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1 Introduction

In this paper, we consider the following initial boundary value problem

) (0) (s + T — 50

(
flz tyu, v, us, v, ug,v,), x € 2=(1,R), 0 <t < T,
m—@<[nnwm+§w>
=g(z,t,u,v,us, v, Uy, V), x € 2,0 <t < T,
ugp(1,t) — byu(l,t) = v, (1,t) = u(R,t) = v(R,t) =0,
(u(z,0),v(z,0)) = (ao(x), Vo(z)),
(ut(z,O),vt(x,O)) = (ﬁl(x)vﬁl(x))v
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Approximation of a system of nonlinear Carrier wave equations

b1 > 0, R > 1 are given constants, aq, as, %o, U1, Vg, U1, f, g are given functions,
n n

Sulul()=((R=1)/n) S it (@00, £), Sulo]()=((R=1)/0) 3 202 (2.5, 1),
i=1 i=1

in which z,; =1+ (R—1)(2i — 1)/2n,i = 1,n,Yn € N. By the fact that if
the functions = + zu?(x,t) and = — xv?(z,t) are continuous on [1, R], then
the integral sums S, [u](t) and S, [v](t) converge to ||u(t)||3 = flR xu?(z,t)dx
and [[v(t)||2 = flR xv?(x,t)dz, respectively, Problem (P,) will be formally led
to the following problem

1
utt—al(Hu H (Uge + urfﬁu)
zf(mtuvut,vt,ux,vw),mEQ:(l,R),O<t<T,

ve — az(|[o(®)||2) (vew +

= g(x,t,u,v ut,vt,uz,v,;) reN0<t<T,
ug (1 ,t) blu(l t) = v (1,t) = u(R,t) =v(R,t) =0,
(u(z,0),v(x,0)) = (to(x), vo(x)),
(ue Z’O)vvt( 0)) = (t1(z), 01 (z)).

(1.2)

Problems (P,,) and (1.2) here will be investigated from mathematical point
of view in the existing literature for Maxwell fluid between two infinite coaxial
circular cylinders. It is well known that there is a great interest of theoret-
ical and applied scientists relating to the fluid flows in the neighborhood of
translating or oscillating bodies, in which, Maxwell fluid has received special
attention; see for [6]- [10], [21] and the references therein. In [9], M. Jamil and
C. Fetecau studied the following problem

1 1
/\utt+ut:y(um+—uw—ﬁu), l<z< R, t>0,
MW +Vi=v(Vae + Vo), 1 <z < R, t >0,
F G
ua(1,6) — u(l,t) = e Vellit) = 1,60, (1.3)

w(R,t) = V(R,t) =0, >0,
u(z,0) = w(z,0) = V(x,0) = Vi(2,0) =0, 1 < x <R,

where A, u, v, F, G are the given constants, this is a mathematical model de-
scribing the helical flows of Maxwell fluid in the annular region between two
infinite coaxial circular cylinders of radii 1 and R > 1. The authors have ob-
tained an exact solution for Problem (1.3) by means of finite Hankel transforms
and presented under series form in terms of Bessel functions Jy(z), Yo(z), J1(z),
Yi(z), Jo(z) and Ya(x), satisfying all imposed initial and boundary conditions.
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Afterward, in [10], M. Jamil et al. studied the problem in the form

1 1
)\utt +u = V(Uzz + —uUy — —Zu)7 R1 << .Rg7 t> 0,
xT

AV +V, :u(Vmﬁ;Vm), Ri <z <Ry, t>0,

1 k1 ko
Ugp(R1,t) — —u(R1,t) = —t2, Vu(Ry,t) = —t2,t >0,
<1)R1(1)u (1)M
u(Ry,t) = V(Rg,t) =0, t >0,

u(z,0) = w(z,0) = V(x,0) = Vi(2,0) =0, Ry < x < Ry,

where A, u, v, k1, ko are the given constants.

Problem (1.2) has its origin in the canonical model of Kirchhoff and Car-
rier which describes small vibrations of an elastic streched string. In [11],
G.R. Kirchhoff first investigated the following nonlinear vibration of an elastic
string ;

2
phuy = (Po + %/0 H%(y’t)H dy)tiza,
where u = u(x, t) is the lateral displacement at the space coordinate = and the
time ¢, p is the mass density, h is the cross-section area, L is the length, F
is the Young modulus, Py is the initial axial tension. And G.F. Carrier in [2]
established a model of the type

Ut — (PO + Pl fQL u2(yvt)dy)uza: = 0;

where Py, P, are given constants, which models vibrations of an elastic string
when changes in tension are not small.

It is also well known that, for during last decades, initial-boundary value
problems of the Kirchhoff-Carrier model have been studied extensively and
obtained many importan results. By using different methods together with
various techniques in functional analysis, several results concerning the exis-
tence and the properties of solutions such as blow-up, decay, stability have been
established. Among the works of the Kirchhoff-Carrier type we can cite, for
example, M.M. Cavalcanti et al. [4,5], N.A. Larkin [12], N.T. Long et al. [14],
L.A. Medeiros [15], J.Y. Park and J.J. Bae [18], M.L. Santos [19] and the ref-
erences given therein. A survey of the results about the mathematical aspects
of Kirchhoff model can be found in L.A. Medeiros et al. [16,17].

It is important to have in mind that, an approximate solution of Problem
(1.2) can be obtained via the solution of Problem (P,,), in other words, we can
study Problems (P,,) and (1.2) in a new approach, which is approximation of
a system of nonlinear Carrier wave equations Problem (1.2) by approximating
the Carrier terms with their integral sums. We shall prove that for each n € N,
Problem (P,) has a unique weak solution (u",v™) and then we continue to
prove that {(u™,v™)},, converges to the weak solution (u,v) of Problem (1.2)
in a suitable function space. With this approach, we aim to avoid the integral
calculation for nonlocal terms in the integral form, such as the two Carrier
terms Hu(t)”i = fleu2(m7t)dac and Hv(t)”i = flR xv?(x,t)dz, by replacing
them with corresponding integral sums, namely S, [u](t) and S, [v](t). We note
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that if we do not replace the integral sums S, [u](¢) and S, [v](t), but instead
keep the Carrier terms ||u(t)||§ and Hv(t)”i, we would still proceed in the
usual way by linearizing through an iterative sequence {(tm,, vm)}, where the
two Carrier terms would also be linearized by a previous iteration step into
the terms Hum,l(t)Hi and va,l(t)H(Q). However, these two terms would still
require integral calculations. The integral sums Sy,[u|(¢) and S,[v](t) are the
rectangle rule approximations of the two Carrier terms, respectively. Obviously,
we also can use other integral sums, such as the trapezoidal rule or Simpson’s
rule. The choice of integral sums that converge quickly to the function under
the integral sign, and even allow for the evaluation of the convergence rate,
requires the smoothness of the function under the integral sign. At the end
of this paper (Remark 4), we will discuss how to choose the integral sums to
approximate the solution (u,v) and how to estimate the error in approximating
the Carrier terms and their integral sums. On the basis of the aforementioned
works and the above ideas, in this paper, we study the existence with the
relation of solutions of Problems (P,) and (1.2). To the best of our knowledge,
there are relatively few results related to approximation problems (P, ), with
nonlinear expressions containing integral sums which approximates the Carrier
terms, to have the approximation of the solutions of Problem (1.2).

This paper is structured as follows. Section 2 is devoted to preliminaries.
In Section 3, we propose hypotheses in order to state and prove two theorems
on the existence and uniqueness of a local weak solution of Problem (P,), for
each n € N. In Section 4, we prove that the solution of Problem (P,) converges
to the solution of Problem (1.2) in a sense as in Theorem 3 below. In the proofs
of results obtained here, the main tools of functional analysis such as the linear
approximate method, the Galerkin method, the arguments of continuity with
priori estimates, compactness arguments including the compactness lemma of
Aubin-Lions are employed. We end the paper with a remark related to open
problems (Remark 5).

2 Preliminaries

In this paper, we put 2 = (1,R), Qr = £ x (0,T), T > 0, and denote the
norm in the space L? by ||| . The notations of the function spaces used here,
such as L? = L?(2), H' = H'(R), are standard and can be found in H.
Brezis [1] or J.L. Lions’s book [13]. On H!, we shall use the following norm
[oll i = (Iv]|* + [[ve]*)/2. Considering the set V = {v € H' : v(R) = 0},
then V is a closed subspace of H! and on V two norms |[v|| . and [jv,| are
equivalent norms. We note that L?, H' are albo the Hilbert spaces with respect
to the corresponding scalar products ( f | wu(z)v(x)de, (u,v)+ (U, Vs).
These scalar products induce the correspondlng norms in L2 and H I which are
denoted by ||-||, and ||-||; , respectively. We note more that V is continuously
and densely embedded in L2. Identifying L? with (L?)’ (the dual of L?), we
have V — L? — V' therefore, the notation (-,-) is also used for the pairing
between H! and (H')". Corresponding to the above norms and spaces, we have
the following lemmas, the proofs of which can be found in the paper [21].

Math. Model. Anal., 30(2):362-385, 2025.
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Lemma 1. The following inequalities are fulfilled
(i)l < llolly < VR |||, for all v e L?,
(i) vl < 0ll, < VR ||, for allv e HY.

Lemma 2. The imbedding H' — C°(02) is compact and
Iolleo, < aololly for allv e HY,

where ap = \/2(;7*1)(1 ++/1+16(R— 1)2)0'5.

Lemma 3. The imbedding V — C°($2) is compact and for allv €V,

() l[vllcomy < VR =1]vall < VR =1 ][vallg,

g R+1
(i) [ollo </ —5— (B = 1) Jlvzlly,

R . R? -1
(m)/l z |Jo(z)]|" da < (VR —1)" |jvg|l§, for ally > 0.

2

1 1
We set a(u,w) = (ugz, wy) + bru(l)w(l) + <Eu, Ew), and
b(v,d) = (Vg, ¢s), for allu,v,w, ¢ €V, (2.4)
971/2
ol = Vaw,0) = (el +bie2(1) + [Jo/all}]

[oll, = Vb(v,0) = llvallg, v €V,

with by > 0 is given constant. Then, a(-,-) and b(-, -) are the symmetric bilinear
forms on V. Moreover, it is not difficult to prove the following lemma.

Lemma 4. The following inequalities are fulfilled

() lvally < 10ll, < at lfvuly . for all v € V,
(ii) [0z o < olly < @ lloelly . Jor all v € V.

where ai=[1 + (b +0.5(R? — 1)(R — 1)]'/2, af=[14+0.5(R + 1)2(R — 1)?]*/2.

Remark 1. On L?, two norms v — |jv|| and v — |[v||, are equivalent. It
is similar to two norms v — ||v|| 5 and v — |lv||; on H*', and five norms
v ||v]| g1, v [Jully, v = [Jug]], v ||ve]|, and v — [jv]|, on V.

Lemma 5. There erists the Hilbert orthonormal base {w;} of L? consisting

of the eigenfunctions w; corresponding to the eigenvalue A; such that 0 <

)\1 S )\2 S S >‘j S >‘j+1 S ey hI—P )\j = 4’007 a(wj,w) = )\j<wj,w>

Jj——+oo

for allw €V, j =1,2,.... Furthermore, the sequence {w;/+/\;};is the Hilbert

orthonormal base of V' with respect to a(-,-). On the other hand, wj, j =
1 1 -

1,2,..., satisfy the problem Liwj = —(Wjza+—wjz) + —w; = Ajwj, in (1, R),
x x

ij(l) — b1UJj(1) = w](R) =0, w; € COO([LR])
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The proof of Lemma 5 can be found in [20], Theorem 7.7, with H = L2,
V={ve H':v(R)=0} and a(,-) defined by (2.4). Similarly, we have

Lemma 6. There exists the Hilbert orthonormal base {¢;} of L? consisting of
the eigenfunctions ¢; corresponding to the eigenvalue fi; such that 0 < fi; <

po << pg < g <. E{Ln i = +00, b(¢;, ) = L {(¢;,¢) for all ¢ €

V,j=1,2,.... Furthermore, the sequence {¢;/\/I; }is the Hilbert orthonormal
base of V' with respect to the scalar product b(-,-). On the other hand, ¢;,

j=1,2,..., satisfy the problem Lo¢; = —(¢jza + %gzbjm) = [i;¢;, in (1,R),
$jz(1) = ¢ (R) =0, ¢; € C=([1, R)).

Lemma 7. Put ||v]| g2y = \/ |02l + [[vaalli and

L1v = —(Vgp + 02 /%) + /22, Lov = — (V4 +vz/2), v € H>NV.
Then, there exist constants 1, Y1, V2, 71, Y2 > 0 such that, for allv € H>NV,
(@) [IL10llg < A1 1v] a1 E20llg < V20l g2y
. 2 2 2 _ - 2
(@71 [ollzay < 1avllo + llvlly < 31 lvlizzay
2 2 2 _ - 2
(iii)y2 ([0l g2y < I1L2vllg + llvello < A2 10l E2ny -

The proof of this lemma is not difficult, so we omit it. To make it more concise,
we rewrite the function spaces as follows

L2=IL*xL* V=V xV, HNV=(H>NV)x (H*NV).

Remark 2. The weak formulation of the initial-boundary value problem (1.2)
can be given in the following manner.

DEFINITION 1. The weak solution of Problem (1.2) is the couple of functions
(u,v) such that (u,v) € Wr, where the set Wr = {(u,v) € L>(0,T;H2 N V) :
(u',v") € L*(0,T;V), (u”,v") € L>=(0,T;1L?)}, furthermore (u,v) satisfies the
following variational equation, for all (w,¢) € V, a.e., t € (0,T),

{ (" (1), w) + ar(||u(®)|[2)a (flus v)(t), w),
(W' (1), ) + as(|[v()]|2) (v :<g[u,v]<t>,¢>>,

with the initial conditions (u(0),u(0)) = (@, @) and (v(0),v'(0)) = (Do, V1),
where f[u,v](t), g[u,v](t) are defined in the same form as follows

Flu, v](z,t) = fz, t,u(x, t), v(x, t),u (x,t), v (2, 1), uz (2, 1), v:(2,1)).  (2.10)

Remark 3. (see [13]) The set Wy contains all the elements (u,v) which belong
to L>=(0,T;H2NV) N C([0,7]; V) N C*([0,T); L?) satisfying

l\')

(u,v") € L>=(0,T; V) N C([0,T]; L?), (u”,v") € L>=(0,T;1L?).

Math. Model. Anal., 30(2):362-385, 2025.
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3 Existence and uniqueness of approximation problems

This section is devoted to the study of existence and uniqueness of a local weak
solution for the approximation problems (P,). For each n € N, Problem (P,) is
considered with given constants b; > 0, R > 1, and the following assumptions
for given functions a1, as, tg, U1, Vg, U1, f, g-

(A1) (@g, @), (Do, 1) € (VN H?) x V,dige (1) — byiig(1) = Do (1) = 0;

(As) ai,az € C*(Ry),ai(2) > ap > 0,Y2 > 0,5 =1,2;

(A3) f,g € C*([1,R] x [0,T*] x RY),such that V(t,ys,ys) € [0,T*] x R?,
f(R,1,0,0,0,0,y5,y6) = g(1,t,0,0,0,0,ys5,y6) = 0,

DEFINITION 2. The weak solution of Problem (F,) is the couple of functions
(u,v) € Wr satisfying the following variational equation

{<u"<t>,w> T ay(Saful(8))a(u(t), w) = (Fu, o)(t), w),

(V" (2), 8) + a2(Su[v](1)){va(t), ¢a) = (glu, v](t), §),

for all (w,¢) € V, a.e., t € (0,T), together with the initial conditions
(u(0),w'(0)) = (tio, ©1), (v(0),v'(0)) = (%o, 01), (3.2)

where f[u,v], glu,v] as in (2.10). Fixed T* > 0, let T' € (0, T*], we define

Wr={(u,v)eL>®(0,T;H* NV) : («/,v")eL>(0,T; V), (u",v")eL?(0,T;1L?)},

then Wrp is the Banach space with norm

(3.1)

” (uv U)”WT: maX{H(u’ U)HLOO(O,T;H2F‘1V)a ”(ulv 'U,) ”L‘X’(O,T;V)v H (u”’ UH) HL2(0,T;IL2)}'
For M > 0, we put W(M,T) = {v e Wr:|vlly,. < M} , and

Wi(M,T) = {(u,v) € W(M,T): (u",v") € L=(0,T;L*)}.
We construct the recurrent sequence, with (ug, vg) = (g, 0g), and suppose that
(umfh ’Umfl) S Wl(M7 T)a

then Problem (3.1)-(3.2) is associated with the problem: Find (up,vm) €
Wi(M,T), (m > 1), satisfying the following linear variational problem

(t (8), w) + a1 (t)a(um(t), w) = (Fn(t), w),
(U (), @) + a2m () (Ve (t), b2) = (G (1), ¢), V(w,¢) €V, (3.7)
(um (0), up, (0)) = (@0, 1), (v (0),v3,,(0)) = (B0, 1),
where Fip, (2,t) = flum—1,vm-1](2,1), Gm(2,t) = gltm—1,0m-1(2,1), a1m(t) =
a1 (Sp[um—1](t)), azm (t) = a2(Sy [Um (1)), and

Sallt) = (R 1)/m) 3" 02 1), S0l 1)

= (( )/n)zz In iv2(xniat)7
Tni=1+(R—1)(2i—1)/2n,i =0,n,Vn € N. (3.8)
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Theorem 1. Let T* > 0 and (A1)—(Asz) hold. Then, there exist positive con-
stants M, T > 0 such that, for (ug,vo) = (U, Do), there exists a recurrent
sequence {(tm,vm)} C W1 (M, T) defined by (3.7) and (3.8).

Proof.  To prove this theorem, we use the Faedo-Galerkin method. Consider
Hilbert orthonormal bases {w;},{#;} on L? mentioned in Lemmas 5 and 6.
Put

k k k k
D) =Y e w0 =Y d ()6,

where c(k) (1), dgfg( ) satisfy the system of nonlinear differential equations

(@P (), w;) + arm ()a(@® (), w;) = (Fn(t), w;),
) &) + aom (t) (v <’“>()¢>n>=< m(),0;),1<j<k, (310
(u(0), 4l (0)) = (diox, @1x), (W (0), 2% (0)) = (v%,m)

with (o, k) = Yk (@, B )w;, (Gor, 71x) = 25 (67, B7) g, further,
(Gior, U1x) — (T, @) strongly in (H2 N V) x V, (Dog, 91x) — (Do, 1) strongly
in (H?2N V) x V. By using Banach’s contraction principle, it is not difficult to

prove that the above fixed point equation admits a unique solution (ugn) uﬁfi ))

on [0, T]. Taking the constant M, = max{M?, 1(R*~1)(R—1)M?}, and noting
that >0 | z,; =n(1+ R)/2 and (tm—1,Vm—1) € W1(M,T), it implies that

HS'n[um,ﬂ(t)H <((R-1)/n) Z:;l Zni(R—1)M? < M,,
1S [vm-1](®)]| < M.

Put K (f,9) = max{Kn(f), Kn(g)}, f(M(Céhaz) = max{Kp(a1), Kn(az)},
with K/ (f) = ||fHCl(AM) = ||f||CO(AM) + 22:1 HDif”CO(AM) )

||f||C0(AM) = sup ||f(x7tvy17"'7y6)||a
(z,t,91,.-,Y6 ) EAM
Kar(ai) = laillero.ney) = laillooqo,nryy + il coonryy » 7= 124
Ay = [1,R] x [0,T*] x [-Ri M, Ry M|* x [—aoM, agM]?,
1/2
1 1 (1++/1+16RY})
Ri=vVR -1, apg=———(1+/1+16(R—1)2)2= ;
1 0 2(R—1>( ( ) ) \/iRl
of of of .
= £y, Dif ==, Dof = =, Diyof = ~—, i=1,...,6,
f f(x7 » Y1, 7y6)u lf 8I7 2f ta +2f ayz 1
SW(E) = [lal @15 + aq O + 165 O1F + 1652 @)l + avm (0 (lul )12

+ (| Leul) (O)1F) +azm (8) ([0 (D[54 L2o Sy (t)||3)+/O(Hii§fi)(8)||3+||i?5,’f)(8)||3d5-

Math. Model. Anal., 30(2):362-385, 2025.
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Then, it follows that

2 2
n HLlu;’?(s)HO)ds

18R (1) < SE) () = SW(0) + 2 / Hu(k)

t
42 [ a6 (Jolido) ) + [[Ev )] s
0 0 0
t t
+2/ [(Fn(s), 0l () + <Gm(8),®5ff)(8)]d8+2/ [a(Fn(s), 0¥ (5))
0 0
t
+ <Gmx(8),@§f%(5)>]ds+/ (5% ()15 + 155 ()15 ds
0
where v, = min{1, a1.71, az2«¥2} and
SW(E) = llagy @15 + llaty @)1l + 185 115 + 1050113
t
+ [l O Frzp + o5 (¢ )||?12nv+/0 (I8 ()15 + 155 (5)115) ds

To continue the estimate, we note that the following inequalities are fulfilled

ax( Han H § T M),

where a, (M) = (R?> — 1)(R — 1)M?K (a1, a). Therefore, we have
t t B
2 [t (o) (WD G + L1 ()F)ds < 200a. (1) [ 50 (s
0 0
t t
| o 26 + I Eaelf5)3) s < 2. (00) [ 5051

0

> / [(Fn(5), 48 (8)) 4 (G (5), 089 () ds <T(R*—1) K3, (f, 9) + / 50 (s)ds;

0

2 [ a(Fn(5): 68 (9) + (G 5), 30251
0
< / (311 ()10 %) () + |G () 165 (5) o] dis
<T(a}* + 1)1+ 6M)2K2,(f, 9) /S’“

We note that, Equation (3.10); can be rewritten as follows
(@ (), w;) + arm () (Liul) (1), w5) = (F(t),w5), 1< j < k.

Then, it follows that |6\ (£)|2<2K2, (a1, a2)725% (6)+(R2—1)K2,(f, g). Si-
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milarly, we get ||v,(ff) ()12 < 4K%, (a1, az) G k) (t)+(R*-1)K%,(f,g). Hence,

t
| (115 + 15 @1 )as

t
< AR 1)K (f. 9) + 27242 K3y (ar, az) / 5 (s)ds.
0

It leads to S (t) < %S’T(,]f)(O) +TDy(M) + Dy(M) fot S (s)ds, where

Dy (M) = (1/7)[B(R* = 1) + (a3® + 1)(1 + 6M)?] K3, (£, 9),
Do(M) = (2v.) [1+ (51 + F2)a(M) + (31 + 2) K3, (a1, a2)],
SE(0) = [laikllg + Nkl + 15ukll§ + ke

+ a1 (0) ([0 |2 + || Lo |5) + azm (0)([Tor |l + | L2Tok ][5,

with a1, (0)=a1(((R—1)/n) 2311, @n,ig(2n,:)) and a2y, (0)=a2(((R — 1)/n)
X 30| @n,ilo(2n,i)). Remark that 0 < ((R —1)/n) zl | T U3 (2n,;) and ((R—
1)/n) 320y it (Tn,i) < 2(32 1)(R = 1) ||tz 1§ = plito),

alm(o) = al(((R - 1)/”) Z —=1%n zuo(xn z)) o< Silpt )al( z).

Simlarly, a2,(0) = az((R — 1)/n) Y1y nifo(@n) < sup  as(2), with
0<2<p(%0)

p(to) = 2(R? —1)(R - 1) ||f10x||§. The above convergences of (#ok, %1x) and
(Dok, 1) lead to there exists a constant M > 0 independent of k and m such
that 25 (0) < . M?2, for all k and m € N. We choose T € (0,T*], such that

(M?/2+TD1(M)) exp(TDa(M))<M?, ky = 4y/TCy (M) exp(TCa(M)) < 1

with Cy (M) = %*2 a2(M), and Co(M) = L[1+2a,(M)+4(aj + 1)K (f, 9)].
Using Gronwall’ s Lemma we get S,(f)( t) < M?, for all t € [0,T], for all m and
k € N. Hence, = W (M,T), for all m and k € N. Therefore, there exists a
subsequence of the sequence of {u )}, with the same notation, such that

(ug,’f),vgf)) = (Um,vm) in  L%(0,T;H?NV) weak™,

(ugn), 5,’?) = (ur,,vl,) in  L*®(0,T;V) weak*,

(ugn),vy(,lf)) — (u’,v") in  L2(0,T;L?) weak,
and (U, V) € W(M, T). Passing to limit in (3.10), we have (u,,, v, ) satisfying
(3.7) in L? weak. Moreover, u!l, = —ay(t) L1y, + F, € L®(0,T; L?) and
vl = —agm (t)Lavy, + G € L*°(0,T; L?), hence (upm, vy,) € W1(M,T), so the
proof of Theorem 1 is completed. O

Next, we state and prove the main result in this section, where we consider the
Banach space W1(T) = C([0,T); V) N C([0,T];1L?), with respect to the norm

| (w, V)l w, () = [1(w, V)l e 0,59y + 11 V)l e o, m5L2)-
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Theorem 2. Let T* > 0 and (A1)—(As) hold. Then, there exist positive
constants M, T > 0 such that: Problem (P,) has a unique weak solution
(a,0) € Wi (M, T). The recurrent sequence {(um,vm)} defined by(3.7)-(3.8)
converges to the weak solution (4,v) of Problem (P,) strongly in the space
W1(T). Furthermore, we have the estimate

||(Um,’l)m) - (Iaa 1_})||W1(T) < CTkg“n7vm € Na (311)

where kr € (0,1) and Cr are chosen such that kr, Cr depend only on T, f, g,
ai, a2, ’110, ﬂla @07 171-

Proof.  Let Uy = Umt1 — Um, Um = Umt1 — Um. Then (U, Uy, satisfies

(@ (t), w) + a1 mp1(B)a(tm(t), w)

= —[a1,m+1(t) = a1 (O)[(Laum (t), w) + (Fnp1(t) — Fu(t), w),

(U7, (1), B) + a2 m+1(t)<17m (), dx) = —lag,m+1(t) — a2m (t)](Lavm (1), ¢)
Gt (t) — ()’ ), (w p) €V,

(@m(0), 9m(0)) = (a5,(0),7;,(0)) = (0,0).

By taking (w, ¢) = (a,(t),0.,(t)), after integrating in ¢, we get the estimation

G*an ) < 2[5l Fms1(5) = F(s), in(s)> +{(Gmt1(s) = G(5), 7, (5))]ds
=2 Jolarms1(5) = avm ()| (Latim (5), T (5))ds
-2 fo as.m+1(s) — agm(sg} (Lovp (s ),v;n(s)>ds
)

+2 fo ay pia(8) || H m(s | Lds+ 2f0 1 (8) ||6mx(s)||§ds

with a. = min{1, a1, as.} and Zy(t) = ||, (O)])2 + [0, ()] + [|am (8)]2 +

H@mx (t)H(Q) We continue to estimate terms in the above estimation, based on
the following inequalities

| Frns1(t) = Fa (1), < 2(a} + DK n(f, 9)\/ Zm(t), ¥Ym € N, Vi € [0, T],
|Grm1(t) — Gl H0<2(a1+1)KM(f, 9\ Zm(t),Ym € N,Vt € [0,T],

Em*1)|‘W1(T)’

Hal,m+1 — a1 (t ||

a*(M

| ag,m1(t) — azm(t)]| < 7 [ @m—1, Bm—1)| [y, ) -
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t
2 [ 1(Fns1(9) = Fn(9).0,(9) + (G (5) = Gon(5): 10 (5)) s
0
t
< 8(af + DEu(.9) [ Zn(s)ds
0
t
=2 [ [ (9) — a1 (6)] (Luin ()., ()
0
t
_9_ _ _ 2 =
< T’yfai (M) H(um_l,vm_l)HWl(T) Jr/o Zm(8)ds;
t
=2 [ [a2m1(5) — aan(s)] (Lavn(s), 2 (9)ds
0
t
_ _ _ 2 =
< 2Ta?(M) ||(um_1,vm_1)||W1(T) —I—/O Zm(8)ds;
t 9 t B
2/ a’LmH(s) Hﬁm(s)Hads < 2EL*(M)/ Zm(s)ds;
0 0

t t
2 / @ 1 (3) [[Bma () | ds < 2a. (M) / 7o (3)ds.
0 0

Consequently, we obtain that

t

Zn(t) < TCO (M) || (@1, 51|y, ) +2C) (M) / Zm(s)ds.
0

By Gronwall’s lemma, we get H(ﬂm,@m)le(T) < kr H(ﬁm,l,f}m,l)le(T),

which implies that, for all m,p € N,

H(ulavl) - (aOaf}O)HW (
) = G ey < om0 Pl

Dgm. (3.12)

Then, {(um,vm)} is a Cauchy sequence in W1(T'), so there exists (@, ¥) such
that (Um,vm) — (4, 0) strongly in Wi (T). Note that (um,vm) € Wi (M,T),
then there exists a subsequence {(um;,vm;)} of {(tm,vm)} such that

(U, Vm;) — (U, D) in L>(0,T;(H?NV) x (H>NV)) weak*,

, U in  L%(0,T;V) weak™®,
(u! v )y — (a”,0") in L2?(0,T;L?) weak, (u,v)€ W(M,T).

m;? Tmy ’
Since ||Fyn — fla, llloqo,r;e2) < Kar(£)(af + Dl (wm—1 — @ vm—1 = 0)llw, (1),
F,, — flu, 0] strongly in C([ T); L?). Similarly, G,,, — g[u 7] strongly in

C([0,T); L?). We have

lam () — ar ((Snlal) (@) < (@ (M)/M)[[(tm-1 = @ vm-1 = 0)lwy (1),
sup Halm (t)—ax ((Sn[u])(t))]] < (d*(M)/M) H(umfl_mvmfl_@)

0<t<T

||W1(T)'

sup_||azm (t)—a((Sa[0])()]| <

0<t<T M H(“mfl_ﬁvvmfl—ﬁ)ﬂwxﬂ’
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similarly, we also have as,, — a2(S,[0]) strongly in C([0, T). Finally, passing to
limit in (3.7), (3.8) as m = m; — oo, there exists (u,v) € W(M,T) satisfying

{(U" t),w) + ar(Sn[a)(t))a(u(t), w) = (flu,v](t), w), (3.13)
(0" (t), ¢) + az(Sn[0](1))b(0(t), ) = (g[u, V](t), 6), '
for all (w,¢) € V, a.e., t € (0,T), and the initial conditions

(@(0),4(0)) = (10, u1), (0(0),0'(0)) = (o, 01).
On the other hand, from the assumption (As), we obtain from (u,v) € W(M,T)
and (3.13) that @’ = —a1(S,[u)(t))L1a + fla,v] € L>=(0,T; L2) nd 17” =
—ag(Su[v](t)) L2 + g[u, v] € L*(0,T; L?). Thus, we have (u,v) € W1 (M,T).

Now, let (u1,v1), (uz,v2) € Wi(M,T) be two weak solutlons of (P,). Then
(i, 0) = (uy,v1) — (ug,v2) = (ug — ug,v1 — v2) satisfies the system

for all (w, ¢)€V, a.e., t€(0,T), in which Fj(z,t)=f[u;,v;](z,t), Gj(z,t)=
9luj, vj](z,t), and alg( )=a1(Sn [u;](t)), az; (t)=az(Sn[v;](1)), j=1,2. By
taking (w, @) = (@'(t),0'(t)) in the above system and integrating in ¢, we get

H +ay (s

([l 2/ [a11(s) — a12(s)]
x (Lyua(s),u (s))ds — 2/0 [a21(5) — a22(s)](Lava(s),v’(s))ds

W 2(1) < / lals (5)

+ 2/ [(Fi(s) = Fa(s),'(5)) + (G1(s) — Ga(s),v'(s))] ds,
0
where
Yo = min{l, ar., a2}, Z(t) = [|a' )| + 8" (0)[1F + )12 + 102(B)[[5-

Put Gy = (4/7*)[(1+\f+§1)a*( )+4v2(1+a) K (f, g)]. Then, we obtain
that Z(t) < g fo s)ds. Using Gronwall’s lemma, we verify that Z(t) =0, it
leads to (u1,v1) = (uQ, vg). Passing to the limit in (3.12) as p — 400 for fixed
m, we get (3.11). Theorem 2 is proved completely. O

4 Convergence of solutions of approximation problems

For each fixed n € N, Theorem 2 shows that Problem (P,) has a unique weak
solution depending on n, which we denote as (u",v™). In this section, we will
prove that the sequence {(u™,v™)}, converges to the weak solution (u,v) of
Problem (1.2) in a suitable function space. We note more that the positive



Approximation of a system of nonlinear Carrier wave equations

constants M, T chosen as above will be mdependent of n, m and k. Therefore,

we obtain the estimate for the sequence {(um ) (k))} satisfying

W oy e Wi (M, T), for all n,m,k € N,

where M and T are p051tlve constants independent of n, m and k. Hence, the
limitation (u™,v™) of {(um ,vr(,lf))} as k — 4oo and m — +oo later, is the
unique weak solution of (P,) and satisfying

(u™,v™) € Wi (M, T), for all n € N. (4.1)

By (4.1), there exists a subsequence of {(u™,v™)}, with the same symbol, such

that

u™ v") — (uoo,voo) in  L>(0,T;H2NV) weak*,

W 0") = (ulo,vl,) in L°°(0,T;V) weak™,
0]

(

(

(@™, ™) = (ul,,vl) in L?(0,T;1L?) weak, (4.2)
(

[ eRinge’e)

Usos Voo ) € W(M,T).

Applying the compactness lemma of Aubin-Lions, there exists a subsequence
of {(u"™,v™)}, also with the same symbol, such that

(W 0") > (e, 000) i C([0, T V) strongly,
{ (i, im) = (ul.vl) in C([0,T):L2?) strongly. (4.3)
Because (u™,v™) is the umque Weak solution Of ( ) we get fo (), w)p(t)dt
+ Jo ar(Salun)(E)alu (1), w)p(t)dt = [, (fTum, 0] (), w)e(t)dt, and
T T
| . oea+ / @2 (Salo”](1))b(0" (1), ) (1)
R 0 (4.4)
= [ Gt i e
for all (w,¢) € V, Vo € C(0,T). By (4.2)3, it leads to
(u™(t), t)dt — ull o(t)dt,
I e .
[ e oewa— [ oo opma
0 0
From (4.3), we deduce that
T
/ (™, 0] (8), who(t)dt —)/ 100 0s0] (1), w) p(£)
o (4.6)
[ Gt 10,0000 [ Gl gt
Indeed, we prove (4.6) as follows. With (4.6)1, from the following inequality
Hfun v"(t) — f[u(Xh’UOO](t)HO
< Ku(f )[||U () = uco()[lo + [[v"(t) — veo () [lo + [[0" () — ute () [lo
+ 19" (t) — v ()0 + llug (2) — toow (t)llo + 05 (t) — voca(t)]lo
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< (1 +VR-1)Ku(f)
X (™, 0™) = (toss Voo le(o, 7wy + (@™, 0™) = (e, vi )l co,m102) ] »
flu™, 0™ = fltioo, Voo] in L°(0,T; L?) strongly. (4.7

From (4.7), we deduce that (4.6); is true. Similarly, we also have
glu™, 0] > gluse, vao] in L¥(0,T; L?) strongly,

from which we deduce that (4.6) is true. Now, we have to show that
T T )
[ S, et @)t = [ o) atun 0. w)olt)ar
T T
/Oaz(Sn[U”](t))b(v”(t)a¢>)90(t)dt _>/0a2(||voo(t)‘|(2))b(v00(t)7d))@(t)dt' (4.8)

Lemma 8. The following properties are fulfilled

(i) ||Sn[u"] = Sulucolllc(o,ryy — 0,
(ii) |[Snlusc] = lluss ()IIE lleqory < (1/4n)(R —1)*(1 + 2R)CEM? — 0,
(iii) || Snlu"] = lluse (IIF llogo,r) — 0,
as n — 0o, where Cp =  sup Illetqumy — pe pegyis (i)—(ii) still hold

0£weH2NV [ e
with (U™, us) Teplaced by (V™ Vso).-

Proof. By ueo, u™ € L*®(0,T; H> N V) N C([0,T);V) N CH[0,T]; L?), we
first note that us, u™ € C([0,T]; V). From here, we deduce that the functions
t o |luso(t) or t 7 Snlusc](t) and t — S,[u”](t) are continuous on [0,T].
Therefore, all three functions in (i), (ii), and (iii) are also continuous on [0, 7.
Next, we note that, we have the following estimation

0[] (6)~ Sulusc) | (R — 1) /) Z;xn,i

<@/MR-1PMY willu” = ool oo,y (49)
=(R—1)(R* - 1)M |ju" — Uoo”cao,TJ;w :

" (@i, 1) —ude (2n,i, 1)

Then, by (4.3)1, we deduce from (4.9) that

HS,L[u”] — Snlu < (R—-1)(R* = 1)M [u" — Uoo”(j([o,T];v) — 0,

wolleqom) <
as n — 0o. Thus, (i) is valid. In order to prove (ii), by simple calculations with
F € CY([a,b]), we first note that the following inequality is true

[ P =T

PRy
(b—a) HF/
n

)\g

||C([a,b]) '



Approximation of a system of nonlinear Carrier wave equations

Consequently, with F € C1([1,R]),a=1,b=R, x; = 1 + (R O] ,Tp— X1 =
(R—=1)/n), % =1+ i(};l) = Zpn,i, We obtain

‘ /13 F(z)dz — ((R—1)/n) i:F(x”,i)

Since the embeddings H*> NV < C*([1, R]) NV < C'([1, R]) are continuous,
there exists a constant Cr > 0 such that ||w||c1 1 z)) < Crllwllgzny , for all

(R_ 1)2 ’
o IF

< (4.10)

HC([I,R])'

w € H?>NV. We also deduce that the following embeddings are continuous
L0, T; H*NV) = L™=(0,T; C*([1, R]) N V) — L>(0,T; C*([1, R))).

From this, with the property thoo € L>(0,T; H*NV) — L>=(0,T; C'([1, R])),
we have that z — F(z,t) = zu2 (z,1) belongs to C*([1, R]) for almost every
t € [0,7). Applying (4.10), with F(z,t) = zu? (x,t), we obtain

[llwo (0I5 — Snluce] ()| < (1/n)(R = D2(|Fu(®) o, R)- (4.11)
On the other hand, by the estimate

1F Ol eqr,ry = lludo(8) + 22uce () tioos (o, r)
< et (D11, 7y + 2RI oo (D)l e 1,7 1uoow (Ol o, )
< (14 2R)[[uce (|2 (1,7)) < (14 2R)CRltos ()] 2y
<(1+ 2R)CRHU'<X>||L°°(O rimzavy < (1+ 2R)CEM?,
(

it follows from (4.11) that
[lluoe (D17 = Saluce](t)] < (1/4n)(R — 1)*(1 + 2R)CRM>.
Thus, (ii) is true. It follows from (i), (ii) that

155 [u"] = [|too ()3l 0,77)
< 1S [u™]=Snluco] o (o,r1) + 1S [tos] = lttes (I3 (o, 77) — O

as n — oo. Hence, (iii) also holds. Therefore, Lemma 8 is proved. O
Lemma 9. The following convergence is valid

(i) llax(Sulu"]) = a1(luce (VIS leo,r) — 0, as n — oo,

(ii) llaz(Sulv"]) = az(llvee (V5)lco,zy) — 0, as n — oo.
Proof.  Due to
a1 (Sn[u"](8)) = a1 ([luse (B)ID)] < Kar(ar)|Salu]() = fuse (OIF],  (4.12)
hence it follows from (4.12) and Lemma 8 (iii) that
Jan (Sufe) =an (ltoe CYIR) gy Kvr )| Sl = toe ()R gy = O

as n — 0o. Moreover, (ii) is similar to (i). Thus, Lemma 9 is proved. O
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Now, we continue the proof of (4.8). By the following inequality
T T
| [ arSulum@ate o), we®dt- [ allus@)atus (b),w)o(0)d
0 0
T
<| [ (Sl 16) = an(lu (It 0, wote)at

T
| [ e @1ja(a () = e ). w) 0
< Mol 0V Tar (Sulu™) = ar (e (I3 e 0.0
+ IN(M(al)||wHaH<p||L1(07T)Hu”—uooHC([QT];V) — 0, asn — oo.

Combining (4.3); and Lemma 9, we get (4.8);. Using a similar approach, we
also have that (4.8)y is true. Finally, by (4.5), (4.6) and (4.8), giving n — oo
n (4.4), we obtain that (ueo,vs0) € W(M,T) satisfies the equation

T T 9
/ (! (£), w)p(t)dt + / a1 (oo (1)) (urse (), w) o 1)t
0 0
- / (Flttoor voo] (1), w) p(t)dt, (4.13)
T T 9
/ (W (1), ) (t)dt + / aa([[oo (8)][2)b (0o (£), @) o t)dl
0 0
T
- / (gltoe, 000 (), B p(t) .

for all (w,¢) € V, Vo € C(0,T), together with the initial conditions

(00 (0), 1 (0)) = (tho, 1), (V6o (0), 05 (0)) = (T, B1)-

Consequently,

(W (), w) + a1 ||uOO H oo(t), w) = (oo, Voo (t), W),
(v (1), @) +as([lveo (t H (), &)=(gltco, v (1), @), V(w,P)EV,
(uoo(0), u, (0))f(uo7U1) ( 50(0),v5.(0)) = (%o, T1),

and (Yoo, Voo) € W (M, T). Furthermore, (4.13) implies that

uy, = —a1(HUoo(t)||§)L1uoo + flttoos Voo] € L(0, T LQ)’

"

Voo = _a2(|}”oo(t)||(2))l/2voo + gluoo, Vo] € L(0,T; L?),

S0 (Uoso, Voo) € W1 (M, T), hence (oo, Vo) € Wi (M, T) is a weak solution of
(1.2). Moreover, we can verify that this weak solution (4, Vso) is unique.

By uniqueness of (1.2), we have (u,v) = (Uoo, Voo ). We note more that, the
sequence {(u™,v™)} converges to (u,v) in the sense as in (4.2) and (4.3).

The above result leads to the following theorem.
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Theorem 3. Let (A1)—(As) hold. Then there exist positive constants M, T
such that

(i) Problem (1.2) has a unique weak solution (u,v) € W1(M,T).

(ii) The solution sequence {(u"™,v™)}, of Problem (P,) converges to the
weak solution (u,v) of Problem(1.2) in the sense

(u™,v™) = (u,v) in L0, T;H2NV) weak*,
(@™, ") — (v v ) in  L*(0,T;V) weak*,
(Gm, ") — (u”,0") in  L?(0,T;L?) weak,
(u™,v™) = (u,v) in  Wi(T) strongly.
(i4i) Furthermore, we have the following estimates
(™, ™) = ()l ) < Cr HEHHC([O,TD Ve, (4.14)
n n 2
En(t) = Suu"](t) = [u(t) 3] + [ Sn[0"](t) — [Ju(t || ]
”E"”C([O,T]) < ||Sn[“ = [luC)II3 ||C(0T)+HS" —[lv(: ||0Hc (0,7~ =0,

as n—o0, and Cr is a constant depending only on T, a1, as, f, g, Ug, U1, Vg, V1 -
(iv) On the other hand, if T > 0 is chosen small enough, we have the
following estimate

(", 0") = () llwy () < i/, ¥ €N, (4.15)

where, C} is a constant depending only on T, ay, as, f, g, to, 1, Uo, V1.

Proof. It remains to prove (iii) and (iv).
We set (U, 0p) = (u™,0") — (u,v) = (u™ —u, v™ —v) and
Fa(t) = flu™,0")(t) = flu,v](t), Gu(t) = glu”, v"](8) — glu, v](?),
A} (t)=ar (Salu"](8)) — ar(lu()[I5), A3 (H)=a2(S,[v"](1))—az(llv(®)]]5),
arn(t) = a1 (Sn[u"](1)), a2n(t) = as(Sn[v"](?)), (4.16)

=~
=
+
D>
N3
2
<
N
=
Il
Qi
3
=
=
<
g
=
m
<
N
—
-’

Math. Model. Anal., 30(2):362-385, 2025.


https://doi.org/10.3846/mma.2025.22230

380 L.T.P. Ngoc, N.V. Dzung and N.T. Long

where @, = min{1, a1, as.} and

X () = || @l (), 0, (07 + || (n (), 5 ()5 -

First, we need to evaluate the terms @}, (t), b, (t), A7(t), A%(t), ful(t), Gn(t)
as follows. Estimating aj,,(t), a5, (t) : Note that

(1) = 0 (S, [0 (1)) 5 S0 "] 1)

= 20} (Sp[u"](t))((R - 1)/n) Z Ty U (T iy )" (T, 1),

hence
5, @) < 2Ku(a)(R=1)/m) D" was(B=1) [uz@)], a2 @],
< 2kre(an) (R~ 1)/m) " (p )02

= [N(M(al)(R - 1)(R2 - 1)M2 S QKM(al)M* S 2I~(M(a1,a2)M*. (419)

Similarly, ~ R
(|, ()|| < 2Kns(az) M, < 2Kp(a1, az)M,.

Estimating A7 (t), A%(t): by (4.16) we deduce that
1AT (D)1 < Kar (@) || Snlu™] (6) = u@) 5] <K (a1, az) || S fu"] = |u(-
145 < Karlar, a2)[|Salo"] = llo:

Molleom):
HOHC([O )"

Estimating f,(t), gn(t) : we have

5@y < Ear(H)[lan(®)llo + [7n(t)llo
+ [Jan, @)l + 1oy + [|Ena @)y + |20 ®)]], ] (4.20)

<2(1+ VR — DEun () Xn(t) <201+ VR — DEKu(f, 9)1/ Xn(8),
g () lo<llglu", v"](t)=glu, v](t) [o<2(1 + VR = 1) Kn1(f, 9)\/ Xn(t). (4.21)

From the estimates (4.19)—(4.21), we evaluate the terms on the right-hand
side of (4.18) as follows.

) @) [ + ) [ )
<2KM((11,(12M/X dS_T] /X
2 / A2 (3)(Lau(s), @ (s)) + AL (5)(Lov(s), 7, (s))ds
0
< R2,(ar,a2) (5 + V2)2 M2 / E2(s) + / X (5)ds
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< Kip(ar, a2) (1 + V2’ MPT | Enl| ¢ 0.0 +/ Xn(s)ds
0
t
=Tny 1Bl o.17) +/0 Xn(s)ds;
t
2 [ (o) (5) + (30(5), 7 (51)] ds
0
t —
2 [ 1@l 7@l + el )], s
t t
S0+ VE=DEw(f) [ Xalo)is =) [ Xal)as
0 0

It follows from (4.16) and (4.20) that

. TUE\?I) ORNCNY A
Xlt) € DB B g+ 2 ( T +nM)/O X, (s)ds.  (4.22)
Using Gronwall’s lemma, it follows from (4.22) that
(2)
- Tn T 1
Xol0)= 7B exp | (14341 18l g0y = 080 D) 1l

(4.23)
We deduce from (4.23) that

[ (u",0™) — (U’U)le(T) = H(ﬂm@n)HWl(T) <4y sy (T) 1Enllcqo,1) -

Hence, (4 14) holds. From Lemma 9, we have

S [u™)= - HOHC([OT<Hsn[un}_sn[u}HC([O,T])—’—HS”[ —[lu: HOHC(OT])

—1)2 _
M(1 +2R)CEM?.

< (R=1D(B = DM |lu" = ull oo mvy + =

Similarly,

| Sn[v"™] — HU(')H(QJHC([O,T])

(R—1)?

< (R=1)(R*=1)M |jv" — U”c([O,T];V) + T(l + 2R)6123M2'

Therefore,

1Ealleqory < I1Sabe™) = NuO)Blleqory + 15a] = 10O llego.m

+@(1+2R)O§M2.

< (R—1)(R*—1)M ||(u",v"™) U)le(T) 2n

From here, we deduce that
n o, n 4 1/2
(™, 0™) = (u, 0)lwy oy < 4057 ()2 Enlloo.m

< 4(n$ (D) (R - 1)(R? - M| (u",0") — (u, v)[lw, (1) (4.24)

R

—1)2 _
+4 ngym%u +2R)CEM?.
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2) 1/2
Y T
lim \/n'?(T) = lim ( DI exp {& (1+ (1)+n§\})D =0,

T50,4 T504 \ Gy

we deduce that there exists a sufficiently small T > 0 such that

4\ /nW(T) (R —1)(R* = 1)M < 1. (4.25)
Combining (4.24) and (4.25), (4.15) holds. Theorem 3 is proved. O

Remark 4. We would like to discuss the possibility of replacing the integral sums
Splu](t) and S, [v](t) with trapezoidal rule or Simpson’s rule. These rules pro-

Hé = flR ru?(z,t)dx
and ||v(t)||§ = flR xv?(x,t)dz if (u,v) are sufficiently smooth in terms of the
variable . To gain a clearer perspective, we return to the beginning with a
function F defined on [a, b] instead of [1, R].

(i) For the trapezoidal rule, it allows us to approximate the integral

vide better approximations of the two Carrier terms Hu(t)

n

b —a
/ F(z)dz ~ b2 Z(F(Cﬂz—l) + F(x;))

n =1
b—a F(z0)+F(zn) <= i(b—a)
2‘7;%4—**7i“‘**'§;lwxl et =0, 1=0,m.

If F € C?([a,b]), then the error of this approximation is estimated by

‘ / Fla (b—a)®

12n2 || HC([a,b]) :
(ii) For the Simpson’s rule, it allows us to approximate the integral

wuin+ﬂwws

b n
/ Z (z2i—2) + 4f (w2i-1) + f(22)]

xi:aJrz(bfa)/(Qn) i=0,2n.

If F € C*([a,b]), then the error of this approximation is estimated by

‘/f dI**Z [f(2i2) +4f (2i-1) + f(22)]

1 b—a 5 4
= 90n4< 2 ) ||f( )||C([a,b])

Now, we try to replace the integral sums S, [u](t) and S,[v](t) with the trape-
zoidal formulas as follows

~ R-1¢
Snlul(t) = on Z[Ii—wQ(Ii—l,t)+I¢U2(I¢,t)]a
i=1
R-1 (R—1
—% .TZ 1v xl_l,t)—&—xivg(xi,t)], xizl—i-u, i=0,n,

=1
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for all n € N. Therefore, in order to estimate the error of the trapezoidal for-
mulas with the integrals flR ru?(x,t)dr and flR rv?(z,t)dz, it requires that
the functions = — zu?(x,t) and z — zv?(z,t) belong to C?([1, R]) for al-
most every t € [0,T]. Meanwhile, we only have u, v € L>(0,T; H>NV) —
L*(0,T;CY([1, R])). Similarly, if we replace S,[u](t) and S,[v](t) with the
Simpson’s formulas, it would require that z — zu?(z,t) and x — zv?(x,t)
belong to C*([1, R]) for almost every ¢t € [0,7]. For this reason, in order
to approximate Sp[u](t) and Sy, [v](t), we use the rectangle rule to approxi-
mate flR ru?(x,t)dr and Hv(t)Hi = flR xv?(z,t)dx, which is consistent with
the smoothness of the solution (u,v).

Remark 5. We can consider Problem (P,) with S,[u](t), Sn[v](t) replaced by
the following integral sums respectively

Sulu)(®) =(R=1)/n) Y @n it (@nis),
Sulva () =(R=1)/m) > 2002 (@nist),

(R—1)(2i—1)

in which z,, ; = 1+ o ,

open problem

e — a1(Snlus)(t)) (uaw + (1/2)us — (1/2%)u)
= fa,t,u,v,u, 0, Uy, V), 1 <z < RO<t<T,

Uit — G‘Q(SR[U.L](t))(U.L.L + (1/1‘)1}L)

= g(x,t,u, v, Us, Vg, Uz, Uz ), 1 <2 < R0<t < T,
ug(1,t) — byu(l,t) = vy (1,t) = u(R,t) = v(R,t) =0,
(’LL(I,O),U(:E,O)) - (ﬁO(I)7{)0(I))’ (ut(x,O),vt(x,O)) = (ﬂl(z)vﬁl(z))v

where by > 0, R > 1 are given constants, and a4, as, ug, 41, U9, U1, f and g are
given functions, with two questions:
(i) What is the sufficient condition for the unique existence of a weak solu-

tion (u™,v™) of Problem (P,)?
(ii) Does the sequence {(tm,vm)}n converge to a weak solution (u,v) of the

correspondence problem (P.,) in a certain sense?

i=0,...,n,V¥n € N. This leads to the following
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