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Abstract. We investigate the existence, uniqueness and multiplicity

of one-signed rotationally symmetric solutions of singular Dirichlet

problems with the prescribed higher mean curvature operator in

Minkowski spacetime. The main tools are the Schauder fixed point

theorem along with cut-off technique and the Leggett-Williams

fixed point theorem. In addition, we give some practical models

to illustrate the effectiveness of our results.

Keywords: higher mean curvature operator; Minkowski spacetime; singular Dirichlet problem; one-signed
rotationally symmetric solutions.

AMS Subject Classification: 35J93; 34B16; 34B18.

Corresponding author. E-mail: peiminghe@163.com

1 Introduction

Throughout this paper, LN+1 denotes the (N + 1)-dimensional Minkowski
spacetime endowed with the standard Lorentzian metric ⟨ , ⟩ = −(dt)2 +∑N

i=1 (dxi)
2. For a spacelike hypersurface Σ in LN+1, the k-th mean curvature

Sk is a geometric invariant encoding the geometry of Σ. From the perspec-
tive of physics, the k-th mean curvature Sk plays an important role in General
Relativity. Each Sk intuitively measures the time evolution towards the future
or the past of the spatial universe. From an algebraic perspective, each one
of these functions corresponds to a coefficient of the characteristic polynomial
of the shape operator corresponding to a unit timelike vector field pointing to
future. In fact, each k-th mean curvature Sk is described as a certain type of
average measure of the principal curvatures of the hypersurface Σ [11]. Specif-
ically, S1 is opposite of the usual mean curvature of the principal curvature,
S2 is equal to the scalar curvature up to a constant factor, and SN is (−1)N+1

times the Gauss-Kronecker curvature.
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For a given prescription function Hk, the prescribed k-th mean curvature
problem is to find a spacelike hypersurface Σ in LN+1 satisfying

Sk(p) = Hk(p), ∀p ∈ Σ, (1.1)

where Sk(1 ≤ k ≤ N) is the k-th mean curvature of the hypersurface. We
make a hyperplane Π that passes through γ(0) and is orthogonal to the line
γ in LN+1, where γ is a timelike parameter line pointing towards the future.
The hypersurface we are looking for can be denoted as Σ = {(v(x), x) : x ∈
Π} ⊂ R× RN . On the one hand, if we suppose that the prescription function
Hk is rotationally symmetric concerning γ, we can naturally assume that v has
the same symmetric, namely, v(x) = v(r) where r = r(x) is the distance from
x to γ(0) in Π. On the other hand, it follows from [11, 21] that the differen-
tial operator Sk(1 ≤ k ≤ N), associated with the k-curvature of rotationally
symmetric graphs in LN+1, can be written as follows:

Mk : {v ∈ C2(R+) : v′(0) = 0, |v′| < 1} → R,

(Mkv)(r) =


1

NrN−1

(
rN−kϕk(v′)

)′
, r ∈ (0,+∞);

0, r = 0,

where ϕ(s) := s/
√
1− s2 and 1 ≤ k ≤ N . Therefore, to obtain rotationally

symmetric solutions of Equation (1.1) with the Dirichlet boundary condition,
it is only sufficient to consider the following one-dimensional boundary value
problem

(Mkv)(r) = Hk(v(r), r), r ∈ (0, R) (1.2)

with the mixed boundary condition

v′(0) = 0, v(R) = 0. (1.3)

Over the past few decades, the study of the prescribed mean curvature
spacelike equation in Minkowski spacetime LN+1 has received widespread at-
tention. When k = 1, the existence, uniqueness, multiplicity and bifurca-
tion of rotationally symmetric solutions for Dirichlet problems with prescribed
mean curvature equation in LN+1 have been widely studies, for instance, see
[4, 5, 6, 7, 8, 9, 10, 15, 18, 24, 25, 26, 32, 33, 35] and references therein. Also, we
refer for examples to [3, 22, 23, 34] for other types boundary value problems
with the prescribed mean curvature equation in LN+1. When k = 2, we refer
the reader to [1, 2, 29] for Dirichlet problems with the prescribed scalar curva-
ture equation, and on the case of more general ambient spacetimes, see [14].
When k = N , we specifically mention [13, 20] for Dirichlet problems with the
Gauss-Kronecker curvature. However, for Dirichlet problems involving the pre-
scribed k-th mean curvature operator when 3 ≤ k < n, the existing relevant
research remains scarce. The study of Dirichlet problems with a prescribed
k-th (1 ≤ k ≤ N) mean curvature operator originated from Ivochkina [17],
in which the main tools utilized are the implicit function theorem and Leray-
Schauder principle. And then, the problems have been considered by some
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authors, for instance, [16, 27, 28, 30]. In recent years, using the Schauder fixed
point theorem and the standard prolongability theorem of ordinary differen-
tial equations, de la Fuente, Romero and Torres [11] derived the existence and
multiplicity of rotationally symmetric solutions to Eq. (1.1) with the Dirich-
let boundary condition. Ma and Xu [21] offered a geometric interpretation of
the results of [11] and obtained the existence of rotationally symmetric entire
solutions via the global bifurcation theory. More recently, Xu [31] considered
the existence of rotationally symmetric entire solutions for (1.2)–(1.3) by using
topological degree methods.

We note that most of the literature mentioned above is non-singular prob-
lems, the research on singular problems is rarely seen [5,6,10,24,26], and such
problems correspond to the case of k = 1, while the results are extremely
rare [31] when k > 1.

Motivated and inspired by the above works, the purpose of this article is
to establish the existence, uniqueness and multiplicity of the one-signed rota-
tionally symmetric solutions of the singular Equation (1.1) with the Dirichlet
boundary condition. From the above discussion, we are led to consider the sin-
gular problem (1.2)–(1.3), where the prescription function Hk may be singular
at r = 0, r = R, v = 0, and v = ±R. Our main models of the prescription
function are

Hk(v, r) = (−1)k
(

a

rα1(R− r)β1vp
+

bvq

rα2(R− r)β2
+

c

rα3(R− r)β3

)
,

Hk(v, r) = (−1)kλµ(r)vρ/(R− v)σ,

where 1 ≤ k ≤ N , a > 0, b, c ≥ 0, p, q > 0, αi, βi ∈ [0, 1), i = 1, 2, 3 and
ρ > k, µ(·) ∈ C([0, R], (0,+∞)), λ > 0, 0 < σ < k/2. We note that the above
models of prescription functions take those in [25,26] and [24] as special cases,
respectively.

It is worth emphasizing that our results are not only new, but also generalize
and improve the corresponding results in [24,25,26]. In addition, we allow that
the prescription function Hk may be strongly singular at v = 0, and we do
not assume that Hk satisfies the monotonicity condition as in [25, 26] when
obtaining the existence of solutions. Meanwhile, Hk may be strongly singular
at v = ±R provided k > 2, when we establish the multiplicity of solutions to
problem (1.2)–(1.3).

This paper is organized as follows: In Section 2, we introduce some no-
tations and two fixed point theorems. In Section 3, we separate k into odd
and even cases and establish the existence of positive(or negative) solutions to
the singular problem (1.2)–(1.3) by using the Schauder fixed point theorem.
And then, by imposing the monotonicity condition on Hk, the uniqueness of
positive and negative solutions of the singular problem (1.2)–(1.3) is obtained.
In Section 4, we also divide k into odd and even cases and present the mul-
tiplicity of positive(or negative) solutions to the singular problem (1.2)–(1.3)
by using the Leggett-Williams fixed point theorem. In the last section, some
model examples are given as applications of our main results.
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2 Preliminaries

In this section, we introduce some concepts and fixed point theorems which
will be used later.

Lemma 1. (Schauder Fixed Point Theorem [12]) Let Ω be a bounded closed
convex subset of Banach space E. Then the continuous compact mapping T :
Ω → Ω has a fixed point.

Let P be a cone in the real Banach space E. A map α is a nonnegative
concave functional on the cone P if it satisfies

(i) α : P → [0,+∞) is continuous;

(ii) α(tx+ (1− t)y) ≥ tα(x) + (1− t)α(y) for all x, y ∈ P and 0 ≤ t ≤ 1.

In addition, let Pc := {x ∈ P : ∥x∥ ≤ c} and P (α, a, b) := {x ∈ P : a ≤
α(x), ∥x∥) ≤ b}.

Lemma 2. (Leggett-Williams Fixed Point Theorem [19]) Let P be a cone in
the real Banach space E, A : P c → P c be completely continuous and α be
a nonnegative continuous concave functional on P with α(x) ≤ ∥x∥ for all
x ∈ P c. Suppose there exist 0 < a < b < d ≤ c such that the following
conditions hold:

(i) {x ∈ P (α, b, d) : α(x) > b} ≠ ∅ and α(Ax) > b for all x ∈ P (α, b, d);

(ii) ∥Ax∥) > b for x ∈ P (α, b, c) with ∥Ax∥) > d.

Then, the operator A has at least three fixed points x1, x2, x3 ∈ P c satisfying

∥x1∥ < a, α(x2) > b, a < ∥x3∥ with α(x3) < b.

We introduce some symbols that will be used in this article. The continuous
function space C[0, R] equipped with the maximum norm ∥ · ∥ and BR is an
open ball of center 0 and radius R in C[0, R]. Let

P = {v ∈ C[0, R] : v(r) is nonnegative and nonincreasing on [0, R]}.

Evidently, P is a cone in C[0, R].

3 Existence and uniqueness

We now consider the one-dimensional singular problem (1.2)–(1.3), that is,{ (
rN−kϕk(v′)

)′
= NrN−1Hk(v, r), r ∈ (0, R),

v′(0) = 0, v(R) = 0,
(3.1)

where ϕ(s) := s/
√
1− s2, 1 ≤ k ≤ N , Hk ∈ C(((−∞, 0) ∪ (0,+∞)) × (0, R))

may be singular at r = 0, r = R and v = 0 satisfying (−1)kHk(v, r) > 0 for all
(v, r) ∈ ((−∞, 0) ∪ (0,+∞))× (0, R).

Next, we divide k into odd and even cases to discuss the existence and
uniqueness of the solution of the singular problem (3.1).
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3.1 k is odd

We first utilize the Schauder fixed point theorem to establish the existence of
positive solutions to problem (3.1).

Theorem 1. Let k be an odd number. Assume that

(C1)

∫ R

0

max
δ≤v≤R

|Hk(v, r)|dr < +∞ for all δ ∈ (0, R).

Then, problem (3.1) has at least one positive solution.

Proof. Firstly, we define the modification H∗
k(v, r) of Hk(v, r) by

H∗
k(v, r) =


Hk(−R, r), v < −R;

Hk(v, r), 0 < |v| ≤ R;

Hk(R, r), v > R.

(3.2)

Then, H∗
k ∈ C(((−∞, 0) ∪ (0,+∞))× (0, R)) satisfies∫ R

0

max
δ≤v≤R+1

|H∗
k(v, r)|dr < +∞, ∀δ ∈ (0, R+ 1). (3.3)

We consider the modified singular problem{ (
rN−kϕk(v′)

)′
= NrN−1H∗

k(v, r), r ∈ (0, R),
v′(0) = 0, v(R) = 0.

(3.1∗)

For each n ∈ N, we first define the set Ωn as follows:

Ωn =
{
v ∈ C[0, R] : v(r) is nonincreasing and

1

n
≤ v(r) ≤ R+ 1 on [0, R]

}
.

Obviously, Ωn is a nonempty bounded closed convex subset in C[0, R]. We also
define the operator Tn : Ωn → C[0, R] by

(Tnv)(r) =
1

n
−
∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1H∗
k(v(τ), τ)dτ

)1/k)
dt. (3.4)

By the standard proof, we know that Tn is well defined.
Next, we divide the proof into the following three steps.
Step 1. We show that there exists vn∈Ωn such that Tnvn=vn for each

n ∈ N. Assume that n ∈ N is given. Note that H∗
k(v, r) < 0 for all (v, r) ∈

((−∞, 0) ∪ (0,+∞))× (0, R) and

0 < ϕ−1(s) =
s√

1 + s2
< 1, ∀s > 0. (3.5)

Then, for all v ∈ Ωn, we have

1

n
≤ (Tnv)(r) ≤ R+

1

n
≤ R+ 1, r ∈ [0, R],

Math. Model. Anal., 30(4):583–603, 2025.
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and thus Tn(Ωn) ⊂ C[0, R] is bounded. On the other hand, from (3.4) and
(3.5), for all r1, r2 ∈ [0, R] and v ∈ Ωn, we can obtain

|(Tnv)(r1)− (Tnv)(r2)| ≤
∣∣∣∣ ∫ r1

r2

ϕ−1

(( N

tN−k

∫ t

0

τN−1H∗
k(v(τ), τ)dτ

)1/k)
dt

∣∣∣∣
≤ |r1 − r2|.

This implies Tn(Ωn) is equicontinuous. Then, we know that Tn(Ωn) is com-
pact in C[0, R] by the Arzelà-Ascoli theorem. Taking into account that Ωn is
bounded and closed, there is a sequence {vm} ⊂ Ωn satisfying limm→∞ vm =
v̂ ∈ Ωn. Let

qn(r) = max
1
n≤v≤R+1

|H∗
k(v, r)|, r ∈ (0, R).

It follows from (3.3) that qn ∈ L1(0, R). Since 1/n ≤ vm(r) ≤ R + 1 for
r ∈ [0, R], m ∈ N, we have

τN−1|H∗
k(vm(τ), τ)| ≤ τN−1qn(τ) < RN−1qn(τ), ∀τ ∈ (0, R).

This together with Lebesgue dominated convergence theorem implies that

lim
m→∞

(Tnvm)(r) = (Tnv̂)(r)

uniformly for r ∈ [0, R]. Hence Tn is continuous in Ωn. In addition, it is clear
that (Tnv)(r) is nonincreasing on [0, R] for each v ∈ Ωn, and then Tn(Ωn) ⊂ Ωn.
Thus by Lemma 1, there exists vn ∈ Ωn such that Tnvn = vn.

Step 2. We prove that there is z ∈ C[0, R] satisfying

z(r) > 0, ∀r ∈ [0, R), (3.6)

such that
vn(r) ≥ 1/n+ z(r), ∀r ∈ (0, R).

Indeed, we let
p(r) = min

1/n≤v≤R+1
|H∗

k(v, r)|, r ∈ (0, R). (3.7)

Clearly, p ∈ L1(0, R) by (3.3). Since H∗
k(v, r) is singular at v = 0, it follows

from (3.7) that for all (v, r) ∈ [1/n,R+ 1]× (0, R),

|H∗
k(v, r)| ≥ min

1
n≤v≤R+1

|H∗
k(v, r)| = p(r) > 0. (3.8)

Notice that 1/n ≤ vn(r) ≤ R+ 1, r ∈ [0, R] and (3.8), we obtain

|H∗
k(vn(r), r)| ≥ p(r) > 0, r ∈ (0, R), n ∈ N. (3.9)

Due to Tnvn = vn, it follows from (3.5) and (3.9) that

vn(r) =
1

n
−
∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1H∗
k(vn(τ), τ)dτ

)1/k)
dt

≥ 1

n
+

∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1p(τ)dτ
)1/k)

dt

:=1/n+ z(r), ∀r ∈ (0, R).
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We note that z ∈ C[0, R] satisfies (3.6) because of p ∈ L1(0, R).
Step 3 We assert that {vn} has a convergent subsequence. Because 1/n ≤

∥vn∥∞ ≤ R+ 1, n ∈ N, we know that {vn} is uniformly bounded. Notice that
for all n ∈ N,

|v′n(r)| < 1, ∀r ∈ [0, R],

it follows that for all r1, r2 ∈ [0, R] and n ∈ N,

|vn(r1)− vn(r2)| ≤ |r1 − r2|.

Thus, {vn} is equicontinuous in [0, R]. From the Arzelà-Ascoli theorem, {vn}
has convergent subsequences. Without loss of generality, we can assume that
vn → v̌ ∈ Ωn(n → ∞). Obviously, v̌(R) = 0. Notice that Tnvn = vn, we have

v′n(r) = ϕ−1

((
N

rN−k

∫ r

0

τN−1H∗
k(vn(τ), τ)dτ

)1/k
)
, r ∈ (0, R). (3.10)

Taking η ∈ (0, R), from (3.10), we get for all r ∈ [0, η],

vn(r) = vn(η)−
∫ η

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1H∗
k(vn(τ), τ)dτ

)1/k)
dt. (3.11)

Let σ = mins∈[0,η] z(s) > 0, where z(s) is given by Step 2. For each n ∈ N, we
can obtain

σ ≤ 1

n
+ z(r) ≤ vn(r) ≤ R+ 1, ∀r ∈ [0, η]. (3.12)

Furthermore, we also let w(r) = maxσ≤v≤R+1 |H∗
k(v, r)|, r ∈ (0, R). Then,

w ∈ L1(0, R) by (3.3). Hence, from (3.12), we have

τN−1|H∗
k(vn(τ), τ)| ≤ τN−1w(τ) < ηN−1w(τ), τ ∈ (0, η). (3.13)

It follows from (3.11), (3.13) and Lebesgue dominated convergence theorem
that for r ∈ (0, η),

v̌(r) = v̌(η)−
∫ η

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1H∗
k(v̌(τ), τ)dτ

)1/k)
dt. (3.14)

Let η → R− in (3.14) and from the absolute continuity of Lebesgue integral,
we have

v̌(r) = −
∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1H∗
k(v̌(τ), τ)dτ

)1/k)
dt, r ∈ (0, R),

and thus,

v̌′(r) = ϕ−1

(( N

rN−k

∫ r

0

τN−1H∗
k(v̌(τ), τ)dτ

)1/k)
dt, r ∈ (0, R).

This implies v̌′(0) = 0 and(
rN−kϕk

(
v̌′(r)

))′
= NrN−1H∗

k(v̌(r), r), r ∈ (0, R).

Math. Model. Anal., 30(4):583–603, 2025.
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At the same time, from (3.11), v̌(r) > 0, r ∈ [0, R). Therefore, v̌ is a positive
solution of modified problem (3.1∗). Notice that 0 < v̌(r) < R on (0, R), it
follows that v̌ is a positive solution of problem (3.1). This completes the proof
of the theorem. ⊓⊔

Remark 1. Theorem 1 generalizes and improves the corresponding existence
results in [25].

By imposing a monotonicity condition for the prescription function Hk, we
can establish the uniqueness of the positive solution to the singular problem
(3.1).

Theorem 2. Let k be an odd number. Assume that (C1) hold. Suppose also
that

(C2) for each fixed r ∈ (0, R), Hk(v, r) is nondecreasing in v ∈ (0, R).

Then, problem (3.1) has a unique positive solution.

Proof. The existence of positive solutions to problem (3.1) follows from The-
orem 1 immediately.

Uniqueness. By contradiction, suppose that v1(r) and v2(r) are two positive
solutions of problem (3.1) satisfying v1 ̸= v2. Then, there exists r0 ∈ [0, R]
such that v1(r0) ̸= v2(r0). Without loss of generality, we assume that v1(r0) >
v2(r0). Hence, there is a closed interval [a, b] ⊂ [0, R] such that v1(a) − v2(a)
is the maximum value of v1(r) − v2(r) on [a, b], v1(r) > v2(r), r ∈ [a, b),
v′1(a) = v′2(a) and v1(b) = v2(b). Note that(

rN−kϕk
(
v′i(r)

))′
= NrN−1Hk(vi(r), r), r ∈ (0, R), i = 1, 2.

Integrating the above equation on [a, t] ⊂ [a, b](t ∈ (a, b]), we get for i = 1, 2,

v′i(t)=ϕ−1

(((
a/t
)N−k

ϕk
(
v′i(a)

)
+

N

tN−k

∫ t

a

τN−1Hk(vi(τ), τ)dτ
)1/k)

.

It follows that for i = 1, 2,

vi(b)− vi(a)

=

∫ b

a

ϕ−1

(((
a/t
)N−k

ϕk
(
v′i(a)

)
+

N

tN−k

∫ t

a

τN−1Hk(vi(τ), τ)dτ
)1/k)

dt.

This together with (C2) implies that v1(a) − v2(a) ≤ 0, which contradicts
v1(a) > v2(a). This completes the proof of the theorem. ⊓⊔

3.2 k is even

Similar to the case that k is an odd number, we now establish the existence
and uniqueness of positive and negative solutions to the singular problem (3.1),
when k is an even number.
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Theorem 3. Let k be an even number. Assume that

(C1)

∫ R

0

max
δ≤|v|≤R

Hk(v, r)dr < +∞ for all δ ∈ (0, R).

Then, problem (3.1) has at least two solutions, one is positive and the other is
negative.

Proof. Firstly, we prove the existence of positive solutions. To do this, for
each n ∈ N, we define a bounded closed subset Ω+

n in C[0, R] as follows:

Ω+
n =

{
v ∈ C[0, R] : v(r) is nonincreasing and

1

n
≤ v(r) ≤ R+ 1 on [0, R]

}
.

We also define the operator T+
n on Ω+

n by

(T+
n v)(r) =

1

n
+

∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1H∗
k(v(τ), τ)dτ

)1/k)
dt,

where H∗
k is defined in (3.2). Then T+

n is well defined. Similar to the Step 1
of Theorem 1, we have that there exists vn ∈ Ω+

n such that T+
n vn = vn for

each n ∈ N. Furthermore, using the Arzelà-Ascoli theorem, we know that {vn}
has a convergent subsequence whose limit v+0 is a positive solution of modified
problem (3.1∗). Notice that 0 < v+0 (r) < R for r ∈ (0, R), then v+0 is a positive
solution of problem (3.1). Next, we show the existence of negative solutions.
For each n ∈ N, we define a bounded closed subset Ω−

n as follows:

Ω−
n =
{
v∈C[0, R] : v(r) is nondecreasing and −R−1≤v(r) ≤ − 1

n
on [0, R]

}
.

We also define the operator T−
n on Ω−

n by

(T−
n v)(r) = − 1

n
−
∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1H∗
k(v(τ), τ)dτ

)1/k)
dt.

It is easy to know that T−
n is well defined. Similar to the proof of Theorem 1,

using the Schauder fixed point theorem and the Arzelà-Ascoli theorem, we can
deduce that the modified problem (3.1∗) has a negative solution v−0 , which is
a negative solution of problem (3.1). The details of the process are omitted.
This completes the proof of the theorem. ⊓⊔

Theorem 4. Let k be an even number. Assume that (C1) hold. Suppose also
that

(C2) for each fixed r ∈ (0, R), Hk(v, r) is nondecreasing in v ∈ (0, R) and
nonincreasing in v ∈ (−R, 0).

Then, problem (3.1) has only two solutions, one is positive and the other is
negative.

Proof. The existence of positive and negative solutions to problem (3.1) fol-
lows from Theorem 3, immediately.

Uniqueness. The proof of the uniqueness of the positive and negative so-
lution for problem (3.1) is completely analogous to one of Theorem 2, and is
omitted. This completes the proof of the theorem. ⊓⊔
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4 Multiplicity

In this section, we consider the multiplicity of one-signed solutions to the fol-
lowing singular problem{ (

rN−kϕk(v′)
)′

= NrN−1Hk(v, r), r ∈ (0, R),
v′(0) = 0, v(R) = 0,

(4.1)

where ϕ(s) := s/
√
1− s2, 1 ≤ k ≤ N , Hk ∈ C((−R,R)×[0, R]) may be singular

at v = ±R satisfying (−1)kHk(v, r) > 0 for all (v, r) ∈ (−R,R)× [0, R].

4.1 k is odd

Now we use the Leggett-Williams fixed point theorem to establish the multi-
plicity of positive solutions for problem (4.1).

Theorem 5. Let k be an odd number. Assume that there exist constants a, b, c, d
and η with 0 < a < b < η

Rd < d ≤ c < R such that

(C3) |Hk(v, r)| ≤ 1
Rkϕ

k
(
a
R

)
for all (v, r) ∈ [0, a]× [0, R];

(C4) |Hk(v, r)| ≤ 1
Rkϕ

k
(

c
R

)
for all (v, r) ∈ [0, c]× [0, R];

(C5) |Hk(v, r)| ≥ RN−k

(R−η)N
ϕk
(
b/η
)
for all (v, r) ∈ [b, d]× [0, R− η];

(C6) (R−η)N min[b,c]×[0,R−η] |Hk(v, r)| ≥ RNϕk
(

Rb
ηd

)
max[0,c]×[0,R] |Hk(v, r)|.

Then, problem (4.1) has at least three positive solutions v1, v2, v3 satisfying

∥v1∥ < a, b < min
[0,R−η]

v2(r), ∥v3∥ > a with min
[0,R−η]

v3(r) < b. (4.2)

Proof. Firstly, we define a nonlinear operator A on P ∩BR by

(Av)(r) = −
∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt. (4.3)

Then, A is well defined. Evidently, (Av)(r) ≥ 0 and (Av)′(r) ≥ 0 for all
r ∈ [0, R], which imply A(P ∩ BR) ⊂ P . Furthermore, (Av)(R) = 0 and
(Av)′(0) = 0. By the standard argument and using the Arzelà-Ascoli theorem,
we find that A is compact on P ∩Bρ(ρ ∈ (0, R)). It is easy to verify that v is
a positive solution of problem (4.1) if and only if v ∈ P ∩ BR is a fixed point
of A.

Let α : P → [0,+∞) be a nonnegative continuous concave functional de-
fined by

α(v) = min
[0,R−η]

v(r), ∀v ∈ P.

Then, α(v) ≤ ∥v∥, v ∈ P and

α(v) = v(R− η), α(Av) = (Av)(R− η), ∀v ∈ P. (4.4)
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Next, we will distinguish the proof into three steps.
Step 1. Since ϕ−1 is odd, (C4) and (4.3), for all v ∈ P c, we have

∥Av∥ =

∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1|Hk(v(τ), τ)|dτ
)1/k)

dt

≤
∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1 1

Rk
ϕk

(
c

R

)
dτ
)1/k)

dt < c.

Hence, A(P c) ⊂ P c. Similarly, we can get ∥Av∥ < a for all v ∈ P a by (C3),
which implies that the condition (ii) of Lemma 2 holds.

Step 2. Let v = (b+ d)/2, then v ∈ P , ∥v∥ < d and α(v) = (b+ d)/2 > b,
which show that {v ∈ P (α, b, d) : α(v) > b} ̸= ∅. We also let v ∈ P (α, b, d),
then α(v) ≥ b and ∥v∥ ≤ d, i.e., b ≤ v(r) ≤ d for all r ∈ [0, R − η]. It follows
from the oddness of ϕ−1, (4.4) and (C5) that

α(Av) = −
∫ R

R−η

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt

≥
∫ R

R−η

ϕ−1

(( N

tN−k

∫ R−η

0

τN−1|Hk(v(τ), τ)|dτ
)1/k)

dt

≥
∫ R

R−η

ϕ−1

(( N

tN−k

∫ R−η

0

τN−1 RN−k

(R− η)N
ϕk

(
b

η

)
dτ
)1/k)

dt

> ηϕ−1
(
ϕ
(
b/η
))

= b.

Hence, the condition (i) of Lemma 2 is satisfied.
Step 3. We check that the condition (iii) of Lemma 2 holds. Notice that

for all v ∈ P (α, b, c), we have b ≤ v(r) ≤ c for r ∈ [0, R− η], and so

∥Av∥ =

∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1|Hk(v(τ), τ)|dτ
)1/k)

dt

≤
∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1 max
[0,c]×[0,R]

|Hk(v, τ)|dτ
)1/k)

dt

≤ Rϕ−1
(
R
(

max
[0,c]×[0,R]

|Hk(v, τ)|
)1/k)

.

(4.5)

Since
ϕ−1(s1s2) ≥ ϕ−1(s1)ϕ

−1(s2), ∀s1, s2 ∈ [0,+∞), (4.6)

it follows from (4.5) and (C6) that for all v ∈ P (α, b, c) with ∥Av∥ > d,

α(Av) = −
∫ R

R−η

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt

≥
∫ R

R−η

ϕ−1

(( N

tN−k

∫ R−η

0

τN−1 min
[b,c]×[0,R−η]

|Hk(v, τ)|dτ
)1/k)

dt

≥
∫ R

R−η

ϕ−1

(( (R− η)N

RN−k
min

[b,c]×[0,R−η]
|Hk(v, τ)|

)1/k)
dt
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≥ ηϕ−1

((
Rkϕk

(
Rb

ηd

)
max

[0,c]×[0,R]

∣∣Hk(v, τ)
∣∣)1/k)

≥ η
Rb

ηd
ϕ−1

(
R
(

max
[0,c]×[0,R]

|Hk(v, τ)|
)1/k)

≥ b

d
∥Av∥ > b.

In conclusion, all the conditions of Lemma 2 are satisfied, and thus the singular
problem (4.1) has at least three positive solutions v1, v2, v3 satisfying (4.2). This
completes the proof of the theorem. ⊓⊔

Remark 2. Let k be an odd number. Assume that there exist constants b, d and
η with 0 < b < η

Rd < d < R such that all the conditions in Theorem 5 hold,
except that (C3) and (C4) are replaced by

(C′
3) lim

v→0+
max

r∈[0,R]

|Hk(v,r)|
ϕk(v/R)

< 1
Rk ;

(C′
4) lim

v→R−
max

r∈[0,R]

|Hk(v,r)|
ϕk(v/R)

< 1
Rk .

Then, the conclusion of Theorem 5 is still true. In fact, we point out that (C3)
is to show that (ii) of Lemma 2, and (C4) is used to verify A(P c) ⊂ P c. It is
easy to see that the condition (C′

3) implies that (C3) holds, then the condition
(ii) of Lemma 2 holds. Hence, we only need to show that A(P c) ⊂ P c when
(C′

4) holds. It follows from (C′
4) that there exist ρ ∈ (0, 1/Rk) and δ ∈ (0, R)

such that

|Hk(v, r)| ≤ M + ρϕk
(
v/R

)
, ∀(v, r) ∈ [0, R)× [0, R],

whereM = max{|Hk(v, r)| : (v, r) ∈ [0, δ]×[0, R]}. We now choose the constant
c such that

max

{
d,Rϕ−1

(
R
( M

1− ρRk

) 1
k
)}

≤ c < R.

Then, for all v ∈ P c, we have

∥Av∥ =

∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1
∣∣Hk(v(τ), τ)

∣∣dτ)1/k)dt
≤
∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1
(
M + ρϕk

(
c/R

) )
dτ
)1/k)

dt

<Rϕ−1

(
R
(
M + ρϕk (cR)

)1/k)
≤ c.

This implies A(P c) ⊂ P c.

Remark 3. In Theorem 5, the hypothesis condition (C6) is unnecessary provided
d = c.

Remark 4. If (−1)kHk(v, r) ≥ 0 for all (v, r) ∈ (−R,R) × [0, R] in problem
(4.1), the three positive solutions of Theorem 5 are nonnegative.
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4.2 k is even

Similar to the case that k is an odd number, we now present the multiplicity
of positive and negative solutions of problem (4.1) when k is an even number.

Theorem 6. Let k be an even number. Assume that there exist constants
a, b, c, d and η with 0 < a < b < η

Rd < d ≤ c < R such that

(C3) Hk(v, r) ≤ 1
Rkϕ

k
(
a
R

)
for all (v, r) ∈ [−a, a]× [0, R];

(C4) Hk(v, r) ≤ 1
Rkϕ

k
(

c
R

)
for all (v, r) ∈ [−c, c]× [0, R];

(C5) Hk(v, r) ≥ RN−k

(R−η)N
ϕk
(
b/η
)
for all (v, r) ∈ ([−d,−b] ∪ [b, d])× [0, R− η];

(C6) (R−η)N min(v,r)∈D Hk(v, r) ≥ RNϕk
(

Rb
ηd

)
max[−c,c]×[0,R] Hk(v, r), where

D = ([−c,−b] ∪ [b, c])× [0, R− η].

Then, there exist at least six solutions to problem (4.1), three of which are
positive solutions v1, v2, v3 satisfying

∥v1∥ < a, b < min
[0,R−η]

v2(r), ∥v3∥ > a with min
[0,R−η]

v3(r) < b, (4.7)

and the other three are negative solutions v4, v5, v6 satisfying

∥v4∥ < a, −b > max
[0,R−η]

v5(r), ∥v6∥ > a with max
[0,R−η]

v6(r) > −b. (4.8)

Furthermore, if Hk(v, r) = Hk(−v, r) for all (v, r) ∈ (−R,R)× [0, R],

v1(r) = −v4(r), v2(r) = −v5(r), v3(r) = −v6(r), ∀r ∈ [0, R].

Proof. We first consider the multiplicity of positive solutions. Let

P+ =
{
v ∈ C[0, R] : v(r) is nonnegative and nonincreasing on [0, R]

}
.

Then, P+ is a cone in C[0, R]. We define the nonlinear operator A+ on P+∩BR

by

(A+v)(r) =

∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt,

then, A+ is well defined. Exactly analogous to the proof of Theorem 5, we
can easily prove that there exist at least three positive solutions v1, v2, v3 to
problem (4.1) satisfying (4.7).

Next, we consider the multiplicity of negative solutions. Let

P− =
{
v ∈ C[0, R] : v(r) is nonpositive and nondecreasing on [0, R]

}
,

then, P− is a cone in C[0, R]. We define the operator A− on P− ∩BR by

(A−v)(r) = −
∫ R

r

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt. (4.9)
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It is easy to see that A− is well defined. Clearly, for each v ∈ P− ∩ BR,
(A−v)(r) ≤ 0 and (A−v)′(r) ≥ 0 when r ∈ [0, R], which imply A−(P−∩BR) ⊂
P−. Moreover, (A−v)(R) = 0 and (A−v)′(0) = 0. Using the Arzelà-Ascoli
theorem, we can show that A− is compact on P−∩Bρ(ρ ∈ (0, R)). Meanwhile,
it is easy to know that v is a negative solution to problem (4.1) if and only if
v is a fixed point of A−. Let β : P− → [0,+∞) be a nonnegative continuous
concave functional defined by

β(v) = − max
r∈[0,R−η]

v(r), ∀v ∈ P−.

It follows that β(v) ≤ ∥v∥, v ∈ P− and

β(v) = −v(R− η), β(A−v) = −(A−v)(R− η), ∀v ∈ P−. (4.10)

Next, we will split the proof into three steps.

Step 1. We prove ∥A−v∥ < a for all v ∈ P−
a . From (C3) and (4.9), for all

v ∈ P−
a , we have

∥A−v∥ =

∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt

≤
∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1 1

Rk
ϕk
(
a/R

)
dτ
)1/k)

dt < a,

which implies that the condition (ii) of Lemma 2 holds. Similarly, we can

deduce A−(P−
c ) ⊂ P−

c by (C4).
Step 2. Let v = −(b+d)/2, then v ∈ P−, ∥v∥ < d and β(v) = (b+d)/2 > b,

which show that
{
v ∈ P−(β, b, d) : β(v) > b

}
̸= ∅. We also let v ∈ P−(β, b, d),

then β(v) ≥ b and ∥v∥ ≤ d, i.e., −d ≤ v(r) ≤ −b for all r ∈ [0, R−η]. It follows
from (4.10) and (C5) that for all v ∈ P−(β, b, d),

β(A−v) =

∫ R

R−η

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt

≥
∫ R

R−η

ϕ−1

(( N

tN−k

∫ R−η

0

τN−1 RN−k

(R− η)N
ϕk
(
b/η
)
dτ
)1/k)

dt

>

∫ R

R−η

ϕ−1
(
ϕ
(
b/η
))

dt = b.

Hence, the condition (i) of Lemma 2 is satisfied.
Step 3. We show that the condition (iii) of Lemma 2 holds. Notice that

for all v ∈ P−(β, b, c), we have −c ≤ v(r) ≤ −b for r ∈ [0, R− η], and so

∥A−v∥ =

∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt

≤
∫ R

0

ϕ−1

(( N

tN−k

∫ t

0

τN−1 max
[−c,0]×[0,R]

Hk(v, τ)dτ
)1/k)

dt

≤ Rϕ−1

(
R
(

max
[−c,0]×[0,R]

Hk(v, τ)
)1/k)

.
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It follows from (4.6) and (C6), when v ∈ P−(β, b, c) with ∥A−v∥ > d, we
can obtain

β(A−v) =

∫ R

R−η

ϕ−1

(( N

tN−k

∫ t

0

τN−1Hk(v(τ), τ)dτ
)1/k)

dt

≥
∫ R

R−η

ϕ−1

(( N

tN−k

∫ R−η

0

τN−1 min
[−c,−b]×[0,R−η]

Hk(v, τ)dτ
)1/k)

dt

≥
∫ R

R−η

ϕ−1

(( (R− η)N

RN−k
min

[−c,−b]×[0,R−η]
Hk(v, τ)

)1/k)
dt

≥ ηϕ−1

((
Rkϕk

(
Rb

ηd

)
max

[−c,0]×[0,R]
Hk(v, τ)

)1/k)
≥ η

Rb

ηd
ϕ−1

(
R
(

max
[−c,0]×[0,R]

Hk(v, τ)
)1/k)

≥ b

d
∥A−v∥ > b.

In summary, all the conditions of Lemma 2 are satified. Thus, the prob-
lem (4.1) has at least three negative solutions v4, v5, v6 satisfying (4.8). This
completes the proof of the theorem. ⊓⊔

Remark 5. Let k be an even number. Assume that there exist constants b, d
and η with 0 < b < η

Rd < d < R such that all the conditions in Theorem 6

hold, except that (C3) and (C4) are replaced by

(C
′
3) lim

v→0
max

r∈[0,R]

Hk(v,r)

ϕk(v/R)
< 1

Rk ;

(C
′
4) lim

|v|→R−
max

r∈[0,R]

Hk(v,r)

ϕk(v/R)
< 1

Rk .

Then, the conclusion of Theorem 6 is still true.

Remark 6. In Theorem 6, the hypothesis condition (C6) is unnecessary provided
d = c.

Remark 7. If (−1)kHk(v, r) ≥ 0 for all (v, r) ∈ (−R,R) × [0, R] in problem
(4.1), the three positive solutions of Theorem 6 are nonnegative and the three
negative solutions of Theorem 6 are nonpositive.

5 Some examples

In this section, we demonstrate the importance of our results through some
illustrative examples.

Example 1. Consider the nonlinear singular problem with the prescribed k-th
mean curvature operator in Minkowski space{

(Mkv)(r) = (−1)k
(

a
rα1 (R−r)β1vp + bvq

rα2 (R−r)β2
+ c

rα3 (R−r)β3

)
, r ∈ (0, R),

v′(0) = 0, v(R) = 0,
(5.1)
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where 1 ≤ k ≤ N , a > 0, b, c ≥ 0, p, q > 0 and αi, βi ∈ [0, 1), i = 1, 2, 3.
The following is divided into two cases to discuss.
Case 1. k is an odd number. We define

Hk(v, r) = − a

rα1(R− r)β1 |v|p
− b|v|q

rα2(R− r)β2
− c

rα3(R− r)β3

for (v, r) ∈ ((−∞, 0) ∪ (0,+∞)) × (0, R). We consider the following modified
singular problem{

1
NrN−1

(
rN−kϕk(v′)

)′
= Hk(v, r), r ∈ (0, R),

v′(0) = 0, v(R) = 0.
(5.1∗)

It’s not difficult to verify that for all δ ∈ (0, R),∫ R

0

max
δ≤v≤R

|Hk(v, r)|dr < +∞.

Thus, from Theorem 1, the modified problem (5.1∗) has at least one positive
solution. This implies that the problem (5.1) has at least one positive solution.

Note that the model (5.1) take the model examples in [25, 26] as special
cases when k = 1.

Case 2. k is an even number and p, q are even. Let

Hk(v, r) =
a

rα1(R− r)β1vp
+

bvq

rα2(R− r)β2
+

c

rα3(R− r)β3

for (v, r) ∈ ((−∞, 0) ∪ (0,+∞))× (0, R). Similar to Case 1, we can show that
for all δ ∈ (0, R), ∫ R

0

max
δ≤|v|≤R

Hk(v, r)dr < +∞.

Therefore, from Theorem 3, there exist at least two solutions to problem (5.1),
one of which is positive and the other is negative.

Example 2. Consider the nonlinear singular problem with the prescribed k-th
mean curvature operator in Minkowski space{

(Mkv)(r) = − a
rα1 (R−r)β1vp − b

rα2 (R−r)β2
, r ∈ (0, R),

v′(0) = 0, v(R) = 0,
(5.2)

where 1 ≤ k ≤ N is an odd number, a > 0, b ≥ 0, p > 0 and αi, βi ∈ [0, 1),
i = 1, 2.

Let

Hk(v, r) = − a

rα1(R− r)β1 |v|p
− b

rα2(R− r)β2

for (v, r) ∈ ((−∞, 0) ∪ (0,+∞)) × (0, R). Considering the following modified
singular problem{

1
NrN−1

(
rN−kϕk(v′)

)′
= Hk(v, r), r ∈ (0, R),

v′(0) = 0, v(R) = 0.
(5.2∗)
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It is easy to verify that for all δ ∈ (0, R), we have∫ R

0

max
δ≤v≤R

|Hk(v, r)|dr < +∞.

Furthermore, it is easy to see that for fixed r ∈ (0, R), Hk(v, r) is nondecreasing
with respect to v ∈ (0, R), and thus by Theorem 2, there exists a unique
positive solution to modified problem (5.2∗). Therefore, problem (5.2) has a
unique positive solution.

Example 3. Consider the nonlinear singular problem with the prescribed k-th
mean curvature operator in Minkowski space (Mkv)(r) =

aλ
− 1

vp

rα1 (R−r)β1
+ bvq

rα2 (R−r)β2
+ c

rα3 (R−r)β3
, r ∈ (0, R),

v′(0) = 0, v(R) = 0,
(5.3)

where 1 ≤ k ≤ N is an even number, λ > 1, a > 0, b, c ≥ 0, p, q are two even
numbers and αi, βi ∈ [0, 1), i = 1, 2, 3.

Let

Hk(v, r) =
aλ− 1

vp

rα1(R− r)β1
+

bvq

rα2(R− r)β2
+

c

rα3(R− r)β3

for (v, r) ∈ ((−∞, 0) ∪ (0,+∞))× (0, R). Then for all δ ∈ (0, R), we have∫ R

0

max
δ≤|v|≤R

Hk(v, r)dr < +∞.

Meanwhile, for each fixed r ∈ (0, R), Hk(v, r) is nondecreasing with respect to
v ∈ (0, R) and nonincreasing with respect to v ∈ (−R, 0). Thus by Theorem 4,
the problem (5.3) has a unique positive solution and a unique negative solution.

Example 4. Consider the nonlinear singular problem with the prescribed k-th
mean curvature operator in Minkowski space{

(Mkv)(r) = (−1)k λµ(r)vp

(R−v)q , r ∈ (0, R),

v′(0) = 0, v(R) = 0,
(5.4)

where 1 ≤ k ≤ N , p > k, µ(·) ∈ C([0, R], (0,+∞)), λ > 0 and 0 < q < k/2.
The following is divided into two cases to discuss.
Case 1. k is an odd number. We select b, η ∈ (0, R) with b < η. Let

Hk(v, r) = −λµ(r)|v|p

(R− v)q
, (v, r) ∈ (−R,R)× [0, R].

A simple computation leads that

lim
v→0+

max
r∈[0,R]

|Hk(v, r)|
ϕk
(
v/R

) = 0 and lim
v→R−

max
r∈[0,R]

|Hk(v, r)|
ϕk
(
v/R

) = 0.
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So we can choose a ∈ (0, b) and c = d ∈ (b, R) with Rb < ηc such that (C3)

and (C4) hold. Let Λ = RN−k(R−b)qϕk(b/η)
Mbp(R−η)N

, where M = maxr∈[0,R] µ(r). Then

for λ ≥ Λ, we have

|Hk(v, r)| ≥
RN−k(R− b)qϕk(b/η)

Mbp(R− η)N
· Mvp

(R− v)q

≥RN−kϕk(b/η)

(R− η)N
, ∀(v, r) ∈ [b, d]× [0, R− η].

This implies (C5) holds. Hence by Remark 2–4, when λ ≥ Λ, the modified
problem {

1
NrN−1

(
rN−kϕk(v′)

)′
= Hk(v, r), r ∈ (0, R),

v′(0) = 0, v(R) = 0

has at least three nonnegative solutions v1, v2, v3. Therefore, the problem (5.4)
has three nonnegative solutions v1, v2, v3 provided λ is sufficiently large.

Note that the problem (5.4) take the model example in [24] as special case
when k = 1.

Case 2. k is an even number and p is even. We select b, η ∈ (0, R) with
b < η. Let

Hk(v, r) =
λµ(r)vp

(R− v)q
, (v, r) ∈ (−R,R)× [0, R].

Then we can deduce that

lim
v→0

max
r∈[0,R]

Hk(v, r)

ϕk
(
v/R

) = 0 and lim
|v|→R−

max
r∈[0,R]

Hk(v, r)

ϕk
(
v/R

) = 0.

Thus, there exist a ∈ (0, b) and c = d ∈ (b, R) with Rb < ηc such that (C3) and

(C4) hold. Let Λ = RN−k(R+d)qϕk(b/η)
Mbp(R−η)N

. Then, for λ ≥ Λ, we have

Hk(v, r) ≥
RN−kϕk(b/η)

(R− η)N
, ∀(v, r) ∈ ([−d,−b] ∪ [b, d])× [0, R− η].

This shows that (C5) holds. It follows from Remarks 5–7 that the problem
(5.4) has at least three nonnegative solutions and three nonpositive solutions
provided λ is sufficiently large.
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