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1 Introduction

This work focuses on analyzing the existence and uniqueness of weak solu-
tions for a class of nonlinear degenerate parabolic equations characterized by
heterogeneous diffusion and mixed-phase structures. The model incorporates
diffusion terms of both p—Laplacian and ¢—Laplacian types, combined with a
nonlinear drift component 0 and a reaction function g(u). The mathematical
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formulation of the problem is as follows:

9 — div(By,g(x, Vu,0(w))) + g(u) = f(z,u) in  Qr,
u=0 on X, (1.1)
u(., 0) = Ug in .Q,

where Qr = 2x]0,T[,Xr = 92x]0,T[. Here and in the sequel, we will
assume that 2 C RN, N > 2 is a bounded domain with a connected Lipschitz
boundary 92 and T is a finite positive time. The operator B, 4 is defined as
follows :

By.o(z, Vu, 0(u)):=|Vu—0(u)|P~*(Vu—0(u))+a(z)|Vu—0(u) |7 (Vu—0(u)).

The problem is subject to homogeneous Dirichlet boundary conditions and an
initial condition defined on {2, and 6 is continuous function defined from R to
RY, the datum f is in L> and a : 2 — R is an Lipschitz continuous map,
a(z) >0 for all z € 0.

In recent years, partial differential equations (PDEs) are essential in mathe-
matical modeling, capturing a broad spectrum of phenomena across physics, bi-
ology, and engineering. These equations involve functions of multiple variables
and their partial derivatives, governing essential processes like heat transfer,
fluid flow, wave dynamics, and quantum mechanics. Based on their charac-
teristics, PDEs are categorized as elliptic, parabolic, or hyperbolic, each as-
sociated with distinct physical interpretations. The study of PDEs relies on
analytical and numerical approaches to determine solution properties such as
existence, uniqueness, and regularity, often employing advanced mathematical
frameworks like functional analysis, variational methods, and distribution the-
ory. As a fundamental area of applied mathematics, PDEs remain a dynamic
field of research, with ongoing advancements in nonlinear models, fractional
calculus, and complex system applications, In the following, we have examples
of this phenomenon.

e Model 1. Fluid flow through porous media [19]. This model is
governed by the following equation,
00
o ~ div(IVe(0) = k©)el"*(Vep(0) — k(6)e) = 0,
where 6 is the volumetric content of moisture, ¢(6) is the hydraulic con-
ductivity; k() is the hydrostatic potential, e is the unit vector in the
vertical direction.

e Model 2. The magneto-quasi-static approximation. [19] The sys-
tem describes how a physical, chemical, or biological quantity u(x,t)—
such as the concentration of a chemical substance or the density of a
population—changes over space (z) and time (¢), driven by nonlinear
diffusion and reaction processes. The governing equation is:

% _ div (\Vu|p‘2Vu + a(w)IVU\q_2VU) + R(u) = f(2,1),
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where

— wu(x,t): the unknown scalar field (e.g., concentration, density).

— %: the time derivative, representing the rate of change at a fixed
point.

— —div(Bp,4(z,Vu)): the divergence of a flux B, 4, representing net
diffusion.

— By 4(z,Vu) = |VuP~2Vu + a(x)|Vu|?"?Vu: the total flux, driven
by the gradient Vu.

— p,q: nonlinearity exponents (1 < p < ¢). They define the diffusion
modes:

x the p-Laplacian term (|Vu|P~2Vu) governs standard diffusion.

x the g-Laplacian term (|Vu|?~2Vu) becomes dominant in high-
gradient regions, enabling faster “supra-diffusion.”

— a(x): a non-negative spatial coefficient that modulates the strength
of the g-diffusion term across the domain.

— R(u): the reaction term, representing local growth or decay (e.g.,
R(u) = u(l — u) for logistic growth).

— f(z,t): the source/sink term, representing an external forcing func-
tion.

The study of weak solutions became particularly important in the context of
elliptic PDEs. In the 1950s and 1960s, De Giorgi and Nash independently
proved regularity results for weak solutions of elliptic equations. Their work
showed that even if a solution is not classically smooth, it can still possess im-
portant regularity properties. This notion serves as a foundational framework
for studying nonlinear elliptic and parabolic problems, encompassing scenar-
ios with both constant and variable exponents and under different boundary
conditions, be it Dirichlet or Neumann.

In this paper, by using the Rothe’s method, we want to prove the existence
question of weak solutions to nonlinear parabolic problem (1.1) to this end,
we employ Rothe’s method, beginning with here a time discretization of this
continuous problem (1.1) and by using Euler forward scheme we show existence
and uniqueness of weak solutions to the discretized problem. secondly , we
shall construct a sequence derived from the weak solution of the discretized
problem, establishing its convergence to a solution of the nonlinear parabolic
problem (1.1) . The advantage of our approach lies in its capability not only
to ascertain the existence of weak solutions to the problem (1.1) but also to
compute numerical approximations effectively. It is worth noting that the Euler
forward scheme has been employed by various authors in the examination of
time discretization for nonlinear parabolic problems; refer to works [1,2,4, 13,
20, 21] for specific details.

Recently, when 6 =0, a(.) = 0 and w(z) = 1, Bhuvaneswari, Lingeshwaran
and Balachandran proved the existence of weak solution for the degenerate p-
Laplacian parabolic by using semi-discretization process in [2], and where p(.)
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is a variable exponent Sanchén and Urbano proved the existence and unique-
ness of entropy solutions of p(z)-Laplace equation with L! data in [21], also,
Chao Zhang in [22] study the entropy solutions for nonlinear elliptic prob-
lem with variable exponents by using proprieties of Orlicz spaces, then in [13]
Jamea, Lamrani and El Hachimi, studied the existence of entropy solutions
to a class of nonlinear parabolic problem and for that they using Rothe time-
discretization method and some result of variable exponent Sobolev spaces.
Moreover, Khaleghi and Razani investigated the existence and multiplicity of
weak solution for an elliptic problem involving p(.)-Laplacian operator under
Steklov boundary, condition, then Sabri and Jamea for the same and when p
constant they studied the existence and uniqueness of entropy solutions of this
equation in [20] and we have other example in [8] and [7].

The double phase case has been studied by several authors, often considering
various scenarios. For example, the following cases have been extensively ana-
lyzed by Chems Eddine, Ouannasser and Ragusa in [10], Moujane, El Ouaarabi
and Allalou in [15,16] and Zuo, Allalou and Raji in [3,17,23]; Fang, Radulescu
and Zhang in [11].

2 Preliminaries and notations

In the present section, we give some definitions, notations and results which
well be used in this work. Let ¢ function from 2 x R* to RT defined by

oz, y) =y" +alz) y?,
where a and p, ¢ verify condition (Hy), see [11]
(H1) a:§2 — Ris a Lipschitz continuous and p > %{1"71 ie., (% <1+ q;N1>
The function ¢ is a generalized N-function and
p(x,2y) = 2P¢(z,y).
Now, we define the Musielak—Orlicz space L¥({2) by

L¥() = {v 1 2 = R : v is measurable and/ oz, [v])dz < oo} )
o

endowed with the Luxemburg norm

. o
= - < .
el 1Hf{>\>0,/9g0(a:, e <1

The Sobolev space corresponds to the L¥ space is
Wh?(2) = {v e L¥(£2) such that Vv € L¥(£2)}

with the norm
[v]l1,e = lVllp + VOl
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Theorem 1 [ [9,11]].
i) If ¢ # N for all r € [1, %], we have W% (£2) — L"(£2), where

N .
q*: N7,qq7 Zf Q<N7
+oo0, if ¢g>N.

i) If g = N for all v € [1,+00[, we have Wh?(§2) — L"(£2).
i) If ¢ < N for all r € [1, qx], we have W% (82) < L"(£2) compactly.
w) If ¢ > N, Wh#(0) < L>®(£2) compactly.

v) Whe(02) < Li(£2).

We define now the weighted Lebesgue space L2(§2) by
Li(Q) = {v 12— R : is measurable and ||v|4., = / a(z)|v|%dz < oo} .
7

On the space L¥(£2) we consider the function g, : L?(£2) — R* defined by

Qw(”):/gsﬁ(ﬂc, 'K') dx:/g[|v|”+a(x)|v|q]dx.

The connection between g, and ||.||, is established by the next result.

Proposition 1 [ [6,9]].
Let u be an element of L?(£2). The following assertions hold:

i) lull, < 1(respectively >,= 1) & p,(u) < 1(respectively >,= 1),
i) If lully <1, then [ullf < gp(u) < [lull3,
iii) If ully > 1, then [lullE < op(u) < [lullf,

) |lull, = 0 g,(u) = 0 and ||ull, = 00 & o,(u) = oco.

DEFINITION 1. Let ¢ : [0,00) — [0, 00]. We denote by ¢* the conjugate func-
tion of ¢ which is defined, for u > 0, by

©*(u) = jgg(tu —¢(t)).

Proposition 2 [ [6,9]]. For any functions u € L¥(£2), v € L¥ (§2), and under
the assumption that hypothesis (Hy) be satisfied, we have:

p*-

[ fuslde < 2l o
[0}

In the following of this paper, the space WO1 "#(£2) denote the closure of C§°
in W% (£2) with respect the norm ||.|[1,, (see [12]).

Math. Model. Anal., 31(1):47-62, 2026.
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Proposition 3 [ [6,9]]. The spaces (L?(£2),|.|l,) and (W2 (02),||.1,4) are
separable and uniformly convez (hence reflexive) Banach spaces.

‘We have
LP(2) = L¥(N2) = LP(2) N Li(N2).

Proposition 4 [ [7]]. Suppose that 2 C RY is a bounded set, and let u €
Whe(0)

[ulle < CollVully,

Cy is a strictly positive constant depends on the exponent diam(§2) and the
dimension N.

Proposition 5 [ [8]]. Let 1 < p < +oo. There exist two positive constants f,
and p, such that for every x,y € RY, it holds that

([P =22 — [P~y 2 — y)

pp(|2] + [y))P 2| — y|*.

Proposition 6 [ [5]]. Suppose that 2 C RN be a bounded set. Then, for all
u e Wy?(82) , the inequality

pp (] + [y)P 2o —y|* <
<

ulloo < C'[Vully,

is satisfied where the constant C' depends on the exponent p,q, meas({2) and
the dimension N.

DEFINITION 2. Given a constant k > 0; we define the cut function 7y : R — R
as

s, if |s| <k,
Tk(s) = k, if s> k,
—k, if s< —k.

Lemma 1 [ [2]]. For £,n € RY and 1 < p < oo, we have:
1 1 —
—[€P = =[nl? < [€P72E.(n — £),
p p

where a dot denote the Fuclidean scalar product in RY.
Lemma 2 [ [2]]. Fora > 0,b>0 and 1 < p < co we have
(a+0b)P < 2P~ (aP +bP).

Lemma 3 [ [18]]. Let p and p’ be two real numbers such that p > 1, p > 1,
and 1% + 1% = 1. There existed a positive constant m such that

[(1€lP=2€ = "= m)l7" < m{ (¢ = m) (€126 = [nlP~>m)} 2 {” + 7 %,
forallémeRN, B=2ifl<p<2, and B=p ifp>2.
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DEFINITION 3 [ [14]]. Let Y be a reflexive Banach space and let A be an oper-
ator from Y to its dual Y . We say that A is monotone if

(Au — Av,u —v) >0 Yu,v € Y.

Theorem 2 [ [14]]. Let Y be a reflexive real Banach space and A:Y — Y’
be a bounded operator, hemi-continuous, coercive and monotone on space Y .
Then, the equation Au = v has at least one solution u € Y for eachv € Y .

3 Proof of main result

Our intention in this section is to prove the main result, which is divided into
three steps. First, we discretize the continuous problem (1.1) using the Euler
forward scheme and investigate the existence and uniqueness of weak solutions
to the discretized problem. In the second step, we establish stability results for
the discrete weak solutions. Finally, using the Rothe method, we construct a
sequence of functions and demonstrate that this sequence converges to a weak
solution of the nonlinear degenerate parabolic problem (1.1). To achieve this,
we need certain key assumptions that help us properly study our problem. In
other words, we assume the following:

(Hs) 6 is a function from R to RY such that #(0) = 0 and for all real numbers
x,y we have

a)  [|0(z) = 0(y)|l < Aolz —yl.
b) g is a real constant such that 0 < Ag < Cp.

(Hs) f € L>*(Qr) and ug € L*>(£2).

3.1 The semi-discrete problem
By Euler forward scheme, we discretize the problem (1.1) , we obtain the
following problems
U, — 7div(By.o(x, VU, 0(Un))) + T|Un|P2Up = 7 fn + Up_1, (3.1)
Un:(], on 89, U():'LL(), in (2.

where

1. Nr=T, 0<7<1, 1<n<N, t,=nt.
1 tn
2) fu()=- f(s,.)ds in £.

T St

DEFINITION 4. A weak solution to the discretized problem (3.1) is a sequence
(Un)o<n<n such that Uy = up and for n in {1,2,..., N}, U, is defined by
induction as an unique weak solution to the problem:

u — 7div(B, 4(z, Vu,0(w))) + TluP2u = 7f, + Up_1,
u=0, on 012,

Math. Model. Anal., 31(1):47-62, 2026.
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ie., for all n € {1;2;..; N}, U, € Wy?(£2) and for all ¢ € Wy¥(£2) N L>®(£),
7 > 0, we have

/Un<pdl‘+7'/ Bp.q(x,VU,, 0(U,))Vedx
2 2

47 [ [UnlP2Upda = / (7 fn + Un_1) pdz, (3-2)
(93
u=0, on 02

Theorem 3. Let hypotheses (H1)-(H3) be satisfied. If (U, )o<n<n is an unique
weak solution of discretized problem (3.1), then for allm = 1,...,N, we have
U, € L>(12).

Proof. Let U, be a weak solution of (3.1). For n = 1, we take ¢ = U, in
inequality (3.2), we get

U3 + T/Q VU, — 0(U,)[P~2(VU,, — 6(U,))VU,dz
+ r/ a(x)|VU, — 0(U,)|**(VU, — 0(U,))VU,dx (3.3)
(]

—|-T/ |Un|pdx:/(7'fn+Un_1)Undx,
Q 0

where
/UnUndx:HUan, /|Un|p—2UnUndx:/ |Uy, |Pdz.
1) 2 I7)

On the other hand and by using Hélder’s inequality

/(Tfn—&—Un,l)Undx:/ TfnUnda:+/ Up_1U,dx
Q Q Q
< 7 falloollUnllt + 1Un-1lloo[|Unlly < (7l falloo + Un—1lloo) |Tnll1-

Now, we define A and B by
(AU,,U,) = / VU, —0(U,)|P~2(VU, —H(Un))VUndx+/ |Uy, |Pdz,
(7] (7]
(BUW,U,) = / a(2)| VU — 0(U) S 2(VU,, — 6(U))VUnda.
(7]

In [14], we prove A + B is a coercive operator, then we have
(A4 B)Un,Un) 2> M||Unll1,p > M(1+ Co)[|VUnl|e- (3-4)
By (3.3) and (3.4) we have
Uall3 + 7M1+ Co)[VUlly < (Tl fulloo + [Un=1lloc) [Unlls-
We have ||U,||3 > 0, so,
TM(1+ Co)l[[VUnlle < (7l falloo + [[Un-1lloo)|Unl1- (3.5)
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On the other hand we take ¢ = sign(U,) in inequality (3.2), we get
/ Unsign(Un)dx+T/ Bp.q(x, VU, 0(Uy,))Vsign(Uy)dz
Q Q
+ T/ \Un|P~2U,sign(U, )dx = / (Tfn + Upn—1) sign(U,)dz.
e Q
It holds that
/ Unsign(Un)da = |Unlh,  V(sign(Un)) =0,
Q
/ U P20, sign(U ) dae = / U, [P~ > 0.
Q Q
Therefore, we obtain
Ul < / (7 fn + Un_1)sign(U)da (3.6)
0
<tlfulle [ sign(Un)do + Vs [ sign(U)de
Q 0
<tlfalle [ 10041Vl [ 10 < ol + Vsl meas(@).

Using (3.5) and (3.6) then we have

(Tllfnllose + 1Un-1lloc) X (7l frlloc + Un-1lloc)meas(£2)

TM(1 4 Co)[[VUnllo < (7l falloo + [Un-1llcc)|Unllx
<
< (TN falloo + [Un—1llo0 ) *meas(£2).
By Proposition 6 we have
[Unllee < C[|VU||p-

Then,

M
T lUnllee < (Tl falloc + 1Un-1ll0)*meas(£2).

Finally, U,, € L*(£2) and by induction, we deduce in the same manner that
U, € L>(2);V¥Vn=1,....,.N. O

Theorem 4. Assume that hypotheses (Hi)-(Hs) be satisfied. Then the dis-
cretized problem (3.1) has a unique weak solution (Uy,)o<n<n-

Proof. Existence part: For n = 1, we rewrite the discretized problem (3.1)
as

{ u— div(By 4(z,Vu,0(u))) + [ulP2u=h, in £, (3.7)

u =0, on 0f2,

Math. Model. Anal., 31(1):47-62, 2026.
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where u = Uy and h = 7 f1 +up, and with the hypothesis (Hs) we have h € L.
And the variational problem of last equation is

/ wpdx + T/ (Bp,q(x, Vu,0(w))) Vedz
o) Q

+T/ |u|P~2upds = / hodz, in (2,

o) 7
u=0, on Of2.
Let T be an operator defined by:
T:Wy?(2) — (Wy#(2))

u +— T(u):=A(u)+ B(u)+C(u) — L,

where (W,'#(£2))" is the dual space of Wy*?(£2), and for u, o € Wy'?(£2)

(Au, ) = /Q|Vu—9(u)|p72(Vu—0(u))V<pdx—|—/Q|u\p72ugpdz,

(Bug) = [ [Vu— 0" (Vu—0)Tids

/ugpdz, <L,<p):/ hedz.
Q Q

By Theorem 2, in [14] the operator A + B and L is continue, coercive, hemi-
continue and of type (M) and B = id then the operator T is continue, coercive,
hemi-continue and of type (M) and by Theorem 2 the problem (3.7) has a
unique weak solution U;. By induction, using the same argument above, we
prove that the problem (3.7) has a weak solution (U, )o<n<n and U,, € L*(£2)
forallm=1,...,N.

(Cu, ¢)

Uniqueness part:
Let u and v be two weak solutions of the problem (3.7). For the solution u, we
take ¢ = u —wv as test function and for the solution v we take ¢ = v —wu as test
function in the Equation (3.1), then we have

/Qu(u —v)dx 4+ 7{Au,u — v) + 7(Bu,u — v) = (L,u — v),

/Qv(v —u)dx + 7(Av,v —u) + T(Bu,u — v) = (L, v — u).
By summing up the two above equalities we get

/Q(u —v)2%dx + 7(Au — Av,u — v) + 7(Bu,u — v) = 0.

The operator A and B is monotone so {(Au— Av,u—v) > 0 and (Bu— Bv,u—v).
This implies that ||u — v||3 = 0. Finally,

uU=v in 2.
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3.2 A priori estimates

In this section, we give some a priori estimates for the discrete weak solution
(Un)1<n<n which will be used to derive the convergence results for the Euler
forward scheme.

Lemma 4. Let hypothesis (Hy)—(Hy) be satisfied. Then, there exist positive

constants depending on the data f, ug, and on N such that for alln=1,..., N
we have:

)

1. ||U7LH% SC(T7T7O7JC)'

n

2 X lUi- Ui-1ll3 < C(T,7,u0, f, N).

3

3. E HU Ui—1||1 SC(T,T,Uo,f,N).

2

4' TZ ||U||W1¢ < O(TaTaUOafaNaP7)~
i=1

Proof. For (1) and (2), let 1 <i < N, we take p = U; as test function in the
Equation (3.2) we obtain

/ (Ul — szl)Uzdm + T<AU7;, U1> + ’T<BU¢, UZ> = / TfUZd(E
(93 (9]
Then,

/ (U~ Ui)Uide + (A + BYULU) < 7| flocllUilh-

(9]

And by the coercivity of the operator A + B we have

[ =UUide < et (3.8)
With the aid of the identity 2a(a —b) = a? — b* + (a — b)? from (3.8) we obtain

1 1
5\\Ui|\§ - §||Uz>1\|§ + Ui = Uil < 7Ca| Uil (3.9)

Now, summing (3.9) from ¢ = 1 to n and using the (3.6), we get

1Un13 = 10013 |
%+;||Ui—w_1l\§ < 7Cs.

Hence, the stability result (1) and (2) are then proved.
For (3), we have

Ui = Uialls < v/meas(2) Ui — Ui-12,

Math. Model. Anal., 31(1):47-62, 2026.
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then,
S ONU = Uically < C(f,u0, ). (3.10)
1=1

For (4), we pose In ={i €1,2,... N, such that ||Uj]|1, < 1}.

n
TS e = T Wl + 7 Uil < T +7Ca0, ()
=1

i€lp ¢l

And using (3.10) we have (4). O

3.3 Weak solution of the continuous problem

Let us introduce the following piecewise linear extension (called Rothe func-
tion), such that Vt €]t,,—1,t,],n =1,..., N, we have

T

un(0) = uo,
UN(t) Un—l + (Un - Un—l) titna in £2.
And the following piecewise constant function

ﬂN(O) = ug,
ﬂN(t) =U,, in f2.

We have by Theorem 4 that for any N € N. The weak solution (Un)lgngN
of problems (4) is unique, thus, the two sequences (un)nen and (un)nen are
uniquely defined.

Lemma 5. Let hypotheses (Hy)—(Hs) be satisfied and Uy, uy has a unique
weak solution of problem (3.1), then for all N € N, we have

_ 1 _
Llan —unll72(gp < NC(T» wo, )y 2@ 17 07,22 (2)) < C (T o, f),
Bllunl1F <01, 02(0y) < C(Tsuo, f), Aunll po o, wiey < C(T5 o, f),

6uN

5.||—at

H%P(QT) < C(T’ Uo, f)v 6'|‘UN|‘LP(O,T7W()1"") <C

Proof. For (1), we have
T
HEN - UNH%2(QT) = /0 ‘/.Q ||EN — UN|2dl'dt

Nt ti—t\2 T
SZ/t ) ‘Ui—Ui_1|2( - ) dmdtzganz—Ul_ﬂg
i=1" i i=1

By using (2) of Lemma 4, we get

_ 1
||UN_UN||%2(QT) < Nc(u07T7f)'
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For (5), we have forn =1,...,N and t € (tp_1;ty]

8uN (Ul — Ui—l)

ot T

2 T b 2
[
r@n o Jo! ot
Nt L
=3 [ I = UalBagydt = £ 310 = Uil
=1 v ti—1 P

Then, we apply the result (2) of Lemma 4 then we obtain the result (5). For
(2),(3),(4) and (6) we use (2),(3) and (4) of Lemma 4 and we will get the result.
O

This implies that

%
ot

Lemma 6. Let hypotheses (H1)—(Hs) be satisfied and un solution of (3.1) for
N €N, the sequence (un)nen converges in measure and a.e. in Q.

Proof. Let ¢ and r be positive real numbers and let N; M € N, we have the
following inclusion we have by Lemma 5, the sequence (uy)nen is bounded in
space L?(Qr). and then there exists a subsequence, still denoted by (ux)nen
such that (Ty)nen is a Cauchy sequence in L¥(Qr). Therefore, there exists
Ny € N such that for all N; M > Ny, we have

meas{|uny —up| >r} < e

Consequently, (Tn)nen converges in measure and there exists a measurable
function u in Qr, such that

uy v uae in Qr.

Now, using the two results (2) and (3) of Lemma 5, the sequences (uy)nen
and (Tx)Nen are uniformly bounded in L% (0, T, L?(£2)), therefore, there exist
two elements L°°(0, T, L?({2)) such that

Uy — uweakly in L>(0,T, L*(R2)),
uy — v weakly in L>(0,T, L*(£2)).

And from the result (1) of Lemma 5, it follows that u = v. Furthermore, by
Lemma 5 we have that

Jun ou 9
o g L*(Qr),
Iy — u in L¥(0,T, Wy 9 (£2)).

By (5) of Lemma 5, we have the sequence (Vun)nen is bounded in L?(Qr)
Then, there exists a subsequence, still denoted (Vi )nyen such that
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https://doi.org/10.3846/mma.2026.23889

m E. Hassoune, A. Jamea, A. Ammar and A. Kaddiri

Vi converges weakly to an element v in L?(Qr).
And by Lemma 6 we have ty — u in L?(Qr). Hence, it follows that
uny — u  weakly in L?(Qr). O(uy) — 0(u) weakly in L?(Qr).
Then,
|Vay — 0(un)|P~*(Vuy — 0(un)) —
|Vu — 0(u)|P~2(Vu — 0(u)) weakly in L?(Qr)
and
a(2)|Vay — 0(un)|72(Vay — 0(un)) —
a(x)|Vu — 0(u)|7*(Vu — 0(u)) weakly in L?(Qr).

On the other hand, we have by Lemma 5 and Aubin—Simon’s compactness
result that uy — u in C(0,T, L%(£2)). Now, we prove that the limit function
u is a weak solution of problem (1.1). Firstly, we have un(0) = Uy = ug for
all N € N, then u(0,.) = ug. Secondly, let ¢ € C1(Q71), we rewrite (5) in the
forms of

T T
/ / %—Ngada:dt + / / |Vun — 0(un)|P~2(Vuy — 0(un))Vedrdt
0o Jo Ot o Jao

T
+ /0/Qa(x)|VuN—0(uN)|q_2(VuN—9(uN))Vg0dxdt

T T
+ //|uN|p_2uNgodxdt:/ /fmpdxdt, (3.11)
0 Jo 0 Jo

where fy(x,t) = fn(z), Vt €]tn_1,tn], n =1,..., N. Taking limits as N — oo
in (14) and using the above results, we deduce that u is a weak solution of the
nonlinear parabolic problem (1.1).

Uniqueness part. Let u and v be two weak solutions of the problem (1.1).
For the solution u , we take ¢ = u — v as test function and for the solution v
we take p = v — u as test function in the Equation (3.11), then we have

/OT /Q %(“ ~v)dedt /0 ) /Q |Vu=0(u)|P~*(Vu—0(u)V (u—v)dxdt

T
4 /O /Q IV u—6(u)| 2 (Vu—0(u))V (u—v)dwdt

+ /OT/Q|u|p_2(u—U)dxdt :ATA flu—v)dxdt

and
/OT /Q %(“ —udedt + /OT/Q [Vo—0(v)["*(Vo = 0(v))V (v — u)dadt

T
—0(0)|T2(Vo—6(v v—u)dx
+ /O/Qa(ﬂc)Wv ()T = (Vv—0(v))V( )dxdt

+ /OT/QU|P—2(U—u)dxdt=/OT/Qf(v—u)dxdt.
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In other words,

/ / (v —u)dzdt + /OT /Q Byg(x, Vu,0(u))V(v — u)dzdt
/OT /Q |v[P~2 (v — u)dzdt = /OT/Q F(v — w)dadtz.

By summing up the two above equalities, and using the same arguments in
the proof of uniqueness part of Theorem 4, we conclude that

u=v a.e in £2.
O
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