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1 Introduction

Recently, the fractional differential equations (FDE)s have developed as an ex-
citing and widely appreciated research subject. Various research papers are
referring to FDEs and inclusions with vary boundary conditions published in
the literature [9, 10, 11], for instance, studied qualitative results of fractional
pantograph problem involving the Caputo-Hadamard derivatives with Dirich-
let boundary conditions [21]. Moreover, authors discussed extensively sev-
eral non-local (FO)s (fractional operators) with applications on FDEs [19, 30].
Additionally, the fixed point theorems have played key roles in the study
FDEs [2, 15,16,17].

In 2016. Atangana and Baleanu [7] defined a novel FO of non-singular ker-
nel includes Mittag-Leffler function in the Caputo sense, which so-called ABC-
FO. Recently, these operators attracted the interest of several researchers to
consider many problems under these operators. For example, the works [29],
established qualitative properties of ABC-fractional hybrid system and ther-
mostat dynamics model by utilizing FPTs. The fractional calculus offers a
powerful tool for modeling complex biological systems. Kucche and Sutar [14],
calculated approximations for the ABC-fractional derivative at the extreme po-
sitions. Also, the same authors studied hybrid fractional differential equations
via the ABC-fractional derivative [25].

The pantograph is a tool utilized to collect electricity from overhead wires
on electric trains. The pantograph problem is a differential problem endowed
by delay. The pantograph equation (PE) has several applications in various
areas, such as applied and pure mathematics, physics, probability, electrody-
namics, quantum mechanics, control systems, and number theory. Recently,
there has been increasing interest in the study of various PEs, such as the
implicit pantograph system [3,26], sequential PE [13], integro-differential pan-
tograph problem of variable fractional order [24], and the pantograph boundary
value problems considered in these papers [6] and references cited therein. Fur-
thermore, the HU-stability is a method for analyzing the behavior of solutions
to FDEs.

Recently, Aljoudi [5] investigated the qualitative theories for a second-order
CF− fractional order of coupled differential problems with four points boundary
conditions by the Banach and Krasnoselskii theorems:

CFDσ1
0 x(u) = Q1(u, x(u), y(u)), u ∈ J := [0, z],

CFDσ2
0 y(u) = Q2(u, x(u), y(u)), 1 < σ1, σ2 ≤ 2,

x(0) = y(0) = 0,

x(z) = λ1y(t1), y(z) = λ2x(t2), ti ∈ (0, z), λi > 0, i = 1, 2.

(1.1)

Furthermore, Boutiara et al. combined Lipschitz’s matrix with contraction
techniques in generalized metric space to investigate sufficient conditions of
solutions for a coupled (p, q)-fractional differential system [8]. Moreover, Zhao
and Jiang applied Dhage’s fixed point principle to study the existence result of
mild solutions for a coupled hybrid fractional system via ABC-FO [29]. Also
in 2022, the authors used the Leray-Schauder and Banach theorems to establish
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the qualitative results of the following couple of second-order ABC-fractional
pantograph system (FPS):

ABCDσ1
a x(u) = Q1

(
u, x(µu), y(u)

)
,

ABCDσ2
a y(u) = Q2

(
u, x(u), y(µu)

)
,

x(a) = y(a) = 0, x(z) = λ1y(t1), y(z) = λ2x(t2),

(1.2)

for u ∈ [a, z], where µ ∈ (0, 1), 1 < σi ≤ 2, ti ∈ (0, z), λi > 0, i = 1, 2 [4]. Very
recently in 2023, Shah et al. studied the qualitative theorems for a coupled
of CF-fractional system under integral boundary conditions by the Perov and
Schauder fixed point theorems (FPTs) [23]. Moreover, the extremal solutions
established via upper and lower solution techniques together with a monotone
iterative approach for the following coupled system:

CFDσ1
0 x(u) = −Q1

(
u, x(u), y(u)

)
,

CFDσ2
0 y(u) = −Q2

(
u, x(u), y(u)

)
,

x(1) =

∫ 1

0

ω1(v)y(v) dv, y(1) =

∫ 1

0

ω2(v)x(v) dv.

(1.3)

and initial condition x(0) = y(0) = 0, for u ∈ [0, 1], and 1 < σ1, σ2 ≤ 2 [23].

Motivated by the above research articles, this manuscript investigates the
existence and uniqueness theorems along with the HU stability by utilizing
Dhage and Perov FPTs as well as Lipschitz’s matrix for a hybrid ABC-FPS
subjected to hybrid integral boundary conditions which is given by:

ABCDσ1
0

[
x(u)

χ1(u,x(u),y(u))

]
+ Q1

(
u, x(u), x(µu), y(u)

)
= 0,

ABCDσ2
0

[
y(u)

χ2(u,x(u),y(u))

]
+ Q2

(
u, x(u), y(u), y(µu)

)
= 0,

x(z)
χ1(z,x(z),y(z))

=

∫ z

0

ω1

(
v, y(v)

)
dv, y(z)

χ2(z,x(z),y(z))
=

∫ z

0

ω2

(
v, x(v)

)
dv,

(1.4)
and x(0) = y(0) = 0, for u ∈ J =: [0, z], µ ∈ (0, 1), ABCDσ

0 is ABC-fractional
derivative of order σ = {σ1, σ2} ∈ (1, 2], and functions Q1, Q2 : J × R3 → R,
χi : J × R2 → R \ {0}, ωi : J × R → R, (i = 1, 2), are continuous on J . Here,
we declare that the coupled hybrid system considered in this paper is new
in the form of ABC-FPS supported by hybrid integral boundary conditions.
Moreover, our strategy is adopting Dhage’s technique to study the existence of
solutions in the space of Banach algebra. Furthermore, we combined Perov’s
approach in metric space with Lipschitz’s matrix to establish the uniqueness
and HU–stability. Additionally, the hybrid system (1.4) covers some problems
which don’t consider yet and includes several existing studies in the literature
as follows:

i) The hybrid system (1.4) becomes as problem (1.1), if we replace ABCDσi
0 by
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CFDσi
0 , and by putting χi = 1, µ = 1, and∫ z

0

ω1(v, y(v)) dv = λ1y(t1),

∫ z

0

ω2(v, x(v)) dv = λ2x(t2); (1.5)

ii) The hybrid system (1.4) coincides problem (1.2), if we take χi = 1, and
consider Equation (1.5);

iii) The hybrid system (1.4) returns to problem (1.3), if we replace ABCDσi
0

by CFDσi
0 , and by putting χi = µ = 1, and ω1(v, y(v)) = ω1(v)y(v),

ω2(v, x(v)) = ω2(v)x(v).

The rest of this work is organized as: Various essential preliminaries are sup-
plied in Section 2. Qualitative properties of solution for system (1.4) are dis-
cussed by using Dhage and Perov techniques along with Lipschitzian’s matrix
in Section 3. Furthermore, the HU stability result is established in Section 4.
Finally, one concrete example is examined to check the validity of major theo-
rems in Section 5.

2 Preliminaries

Herein, we will present various essential elementary definitions and theorems
linked to non-linear analysis and ABC-fractional calculus. Let the Banach
space C(J ) equipped with the norm ∥x∥ = supu∈J |x(u)|. Moreover, we define
a Banach algebra subject to the multiplication by (x · y)(u) = x(u) · y(u), for
x, y ∈ C(J ), u ∈ J . Let Σ = C(J ) × C(J ) be a product Banach space with
the norm ∥(x, y)∥ = ∥x∥+ ∥y∥, and can be represented as Banach algebra too.
The multiplication of two vectors of Σ is given by:

((x, y) · (x̃, ỹ))(u) = (x, y)(u) · (x̃, ỹ)(u) =
(
x(u) · x̃(u), y(u) · ỹ(u)

)
,

for each (x, y), (x̃, ỹ) ∈ Σ, and u ∈ J . Also, consider a metric d on the space Σ
given by d

(
(x, y), (x̃, ỹ)

)
=
(
∥x− x̃∥ ∥y− ỹ∥

)
. Obviously, d is a vector-valued

metric on Σ.
The ABC−derivative of fractional order σ ∈ (0, 1], for a function Z(u) ∈

L1(J ,R) is given by,(
ABCDσ

0Z
)
(u) = ℧(σ)

1−σ

∫ u

0

Eσ

(
−σ (u−v)σ

1−σ

)
Z ′(v) dv, u > 0,

where Eσ is the Mittag-Leffler function defined as

Eσ (z) =

∞∑
k=0

zk

Γ (σk+1) ,

such that Re (σ) > 0, z ∈ C, and Γ (·) is the Gamma function and ℧(σ) is
known by the normalization function admits ℧(0) = ℧(1) = 1 [7]. Note that
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the ABC−derivative convert to FCF−derivative if σ = 1 in the kernel Eσ.
Furthermore, the σth AB−integral is expressed by:(

ABIσ0Z
)
(u) = 1−σ

℧(σ)Z(u) + σ
℧(σ)

(
RIσ0Z

)
(u), u > 0,

such that RIσ0 is RL−fractional integral of order σ ∈ (0, 1], defined as,(
RIσ0Z

)
(u) =

∫ u

0

(u−v)σ−1

Γ (σ) Z(v) dv.

Definition 1. ( [1])Let Zn ∈ L1(J ,R), n < ϑ ≤ n+ 1, n ∈ N and θ = ϑ− n
Then, ABC-fractional derivative verifying,(

ABCDϑ
0Z
)
(u) =

(ABCDθ
0Z(n)

)
(u),

and the AB−fractional integral verifying
(ABIϑ0Z

)
(u) =

(
In0

ABIθ0Z
)
(u), such

that In0 is nth integral.

Lemma 1. ( [7]) For n < ϑ ≤ n+ 1, n ∈ N, the following identity holds:

ABIϑ0

(
ABCDϑ

0Z
)
(u) = Z(u) +

n∑
i=0

biu
i, bi ∈ R.

Definition 2. ( [28]) Let ϱ(D) be a spectral radius of the square matrix D, then
D tends to zero if and only if ϱ(D) < 1, that is for |Λ| < 1 and det(D−ΛI) = 0
for all Λ ∈ C and unit matrix I ∈ Dn×n(R).

Theorem 1. ( [28]) Let D be square matrix of non-negative components. Then,
the characteristics to be mentioned below are equivalent: i) Dn → 0 as n → ∞;
ii) ϱ(D) < 1; iii) the matrix (I−D) is non-singular and (I−D)−1 = I+D+. . .+
Dn+ . . .; (iv) the matrix I−D is non-singular and (I−D)−1 is a non-negative.

Definition 3. ( [20, 22]) Let (Π̌, d) be a generalized metric space, then the
operator Ψ: Π̌ → Π̌ is contractive, means that for all s, t ∈ Π̌, d

(
Ψ(s),Ψ(t)

)
≤

D d(s, t), if there is a matrix D convergence to zero.

Theorem 2. (Perov’s FPT [18, 20]) Consider (Π̌, d) is a generalized complete
metric space. If Ψ: Π̌ → Π̌ be a contractive mapping with Lipschitz’s matrix
D, then Ψ has exactly one fixed point u0, for all ∀u ∈ Π̌, and

∀k ∈ N, d
(
Ψk(u), u0

)
≤ Dk(I− D)−1 d

(
u,Ψ(u)

)
.

Theorem 3. (Dhage’s FPT [12]) Assume that Σ be a Banach algebra and D be
a bounded closed convex nonempty subset of Σ. Let two operators E1 : Σ → Σ
and E2 : D → Σ satisfy the following: (i) E1 is Lipschitz with constant X,
(ii) E2 is continuous and compact, (iii) u = E1uE2v =⇒ u ∈ D,∀v ∈ D;
(iv) XZ < 1, with Z = ∥E2(D)∥ = sup{∥E2(u)∥ : u ∈ D}. Then, the mapping
equation u = E1uE2u possesses a solution.
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3 Existence and uniqueness results

We present an equivalent equation to the hybrid ABC-FPS (1.4).

Lemma 2. For ϑ : J → R, the following hybrid ABC-fractional equation:
ABCDσ1

0

[
x(u)

χ1(u,x(u),y(u))

]
+ ϑ(u) = 0, σ1 ∈ (1, 2], (3.1)

x(0) = 0, x(z)
χ1(z,x(z),y(z))

=

∫ z

0

ω1

(
v, y(v)

)
dv,

possesses a solution formed by

x(u) = χ1

(
u, x(u), y(u)

) [ ∫ z

0

uω1

z

(
v, y(v)

)
dv − 2−σ1

℧(σ1−1)

[ ∫ u

0

ϑ(v) dv

−
∫ z

0

uϑ(v)
z dv

]
− σ1−1

℧(σ1−1)

[
(RIσ1

0 ϑ)(u)− u
z

(
RIσ1

0 ϑ
)
(z)

] ]
. (3.2)

Proof. Using ABIσ1
0 on both sides of (3.1) and using Lemma 1, one gets

x(u)

χ1(u,x(u),y(u))
= a1 + a2u−

∫ u

0

(2−σ1)ϑ(v)
℧(σ1−1) dv − σ1−1

℧(σ1−1)

(
RIσ1

0 ϑ
)
(u), (3.3)

where a1, a2 ∈ R. Then, due to the boundary condition x(0) = 0, we have
a1 = 0. So, we have

x(u)

χ1(u,x(u),y(u))
= a2u−

∫ u

0

(2−σ1)ϑ(v)
℧(σ1−1) dv − σ1−1

℧(σ1−1)

(
RIσ1

0 ϑ
)
(u).

Next, applying the second boundary condition, x(z)
χ1(z,x(z),y(z))

=
∫ z

0
ω1(v, y(v))dv,

we find∫ z

0

ω1

(
v, y(v)

)
dv = a2z−

∫ z

0

(2−σ1)ϑ(v)
℧(σ1−1) dv − σ1−1

℧(σ1−1)

(
RIσ1

0 ϑ
)
(u),

it follows

a2 =

∫ z

0

ω1(v,y(v))
z dv +

∫ z

0

(2−σ1)ϑ(v)
℧(σ1−1)z dv + σ1−1

℧(σ1−1)z

(
RIσ1

0 ϑ
)
(z).

Finally, by substituting the values of a1 and a2 in (3.3), we obtain,

x(u)

χ1(u,x(u),y(u))
=

∫ z

0

uω1(v,y(v))
z dv +

∫ z

0

u(2−σ1)ϑ(v)
℧(σ1−1)z dv + u(σ1−1)

℧(σ1−1)z

(
RIσ1

0 ϑ
)
(z)

−
∫ u

0

(2−σ1)ϑ(v)
℧(σ1−1) dv − σ1−1

℧(σ1−1) (
RIσ1

0 ϑ)(u)

= u
z

∫ z

0

ω1

(
v, y(v)

)
dv − 2−σ1

℧(σ1−1)

[∫ u

0

ϑ(v) dv −
∫ z

0

uϑ(v)
z dv

]
− σ1−1

℧(σ1−1)

[(
RIσ1

0 ϑ
)
(u)− u

z

(
RIσ1

0 ϑ
)
(z)

]
.

Hence, it follows the required Equation (3.2). ⊓⊔

Based on Lemma 2, we conclude the next important lemma.
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Lemma 3. The solution of hybrid ABC − FPS (1.4) is formed by,

x(u) = χ1(u, x(u), y(u))
(∫ z

0

uω1(v,y(v))
z dv

− 2−σ1

℧(σ1−1)

[ ∫ u

0

Q̂1;µ(v, x) dv −
∫ z

0

uQ̂1;µ(v,x)
z dv

]
− σ1−1

℧(σ1−1)

[
RIσ1

0 Q̂1;µ(u, x)− u
z
RIσ1

0 Q̂1;µ(z, x)
])

,

y(u) = χ2(u, x(u), y(u))
(∫ z

0

uω2(v,x(v))
z dv

− 2−σ2

℧(σ2−1)

[ ∫ u

0

Q̂2;µ(v, y) dv −
∫ z

0

uQ̂2;µ(v,y)
z dv

]
− σ2−1

℧(σ2−1)

[
RIσ2

0 Q̂2;µ(u, y)− u
z
RIσ2

0 Q̂2;µ(z, y)
])

,

(3.4)

with Q̂1;µ(u, x) := Q1(u, x(u), x(µu), y(u)), Q̂2;µ(u, y) := Q1(u, x(u), x(u), y(µu)).

Before establishing the qualitative theorems, we need to present the following
assumptions:

H1) There exist functions LQ1 , LQ2 , Lωi
∈ C(J ,R+) such that |ωi(u, x)| ≤

Lωi(u), |Q1(u, x, y, z)| ≤ LQ1(u), |Q2(u, x, y, z)| ≤ LQ2(u), for each x, y, z ∈
R, and u ∈ J ;

H2) There are constants Aχi
> 0, (i = 1, 2), where

|χi(u, x1, y1)− χi(u, x2, y2)| ≤ Aχi

(
|x1 − x2|+ |y1 − y2|

)
,

for each xi, yi ∈ R, and u ∈ J , (i = 1, 2);

H3) There exist functions Lχi ∈ C(J ,R+) such that |χi(u, x, y)| ≤ Lχi(u), for
each x, y ∈ R, and u ∈ J ;

H4) There exist AQ1 , AQ2 > 0, such that for each xi, x̀i ∈ R, i = 1, 2, 3, and
u ∈ J , k = 1, 2,∣∣Qk(u, x1, x2, x3)− Qk

(
u, x̀1, x̀2, x̀3

)∣∣ ≤ AQk

(∑3
i=1

∣∣xi − x̀i
∣∣);

H5) There exist Aωi
> 0, (i = 1, 2), where |ωi(u, x1)−ωi(u, x2)| ≤ Aωi

|x1−x2|,
for each xi, yi ∈ R, and u ∈ J , i = 1, 2.

For simplicity of analysis, we set

Λ1 = zL∗
ω1

+
2zL∗

Q1
(2−σ1)

|℧(σ1−1)| +
2zσ1L∗

Q1
(σ1−1)

Γ (1+σ1)|℧(σ1−1)| ,

Λ2 = zL∗
ω2

+
2zL∗

Q2
(2−σ2)

|℧(σ2−1)| +
2zσ2L∗

Q2
(σ2−1)

Γ (1+σ2)|℧(σ2−1)| , (3.5)

and for i = 1, 2, L∗
Qi

= supu∈J {LQi(u)}, L∗
ωi

= supu∈J {Lωi
(u)}, L∗

χi
=

supu∈J {Lχi
(u)}. Next, we will prove the existence theorem by employing

Dhage’s FPT.
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Theorem 4. Let the conditions (H1) and (H2) are fulfilled, and if

(Aχ1 +Aχ2) < 1, (Aχ1 +Aχ2)(Λ1 + Λ2) < 1, (3.6)

then, the hybrid ABC–FPS (1.4) admits at least one solution in Σ.

Proof. Let the ball Bρ =
{
(x, y) ∈ Σ : ∥(x, y)∥ ≤ ρ

}
, with

∥χ0
1∥Λ1 + ∥χ0

2∥Λ2 ≤ ρ[1− (Aχ1
+Aχ2

)](Λ1 + Λ2),

where ∥χ0
i ∥ = supu∈J |χi(u, 0, 0)| (i = 1, 2). Obviously, Bρ is convex, bounded,

and closed subset of Σ. Now, we define the operators E = (E1,E2) : Σ → Σ,
and F = (F1,F2) : Bρ → Σ, as follows,(

E1(x, y)
)
(u) = χ1

(
u, x(u), y(u)

)
,
(
E2(x, y)

)
(u) = χ2

(
u, x(u), y(u)

)
,

(F1

(
x, y)

)
(u) =

∫ z

0

uω1(v,y(v))
z dv − 2−σ1

℧(σ1−1)

[ ∫ u

0

Q̂1;µ(v, x) dv

− u
z

∫ z

0

Q̂1;µ(v, x) dv
]
− σ1−1

℧(σ1−1)

[
RIσ1

0 Q̂1;µ(u, x)− u
z
RIσ1

0 Q̂1;µ(z, x)
]
,

(F2(x, y))(u) =

∫ z

0

uω2(v,x(v))
z dv − 2−σ2

|℧(σ2−1)|

[ ∫ u

0

Q̂2;µ(v, y) dv

− u
z

∫ z

0

Q̂2;µ(v, y) dv
]
− σ2−1

|℧(σ2−1)|

[
RIσ2

0 Q̂2;µ(u, y)− u
z
RIσ2

0 Q̂2;µ(z, y)
]
.

Hence, the pantograph integral system (3.4) deform into the following coupled
of mapping equations

E(x, y)(u) · F(x, y)(u) = (x, y)(u). (3.7)

Thus for u ∈ J , one has

E1(x, y)(u) · F1(x, y)(u) = x(u), E2(x, y)(u) · F2(x, y)(u) = y(u).

Now, we split our proof into a sequence of procedures. Firstly, we prove that
E = (E1,E2) is Lipschitz mapping. Let (xi, yi) ∈ Σ, i = 1, 2, and by using
(H2), we find,

|E1(x1, y1)(u)− E1(x2, y2)(u)| = |χ1(u, x1(u), y1(u))− χ1(u, x2(u), y2(u))|
≤ Aχ1

(
|x1(u)− x2(u)|+ |y1(u)− y2(u)|

)
≤ Aχ1

(
∥x1 − x2∥+ ∥y1 − y2∥

)
.

Thus, for k = 1, 2,∥∥Ek(x1, x1)− Ek(x̀1, x̀2)
∥∥ ≤ Aχk

2∑
i=1

∥∥xi − x̀i
∥∥.

Now, by definition of the operator E, we have∥∥E(x1, y1)− E(x2, y2)
∥∥ =

∥∥(E1(x1, y1),E2(x1, y1)
)
−
(
E1(x2, y2),E2(x2, y2)

)∥∥
=
∥∥(E1(x1, y1)− E1(x2, y2),E2(x1, y1)− E2(x2, y2)

)∥∥
=
∥∥E1(x1, y1)− E1(x2, y2)

∥∥+ ∥∥E2(x1, y1)− E2(x2, y2)
∥∥

≤ (Aχ1
+Aχ2

)
(∥∥x1 − x2

∥∥+ ∥∥y1 − y2
∥∥) .
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In view of the condition (3.6), we have X = (Aχ1
+ Aχ2

) < 1. Hence, the
mapping E is an Lipschitzian on Σ with Lipschitz’s constant (Aχ1

+ Aχ2
).

Secondly, we prove that F = (F1,F2) : Bρ → Σ, is a continuous and compact
mapping. In order to show the continuity of F, let the sequence {(xn, yn)}n∈N
convergence to (x, y) in Bρ as n → ∞. Then, based on continuity of the
functions Q1, Q2, ω1, ω2, and by utilizing the Lebesgue-dominated convergence
theorem, we get,

lim
n→∞

F1(xn, yn)(u)=

∫ z

0

lim
n→∞

uω1(v,yn(v))
z dv− 2−σ1

℧(σ1−1)

[ ∫ u

0

lim
n→∞

Q̂1;µ(v, xn) dv

−
∫ z

0

lim
n→∞

uQ̂1;µ(v,xn)
z dv

]
− σ1−1

℧(σ1−1)

[
RIσ1

0 lim
n→∞

Q̂1;µ(u, xn)

− u
z
RIσ1

0 lim
n→∞

Q̂1;µ(z, xn)
]
= F1(x, y)(u).

Likewise, one has limn→∞ F2(xn, yn)(u) = F2(x, y)(u). Hence,

lim
n→∞

F(xn, yn)= lim
n→∞

(F1(xn, yn),F2(xn, yn))=(F1(x, y),F2(x, y))=F(x, y).

Next, we prove uniformly bounded and equicontinuous of a set F(Bρ) in Σ.
Regarding uniformly bounded, let (x, y) ∈ Bρ and by using (H1), we obtain,

|(F1(x, y))(u)| ≤
∫ z

0

uLω1
(v)

z dv + 2−σ1

|℧(σ1−1)|

[ ∫ u

0

LQ1(v) dv +

∫ z

0

uLQ1
(v)

z dv

]
+ σ1−1

|℧(σ1−1)|

[
RIσ1

0 LQ1(u)+
u
z
RIσ1

0 LQ1(z)
]
≤zL∗

ω1
+

2zL∗
Q1

(2−σ1)

|℧(σ1−1)| +
2zσ1L∗

Q1
(σ1−1)

Γ (1+σ1)|℧(σ1−1)| .

Hence, ∥F1(x, y)∥ ≤ zL∗
ω1

+
2zL∗

Q1
(2−σ1)

|℧(σ1−1)| +
2zσ1L∗

Q1
(σ1−1)

Γ (1+σ1)|℧(σ1−1)| = Λ1. Similarly,

∥F2(x, y)∥ ≤ zL∗
ω2

+
2zL∗

Q2
(2−σ2)

|℧(σ2−1)| +
2zσ2L∗

Q2
(σ2−1)

Γ (1+σ2)|℧(σ2−1)| = Λ2.

Therefore, ∥F(x, y)∥ = ∥F1(x, y)∥+ ∥F2(x, y)∥ ≤ Λ1 +Λ2 < ∞. Thus, it follows
that F is uniformly bounded mapping on Bρ. Now, we are ready to show that
F is equicontinious. For any u1, u2 ∈ J , u1 < u2, (x, y) ∈ Bρ and by using
(H1), we find,∣∣(F1(x, y))(u2)− (F1(x, y))(u1)

∣∣ ≤ ∫ z

0

(u2−u1)|ω1(v,y(v))|
z dv

+ 2−σ1

|℧(σ1−1)|

[ ∫ u2

u1

∣∣Q̂1;µ(v, x)∣∣ dv + ∫ z

0

(u2−u1)|̂Q1;µ(v,x)|
z dv

]
+ σ1−1

|℧(σ1−1)|

[ ∫ u1

0

(u2−v)σ1−1−(u1−v)σ1−1

Γ (σ1)

∣∣Q̂1;µ(v, x)∣∣dv
+

∫ u2

u1

(u2−v)σ1−1

Γ (σ1)

∣∣Q̂1;µ(v, x)∣∣dv + u2−u1

z
RIσ1

0

∣∣Q̂1;µ(z, x)∣∣]
≤ (u2 − u1)L

∗
ω1

+ 2(2−σ1)
|℧(σ1−1)| (u1 − u2)L

∗
Q1

+ σ1−1
|℧(σ1−1)|

[
L∗

Q1

Γ (σ1+1)

[
2(u2 − u1)

σ1 + uσ1
2 − uσ1

1

]
+

zσ1L∗
Q1

(u2−u1)

zΓ (1+σ1)

]
.
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Then, as u2 → u1, we have |(F1(x, y))(u2) − (F1(x, y))(u1)| → 0. In the same
manner, we obtain |(F2(x, y))(u2) − (F2(x, y))(u1)| → 0, as u2 → u1. Conse-
quently, one finds |(F(x, y))(u2) − (F(x, y))(u1)| → 0, as u2 → u1. Hence, F is
an equicontinuous mapping on Bρ, implies that F is relatively compact. Based
on Arzelà-Ascoli’s theorem,we deduce that F is completely continuous. Thirdly,
we show that the property (iii) of Theorem 3 is verified. Let (x, y) ∈ Bρ sat-
isfy (3.7), that means

(
E1(x, y) ·F1(x, y), E2(x, y) ·F2(x, y)

)
= (x, y). Then, by

applying (H1) and (H2), we have,

|x(u)| = |E1(x, y)| · |F1(x, y)| ≤
∣∣χ1(u, x(u), y(u))

∣∣( ∫ z

0

u|ω1(v,y(v))|
z dv

+ 2−σ1

|℧(σ1−1)|

[ ∫ u

0

|Q1(v, x(v), x(µv), y(v))|dv +
∫ z

0

u|̂Q1;µ(v,x)|
z dv

]
+ σ1−1

|℧(σ1−1)|

[
RIσ1

0 |Q̂1;µ(u, x)|+ u
z
RIσ1

0 |Q̂1;µ(z, x)|
])

≤ |χ1(u, x(u), y(u))− χ1(u, 0, 0)|+ |χ1(u, 0, 0)|

×
(
zL∗

ω1
+

2zL∗
Q1

(2−σ1)

|℧(σ1−1)| +
2zσ1L∗

Q1
(σ1−1)

Γ (1+σ1)|℧(σ1−1)|

)
≤
[
Aχ1

(∥x∥+ ∥y∥) + ∥χ0
1∥
]
Λ1 ⇒ ∥x∥ ≤

[
Aχ1

(∥x∥+ ∥y∥) + ∥χ0
1∥
]
Λ1.

By the same above procedures, we get,

∥y∥ ≤
[
Aχ2

(∥x∥+ ∥y∥) + ∥χ0
2∥
]
Λ2.

Therefore, we obtain,

∥(x, y)∥ =
∥∥∥(E1(x, y) · F1(x, y),E2(x, y) · F2(x, y)

)∥∥∥
=
∥∥(E1(x, y) · F1(x, y)

∥∥+ ∥∥E2(x, y) · F2(x, y)
∥∥

≤
(
Aχ1

(∥x∥+ ∥y∥) + ∥χ0
1∥
)
Λ1 +

(
Aχ2

(∥x∥+ ∥y∥) + ∥χ0
2∥
)
Λ2

≤ (Λ1Aχ1 + Λ2Aχ2)∥(x, y)∥+ Λ1∥χ0
1∥+ Λ2∥χ0

2∥
≤ (Aχ1

+Aχ2
)(Λ1 + Λ2)∥(x, y)∥+ Λ1∥χ0

1∥+ Λ2∥χ0
2∥.

Therefore,

∥(x, y)∥ ≤ ∥χ0
1∥Λ1+∥χ0

2∥Λ2

(1−(Aχ1
+Aχ2

)(Λ1+Λ2)
≤ ρ.

That means the property (iii) of Theorem 3 verified. Fourthly, we establish
that the property (iv) of Theorem 3 is hold. In fact, by uniform bounded of F,
we have,

Z = sup
{
∥F(x, y)∥ : (x, y) ∈ Bρ

}
≤ sup

{
∥F1(x, y)∥+ ∥F2(x, y)∥ : (x, y) ∈ Bρ

}
≤ (Λ1 + Λ2).
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Hence, we get XZ = (Aχ1
+ Aχ2

)(Λ1 + Λ2) < 1, so the property (iv) of
Theorem 3 verified. According to all above conclusions, the Dhage’s Theorem 3,
implies that the hybrid ABC-FPS (1.4) possesses a solution in Σ. ⊓⊔

In what follows, the uniqueness of solution for a coupled hybrid system (1.4)
will establish by utilizing Perov’s FPT.

Theorem 5. Let the conditions (H1)–(H5) are fulfilled. If M is positive square
matrix of spectral radius ϱ(M) < 1, such that

M =

(
e11 e12
e21 e22

)
, (3.8)

where

e11=zAχ1
L∗
ω1
+
2z(2AQ1L

∗
χ1
+Aχ1

L∗
Q1
)(2−σ1)

|℧(σ1 − 1)|
+
2zσ1(2AQ1L

∗
χ1
+Aχ1L

∗
Q1
)(σ1−1)

Γ (1 + σ1)|℧(σ1 − 1)|
,

e12=zAχ1
L∗
ω1
+Aω1

L∗
χ1
+

2z(2AQ1
L∗

χ1
+Aχ1

L∗
Q1

)(2−σ1)

|℧(σ1−1)| +
2zσ1 (2AQ1

L∗
χ1

+Aχ1
L∗

Q1
)(σ1−1)

Γ (1+σ1)|℧(σ1−1)| ;

e21 = zAχ2L
∗
ω2

+Aω2L
∗
χ2

+
2z(2AQ2L

∗
χ2

+Aχ2L
∗
Q2

)(2−σ2)

|℧(σ2−1)|

+
2zσ2 (2AQ2

L∗
χ2

+Aχ2
L∗

Q2
)(σ2−1)

Γ (1+σ2)|℧(σ2−1)| ,

e22=zAχ2L
∗
ω2
+
2z(2AQ2L

∗
χ2
+Aχ2

L∗
Q2
)(2−σ2)

|℧(σ2 − 1)|
+
2zσ2(2AQ2L

∗
χ2
+Aχ2

L∗
Q2
)(σ2−1)

Γ (1 + σ2)|℧(σ2 − 1)|
.

Then, the hybrid ABC–FPS (1.4) admits one solution in Σ.

Proof. We define the operatorΠ : Σ → Σ by Π(x, y) = (Π1, Π2)(x, y), where,

(
Π1(x, y)

)
(u) = χ1

(
u, x(u), y(u)

)( ∫ z

0

uω1(v,y(v))
z dv

− 2−σ1

℧(σ1−1)

[ ∫ u

0

Q̂1;µ(v, x) dv −
∫ z

0

uQ̂1;µ(v,x)
z dv

]
− σ1−1

℧(σ1−1)

[
RIσ1

0 Q̂1;µ(u, x)− u
z
RIσ1

0 Q̂1;µ(z, x)
])

, (3.9)(
Π2(x, y)

)
(u) = χ2

(
u, x(u), y(u)

)( ∫ z

0

uω2(v,x(v))
z dv

− 2−σ2

℧(σ2−1)

[ ∫ u

0

Q̂2;µ(v, y) dv −
∫ z

0

uQ̂2;µ(v,y)
z dv

]
− σ2−1

℧(σ2−1)

[
RIσ2

0 Q̂2;µ(u, y)− u
z
RIσ2

0 Q̂2;µ(z, y)
])

. (3.10)

Our proof based on the Perov’s FPT, so we prove that Π has exactly one
fixed point, which represents a solution of the system (1.4). Now, for any
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(x1, y1), (x2, y2) ∈ Σ, u ∈ J , and using (H1)–(H5), we have,

∥∥(Π1(x1, y1)
)
(u)−

(
Π1(x2, y2)

)
(u)
∥∥ ≤

∣∣∣χ1(u, x1(u), y1(u))

− χ1(u, x2(u), y2(u))
∣∣∣( ∫ z

0

u|ω1(v,y2(v))|
z dv + 2−σ1

|℧(σ1−1)|

[ ∫ u

0

|Q̂1;µ(v, x1)|dv

+

∫ z

0

uQ̂1;µ(v,x2)
z dv

]
+ σ1−1

|℧(σ1−1)|

[
RIσ1

0 |Q̂1;µ(u, x2)|+ u
z
RIσ1

0 |Q̂1;µ(z, x2)|
])

+ |χ1(u, x1(u), y1(u))|
{∫ z

0

u|ω1(v,y1(v))−ω1(v,y2(v))|
z dv

+ 2−σ1

|℧(σ1−1)|

[ ∫ u

0

|Q̂1;µ(v, x1)−Q̂1;µ(v, x2)|dv+
∫ z

0

u|̂Q1;µ(v,x1)−Q̂1;µ(v,x2)|
z dv

]
+ σ1−1

|℧(σ1−1)|

[
RIσ1

0 |Q̂1;µ(u, x1)−Q̂1;µ(u, x2)|+u
z
RIσ1

0 |Q̂1;µ(z, x1)−Q̂1;µ(z, x2)|
]}

≤ Aχ1

(
|x1(u)− x2(u)|+ |y1(u)− y2(u)|

){∫ z

0

uLω1 (v)

z dv+ 2−σ1

|℧(σ1−1)|

×
[ ∫ u

0

LQ1(v) dv+

∫ z

0

uLQ1
(v)

z dv
]
+ σ1−1

|℧(σ1−1)|

[
RIσ1

0 LQ1(u) +
u
z
RIσ1

0 LQ1(z)
]}

+ Lχ1
(u)

{∫ z

0

uAω1
|y1(v)−y2(v)|

z dv + 2−σ1

|℧(σ1−1)|

[ ∫ u

0

AQ1

(
|x1(v)− x2(v)|

+ |x1(µv)− x2(µv)|+ |y1(v)− y2(v)|
)
dv

+

∫ z

0

u
zAQ1

(
|x1(v)− x2(v)|+ |x1(µv)− x2(µv)|+ |y1(v)− y2(v)|

)
dv
]

+ σ1−1
|℧(σ1−1)|

[
RIσ1

0

[
AQ1

(
|x1(u)− x2(u)|+ |x1(µu)− x2(µu)|

+ |y1(u)− y2(u)|
)]

+ u
z
RIσ1

0

[
AQ1

(
|x1(z)−x2(z)|+|x1(µz)−x2(µz)|+ |y1(z)− y2(z)|

)]]}
≤ Aχ1

(
∥x1 − x2∥+ ∥y1 − y2∥

) [
zL∗

ω1
+

2zL∗
Q1

(2−σ1)

|℧(σ1−1)| +
2zσ1L∗

Q1
(σ1−1)

Γ (1+σ1)|℧(σ1−1)|

]
+ L∗

χ1

(
Aω1

∥y1 − y2∥+ 2z(2−σ1)
|℧(σ1−1)|

[
AQ1

(
2∥x1 − x2∥+ ∥y1 − y2∥

)]
+ 2zσ1 (σ1−1)

Γ (1+σ1)|℧(σ1−1)|

[
AQ1

(
2∥x1 − x2∥+ ∥y1 − y2∥

)] )
≤
(
∥x1−x2∥+∥y1−y2∥

) [
zL∗

ω1
Aχ1+

2zL∗
Q1

Aχ1 (2−σ1)

|℧(σ1−1)| +
2zσ1L∗

Q1
Aχ1

(σ1−1)

Γ (1+σ1)|℧(σ1−1)|

]
+ L∗

χ1
Aω1

∥y1 − y2∥+
4zL∗

χ1
AQ1 (2−σ1)

|℧(σ1−1)|
(
∥x1 − x2∥+ ∥y1 − y2∥

)
+

4zσ1L∗
χ1

AQ1
(σ1−1)

Γ (1+σ1)|℧(σ1−1)|
(
∥x1−x2∥+∥y1−y2∥

)
≤ e11∥x1−x2∥+e12∥y1−y2∥.

Therefore,∥∥Π1(x1, y1)−Π1(x2, y2)
∥∥ ≤ e11∥x1 − y2∥+ e12∥x1 − y2∥. (3.11)
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Similarly, we find∥∥Π2(x1, y1)−Π2(x2, y2)
∥∥ ≤ e21∥x1 − y2∥+ e22∥x1 − y2∥. (3.12)

Hence, by (3.11) and (3.12), yield that( ∥∥Π1(x1, y1)−Π1(x2, y2)
∥∥∥∥Π2(x1, y1)−Π2(x2, y2)
∥∥
)

≤
(

e11 e12
e21 e22

)( ∥∥x1 − x2
∥∥∥∥y1 − y2
∥∥
)
,

which implies that,

d
(
Π(x1, y1), Π(x2, y2)

)
≤ M d

(
(x1, y1), (x2, y2)

)
.

Since ϱ(M) < 1, then each conditions of the Perov’s theorem are satisfied.
Thus, the hybrid ABC-FPS (1.4) possesses a unique solution in Σ. ⊓⊔

4 HU stability

Throughout this section, we will establish the HU stability of hybrid ABC–
FPS (1.4), by using its integral solution which given by:

x(u) = Π1(x, y)(u), y(u) = Π2(x, y)(u),

such that Π1 and Π2 are defined in (3.9) and (3.10), respectively. Additionally,
we suppose that operatorsK1,K2 : Σ → C(J ,R) satisfy the following identities:

ABCDσ1
0

[
x̃(u)

χ1(u,x̃(u),ỹ(u))

]
+ Q1(u, x̃(u), x̃(µu), ỹ(u)) = K1(x̃, ỹ)(u),

ABCDσ2
0

[
ỹ(u)

χ2(u,x̃(u),ỹ(u))

]
+ Q2(u, x̃(u), ỹ(u), ỹ(µu)) = K2(x̃, ỹ)(u),

(4.1)

for u ∈ J . Additionally, we suppose that, for u ∈ J , and some ϵ1, ϵ2 > 0,∥∥K1(x̃, ỹ)(u)
∥∥ ≤ ϵ1,

∥∥K2(x̃, ỹ)(u)
∥∥ ≤ ϵ2.

Definition 4 [ [27]]. The hybrid ABC–FPS (1.4) is HU stable if there are
constants ςi > 0, (i = 1, 2, 34) where ∀ϵ1, ϵ2 > 0 and for all solution (x̃, ỹ) ∈ Σ
of inequality (4.1), there is a solution (x, y) ∈ Σ of (1.4), where for u ∈ J ,{∥∥x̃(u)− x(u)

∥∥ ≤ ς1ϵ1 + ς2ϵ2,∥∥ỹ(u)− y(u)
∥∥ ≤ ς3ϵ1 + ς4ϵ2.

Theorem 6. Consider the assumptions of Theorem 5 hold. Then, the hybrid
ABC–FPS (1.4) is HU stable.

Proof. Let (x, y) ∈ Σ is the solution of hybrid ABC-FPS (1.4) verifying (3.9)
and (3.10). Also, assume that (x̃, ỹ) is any solution verifying (4.1) and

ABCDσ1
0

[
x̃(u)

χ1(u,x̃(u),ỹ(u))

]
+ Q1(u, x̃(u), x̃(µu), ỹ(u))−K1(x̃, ỹ)(u) = 0,

ABCDσ2
0

[
ỹ(u)

χ2(u,x̃(u),ỹ(u))

]
+ Q2(u, x̃(u), ỹ(u), ỹ(µu))−K2(x̃, ỹ)(u) = 0,
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for u ∈ J . So,

x̃(u) = Π1(x̃, ỹ)(u) + χ1(u, x̃(u), ỹ(u))

(
2−σ1

℧(σ1−1)

[ ∫ u

0

K1(x̃, ỹ)(v) dv

+

∫ z

0

uK1(x̃,ỹ)(v)
z dv

]
+ σ1−1

℧(σ1−1)

[
RIσ1

0 K1(x̃, ỹ)(u)+
u
z
RIσ1

0 K1(x̃, ỹ)(u)
])

,

ỹ(u) = Π2(x̃, ỹ)(u)+χ2(u, x̃(u), ỹ(u))

(
2−σ2

℧(σ2−1)

[ ∫ u

0

K2(x̃, ỹ)(v) dv

+

∫ z

0

uK2(x̃,ỹ)(v)
z dv

]
+ σ2−1

℧(σ2−1)

[
RIσ2

0 K2(x̃, ỹ)(u)+
u
z
RIσ2

0 K2(x̃, ỹ)(u)

])
.

It implies that∥∥x̃(u)−Π1(x̃, ỹ)(u)
∥∥ ≤ |χ1(u, x̃(u), ỹ(u))|

{
2−σ1

|℧(σ1−1)|

[ ∫ u

0

|K1(x̃, ỹ)(v)|dv

+

∫ z

0

u|K1(x̃,ỹ)(v)|
z dv

]
+ σ1−1

|℧(σ1−1)|

[
RIσ1

0 |K1(x̃, ỹ)(u)|+ u
z
RIσ1

0 |K1(x̃, ỹ)(z)|
]}

≤L∗
χ1

[
2zϵ1(2−σ1)
|℧(σ1−1)| + 2zσ1ϵ1(σ1−1)

Γ (1+σ1)|℧(σ1−1)|

]
≤ L∗

χ1
V1 ϵ1, (4.2)

and∥∥ỹ(u)−Π2(x̃, ỹ)(u)
∥∥ ≤ L∗

χ2

[
2zϵ2(2−σ2)
|℧(σ2−1)| + 2zσ2ϵ1(σ2−1)

Γ (1+σ2)|℧(σ2−1)|

]
≤ L∗

χ2
V2 ϵ2, (4.3)

where

Vi :=
2z(2− σi)

|℧(σi − 1)|
+

2zσi(σi − 1)

Γ (1 + σi)|℧(σi − 1)|
, i = 1, 2.

Then, according to inequalities (4.2) and (4.3), we have∥∥x̃(u)− x(u)
∥∥ =

∥∥x̃(u)−Π1(x̃, ỹ)(u) +Π1(x̃, ỹ)(u)− x(u)
∥∥

≤
∥∥x̃(u)−Π1(x̃, ỹ)(u)

∥∥+ ∥∥Π1(x̃, ỹ)(u)−Π1(x, y)(u)
∥∥

≤ L∗
χ1
V1 ϵ1 +

(
e11∥x̃− x∥+ e12∥ỹ− y∥

)
.

Hence, we find

∥x̃− x∥ ≤ L∗
χ1
V1 ϵ1 +

(
e11∥x̃− x∥+ e12∥ỹ− y∥

)
.

Similarly, we get ∥ỹ − y∥ ≤ L∗
χ2
V2 ϵ2 +

(
e21∥x̃− x∥+ e22∥ỹ− y∥

)
. These

inequalities, can be reformulate as

(I−M)

(
∥x̃− x∥
∥ỹ− y∥

)
≤

(
L∗
χ1
V1ϵ1

L∗
χ2
V2ϵ2

)
, (4.4)

where the matrix M is given by (3.8) with spectral radius ϱ(M) < 1. Thus,
by Theorem 1, we conclude that (I − M) is nonsingular, and (I − M)−1 has
non-negative components. Hence, (4.4) is equivalent to the following format:(

∥x̃− x∥
∥ỹ− y∥

)
≤ (I−M)−1

(
L∗
χ1
V1ϵ1

L∗
χ2
V2ϵ2

)
,
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which follows that,

∥x̃− x∥ ≤ q1L
∗
χ1
V1ϵ1 + q2L

∗
χ2
V2ϵ2,

∥ỹ− y∥ ≤ q3L
∗
χ1
V1ϵ1 + q4L

∗
χ2
V2ϵ2,

such that qj , j = 1, 2, 3, 4 are the components of (I−M)−1. Hence, the hybrid
ABC–FPS (1.4) is HU stable. ⊓⊔

5 Illustrative application

We present in this section one concrete example to illustrate the validity of the
main results. In this regard, first in Example 1, we check the accuracy of our
outcomes for different values of σ1.

Example 1. Let the hybrid ABC–FPS is given as follows:

ABCDσ1
0

[
x(u)

1
4 +

√
u

16
(
1+|x(u)|

) + eu

16

∣∣∣cos−1
(
y(u)

)∣∣∣
]

= − 1

25
tan−1

(
x(u)

)
−

∣∣∣x (u/3)∣∣∣
49

(
1 +

∣∣∣x (u/3)∣∣∣) − u

25
sin−1

(
y(u)

)
,

ABCD
5/3
0

[
y(u)

1
7u+

√
u

81

∣∣∣tan−1
(
x(u)

)∣∣∣+ √
u|y(u)|

81
(
3+|y(u)|

)
]

=− 1

16+
√
u
sin−1

(
x(u)

)
−

∣∣y(u)∣∣
9
(
1+
∣∣y(u)∣∣) − 1

16
tan−1

(
y
(
u/3
))

,

(5.1)

for u ∈ J , z = 1, via conditions x(0) = y(0) = 0,
x(1)

1
4+

1
16

1
(1+|x(1)|)+

e1

16 | cos−1(y(1))|
=

∫ 1

0

(
ev

12 + 1
144

y(v)
(1+y(v))

)
dv,

y(1)
1
7+

1
81 | tan−1(x(1))|+ 1

81
|y(1)|

(3+|y(1)|)
=

∫ 1

0

(√
v
5 + 1

14
x(v)

(3+x(v))

)
dv,

where σ1 =
{

20
17 ,

10
9 , 20

19 , 2
}
⊂ (1, 2], σ2 = 5

3 ∈ (1, 2], µ = 1
3 ∈ (0, 1),

χ1

(
u, x(u), y(u)

)
= 1

4 +
√
u

16
1

(1+|x(u)|) +
eu

16 | cos
−1(y(u))|,

χ2

(
u, x(u), y(u)

)
=

u

7
+

√
u

81 | tan
−1
(
x(u)

)
|+

√
u

81

|y(u)|
(3 + |y(u)|)

,

ω1

(
u, y(u)

)
=

eu

12
+

y(u)

144(1 + y(u))
, ω2

(
u, x(u)

)
=

√
u

5
+

x(u)

14(3 + x(u))
,
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and

Q̂1;µ(u, x) =
1
25 tan

−1
(
x(u)

)
+

∣∣∣x(u/3)∣∣∣
49

(
1+

∣∣∣x(u/3)∣∣∣) + u
25 sin

−1
(
y(u)

)
,

Q̂2;µ(u, y) =
1

16+
√
u
sin−1

(
x(u)

)
+ 1

9
|y(u)|

(1+|y(u)|) +
1
16 tan

−1
(
y
(
u
3

))
.

Thus, we get

|Q1(u, x, ỹ, y)| ≤
1

25
+

1

49
+

u

25
, Q2(u, x, ỹ, y)| ≤

1

16 +
√
u
+

25

144
,

here LQ1(u) =
1
25 +

1
49 +

u
25 , L

∗
Q1

= 123
1225 , LQ2(u) =

1
16+

√
u
+ 25

144 , L
∗
Q2

= 17
72 . Also,

|ω1(u, x)| =
∣∣∣∣eu12 +

1

144

y(u)

(1 + y(u))

∣∣∣∣ ≤ Lω1(u),

|ω2(u, x)| =

∣∣∣∣∣
√
u

5
+

1

14

x(u)

(3 + x(u))

∣∣∣∣∣ ≤ Lω2
(u),

then Lω1
(u) = eu

12 + 1
144 , and Lω2

(u) =
√
u
5 + 1

14 , which these follow that
L∗
ω1

≃ 0.233468, L∗
ω2

= 19
70 , and

|χ1(u, x1, y1)−χ1(u, x2, y2)|≤
√
u

16

∣∣∣∣ 1

1+|x1(u)|
− 1

1+|x2(u)|

∣∣∣∣+eu

16

∣∣∣∣∣ cos−1
(
y1(u)

)∣∣
−
∣∣ cos−1

(
y2(u)

)∣∣∣∣∣ ≤ Aχ1

(
|x1 − x2|+ |y1 − y2|

)
,

|χ2(u, x1, y1)− χ2(u, x2, y2)| ≤
√
u

81

∣∣∣√u

81

∣∣ tan−1
(
x1(u)

)∣∣− ∣∣ tan−1
(
x2(u)

)∣∣∣∣∣
+

√
u

81

∣∣∣∣ |y1(u)|
(3+|y1(u)|)

− |y2(u)|
(3+|y2(u)|)

∣∣∣∣≤Aχ2

(
|x1−x2|+|y1−y2|

)
.

Thus, Aχ1
= e

16 , Aχ2
= 1

81 . Next, by Mathematica software, employing (3.5),
geting data and taking nonmalized function ℧(σ) = 1.25− (σ − 0.5)2, we have

Λ1 = zL∗
ω1

+
2zL∗

Q1
(2−σ1)

|℧(σ1−1)| +
2zσ1L∗

Q1
(σ1−1)

Γ (1+σ1)|℧(σ1−1)| ≃


0.483284, σ1 = 20/17,
0.461306, σ1 = 10/9,
0.445807, σ1 = 20/19,
0.333876, σ1 = 2,

and
Λ2 = zL∗

ω2
+

2zL∗
Q2

(2−σ2)

|℧(σ2−1)| +
2zσ2L∗

Q2
(σ2−1)

Γ (1+σ2)|℧(σ2−1)| ≃ 3.57124.

Then,

(Aχ1
+Aχ2

)(Λ1 + Λ2) ≃


0.73889, σ1 = 20/17,
0.73488, σ1 = 10/9,
0.73206, σ1 = 20/19,
0.71166, σ1 = 2,

 < 1.

Thus, each conditions of Theorem 4 hold. Hence, the hybrid ABC–FPS (5.1)
possesses at least one solution in Σ.
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6 Conclusions

The PE has several applications in various fields, such as physics, applied and
pure mathematics, probability, electrodynamics, quantum mechanics, control
systems, and number theory. Throughout this work, we inspected a hybrid
ABC-FPS under hybrid integral boundary conditions (1.4). Dhage’s FPT
was utilized to discuss the existence theorem of the hybrid ABC–FPS (1.4).
Furthermore, the uniqueness theorem and HU-stability of solutions for the
proposed system were established by Lipschitz’s matrix and Perov’s FPT. At
the end, one example was provided to interpret the effectiveness of essential
findings. The hybrid system (1.4) covers various problems that haven’t been
studied yet and includes several research studies existing in the literature as
problems (1.1), (1.2), and (1.3).
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