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1 Introduction

Let 2 be a bounded domain in RY (N > 2) with smooth boundary 9£2. We
consider the following nonlinear elliptic systems of the form

—Apzyu = |u|°‘(””)*2u + )\‘g—f(x,u,v), in £,
—Ayzyv = |v|#®) =2y 4 )\%—f(x, u,v), in £2, (1.1)
u=0, v=0, on 02,

where ) is a positive parameter and «, 3,p, q : 2 — R are Lipschitz continuous
functions verifying

1 < p :=infp(z) < pTi=supp(z)<N, 1< ¢ :=infq(r)<q":=supq(z)<N,
2 7] 2 7]
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1 < () < (@) =N]fojil)7 12660 < ¢ (0) =ik, vae g
Apy={z e 2, ax)=p (@)} #£0, A={rec R, Bx)=q"()}#0.

We designate by (‘g—i,%—f) the gradient of the potential F : 2 x R2 — R and
Aryu = div (|Vu|"~=2Vu) is the so-called r(.)-Laplacian operator.

Recently, elliptic equations involving variable exponents with non-standard
growth conditions have been developed very markedly in last decade due to
the fact that they have arisen in the mathematical modeling of various physical
processes, as in nonlinear elasticity theory, electrorheological fluids dynamics
and image restorations. Such problems have attracted an increasing attention
and many results have been obtained by several authors. We would mention to
(13], [4], [16], [19], [20], [26], [30], [31]) and survey papers ( [8], [10], [14], [21]
(24], [27], [29]) for the advances and references in this area.

In particular, it’s well known that the class of quasilinear elliptic problems
with constant critical exponents in bounded or unbounded domain occupies a
considerable place in the literature, which was discussed for the first time in
the seminal paper [7] by Brezis-Nirenberg. Afterward, Lions [25] established
the concentration-compactness principle in the limit case in the calculus of
variation and it became one of the main techniques played an important role in
order to deal with such issues. Several results have been obtained by variational
methods, thus, it would be interesting to refer the reader to some works for
gradient type in the constant exponent case.

Djellit and Tas [11] established the existence of nontrivial weak solutions
for the systems

—Apu = f()|ul?” 2w+ AFy(2,u,v), nRY,
—Agv = g(@)[v|” "0+ AP, (z,u,0), RV,
u,v = 0, as |z| — oo,

for all A € (0, \1) by using Lions’s principe with mountain pass theorem. Here
A1 is the first eigenvalue of the system

—Apu = AF,(z,u,v), inRY,
—Agv = AF,(z,u,v), inRY,
u,v =0, as |z| = oo,u >0, v>0.

Martinez and Rossi [6] inspected in detail the following system on bounded
set of RV with nonlinear coupling at the boundary

—Apu = |u|P~?u,

—Agv = |v]17 %0,

|u‘p 2“’33 = Fu(xvuvv)a |,U|q ? gv = Fv(xauvv)'
They proved the existence of positive solutions under suitable assumptions on
the potential F' based on variational arguments. The authors examined the
subcritical, resonant and critical growth on F'. Knowing that this contribution
comes within the generalization results described on [1] and [2].
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In a natural way, Lions’s principle is generalized to the variable exponents
setting by Bonder and Silva in [5], and they proved an existence result to the
following equation

_Ap(m)u — |U|Q(a:)—2u + )\(!E)|U|T(m)_2u, in 2,

where {x €N, qlx)=p" (J;)} £ (), 2 is a bounded smooth domain in RY and
r(xz) < p(x) — 0, q(x) < p*(x). Moreover, Silva in [28], considered the following
critical equation

—Ap(ayu = [u 1O 4 A f (2, ), in 2,

with {z € 2, g(z) =p"(2)} # 0. Applying variational method with the above
principle, the author proved the existence of three nontrivial solutions.

On the other hand, Fu in [18] established comparable results on the concen-
tration-compactness principle in WLP(:”)(.Q) and discuss existence results for
p(z)-Laplacian equation involving critical exponents

—Apyu+ Mul?® =2y = f(z,u) + h(z)|ulP” @24,  in RV,

Shortly afterward, Zhang and Fu modify the principle of concentration-
compactness in W@ (RYN) by proving typical Sobolev inequalities (see [32]).
Then, by using variational method, they obtained the existence of weak solu-
tions for the following critical equation

*Ap(x)'ur + |’U,|q(z)72u = |u|p* (2)72u + h(l}), in RN,

when the perturbation is small enough.

Our objective in this article is to study the existence of nontrivial weak
solutions for system (1.1). Precisely, following the same ideas introduced in [2],
[6] and [11], we overcome the difficulties caused by the lack of compactness in
Sobolev embedding using a variant of concentration-compactness principle on
variable exponents Sobolev spaces and mountain pass theorem.

The rest of this paper is organized as follows: in Section 2, we recall some
definitions and basic properties on variable exponents spaces. Section 3 is
devoted to the proof of the main results.

2 Preliminary results and hypotheses

It’s well-known that the generalized Lebesgue-Sobolev spaces practically enjoy
the same Sobolev spaces properties. Unfortunately, convolution and translation
properties doesn’t hold, (see [9], [13], [15], [17]).
Set

Cy(2)={heC(Q);h(x)>1, Vzel}.

For p € Cy(12), let LP(®)(£2) be the collection of all functions u : 2 ¢ RY — R,
such that

o(u) = / (@) P@ e < +oo,
(9]
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equipped with the Luxemburg norm
ullp) = |u|Lp(m>(Q) = inf{/\ >0: p(u(x)/N) < 1}.

We denote by Lp,(x)(Q) the Lebesgue dual space, ie. p (z) = % . The

variable exponent Sobolev space WP(#) () is defined by
WP () = {u QCRY SR ue LPO(0Q), |Vl € Lp<w>(n)},
endowed with the usual norm
lullipe) = lullp@) + 1Vullp@)-

The space Wol’p(m)(ﬂ) is defined as the closure of C§°(2) with respect to
the norm [|uly p(z). In this way, LP(®)(£2), WLP(®)(02) and Wol’p(w)(ﬂ) are
separable and reflexive Banach spaces ( [13], [17]).

Proposition 1. ( [13], [17]) For u € LP@)(2) and v € Lp,(g”)(Q), we have the

Holder’s inequality

/ |uv|dz < ( + > Ulp@) V] () < 2ulp@) V] @)
Proposition 2. ( [13], [17]) If u € LP®) (), then

. - +
mlﬂ{\uﬁ(z), |u|g(x)} < o(u) < max{\u|p(x), |u| (x)}
In addition, we have

L |ulpzy < L(resp. =1,> 1) & o(u) < 1(resp. = 1,> 1),

2. fulpay < 1= [uf?,) < o(w) < [ull,),

3. |u‘p (z) > 1= |u|p(m = Q( ) < |u|p(m
4.0/ w ) =1.

Proposition 3. ( [13], [15]) Let p(x) and q(x) be measurable functions such
that p(x) € L>®(2) and 1 < p(x)q(z) < oo a.e. in 2. Ifu € LI®)(02), u # 0.
Then ~ .

\U|p(w)q(w) > 1= |u|p(w)q(;v) <[[u? T)|q(x < ‘ulp(x)q($)

In particular, if p(x) = p is a constant, then || u [P]4)=| u \pq(z)
Proposition 4. ( [13], [15]) If u,u, € LP®)(2), n=1,2,..., then the follow-
ing statements are mutually equivalent

Math. Model. Anal., 23(4):596-610, 2018.
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1 1imy, o0 | Un — U [p()= 0,
2. lim,, 00 0(uy, — u) =0,
3. uy, — u in measure in 2 and lim,— o(u,) = o(u).

Proposition 5. ( [13], [15]) If p(z) : 2 — R is Lipschitz-continuous function,

then there exists a positive constant ¢ such that
1,
[ullpe () < ellullp@), Yue WP ().

Proposition 6. ( [9], [17]) Let p,q € C(£2) be such that 1 < g(x) < p*(x) for
all x € 2. Assume moreover that the function p and q are log-Hélder continu-
ous. Then the embedding WP () «— LI®) () is continuous. Moreover, if
inf (p* — q) > 0 then, the embedding W'P®)(02) — L1 () is compact.

Q

Proposition 7. ( [9], [17]) There is a constant C > 0 such that
[ullpey < ClIVUll ey, Ffor all u e Wy (02).

||u\|p($) = ||Vu||p($) and ||uH1,p($) are equivalent norms on Wol’p(w)(()).

The main tool used to prove the existence results is mountain pass theorem.
Nevertheless, the lack of compactness in critical generalized Sobolev embedding
leads to convergence problem. Fortunately unbounded Section 3, the technical
used here is the following principle of concentration-compactness in W1(#) (2)
established in [5].

Proposition 8. Let p(x) and q(x) be two Lipschitz continuous functions such
that
Il<infp<supp< N and 1<g(x)<p*(x) inl2
9] ol

Let {un}, oy be a weakly convergent sequence in Wol’p(z)(ﬂ) with weak limit u,
and such that

|Vun|p(gﬂ) — u (weakly in sense of measures),
[un|1®) — v (weakly in sense of measures).

Assume moreover that A, = {x € 2, q(x) = p*(x)} is nonempty. Then for
some countable index set J, we have

v = |ulf® + Zz/jéxj, v; >0, p>|Vulf® 4 Zujdm]., pj >0,
jed JjeJ

1 1
Spv) N <pt Ve

Here 0., is the Dirac measure at x;, {x;} C Ap, {p;},{v;} CJ0,+ool and S,
is the best constant in the Gagliardo-Nirenberg-Sobolev inequality for variable
exponents corresponding to the embedding W P®) () — L) (), namely

S, = S(p(a). a(x). 2) = IVl -, g,

wewr ™ () l[ullg()
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We denote X the product space Wol’p(z)(ﬂ) X Wol’q(m)(ﬂ) endowed with

the norm
[[(w, V) llp(),q(z) = max{ | Vullpa), [VVllg@)}-
For every (u,v) in X, let

R B Cop Lo gy
Suo) = [ ovur e [ v
K(u,v) = /(ZF(x,u(m),v(x))dx,

1

L) = [ bl e [ s
I,\(u,v) = J(u’ U) - L(u7 U) - )\K(U,’U), VA > 0.

In order to guarantee that the functional I satisfies the topological hypoth-
esis and the geometric assumptions of mountain pass theorem (see [22] or [23]),
we suppose that

(H1) The nonlinearity F € C* (RN x R% R*) and satisfied F(z,0,0) = 0.

(H2) There exists positive functions a;, b;, (i = 1,2) such that

oF -

S u,0)| < (@) ul?t 4 g,
F —

Z (x,u, 11)‘ < by(z)|ul T+ b2(55)|v|q1+71

where 1 < p1(x),q1(z) < inf(p(zx),q(x)), for all x € 2. The weight functions
a; and b;, (i = 1,2) belong respectively to the generalized Lebesgue spaces
L@ (§2) and L7*)(£2), where

q(z)

 p(=) - p*(z)g*(x)
ar(z) = ————, o(z) = w1

p(z) -1’ p*(2)q*(z) — p*(z) — q*(x
(H3) I3 M >0,3 6, € (ph,a7),3 02 € (¢F,57), for all (z,u,v) € (£2,R?)
where |u|, |v|% > M

7 as(z) =

v OF

r
<i7
0 < F(z,u,v) 7 u(x,u v) + 9 v (

Z, U, V).

(H4) 3 ¢ > 0 such that
|F (@, u,0)| < e(ju] ) + o 20), ¥ (2,u,0) € (2,R?),

where 71,726 C (2, pt<ri<rf<a <aT and ¢t<ry <rf< < BT
An example of such functions is F(x,u,v) = a(x)|u["® |v]°®) where v(z),
§(z) > 1 and a € LY@ () N L>®() is positive with

P (z)q" (x) ¥z) z) o alw) | @)
p*(x)q* (x)—=v(x)q* (x)=0(x)p*(x)" p(x) q(z) = " p*(z) ¢*(2)
It is easy to check that (1) holds, Young’s inequality gives (7—[2) and (Ha).
Moreover; (H3) holds if the functions v and ¢ are such that - + 92 > 1.

0(x)=

Math. Model. Anal., 23(4):596-610, 2018.
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Notice that under the above assumptions I, is well defined and is of class
C(X,R). Moreover, for all (u,v), (p,1) € X

I;(u,v)(go,z/;):/ |Vu\p(1)_2Vqu0dx+/ V0|12V ipda
2 2
—/ \u|0‘($)_2u<pdx—/ [o|P @)~ 2ipda
2 2

oF or
_ )\/Q %(1‘7u’v)(pd$* )\/‘Q %(x,u,v)@/}dz, YA > 0.

The dual space X is denoted by X* and ||.||. stands its norm. Hence, weak
solutions of the system (1.1) are exactly critical points of the functional T.
Now, we can state the following existence result.

Theorem 1. If the hypotheses (H1)—(Ha4) are satisfied, then there exists a con-
stant A > 0 such that, if X > X, the problem (1.1) has at least one weak solution
mn X.

3 Main results

We need some lemmas to prove the main theorem.

Lemma 1. Under the assumptions (H1) and (Hz), the functional K is well
defined, lower weakly semicontinuous and it is of class C' in X. Moreover, the
operator K is compact from X to X*.

The proof of the above Lemma follows the same arguments as in [12].

Lemma 2. Let (uy,v,)CX be a Palais-Smale sequence for the Euler-Lagrange
functional I, then under hypothesis (Hs), (un,vy,) is bounded.

Proof. Let (un,v,) C X be a Palais-Smale sequence, we have

Iy (. 0) — / [\Vunv’(ﬁ”) B |y, | ) N |V, |1®) B vy, |2 ()
AT T o p(a) a(z) q(z) B(x)

— AF (2, Up,v,)]dx = C + o(1).

On the other hand
B, 0a)08) = [ [Vua P 290, Voo + [ 90,1725, Fds
e 19)
—/ |un|o‘(z)_2ung0dac—/ |vn|ﬁ(z)_2vnwdx
0 0

OF oF
— )\/Q %(x,umvn)@dﬂ? - A/ %(xa“nvvn)wdx =o(1).

]
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Then

/ Uy Un 1 1
D(up,vn) — Iy (Up, vy > —
A( ) )\( )<91 02) <p+ 91)

/ |V, |P@ da + (1 - ;) / Vv, 1) da:
( - ) / |t | @) da: + ( - ) / [ [P @) dz

Un F n OF
—|—)\/ hd 8 (2, Uy ) (X, Upy,, V) + — vn 0 — F(z,up,v,)| dz.
92 8v

Using (H3), we get

’ Up Up
I)\(Un,’l)n) - IA(unyvn)(?la g)

1 1 1
> <p+—>/ |V [P dae + <q+ 9>/ Vo, |7 da.

Proposition 2 gives us

/ Uy Up 1 1
(s ) = Ty ) (5 52 ) = (5 = ) minhun 7 unl . y)
1

1 . + -
+ (qj B 072) mm(””ﬂ”?,q(@’ on] Ll]’q(m))’
thus

1 1 + -
; p P
€+ o) 2 (5 = g ) min(lun )

1 1 +
I : q q—
T (q+ 92) min (”“"”qu H“H”Lq(m)) :

Now, without loss of generality, we have may ||un |1 pz) > [[vnll1,q)- There-
fore, for n large enough, we get

1 1 . Pt p—
0+ of1) 2 (= o Jmin (1ol Tl )

1 1 9=
+ qi-l,- — 92 min (annl q(zx)? an”l,q(x)) ’

hence, (uy,,v,) is bounded in X. O

Lemma 3. Let (uy,vn),cy C X be a Palais-Smale sequence with energy level
C,if
) 1 1 1 1
C< mf((}; - ai)sévv (qTr - BT)S(J,V)’

then there exists a subsequence strongly convergent in X. S, and Sy are the
best Sobolev constants corresponding to the embedding WP@) () — L*@) (1),
Wha@) () < LA@) () respectively.

Math. Model. Anal., 23(4):596-610, 2018.
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Proof. By Lemma 2 (uy, V), cy is bounded in X, passing to a subsequence,
still denoted by (un,vn), cn Weakly convergent in X, then there exists positive
and bounded measures p, v, 1, 7 in {2 such that

‘vun|p(x) — U, |Un|a(z) — v,

(respectively |Vuv,|?®) — [, |v,|?®) — 7). Hence by Proposition 8, if J = ()
then u,, — u in L*®)(£2). Let us show that if

, 1 1\ .y /1 1Y\ _.n
C<mf(<zﬁa‘)sp’<q+ﬁ‘)s">’

and (un,vn), oy is a Palais-Smale sequence with energy level C' then J = 0
(respectively J = ()). Suppose that J # 0, for any j € J, let ¢; . € C§°(Bac(x;))
such that 0 < ¢ < 1, |V, .| < C/e and ¢;. =1 on B(xj,¢e). Substitute ¢ for
¢j.ctty and 1 for 0 in I (un,v,) (@, ) and using the fact that I (un,v,) — 0
in X*, we obtain

n—oo

lim / |Vun|P =2V, Vo, cu,de = lim [ / — |V, |P® ¢ da
0 n—oo 0

oF
—l—/ |un|a(m)¢j’€dx—|—/\/ —(%un,vn)qu’gundx}.
0 0 8’U

Because of the compactness of %—5 and Proposition 8 we get

n— oo

lim / V[P 2V, Vo cunda
2

'3
— [ ~bjedut tim Oty vn) s + [ djetv. 3
n ou I?)

n—oo 0

By Holder’s inequality, it is easy to check that
lim \Vun|p(x)72VunV¢j7Eundx =0, as n — +oo.
e—0 N

Indeed,

lim ‘/ |Vun\P(z)—2VunV¢j,gundx Slimsup/ |vun|p(m)—1
v 2

n— oo n—0

X ‘ v¢j,eun | dr < 21121_8)})11) | |Vun\p($)_1 |p/(a:)| V¢j75un |p(r) .

Since (uy,) is bounded, the real-valued sequence ||V, [P(*)~! ‘p,(x) is also boun-
ded. In view of Proposition 2, it suffices to write

T | 7 < (Va7 = / V[P de < [V, 6,5 =+ or — .
2
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Moreover (u,) is bounded in W'(®)(By,(z,)), then there exists a subsequence
denoted again (u,) weakly convergente to u in LP(®)(By.(z;)). Hence

lim | /Q IVt [P =2V, Vs cundi |< ¢ | Vo ot |y

n—oo

2 Boe (a;)

pa;)

s (=), p(x)
< QCllrgljélpHV@,s\ |(7Pp(g>)’,32s(mj) | ul

%7325(%)

ot «  p(@) (@)
= 2clugljgp|\v¢g,e\p | 2 By | [l ]

and

L Ve )& < [ v,
Bae(x;) Boc ()
< (C/E)Nmeas(Bgs(xj)) = (4" /N) wy,

Ndx

where wy is the surface area of an N-dimensional unit sphere. Since

p* ()
S8t (|u|p(x)) " dz — 0, as £ — 0, we obtain |Vé; cul
=(Zj
implies

ooy — 0, which

lim/ \Vun|p(£)_2VunV¢j75und:r =0, as n — +oo.
e—=0 Jo
Similarly, we can also get

. F
ilg% , a—u(x, Up, V) Pj ctundr =0, as n — +oo.

Indeed, using Holder’s inequality with (#2) and since 0 < ¢, . < 1 we obtain

. oF . -_
7lllg}) Q%(x,un,vn)d)j,gundxS}}L%/Q(al(xﬂuﬂpl !

+ a2 (@) a7 1) 6 cttnde < Tim (ja (@), [lunl?
n—0 1

' 1eseul,

+t_
+ laz(2)|gl[on " 7

" |@j,.etin p*) < hm(|al(x)|a1||Un|p;71|p*‘un|p7325
n—0

+_
+ laz (@) g lvn " 7

¢ [tnlp,Bs. )

The above propositions yield

p;Bae

. OF . |
limy [ Gt 00)6 ctnde < i (s o [l

pi—1
+ laz|g||vn] .0 |[tn|lp;Bs. )
. -1 -1
< i (lar o, ol [+ Jaal ol 25 oy,

and this last goes to zero because of

1 1
|a1]o, [unl o + lazl [oa] glg < +o0.

Math. Model. Anal., 23(4):596-610, 2018.
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Thus, it follows from (3.1) that p; = v; for any j € J. Using again Proposition
8, we conclude that v; > S’Z])V . Consequently

[ lunl*@dos [ vz [ @darsY Y b, > [l doss) Cards
(9 2 2 jed (9

If Card J = oo, we get a contradiction.
On the other hand, we have

' Up 1
Iy (un,vn) — I (tn, vp) [ —, — :/ —Vun p("L)d:c+/ Vo, |1®) dg
)\( ) /\( )(p+ q+) _Qp( )| ‘ (I)' |
1

1
_/ 7‘“n|a(1)dx_/ v, [P dz — /AF(x Up, U )dx
2 Bz)
/ |Vu ‘P(x)d:p —/ |V’U ‘q(x)dl‘—i-f/ ‘un‘a(ac)dx
- B(x) AN or A or
+q+/!2|vn‘ dx+p+/!2 au (x;un)vn)undfﬁ"‘q_’_/{? 8’[} (x,un,vn)vndx
27/ |Vun|:0($)dx+—+/ |V’Un|q(gﬂ)dx——_/ ‘Un|a(w)d.’£
" Jo
_/ —‘v |B(w)dx—/ )\F(x Un»'Un 7/ ‘Vun|p(z

——/ [V, |q<x)dx+—/ |un|a(*)dm+—/ |, [P@)

F
+— pe / 9 — (@, Un, vp)updx + q+/ gv (@, Up, v )Vpd,
hence
1 1 1 1
C> (7 _ 7) a(@) g (7 _ 7) Bx) g
T\pt o Q'un| v at B/ Ja o !

When n — oo we obtain

C> pj—a— /|u|a w)dx+2uj M) (qj_[a%)( r\U|ﬁ(r>dx+z;ﬁj<5xj),

jedJ
but, v; > 51]7\7 (and 7; > Sév)
c>(ifi)(/ @) da SN Card))+(— — L) /|v|ﬁ<x da+SY Card]).
Tt oam g b gt B

Suppose that J U .J # () and thus

C> 1nf((p—+ - ai)sj,v, (q% - B%)S;V),

1
C’Z(pTr

1

1 1 _
([ Jul e + 8 Cara )+ (=) | Pl dot s Cardd),
(9] (9}
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, 1 Iyan, 1 1.
Therefore, if C' < inf((pi+ - )SN, (q% - ﬂ%)SéV), the set J U J is empty,
which means that ||un|la@) = [tlla@) and [|vnllg@) = [|v]lgm). Taking this

together with the fact that (un,v,) = (u,v) in X, we have u,, — u strongly in
L@ (§2) and v,, — v strongly in LA (). On the other hand

’ ’

(J () = T (Ui 0)) (U = U, 0) = (I (Ui, V1)
- I;\(umvvm))(un - um,O) + A(K, (Um ”n) - K, (Um, ”m))(un — Um, 0))
+ (L (tn, vn) — L (thm, vm)) (i — tim, 0)),
thus I’ (tn,vy) — 0, i.e I (un,vy) is a Cauchy sequence in X*. Moreover, by

Holder’s inequality

’ ’

(L (tn,vn) = L (U, V) (Un — Um, 0))
= /(‘un|a(x)*2un - |um|a(x)*2um)(un — up)d

< ] * O P — | P || e
L o(@)

) (Q)H Un — Um ||La<z>(n) .

Since (u,) is a Cauchy sequence in L*(®)(£2), L (tn,vy,) is a Cauchy sequence
in X*. The compactness of K gives

(U, vp) = (u,v) = Kl(un,vn) — K/(u,v),

i.e. K (un,vy,) is a Cauchy sequence in X*.
Therefore, according to the elementary inequalities
A —p P
(A P2 A= P72 ). (A = o), if p(z) > 2,
_ 2)— p(z)
SQUAPOZ2 A= PO2 ) (A= )] (A = [ |
if 1<p(x)<2,

p(x)(2—p(x))
) 3

)

VA, € RY, where . denote the standard inner product in RY. Replacing A
and p by Vu, and Vu,, respectively and integrating over {2, we obtain

’

[t =t [P < (T (s 0n) = J (s Um)) (U — U, 0)|,  if p(x) > 2,
and if 1 < p(z) < 2, we get

[ =t ||I* < | (J/(unavn) - J/(um»vm))(un = U, 0) |

< (Il un 17,

- p(2—p1)
Lo — Twm 17 py)

Taking into account the fact that (u,) is bounded in W1P(®)(§2)

’ ’

(J (Unyvn) — J (Umy V) (U, — U, 0) = 0, as n,m — oo,

Math. Model. Anal., 23(4):596-610, 2018.
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we find that (u,) is a Cauchy sequence in W1P()(§2). We proceed similarly
for (vy,) with (J (un,vn) — J (Um,0m)) (0, vy —vp,). O

Now we are in position to prove Theorem 1.

Proof. The proof is an immediate consequence of the mountain pass theorem,
Lemma 2 and Lemma 3. Precisely, it suffices to verify that I has the mountain-
pass geometry and that I (tu, tv) < 0 for some ¢ > 0. About the later condition,
we have

1
Iy(u,v) = /7)|Vu|p(I)dx+/ ﬁ|vv‘q w)dx_/0m|u|a(w)dx

/ 3 |v\5 Py — /Fx u(zx),v(x))de.

Then, because of [, F(x,u(z),v(x))dx > 0, it’s clear that for
(w,w) € X/{(0,0)} and any t > 1

~ 1
I(tw, tw) < tp+/ p(z )Ww|p(x)dx+tq / (m)|VW|Q(x)dx
2

“ o ], g

which tends to —co as t — +oo since a~ > pT and 8~ > ¢
On the other hand, for ||(u,v)|| = R is small enough and from (H4), we get

1 o 1
I(u,v) > |VU|LP<I |VU|Lq<x - CT_|U|La(z> - BT|U|LB<J:)
- )‘|U|L1m<z> - )‘|U|L2r2<z>
1 q c o
> EIIUlllp(w + q¢||vH1,q(w) = = lullfpa) — 5 ol @)
- /\C”“H?p(x) - ACHUH;?,,(@
C a~ r;
( | ||1,,(1) oo lullf ) = Acliully )
c ry
+ 0l ) = =01y = Aelol )

So, it is easy to check that ¢g;(R) > a > 0, i = 1,2, where

gi(t) = Ht7" — =107 — Aet™
m(t) = ot — P et

since 7, ,a~ > p* and ry, 8~ > ¢t. That means the existence of an element
(ug,vo) of X such that Iy(ug,vg) < 0. Consequentely, the critical value is

C:=inf sup [ ,
inf, sup A(€(1))
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where

I'={¢:]0,1] = X; continuous and £(0) = (0,0),£(1) = (ug,vo)}-

That concludes the proof. 0O
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