)) — h(s,7,u(s,7))|
|(Gun)( )|+ |h(s, 7, u(s, 7)) — h(s,7,0) + h(s,T,0)]
Gun ) (Gu)(s T)\ < 19(|un(8 7) —u(s, 7))

(s, 6, ))Ilun(ﬁ, )—u(§, w)|dEdw+(9(|uls, T)|)+Ms)
/ / Em ’Y 1( 0n)0 ! mfm—lnwn—l
NI ()
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X |/<:(f(s77'7§,w))||un(§,w) - u(ﬁ,od)|d£dw.

It follows that
%Il
I'y+1H)I@+1)

+ 0(0l) + M) 7

Thus, < is continuous on B;,. We present

[lsun — cull <O([lun —ul))

[[un

[

Bro={u € By, :u(s,7) >0, for s,7 €[0,1]} € B,,.

Clearly, ér(ﬁ’é @ is closed, bounded, and convex. By assumptions (b1), (b2),
and (bs), if u(s,7) > 0, then (¢u)(s,7) > 0 for all s,7 € [0,1]; as a result, ¢

projects BT0 into itself. Additionally, ¢ is continuous on B,o0 Suppose A # @ is

a subset of BT07 and let € > 0 and s1, 2, 71, 72 € [0,1] be such that [so—s1]| < €
and |, —71| <e. Using (2.1), (2.6), (2.7), (b2), and (b7), and also for simplicity,
assuming so > s; and 75 > 71, then we have,

[(su)(s2, 72) — (su)(s1, T1)[=[g(s2, T2)+h(s2, T2, u(s2, 72))(Gu) (52, T2)
= g(s1,71)—h(s1, 71, u(s1, 7)) (Gu)(s1,71)| < [g(s2,72)—g(s1,71)]
+ |h(s2, 72, u(s2, 72))(Gu)(s2, 72) — h(s1, 71, u(s2, 72)) (Gu)(s2, T2)
+ |h(s1, 1, u(s2, 72))(Gu)(s2, T2) — h(s1, 1, u(s1,71))(Gu)(s2, T2)
+ |h(s1, mu(s1,71))(Gu)(s2, m2) — h(s1, 71, u(s1,m))(Gu)(s1,71)|
< lg(s2,72)—g(s1, 71)| + |h(s2, T2, u(s2, 72))

— h(s1,m1,u(s2, 72)|[(Gu)(s2, 72)| + |h(s1, T1,u(s2,72))

— h(s1,m1,u(s1, 7)) |[(Gu)(s2, 72)| + |h(s1, T1,u(s1,71))

— h(s,7,0) + h(s, 7, 0)||(Gu)(s2,72) — (Gu)(s1,71)]

[l [| %]
SU(g,G)+pm(h,6)F(7+1)F(9+1)
#0(fu(s2,72) = o1, 7)) e s + (Ol + )
[ ||u||Hkof(€7O) 2”“” Hk” (Sm_sm)'y(Tn_Tn)O}
rO+10)r(y+1)  rO+0)C(y+1)72 "2z Hhp

where we introduce
pro (hy€) = sup{|h(s, 7, u) — h(s', 7", u)| : s, 8", 7,7 € [0,1],
u € [0,70] X [0, 7o), [s = 5| <€, |7 —7'[ <€},
and employing the mean value theorem (|s5* — s7*|7" < m7|sy — $1]7,
|75 — 77|? < nP|m — 71|%) in the last inequality, we derive that,

([l [I%]]
Ty +1)I(0+1)

|(§u)(32,7'2) - (gu)(5177—1)| < U(g,e) + pTo(h’ 6)

Math. Model. Anal., 31(3):407-430, 2026.
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el [
v+ 1)@ +1)
[ull Hyop(e,0)  2]lull [[E]| (me)” (ne)’

+9(|u(s2,m2) — u(s1,71)|)

O M) F e+ T iy e nrern v Y
Thus, from (2.1) and (2.8),
I (su,€) <II(g,€) + pro(h,€) ro |kl (I (u,€)) ro |Ik]
e N Y I Sy A () VTO+ DI+ 1)
rollkos (€, 0) 2r¢ || &l N
Taking the supremum on v € A, we conclude that
ro ||| ro ||kl
1(64.0) <I1(9.6) + pro o) 5 + A ) e T
+ (9(r0) + M) [ AT (0) 20 M mey (ne)?)

FO+0)I'(v+1)  TO+1)I(v+1)

As g is continuous, and h and k o f are uniformly continuous on [0, 1] x [0, 1] X
[0,7r0] and [0,1] x [0,1] x [0,1] x [0, 1] respectively, it follows that when ¢ — 0,
then I1(g,e) = 0, pyy(h,€) = 0, Ijof(€,0) — 0, and moreover, by (2.2), we
have:

To ||k||

o(s4) < ACES R CES))

(1o (A)). (2.9)

Assuming u € A and sq, s9, 71,72 € [0,1] such that s; < s3 and 71 < 72, and
with regard to (2.3), (2.5), (b2), (b7), and the non-decreasing functions g and
G, then,

[(su)(s2,72) — (su)(s1,71)| — [(su)(s2,72) — (cu)(s1,71)]
= |g(s2,72) + h(s2, T2, u(s2,72))(Gu)(s2, 72) — g(51,71)

—h(s1,71,u(s1,71))(Gu)(s1,71)]

—[g(s2, 72) + h(s2, T2, u(s2, 72))(Gu)(s2, 72) — g(s1,71)

—h(s1,71,u(s1,m))(Gu)(s1,71)]

< {lg(s2,m2) — g(s1,71)| = [g(s2, 72) — g(s1,71)]}
+|h(s2, T2, u(s2,72))(Gu)(s2,72) — h(s1, 71, u(s1,71))(Gu)(s2, T2)]
+|h(s1, m1,u(s1, 7)) (Gu)(s2, 72) — h(s1, 71, u(s1, 7)) (Gu)(s1,71)]
—[h(s2, T2, u(s2, 72))(Gu) (82, T2) — h(s1, 71, u(s1,71))(Gu)(s2,72)]
+[h(s1,71,u(s1,71))(Gu)(s2,72) — h(s1,T1,u(s1,71))(Gu)(s1,71)]
< J(g) + {Ih(s2, 2 u(s5, 7)) = hls1, 7, uls1,7))|

[h(swg, (59,72)) — h(sl,n,u(sl,ﬁ))]}(Gu)(SQ,TQ)
+h(s1,71,u(s1,71) {\Gu (s2,72) — (Gu)(s1,71)|
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~[(Gu)(s2,72) = (Gu)(s1,7) | }

ro ||kl
g) + J(Hu) 7 (1))F(9 1)
ro [|&||
y+1)r@+1)

IN

+ (O(lull) + M) J(Gu)

J(Hu)

Furthermore, from (b4) it concludes that,

+1)r@+1) — y+1)r@+1)’

J(su) < J(H

and consequently by (2.3),

7o ||K||

J(s4) < IO+ 1) (y+1)

9(J(A)). (2.10)

Regarding the definition of £ in (2.4), and also from (2.9) and (2.10), we have:

£(cA) = Io(sA)+ J(sA)
ro ||l ro |||
S Fernra D AT Fer i A
ro ||k

= p(9+1)F(7+1)(19(H0(A)+J(A))) < NI(£(A)).

The proof is completed by Theorem 1 for G(s) = ¥(s) = s, the aforementioned

inequality, and the condition A = % <1. 0O
Theorem 3. Under conditions of Theorem 2 and condition % <

1, then Equation (1.1) has unique non-decreasing solution as u = u(§,w) €

C(]0,1] x [0,1]).

Proof. According to the proving of Theorem 2, let u;(&,w), u2(§,w) € By, C
C(]0,1] x [0,1]) are two different solutions of the Equation (1.1), thus from
Equation (1.1) and applying (b2) and (bg) we have,

lui (s, 7) — ua(s, 7)
= (s, u1(s,7) / / — & ;](j(g)_w . me™ W
X k(f(s T, 53 ))ul ga dgdw

h(s, T, us2(s,7) / / - )11(_?(0)_&} ) me™ Inwn 1

X k(f(s,7,&w))ua(é w) dgdw‘

(s, u1(s,7) / / - ;](j(g)_w ) meM nwn !

IN
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X k(f(smﬁ,w))(ul(é,w)—uQ(f,w))dgdw‘

f ) 71(7_71 7wn)671

+ ‘(h(S,T,ul(S,T)) — h(s,T, uz(S,T))) /OT /OS (s™ — m[:;ry)p(a)
mfmflnwnflk(f(s,T,f,w))ug(g,w)dﬁdw‘

gm 7 1(7. —w )071

< [|h(s,7',u1)—h(37’0)|+|h37-o / / (NI'(0)
™5, 7,60 (€:00) — (6o Ndfdw
é_m ,\/ 1(7_ —w )9 1
+‘h(s,7,u1(877)) (8,7 uz(s, 7 ‘/ / (NL'(8)
mE™ W HE(f (s, 7,6, w)| uz(€,w |d§dw
m 1 _ 6—1
< (O(Jual) + M) || H“l‘“QH/ / e )](Z—(Q) =
mE™ e dé du
T T W)
+0(fur — ual) ||K]| ||U2||/0 /0 I'(y)I()
mE™ e g du
T (s =g (W)
< (Jwr]l + Ma + |Jus]| ||| IIU1*U2||/0 /0 T'(v)I(0)
mE™ e dgdw
my -nb
< (Ma+270) [[Kl [Jur — us] p(fy)lf(e)s 'y;—
O

Since s™77™ < 1, then

s = wal] < 22Ol )
“I'v+1)r@+1) ’
consequently from % < 1 concludes that u; = us.

Regarding the Riemann-Liouville fractional integral [19] and Theorem 2,
we derive some results as follows.

Corollary 1. If Theorem 2’s conditions are satisfied, then there is at least one
solution for integral equations with fractional order in C([0,1] x [0,1]). Some
examples of these would be:

(i) For m = n = 1, this implies two-dimensional non-linear Riemann-
Liouville (or Volterra) fractional integral equations with orders v and 6, as
follows:

(s,7) =g(s,7) + h(s,7,u(s, 7))

ST kg ute ) s
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(ii) Form = n = 1 and h(s, T, u(s, 7)) = 1, we obtain two-dimensional Riemann-
Liouville fractional integral equations of the second kind with orders v and 6:

Y R G L Gl ) M
u(s, 7) =g(s, 7 +/ / k(f(s,m,&w))u(é,w)dédw.
(s7) =gl m) + [ | S R K (s )l )
(iii) For m = n = 1,k = I and g(s,7) = 0, this introduces two-dimensional
non-linear Riemann-Liouville fractional integral equations of the first kind with
orders v and 6:

T (s 6 (- )
u(s, ) = h(s, 7,u(s, T / / f(s, 1, & wu(l,w) dédw.
(s.7) = hamu(s,)) [ [ Bt Tm o wpule.w)
(iv) For m = n = 1,k = I,h(s,7,u(s,7)) = 1 and g(s,7) = 0, this intro-
duces two-dimensional Riemann-Liouville fractional integral equations of the
first kind with orders « and 6:

sy = [ [TEEI I g wpute. ded

According to the above process, integral equation (1.1) is a general form of
several kinds of Riemann-Liouville fractional integral equations.

Corollary 2. If the conditions of Theorem 3 are satisfied, then there is a unique
solution to the integral equations of fractional order in Corollary 1.

3 Approximating the solution of Equation (1.1)

The solvability of Equation (1.1) is demonstrated in Section 2. In existence
and uniqueness theorems, it is important that the solution be nontrivial (non
zero). This issue becomes evident when finding an approximate solution to
the above equation. Based on a topological notion, a homotopy is created,
and some of its applications are provided in [23]. The homotopy perturbation
approach has been modified in [15,26]. The Adomian decomposition method
is used in [26, 28] for nonlinear problems. In order to solve Equation (1.1),
we use modified homotopy perturbation and Adomian decomposition methods.
Taking into account the general form of Equation (1.1),

A(u(s, 7)) — g(s,7) =0, (s,7) € IT =10,1] x [0,1],

where g represents a known function, and the nonlinear operator A is divided
into two operators, Ry and Ny, which may be linear or nonlinear. Additionally,
the function g is split into two functions, g; and gs, so that

Nl(u(87 7)) — 01 (577-) + N2(u(87 T)) - 92(577—) =0,

and in this way, a modified homotopy perturbation is introduced by
H(:y(S? 7—)’ q) = Nl (y(s, T)) - 91(57 T) + q(NQ(y(S7 T)) - gg(S, T)) = O? (31)
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where 0 < ¢ < 1 is an embedding parameter and y is an approximation of wu.
By varying ¢ from 0 to 1, this leads from Ry (y(s, 7)) = g1(s,7) to A(y(s, 7)) —
g(s,7) = 0. This signifies that for ¢ = 1 in (3.1), a solution of Equation (1.1)
is obtained. We regard the above solution as a series:

u(s,7) = y(s,7) quls 7 ulsn)=lmys). (32)

To solve Equation (1.1) for s,7 € [0,1], we reformulate it as follows:

é-mv 1( 7&]”)971
u(s,7) — h(s,7,u(s,7) // OR0
x mE™ W E(f (s, 7, & w))ulé, w )dfdw g9(s,7) =0,

where g(s,7) is a known function and uw € C([0, 1] x [0,1]). The operators X,
and Ny and also the function g can be given as

Nl(y(sﬂ T)) = y(s77—)7
m o__ fm)'y—l(Tn _ wn)e—l

Satterr) = hlomato) 1 [1E=E e
k(f(s, 7, & w))y(§ w) dédw,
9(577—> =g1(s,7) + 92(577—>‘

mgm—lnwn—l

(3.3)
Replacing (3.2) and (3.3) in (3.1), we can derive
(Z 0'yi(s,7) = 91(5:7)) +a = b, 7D d'vils, 7))
i =0
gm 'y 1(7. _wn)Q—l . e
/ / R0 meE™ tnwn !
X k(f(s,7, 6,0 Zq yil6w) dedw — g(s,7) + g1(5,7)) = 0. (3.4)

To solve the nonlinear part of (3.4), we use Adomian polynomials as follows:
h(s,T, Z q'yi(s,7)) = Z @ Aj(s, 1), (3.5)
i=0 =0

1/ d > ,
Aj(s,T) = ﬁ(@ h(S’T’ZOqzyi(S’T)))q—d j=0,1,2,
1=

From (3.4) and (3.5), it follows that

(iqiyi(s,r) — gl(s,r)) + q( _ iquj(S,T)
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/ [ e

X k(f(s,7,6,w quz (6,w) dédw = g(5,7) +g1(s5,7)) = 0. (3.6)

Rearranging (3.6) with respect to the powers of ¢, an iterative algorithm is
obtained as follows:

Algorithm 1.

Yo(s,7) = g1(s,T)

gm 'y 1( 7wn)071 . e
y1(s,7) = Ao(s, 7) / / ORG meE™ nwn 1

Xk(f(s T, 57 yO 67 dgdw—i_g(s T) 91(877—)7

T

Xk(f(s77—v§7 ))yjflfi(gv )dfdw, ] - 27 37 DR

The convergence of the Algorithm 1 is established by a lemma and a theorem.
Lemma 1. Algorithm 1 is equivalent to a recursive relation:

Un(s,7) = g(s,7) — Na(tp—1(s, 7)), (3.7)
where operators Ny and Ro and also g(s,T) are given by (3.3).

Proof. Corresponding to (3.2), the approximate solution of Equation (1.1)

for ¢ — 1 is given by
= Z yi (8, 7). (3.8)
i=0

Substituting y.s from Algorithm 1 into (3.8) leads to:

) =3 yi(s7) = u(5.7)

1=0

gm ’y 1( 7(")”)671 m— n—1
+A0 S T / / )F(Q) mg lnw k(f(saTang))

Xyo(€,w dédw+g(8 T) 91(s,7)

m ’y 1 —wn 0—1
rolovr) [ [ et k(£ 6.0
xy1 (&, w)dédw + A4 (s, 7')

s Sm m ’Y 1 T"° — W 01
/ / = )(F(a) k(£ (5, 7.6, )
XyO(fa )dfdw
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T e o G

Xk(f(S T, fa ))yn 1—14 §a )dfdw
0 L ) L
(1) *ZA A R

n—1—1

nw"R(f(s,m 6 w)) Y (6 w)dédw

7=0

- N<Z yi(5.7)) = 9(5,7) — Ra(ttn_1 (5.7)).

0

In the above process, we used forms (3.6) and (1) to introduce
Ny Z yi(s,7)). Assuming that the recursive relation (3.7) holds, we obtain
Algorlthm 1 by induction. Let ug(s,7) = yo(s, 7). Then, for n = 11in (3.7) and
applying (3.3) and (3.5), we have
(s,7) = Ra(yo(s, 7)) (3.9)
—1

ui(s,7) = g(s,7) — Ra(uo(s,7)) =
(Tn _ wn)e—l

gis
_ (sm—¢&m)
—g(S,T)—Fh(S,T,yo(S,T))/(; /O F(’}/)F(Q)
x mE™ W E(f (s, 7, & w ))yo(& w)d€dw

= g1(5,7) + Aog(s, / / —em)- ;}T(e)_wn)e_l

X mg™ ne k(£ (s, 7, € w))yo (&, >dfdw+g<s )= 01(57).
Because u1(s,7) = yo(s,7) + y1(s,7), by choosing yo(s,7) = gi1(s,7), the re-

maining terms of (3.9) correspond to y1(s,7). Thus, the induction test holds.
We assume that the induction hypothesis holds for (n —1); then, for n, we have

Un(s,7) = g(s,7) — Na(un—1(s,7)) = g(s,7) — Ng Zyl (s,7)

1 T 6—1
= g(s,7)+ (s, / /0 )1(_1(9) ) mem Inwn !
xk(f(s,1,&w _z:_ w)d&dw
j:
T s _ emyy—1 T 6—1
= qi(s,7) + Ao(s,T) / / 3 1)17(7)}(9) w") mE™ pwn

Xk(f(s T, 57 ))yO ga )dfdw—l— 9(377-) 91<377')
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+ZA1 s, T / / —& ;I(Z—(Q)_ wn)eil771@"”*171(#"*1
Xk(f(s 7, fa )yn 2— 1(67 )dfdw

gm ’Y 1( _wn)efl o .
+ZA (s,7) / / ) mem g1
Xk(f(S,T,f, ))ynflfi(f, )dédw

n—1

From u,(s,7) = > yi(s,7) + yn(s,7) and the induction hypothesis, we can
i=0

write

7_ . é-m ’Y 1( — wn)eil m—1 n—1
S Z A s / / )F(Q) mé nw
X k(f(57 T, ga OJ)) ynflfi(gaw) dfdw,

and the proof is completed.

In Section 2, we proved that the solution space of Equation (1.1) is the
Banach space C([0,1] x[0,1],||-||cc)- Therefore, the following theorem is stated
for the convergence of Algorithm 1.

Theorem 4. Let u,(s,7) = Z yi(s,7) forn € N, and for y;(s,7) # 0, assume
that ||yi(s, 7)o < Allyi—1(s, 7')”00, where 0 < A < 1,4 € N. Then,

(1) {un}52 4 is a convergent sequence in the Banach space (C([0,1]x[0,1]), ||-

lloo)-

(4) imy, — o0 U (8, T) Z yi(s,7) = u*(s,7T) satisfies the recursive relation

(3.7) and the geneml form of Equation (1.1).

Proof. (i) Similar to [24], the sequence {uy, }52 ; is easily shown to be a Cauchy
sequence in the Banach space, and the proof is complete.
(ii) From (i), there exists u* € C([0,1] x [0,1]) such that

nh_}rr; un(s,7) = nli_)n;o;yi(sn') = Zyi(877) =u*(s, 7).
Therefore, from (3.7), it follows that
u(s,7) = nh_}rr;o Un(s,7) =g(s,7) — nh_)rr;o No(tp—1(8,7))
=g(s,7) — nlLII;O Ng(gyi(s,ﬂ) =g(s,7)
i=0
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n—1 T s ( m m\y—1(._n n\0—1
. s = 6 )’Y (T —w ) m—1 n—1
- nlingo Z Az(s,r)/ / oI m&™ T nw
n—1—1t

x k(f(s,T,&w Z y; (€, w) dfdw
7=0

B o) (on Sm 7§m)771(7_n 7wn)071m mflnwn—l

X k(f(s,7,&w)) Yy, w) dédw

Jj=0

=g(s,7) — Ng(iyi(s,ﬂ) = g(s,7) — Ra(u*(s,7)).

=0

Since Wy is defined as the identity operator in (3.3), it follows that u*(s,7)
satisfies the general form of Equation (1.1). Thus, u*(s,7) is a solution of
Equation (1.1). O

4 Application

Let us examine an example by employing Theorems 2 and 3 for Equation (1.1)
in the special case where n=n=1and vy=0 = %

Ezxample 1. Consider a two-dimensional non-linear singular Volterra integral
equation with fractional order, where s, € [0, 1].

3st|u(s, 7)|

1
4.1
us ) = 7T T (0t () 4.1)
4§w[i (s+&)(T+w)+ 3]
<[ / T (g w)ded.

LIP(3)(s2 - €2)2 (12 - w?)?
Thus, g(s,7) = 1572 satisfies assumption (b1), with M; = 1. The function
h(s,T,u) = 7(115;_7) l_lflgf(’;!)‘ satisfies hypothesis (bz) with the assumption

I(s) =

3s:
3
|h(s,T,u) — h(s,T,2)] < ?|u— zl =9(|u—z]), Yu,z e R s,7€[0,1].

In addition, H satisfies (b3). Consider an arbitrary non-negative function u €
C(]0,1] x [0,1]) and s1, 82,71, 72 € [0,1] (51 < s2 and 71 < 73); then

[(Hu)(s2, 72) — (Hu)(s1,71)| = [(Hu)(s2,72) = (Hu)(s1,71)]
= |h(s2, T2, u(s2,72)) — h(s1, 71, u(s1,71))]
— [h(s2, T2, u(s2,72)) — h(s1, 71, u(s1,71))]
iy 38272 u(s2,m2) 35171 u(s1,71)

7(1+82+T2)1+’u(82,7'2) 7(1+81+T1)1+U(81,T1)
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3597 u(s2,T2) 35171 u(s1,71)
a [7(1 + 504 71) 1 +u(ss, ) T(1+s1+7)1+u(s,n)
< 3somou(s2, T2) 3 3somou(s1, 1)
T T+ s2+ 7)1 Fu(se, ) T(L+s2+ 7)1+ u(s,m))
b 3soTou(sy, 1) B 3s1m1u(s1, 1) |
T1+s2+ 7)1 +ulsi,m)) 71+ s+ 7)1+ u(s1,71))
3s9Tou(S2, T2) 3s9Tou(81,71)
- [7(1 + 59+ 7o)(1 +u(s9, 7))  T(1+ 89+ 19)(1 +uls, ))]
+ 3soTou(sy, 1) 3 3s1miu(sy, 1) ]
T(14+sa+m)(1+u(s1,m))  7(1+s1 4+ 7)1+ u(s1,71))
35972 u(s2,72) u(s1,71)
T 714 so+ 1) 1+ u(se, ) 1+ u(s1,71) |
n u(s1,71) | 35970 3 351711 |
1+u(sy,n) 7T(14+sa+7) 7(1+s1+7)
35570 u(s2,72) u(s1,71)
S T(1 459+ 1) T+ u(se, ) 1+ u(si,m)
u(s1,71) 35970 3517
1 4u(sy, ) T(1+s2+7) T(1+s1+7)
_ 35972 {| u(s2,72) — u(s1,71)
T(14 so+72) U (14 u(sa, 7)) (1 4+ u(sy,71))
0 u(s2,T2) — u(s1,71) } u(s1,71)
(1 + u(s2,m2))(1 +u(s1,71)) 1+ u(s1,7)
{| 3827’2 _ 3817’1 _ [ 3827’2 _ 3817’1 ]}
T1+s24+71) 7(1+s1+7) T1+s2+71) 7(14+s1+7)

= 2 {lu(s2 ) — ulsr, 7| ~ [uls2, ) — ulsr, )]} < 2 (w) = 9T (w).

Thus, J(Hu) < 9(J(u)). Also, function f(s, 7, w) = 15(s+&) (T +w) satlsﬁes
(bg). Let k: [0, 2] = R and k(f) = 2 f+2; then k satlsﬁes (bs) with ||k =
According to the example, the relation of assumption (bg) is converted to
25I°(1.5)I"(1.5) + 2172 < 175F(1|.|E];)|f(1.5)r for which a solution of the above
To
I'(1.5)I'(1.5)
Thus, Theorem 2 ensures that Equation (4.1) possesses a non-decreasing

i
solution. Moreover, since ;gi‘:??ge‘ﬂl) = F((f;fp)g;s) < 1, it follows that the

inequality is 7o = 1, and A = = 2571' <L

solution is unique.

5 Numerical results and comparing with some other works

In Section 4, existence and uniqueness the solution of Equation (4.1) is demon-
strated in Banach space C([0,1] x [0,1]). We use Algorithm 1 to approximate
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the solution of this equation,

35T |u(s,7)|
T(14+s+7) 1+ |u(s,7)|
1
LBI(E)(s2 -6} (72 - w?)?

1 1
5O(s+§)(7+w)+g

1
9(s,7) = =527, h(s, mu) =

Singular part of kernel =

)

k(f(s,7,6w)) =
Because in Equation (4.1) the function g(s,7) = 25?72, a choice of g1 (s, 7) as a
part of function g can be g1(s,7) = g(s,7) = %527'2 or g1(s,7) = 0. Therefore,
from (3.5) some terms of the Algorithm 1 are given by:

yo(s,7) = gqi(s,7) = %3272
B 3sT lyo (s, 7)| B 3sT s272
Ao(sm) = T(1+s+7) 1+ |yo(s, T)|_7(1+s+7')7+8272’
nisr) = antor) [ [ B (e s
5 T — W

7567'6(10240 + (32 + 97)?%s7)
32928007(1 + 5 + 7)(7 + 5272)°

+9(s,7) — g1(s,7) =

Also,
_ _ __ 3sT (s, I _
solsem) =) =0, Aol ) = 7(1 e S )
(f(s, T 57 )
= Ay( déd
yi(s,T) o(s, T / / % %) 52) = _w2)%y0(£,w) Edw
+9(s,7) = g1(s,7) = 78272,

B 3sT ly1(s,7)| B 35373 B
AT = T T T el )? - B +s+ ) &7 =0
As(s, 7) = 3s7(y2(s, 7)(1 + yo(s, 7)) — y%(s,T)) . —35575

AT T 0T Ut ()P BB +str)

- (5, 7.6,))
X_:A// ’“f ¢

)(s2 — 52) (r2 wz)%
73676(10240 + (32 + 97)?%s7)
32928007 (1 + s + 7)(7 + s272)°

Xy3—1-i(§, w)dédw =

As is observed, two kinds of starting points for Algorithm 1 lead to the similar
terms to approximate the solution of Equation (4.1), such as

75%76(10240 + (32 + 97)%s7)
32928007 (1 + 5 + 7)(7 + 5272)
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Thus, we can get an approximate solution by series (3.2) as follows:

3
; 1 75576(10240 + (32 + 97)%s7)
~ i, — 2_2 .
u(s, m) = ;q yils,m) = 2877 32028007 (1 + s + 7)(7 + s272)

(5.1)

For the validity and accuracy of (5.1) as an approximation of the solution of
Equation (4.1), we substitute it in Equation (4.1), where the absolute errors are
shown in Table 1. To illustrate the ability of the proposed convergent iterative
Algorithm 1, we compare it with some other methods.

Table 1. Absolute errors to approximate solution of Equation (4.1) by MHPM.

(s,7) 0.0 0.2 0.4 0.6 0.8 1.0

00 0 0 0 0 0 0

02 0 6.7x1078 1.5x107¥ 3.5x107'2 3.1x107' 1.7x10710
04 0 15x1071 3.,5x107' 83x107'0 7.7x107° 4.2x1078
0.6 0 35x107' 83x10719 1.9x107% 1.8x10~7 1.0 x10~©
0.8 0 3.1x107' 7.7x107% 1.8x10~7 1.7x107% 9.7x10°°
1.0 0 1.7x10719 4.2x10°% 1.0x10°¢ 9.7x10°¢ 5.4x10°°

Ezample 2. Consider the two-dimensional Volterra integral equation with frac-
tional order which was solved by Bernstein polynomials with the operational
matrix in [4], and Euler polynomials with Gauss-Jacobi quadrature in [32].

—71 ) Ts— vl —w) 05T fw u(€,w) dwdE=g(s, T
s, V)~ o7 . (=0 ) VAT € ) =gl 7).

(5.2)
where 5,7 € [0,1], g(s,7) = s3(72—7) — 6—105%7'% (37 —4) and the exact solution
isu(s,7)=s3(r2—7)forv=0=1.

At first, we consider the numerical results obtained by [4] and [32] in Table 2.

For comparing our results with the above-mentioned references, the absolute
errors is computed at the similar points of Table 2. Moreover, Algorithm 1 with
regards to Equation (5.2) can be written as:

Algorithm 2.

Yo(s,7) = g1(s,7),

yi1(s,7) = W fos fOT(s — &1 — w)0 /5T Ew yo(€, w) dwdg,
+9(s,7) — g1(s,7)

3(5,7) = ey Jo o (5 — €07~ (r — )P T 1(€,) dud€, ] 2 2.

Because the function g(s,7) is known, choosing it or a part of it as a starting
point of Algorithm 2 can be suitable. We will show the effectiveness of these
initial suggestions to approach the approximate solutions with high accuracy.
Furthermore, since the proposed method is a semi-analytic technique and the
convergence of the algorithm is guaranteed by Theorem 4, the exact solution
can be found in some cases.
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Table 2. Absolute errors for Example 2 with varying v and 6.
In [4]

s=17 v=08 v=08 v=095 vr=0.95
=08 6=095 6=08 6=0.95

0.1 1.4e-03 1.2e-03  1.0e-03  9.0e-04
0.2 3.1e-03  2.6e-03  2.3e-03  1.9e-04
0.3 4.8¢-03 4.1e-03  3.6e-03  3.0e-04
0.4 6.6e-03 5.5e-03  4.9e-03  4.1e-04
0.5 8.1e-03 6.9e-03  6.0e-03  5.1e-04

In [32]

s=7 v=08 v=08 v=09 v=0.95
=08 6=095 6=08 6=0.95

0.1 1.0e-06 4.9e-07  6.7e-07  2.1e-07
0.2 1.0e-06 2.3e-07  8.3e-07  1.4e-07
0.3 6.7e-06 2.9e-06 4.1e-06  1.2e-06
0.4 1.5e-05 8.9e-06  6.3e-06  2.5e-06
0.5 8.5e-05 5.3e-05  3.6e-05  1.5e-05

Case 1. Choosing a part of function g(s,7) for starting point of Algo-
rithm 2: yo(s,7) = g1(s,7) = g(s,7) = (72 — 1) — 6—103 27%(37 —4). For
example, for v = 0.8,0 = 0.8 and v = 1,6 = 1, the approximate solutions are

given by:

U1,0.8,0.8(8,7) Zyl 5,7) = (12 — 7) — 0.01666675°>°7%5(—4 4 37)
+ s%3(=0. 11942673 340.09428357%3) +578(0.003486175-8—0.002282575-%),
uy11(s,7) Zyl 5,7) = 8> (72 — 7) + 0.00003115%° (52 — 337) 745 (s7)1°.

=0

In Table 3, the absolute errors for different values of v and 6 are shown. Obvi-
ously, for v and 6 closer to 1, the absolute errors decrease and the approximate
solutions converge to the exact solution.

Case 2. Selecting a part of function g(s,7) as a starting point: yo(s,7) =

gi(s,7) = 76—105 273 (37 — 4). For example,

u1,.8,95(8,7) EyZST_S 72—7)

+7(s7 (0.0666667 — 0.057)7% + s75(0.160346 — 0.1025477)7%0 ).

The absolute errors for different values of v and 6 are shown in Table 4.
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Table 3. Absolute errors for different values of v and 6 (Case 1).

s=17 v=038 v =0.8 v =20.95 v =0.95 v=1
0 =0.8 0 =0.95 0 =0.8 0 =0.95 =1

0.1 0 0 0 0 0

0.2 3.6x10710 1.9%x10710 14x10710 52x10~1 1.8x10716
0.3 6.8x10~% 3.8x107% 29x107% 1.0x10"% 7.3x10°13
0.4 1.6x107% 9.8x10°% 7.3x1077 2.8x1077 1.2x10°10
0.5 1.6x107° 1.0x107% 7.3x107% 29x107% 5.6x107°

Table 4. Absolute errors for different values of v and 6 (Case 2).

s=17 v=028 v =0.8 v =0.95 v =0.95 v=1
6 =0.8 0 =0.95 0 =0.8 0 =0.95 =1

0.1 0 0 0 0 0

0.2 1.2x1071% 1.2x10710 1.2x10710 1.2x10710 1.2x10°10
0.3 3.2x107% 3.2x107% 3.2x107% 3.2x107% 3.2x10°%
0.4 1.0x107% 1.0x107% 1.0x107% 1.0x107% 1.0x10°C
0.5 1.2x107%  1.2x107% 1.2x107° 1.2x107% 1.2x107°

Case 3. Choosing a part of function g(s,7) for starting point, such as

yo(s,7) = g1(s,7) = s3(72 — 7). For example,

1
u1,.95..95(8,T) ~ Zyi(svT) =5 (1% = 7)
i=0

+5545(—0.0772644 + 0.05868187)7 % + 52 (0.0666667 — 0.057)7%
1
u1,11(8,7) & Zyi(s,T) = 53(1? — 7) = exact solution.
i=0
The absolute errors are illustrated by varying v and 6 in Table 5, where for v
and @ closer to 1, the approximate solutions converge to the exact solution.

Table 5. Absolute errors for different values of v and 6 (Case 3).

s=717 v=08 v =028 v=0.95 v =0.95
0 =038 0 =0.95 0 =028 0 =0.95

v
0
0.1 0 0 0 0 0
0.2 3.6x1071% 1.9x1071% 1.4x1071% 5.2x107 0
0
0
0

1
1

0.3 6.8x10~% 3.8x10~8 29x10~% 1.0x10°%
0.4 1.6x107% 9.8x1077 7.3x1077 2.8x10°7
0.5 1.6x107°  1.0x107® 7.4x107% 2.9x10~¢

Although the methods used in [4] and [32] are interesting and their accuracy
is acceptable, the proposed method has a higher accuracy (comparing Table 2

Math. Model. Anal., 31(3):407-430, 2026.
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with Tables 3-5). For more illustration, we show the convergence of the nu-
merical results to the exact solution by assuming s = 7 in Case 1 in Figure 1
(the Cases 2 and 3 are similar, so we omit them).

-0.02

-0.04

-0.06

-0.08

Figure 1. Convergence of numerical results for s = 7 (Case 1).

6 Conclusions

We investigated the solvability of a two-dimensional non-linear singular Volterra
integral equation with fractional orders in a Banach space. To guarantee the
proposed theorems, we present an application of them as a non-linear singular
integral equation with two variables. Moreover, the convergence of the itera-
tive algorithm is proved via some lemma and theorem, and numerical results
is obtained by the algorithm compared with some other methods.
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