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Abstract. The periodic Hurwitz zeta-function ((s, o; a), s = o+it, with parameter
0 < a < 1 and periodic sequence of complex numbers a = {an,} is defined, for
o > 1, by the series > °_ (m‘:_i’"a)s, and can be continued moromorphically to the
whole complex plane. It is known that the function ((s, a; a) with transcendental or
rational « is universal, i.e., its shifts ((s + i7, a; a) approximate all analytic functions
defined in the strip D = {s eC: % <o < 1}. In the paper, it is proved that, for all
0 < a <1 and a, there exists a non-empty closed set Fy o of analytic functions on D
such that every function f € F, . can be approximated by shifts ((s + iT, a; a).

Keywords: Hurwitz zeta-function, periodic Hurwitz zeta-function, universality, weak con-
vergence of probability measures.

AMS Subject Classification: 11M41; 11M35.

1 Introduction

Let a, 0 < a < 1, be a fixed parameter, and let a = {a,, € C:m € Ny},
Ny = NU{0}, be a periodic sequence with minimal period ¢ € N. The periodic

Copyright (© 2019 The Author(s). Published by VGTU Press

This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided the original author and source are credited.


ISSN: 1392-6292
https://doi.org/10.3846/mma.2019.002
mailto:darius.siauciunas@su.lt
mailto:violeta.franckevic@stud.mif.vu.lt
mailto:antanas.laurincikas@mif.vu.lt
http://creativecommons.org/licenses/by/4.0/

On Approximation of Analytic Functions . .. 21

Hurwitz zeta-function (s, a; a), s = o+it, is defined, for o > 1, by the Dirichlet

series
oo

C(s,a50) =Y (miima)s'

m=0

If a,, =1, then ((s, a; a) reduces to the classical Hurwitz zeta-function

o0
Z (m+a) o>1,

m=0

which is analytically continued to the whole complex plane, except for the point
s = 1 that is a simple pole with residue 1. The periodicity of the sequence a
implies the equality

C(s,aza) = iqz <Z+O‘>, o> 1. (1.1)

q°

Therefore, the periodic Hurwitz zeta-function, as ((s, a), has analytic contin-
uation to the whole complex plane, except for the point s = 1 that is a simple
pole with residue

If ag+ - - - + ag—1 = 0, then the function ((s, a;a) is entire.
The function (s, a;a) is also connected with the Lerch zeta-function L(A,
,8), A € R, which, for 0 > 1, is given by the series

27rz>\m

)\as:z m+a

m=0

For rational A, the function L(\,«a,s) becomes the periodic Hurwitz zeta-
function. Thus, the function {(s, «; a) is an extension of the Lerch zeta-function
with rational parameter A.

The above remarks show that the periodic Hurwitz zeta-function is a gen-
eralization of the classical Hurwitz and Lerch zeta-functions.

It is well known that some zeta-functions are universal in the Voronin sense
who discovered [9] the universality of the Riemann zeta-function ((s). More
precisely, the modern version of the Voronin theorem, see, for example, [4, 8],
states that if D = {s eC: % <o < 1}, K is the class of compact subsets of
the strip D with connected complements, and Hy(K) with K € K is the class
of continuous non-vanishing functions on K that are analytic in the interior of
K, then, for K € K, f(s) € Ho(K) and every € > 0,

o1 .
thLloréf Tmeab{T € 0,77 : :gg [C(s+iT) — f(s)| < 5} > 0.

Here measA denotes the Lebesgue measure of a measurable set A C R. The
above inequality shows that the set of shifts (s +i7) approximating uniformly
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on K € K a given function f(s) € Ho(K) with accuracy ¢ is infinite because it
has a positive lower density.

Universality of zeta-functions is one of the most interesting phenomenons
of analytic number theory and has numerous theoretical and practical applica-
tions. Therefore, after Voronin’s work, various authors continued the investi-
gations of universality of zeta-functions and obtained significant results. The
results, methods, problems and references on the universality of zeta-functions
can be found in an excellent survey paper [6].

Now we return to the periodic Hurwitz zeta-function. The function (s, a; a)
depends on the parameter o and periodic sequence a, therefore, its value-
distribution, including the universality, is influenced by properties of the latter
objects. The parameter o can be transcendental, rational or algebraic irra-
tional. The case of transcendental « is the simplest one, and the universality of
¢(s,a; a) in this case has been proved in [3]. Let H(K) with K € K denote the
class of continuous functions on K that are analytic in the interior of K. Thus,
we have that Ho(K) C H(K). Then the main result of [3] is the following
theorem.

Theorem 1. Suppose that the parameter o is transcendental. Let K € K and
f(s) € H(K). Then, for every e >0,

1
lim inf —meas{T €10,T] : sup |((s +it,a;a) — f(s)| < 5} > 0.
T—oo T sEK
The universality of the function (s, «; a) with rational o has been studied
in [5], and the following result was obtained. We remind that ¢ is the period
of the sequence a.

Theorem 2. Suppose that « = ¢, a,b € N, a < b, (a,b) = 1, a # % and
(bl +a,bq) =1 for alll =0,1,...,q—1. Let K € K and f(s) € H(K). Then
the assertion of Theorem 1 is valid.

The universality of ((s, «; a) with algebraic irrational parameter « remains
an open problem until our days. Therefore, in this paper, we propose the follow-
ing “approximation” to the universality of the function (s, a;a). We state the
theorems for all parameters a and sequences a because there are a bit different
from universality theorems with transcendental or rational parameter. Denote
by H(D) the space of analytic functions on D endowed with the topology of
uniform convergence on compacta.

Theorem 3. Suppose that the parameter o, 0 < o < 1, and the periodic se-
quence a are arbitrary. Then there exists a non-empty closed set Fo o C H(D)
such that, for every compact subset K C D, f(s) € Fo,q and e >0,

1
lim inf —mcas{f €10,T] : sup |¢(s +iT,a;a) — f(s)| < 5} > 0.
T— o0 T scK
The positivity of a lower density of the set of shifts {(s + iT,a;a) can be
replaced by the positivity of the density of that set. More precisely, we have
the following modification of Theorem 3.
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Theorem 4. Suppose that the parameter a, 0 < o < 1, and the periodic se-
quence a are arbitrary. Then there exists a non-empty closed set Fo o C H(D)
such that, for every compact subset K C D and f(s) € Fy q, the limit

1
lim —meas{r € 10,7 : sup [¢(s + iT,a;a) — f(s)| < e} >0
T—o0 T secK

exists for all but at most countably many € > 0.

Unfortunately, the set Fy, o is not explicitly given. We will prove, that this
set is the support of a certain probability measure.

Theorems 3 and 4 can be generalized for some compositions. We give one
example.

Theorem 5. Suppose that the parameter o, 0 < o < 1, and the periodic se-
quence a are arbitrary. Then there exists a non-empty closed set Fo o C H(D)
such that if & : H(D) — H(D) is a continuous operator such that, for every
polynomial p = p(s), the set (é_l{p}) N Fy.q is non-empty, then, for every
compact subset K C D, f(s) € & (Fy,q) and € > 0,

1
lim inf —meas{r € [0,T]:sup|®(((s+ir,a;a)) — f(s)] < 6} > 0.
T—oo T scK

The next theorem is an analogue of Theorem 4 for the composition ®({(s
+iT, a5 a)).

Theorem 6. Suppose that the parameter o, 0 < o < 1, and the periodic se-
quence a are arbitrary. Then there exists a non-empty closed set Fy o C H(D)
such that if & : H(D) — H(D) is a continuous operator such that, for every
polynomial p = p(s), the set (@fl{p}) N Fy,q is non-empty, then, for every
compact subset K C D and f(s) € D (Fu,qa), the limit

1
lim —meas{T € (0,7 : sup @ (¢(s + iT,a;a)) — f(s)] < E} >0
T—o0 T seK

exists for all but at most countably many € > 0.

For the proof of above theorems, we apply a probabilistic approach based on
limit theorems for weakly convergent probability measures in the space H (D).
These limit theorems will be proved in the next section.

2 Limit theorems

Denote by B(X) the Borel o-field of the space X. In this section, we will prove
a limit theorem for

Pro.q(A) = %meas {re€0,T]:¢(s+it,a;a) € A}, A€ B(H(D)),

Math. Model. Anal., 24(1):20-33, 2019.
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Theorem 7. Suppose that the parameter a, 0 < o < 1, and the periodic se-
quence a are arbitrary. Then, on (H(D),B(H(D))), there exists a probability
measure Py o such that Pr o converges weakly to Py 4 asT — oo.

First, we will prove a limit theorem for probability measures on ({2, 5(£2)),
where 2 = [[°_; ¥m, and v, = {s € C: |s| = 1} for all non-negative integers
m. Since the unit circle is a compact set, by the Tikhonov theorem, the infinite-
dimensional torus {2 with the product topology and pointwise multiplication
is a compact topological Abelian group. Denote by w(m), m € Ny, the m-th
component of an element w € (2. Clearly, ((m +a) " ime NO) is an element
of £2. For A € (£2,B((2)), define

Qr.a(A) = %meas {re0,T]: (m+a)"™:meNy) € A}.

In the sequel, we assume that the parameter o, 0 < o < 1, and the sequence
a are arbitrary.

Lemma 1. On (£2,B(12)), there exists a probability measure Q,, such that Qr,q
converges weakly to Qo as T — 0.

Proof. The dual group of {2 is isomorphic to @°°_, Z,, where Z,, = Z for

m=0

all m € N. Therefore, the characters x of the group {2 are of the form
o0
xm) = I[ & (m), wen,
m=0

where only a finite number of integers k,, are distinct from zero. Hence, the
Fourier transform g7 q,q(k), k = (km, € Z : m € Ny), of Q1o is defined by

g1.0(k) = /Q <H w’“m(m)> dQr,a, (2.1)
m=0

where only a finite number of integers k,, are distinct from zero. We consider
g7, as T — o0o. Define two collections

ky, = {k = {km € Z} : i ko log(m + a) = 0},
m=0

kyo = {k = {ky €7} : f: ke log(m + o) # o},
m=0

W/l

where the sign means that only a finite number of integers k,, are distinct
from zero. In view of (2.1) and the definition of Q7 4,

T o]
91.0(k) = %/0 (H, (m+ a)—”km) dr

m=0

I gy
== —1 ko 1 dr.
T/o exp{ iT 7;::0 og(m + oz)} T
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Obviously,

91,0(k) =1 (2.2)
for k € {k; ,}. If k € {ky .}, then after integration we have that
1—exp {fiT > ,:):0 km log(m + a)}

iT > kpylog(m + )

m=0

97 ,a (k) =

Therefore, in this case,
lim g7 (k) =0.
T—o0

This and (2.2) show that

. B 1 if EG{ELQ}?
TlgréogT,a(@ = { 0 if ke{ky,}

Therefore, we obtained that the Fourier transform of Q7,, as T — oo, con-
verges to a continuous function in the discrete topology. Thus, by a continuity
theorem for probability measures on compact groups, we deduce that Q7 4, as
T — o0, converges weakly to a probability measure Q, on (§2, B({2)) given by
the Fourier transform

1 i ke {k ),
ga(k)—{ 0 if ke{kyo}

O

Lemma 1 is applied for proving a limit theorem for absolutely convergent
Dirichlet series. Let 6 > % be a fixed number. Define

0
vp(m, a) :exp{ — <ZL::§) }, m € Ny, n €N,
B 2 A Un (M, @)
Cn(s,a,a) _,,;)7(er0‘)8 )

Then it is known [2] that the latter series is absolutely convergent for o > %
For A € B(H(D)), let

1
Prjoaa(A) = Tmeas {r€[0,T]: (s +iT,a,a) € A}.

Lemma 2. On (H(D),B(H(D))), there exists a probability measure V,, o q
such that Pr, o.q converges weakly to Vi, o4 asT — oo.

Proof.  Consider the function uy a,q : 2 — H(D) given by

tnale) = 3 2O, e

m=0

Math. Model. Anal., 24(1):20-33, 2019.
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Since |w(m)| = 1, the latter series, as the series for (,(s, o, a), is absolutely
convergent for o > % Hence, the function uy q,q is continuous, therefore, it is

(B(£2), B(H(D)))-measurable. Thus, the limit measure @Q,, of Lemma 1 induces

on (H(D),B(H(D))) the unique probability measure V;, 4.q =4 ally & o, Where

Qau;i},a( ) QOZ( naa )7 AGB(H(D))
Clearly,

i >\ amUn (M, a
Un,oa ((m +a) im € NO) = Z W

m=0

Therefore,

Proaa(A) = %meas {T €0,7]: ((m+ Q) 7 im e Np) € U;L,aA}
_QTOl( naa ) QTOéunau(A)

This shows that Pr, a0 = @7, aun a,a- Since the function u, o o is continuous,
and, by Lemma 1, Qr,, as T — o0, converges weakly to (o, we obtain by
Theorem 5.1 of [1] that Prp o.a converges weakly to Vi, o4 = Qauna a
T—o00. O

Now, we will approximate in the mean the function {(s, a;a) by ¢, (s, a; a).
Denote by p the metric in H(D) inducing the topology of uniform convergence
on compacta.

Lemma 3. The equality
1 T
lim limsup — / p(C(s+it,a;0a), (s +iT,a5a)) dT =0
n—o0 T 400 T 0
holds.

Proof. Let the number 6 be from the definition of the function v, (m, ).
Then it is known [2] that, for o > %,

6+ioco
Cn(s,a5a) = L/ C(s+ 2,045 a)ln(z,a)%, (2.3)
0

2% Jo_ino

where

ln(s,a) = %F (g) (n+a)®,

and I'(s) denotes the Euler gamma-function. For an arbitrary S > 0, the
residue theorem and (2.3) give

Cals, @) = C(5,050) = /Wmc( Tzl (z0)
(s, a5a §,050) =5 — i s+ 2,050)ln (2, )~
ln<zaa)
+ Rles ———((s+ z,a;a). (2.4)
z=1—s z
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Since .
1S~ def
Res((s,a;a) = — ap =1,
s=1 q
1=0
we have (2. 0) L )
n(z, — s,
R ;a) = 2.5
Res ———((s+za0) =r—"" (2.5)
By the definition,
o1 SUPsek, |g1(s) — g2(s)]
plg1,92) =y 27" — ;91,92 € H(D),

= ltsupeg, lg1(s) — ga(s)]

where {K; : | € N} C D is a sequence of compact sets such that D = |J;2, K,
K; C Ky for alll € N, and if K C D is a compact set, then K lies in some
K. Therefore, it suffices to prove that, for every compact set K,

1 7
lim lim sup — / sup [C(s +it,a;a) — Cu(s + i, a5 a)] d7 = 0. (2.6)
n—00 Ty 0 seK

Thus, let K be a fixed compact subset of D. Suppose that € > 0 is such that
% + 2¢ < Res < 1 — ¢ for any point s € K. Denote by s = ¢ + iv the points of
K. Moreover, let

1 1
520—6—5 and 0:§—|—5.

Then, from (2.4) and (2.5) we find

1 o0
[C(s +irm,a;a) — Gu(s +iT, a5 a)] < o / |C(s+iT—B + it, a; a)
™ — 00
o Nl (=B +it, )|
|~ +t|
Recall that s = o + tv. We take ¢ in place of ¢t + v in the above integral. This
shift gives

gt 4 (=5 =im.0)

|1—S—ZT|

|C(s+i7’ o a) — Cu(s+iT,a;a)

1, (1/2 4+ & — s +it, o)
t dt
S on ‘C< Fetilt+r), )‘ |1/2 + ¢ — s+ it
|ln( — s —iT,q)
+Irl 1—s—ir|
From this, we obtain
—/ sup [((s +iT,a;a) — (u(s +im,asa)| dr < I + I, (2.7)
seK

where

R 1/T< D etit+7),aa)|d
ST B W 2 "€ Thead JLar

I, (1/2+¢—s+it,
« sup n /2 He—stit o)
sek  |1/24+¢e—s+it]

Math. Model. Anal., 24(1):20-33, 2019.
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and

1T |1, (1 — s —ir,a)|
] = — d .
=g ), e

By the definition of I, (s, «) and the estimate
Io+it) <e el >0,

uniform for o1 < o < 09, we find

I, (1/24+e—s+it,a)]  (n+a) { c }
—— |t —
TV i R O G L

<o.x (n+a)*fexp{—g|t|}. (2.8)

1 )
C<2+5+zt,a>

1 .
¢ 5—|—6—|—zt,a;a

It is well known that, for

/

Hence, in view of (1.1),

r

2
dt < T.

2
dt < T.

Therefore,

/

1
(<2+5+i(t+7),a;a)‘ dr

< (T [

This and (2.8) imply the estimate

9 1/2
dT> < T(1+]t]).

C<;+€+i(t+7)7a;a>

o0

I <o.x (n+a)—8/ (1+|t|)exp{—g|t|} dt <o.x (n+a)~c.  (2.9)

Similarly as above, we obtain that

|l (1—s—iT,a)|

sup

l—0o c }
e —= .
sexk |1 —s—iT| <o (n+a) Xp{ 9|T|

Hence,

(n+a)1/2725
—
Now, (2.7), (2.9) and (2.10) imply the equality (2.6). O

I < x |7] (2.10)

Now, we will examine the sequence {V, .q : n € N}, where V,, o 4 is the
limit measure in Lemma 2.
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Lemma 4. The sequence {V;, a,a : n € N} is relatively compact, i.e., every
subsequence {Vi, .a.a} C {Vn.a,a} contains an another subsequence weakly con-
vergent to a certain probability measure on (H(D),B(H(D))).

Proof.  In virtue of the Prokhorov theorem [1, Theorem 6.1], it is sufficient
to prove that the sequence {V;, o4} is tight, i.e., for every £ > 0, there exists a
compact set K = K(g) C H(D) such that

Viaa(K)>1—¢

for all n € N.

Let £ be a random variable on a certain probability space with measure P
and uniformly distributed on [0, 1], and let Y, oo = Yy a.a(s) be the H(D)-
valued random element whose distribution is V;, o,a. Moreover, let

XT,n,oc,a = XT,n,a,u(s) = Cn(s + iT'S, Q; a)~

Then the assertion of Lemma 2 is equivalent to the relation
D
XT,n,a,a ? Yn,a,w (211)
T—o0

We have mentioned that the series for (, (s, a;a) is absolutely convergent for
o> % Hence, by properties of absolutely convergent series, for fixed % <o <1,

1 T oo m2 2
lim T/o oo + it as @) di = Z lam|” v (m, @)

T—oco (m+a)20
= lam/?
m
L Chq < 00. 2.12
S Grgap SOna<o (212

Let K; be a compact set from the definition of the metric p. Then (2.12) and
the Cauchy integral formula imply

T
suplimsup—/ sup [Cn(s +iT,050)] AT < Ry g0 < 0.
neN T—oo 0 s€K;

Now, taking M = M 4.q(¢) = Ria,a2'e7!, where ¢ > 0 is an arbitrary fixed
number, we find that

lim sup P (Sup | X7 n,a,a(s)| > M)

T—o00 seK;

1
= lim sup 7 meas {T € (0,7 : sup [(n(s+iT,a;a)| > M}

T— 00 seK,
1 T
< sup limsup —— sup |Gp(s+ i, a;a)| dr < 2.13
T neN Tooo TM Jg sEKl‘ nl ) s 2 ( )

for all n and [ € N. The set

K=K()= {g € H(D) : Sseulp() lg(s)| < My a.a(e), L € N}

Math. Model. Anal., 24(1):20-33, 2019.
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is compact in the space H(D), and, by (2.11) and (2.13),
PYpoa€K)21—c¢

for all n € N. Hence,
ViaaK)21—¢

forallneN. O
Now, we are in position to prove Theorem 7.

Proof. 1In view of Lemma 4, there exists a subsequence {V,, a.a} C {Vn,a.a}
weakly convergent to a certain probability measure P, 4 on (H(D), B(H(D)))
as k — oo. Thus, we have the relation

D
Yoi,a,a > Poa- (2.14)
k—o0
Define

Xraa=Xra,a(s) =C(s+iTE a;a).

Then an application of Lemma 3 gives, for every € > 0,

lim limsupP (p (X1.0,a: XTn.a,a) = €)

n=00 Too
1
= lim limsup neas {re0,T]): p(l(s+it,a;0a),(u(s +iT,a5a)) = e}

n—00 T_yno

1 /7
< lim limsup Te p(l(s+it,a;a), (s +iT,;0a)) dT = 0.

n— oo T—00 £ 0

This equality, and relations (2.11) and (2.14) show that the hypotheses of
Theorem 4.2 of [1] are satisfied. Hence,

D
XT,a,a ” Poz,a»
T— 00
or equivalently, Pr o . converges weakly to P, q as T — oco. 0O

Corollary 1. Suppose that ¢ : H(D) — H(D) is a continuous operator, and,
for A € B(H(D)),

1
Prooa(A) = 7 meas {r€0,T]: P(¢(s +ir,a;0a)) € A}.
Then Prg o.q converges weakly to P, (@' as T — oco.

Proof. It follows from the definitions of Pr ¢ o,q and Pr g 4 that Pre oq =

PT’a’aCP_l. Thus, the corollary is a result of Theorem 7, the continuity of @
and Theorem 5.1 of [1]. O
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3 Proof of the main theorems

Proof. (Proof of Theorem 3). Let F, 4 be the support of the limit measure
P, in Theorem 7. By the definition of a support, F, q is a minimal closed
set of the space H(D) such that P, 4 (Fy,q) = 1. Thus, F,, o # &, and consists
of all elements g € H(D) such that, for every open neighbourhood G of g, the
inequality P, «(G) > 0 is satisfied.

For f € F, 4, define the set

G. - {g € H(D) : supg(s) ~ 1(5) < } .

Then G, is an open neighbourhood of the element f of the support of the
measure P, 5. Therefore P, .(G¢) > 0. Now, using the equivalent of weak
convergence of probability measures in terms of open sets [1, Theorem 2.1], we
deduce from Theorem 7 the inequality

liminf Pp o q(G:) = Pa,a(Ge) > 0.
T— o0
This and the definitions of Pr . and G prove the theorem. 0O

Proof.  (Proof of Theorem 4). We preserve the notation of the set G.. The
boundary 0G. of G. lies in the set {g € H(D) : sup,c |g(s) — f(s)| = ¢}. Hence,
we have that 0G., N0G,, = @ for €1 # €2, €1 > 0, €2 > 0. This shows that the
set G, is a continuity set of the measure P, 4, i.€., Py q(0G:) = 0, for all but
at most countably many € > 0. Applying the equivalent of weak convergence
of probability measures in terms of continuity sets [1, Theorem 2.1], we deduce
from Theorem 7 the inequality

lim Proq(Ge) = Pao(Ge) >0

T— 00
for all but at most countably many € > 0, and the definitions of Pr , q and G,
prove the theorem. O

Proof. (Proof of Theorem 5). By Corollary 1, Pr ¢ o, converges weakly to
Ppo®™! as T — oo. We will show that the support of the measure P, @ *
contains the closure of the set &(F, q).

We suppose that, for every open set G # J, the set <¢_1é) N Foq is
non-empty. Let g be an arbitrary element of the set #(F, o), and G be its any
open neighbourhood. Then, the set $~'G is open, and contains an element

of the set F, 4. However, F, , is the support of the measure P, ,. Therefore,
P, (@flG) > 0, and

Ppo® (G)=Pao (¢7'G) > 0.

Hence, the support of the measure Pa,ugﬁ_l contains the set ¢(F, 4), and, as a
closed set, contains the closure of $(F, q).

Now, suppose that, for every polynomial p = p(s), the set (@’1{1)}) NFaq
is non-empty. We will show that then, for every open set G C H(D), the
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set ((15’1G) N Fy,q is non-empty. It is well known that the approximation in
the space H(D) reduces to that on compact sets with connected complements,
i.e., in the definition of the metric p we may take the sets K; with connected
complements. LetK C D be a compact set with connected complement, and
g € G. Then, by the Mergelyan theorem [7], for every ¢ > 0 there exists a
polynomial p = p(s) such that

sup [g(s) = p(s)| < 5.
seK
Then, by the above remark, we have that p(g,p) < e provided the set K is well
chosen. Thus, if ¢ is small enough, then p € G. Therefore, ®~1{p} C &71G,
and the set (P71G) N Fo o # @ if (27 H{p}) N Fo,a # 2.

For f € $(F,q), define the set

G. - {g € H(D) : sup lg(s) — f(s)] < } .

seK

Then G, is an open neighbourhood of the element f of the support of the
measure P, @~ !. Thus P, ® '(G.) > 0. Hence, by Corollary 1,

liminf Pr.g.a.q(G2) = Pao® *(G.) > 0.
T—o0 ’

This and the definitions of Pr ¢ o, and G, give the assertion of the theorem.
O

Proof. (Proof of Theorem 6) We repeat with evident changes the arguments
of the proof of Theorem 4. 0O
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