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1 Introduction

In analytic number theory and mathematics in general, the important role
belongs to zeta-functions. Zeta-functions are functions of a complex variable
s = o + it defined in some half-plane by Dirichlet series

oo
a\m
> s,
m:lm

or their modifications. The name ”zeta-functions” comes from the Riemann

zeta-function
1
()= o> 1,

)
ms
m=1

which was already studied with real s by L. Euler, though, a powerful potential
of ((s) was opened by B. Riemann [35] in connection to distribution of prime
numbers in the set of all natural numbers N.
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A joint discrete limit theorem for Epstein and Hurwitz zeta-functions

After the proof of the asymptotic distribution law of prime numbers p,

see [11,18],
¥ d
E 1~/ u’ T — 00,
5 logu

p<z

it was observed that the function ((s) appears in solving other theoretical
and practical problems, however, its value distribution is rather complicated.
This suggested to H. Bohr to apply probabilistic methods in the theory of
¢(s) [5]. Bohr’s ideas were realized in the joint works with B. Jessen [6, 7].
Since this time, a probabilistic approach occupies a significant place in the
theory of zeta-functions and their applications. The results obtained are stated
as limit theorems on weakly convergent probability measures, see, for example,
[1,23,24,25,36] and [2,27,31].

In [29], the first limit theorem for the Epstein zeta-function was proven.
Let Z denote the set of all integer numbers, and @ be a positive definite n x n
matrix. The Epstein zeta-function ((s; Q) is defined, for o > %, by the Dirichlet
type series

(@)= > (="Qx)™,

zez"\{0}

and has analytic continuation to the whole complex plane, except for a simple
pole at the point s = 2 with residue 72 (F(%)«/det@)_l, where, as usual, I'(s)
is the Euler gamma-function. The function ((s; Q) was introduced in [14] as
an example of the most general zeta-function satisfying the functional equation
proved by Riemann for {(s) in [35].

The function ((s; @) is an attractive analytic object, and has been investi-
gated by many mathematicians in [3,9,15,19,20,33]. The function is used for
practical applications, see, for example, [12,13,17].

In [16], a probabilistic limit theorem was obtained for a pair {(s,o; Q) =
(¢(s;Q),¢(s,)), where ((s, ) is the classical Hurwitz zeta-function with pa-
rameter a, 0 < o < 1. Recall that (s, «), for o > 1, is defined by the series

- 1
(s, ) = Z m7

m=0

and is analytically continued to the whole complex plane, except for a simple
pole at the point s = 1 with residue 1. The function ((s,a) was introduced
in [21], its theory, including limit theorems is also given in [28].

The statement of a result from [16] requires some notations and definitions.
Let P be the set of all prime numbers, Ng = NU {0}, and 2 = 2; x {25, where

O =][{seC:|s|=1} and 2= [J[{seC:|s|=1}

peP mENg

Then, the set (2 is a compact topological group, hence, on (§2,5(£2)) (where
B(X) denotes the Borel o-field of the space X), the probability Haar measure
my can be defined, and we have the probability space (£2,B(2), mp). Here,
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my is the product of Haar measures m g1 and m go, where my is the probabil-
ity Haar measure on the coordinate space ({21, B(f21)) and m g is the probabil-
ity Haar measure on ({22, B(£22)). We remind that the measure my is invariant
with respect to shifts by points from 2, i.e., my(A) = myg(wA) = my(Aw),
for every A € B(£2) and all w € 2. Let w = (w1,w2) be elements of {2, where
w1 = (w1(p) : p € P) € £ and wy = (wa(m) : m € Ny) € 5.

In order to define a certain C?-valued random element on the space (£2, B({2),
myr), suppose that 2TQx € Z for all z € Z™\{0}. Under the restriction, it fol-
lows that ((s; Q) = ((s; Eq) + ((s; Fg), where

8

(B = Y QM) g ((sipg) =

m=1 m=1

n
27

are zeta-functions of certain Eisenstein series Eg(s) = Y. -_, eq(m)e* ™% and
of a certain cusp form Fg(s) = Y o_, fo(m)e* ™™, respectively [15]. More-
over, for even n > 4, the Eisenstein series Eq(s) is a modular form of weight %
and level ¢, where ¢ € N is such that ¢(2Q)~! is an integral matrix [22]. This
decomposition together with [19,20] and [22] implies that, for o > 2%

ZZ;’}Z 5. Xk) (8—+1 xz)

k=11=1

oo

m=1

where ag; € C, k and [ are positive divisors of ¢, xx and x; are Dirichlet
characters modulo # and ¥, respectively, and L(s, xx) and L(s, x;) are Dirichlet
L-functions. Besides, the series with coefficients bg (m) is absolutely convergent
for o > 5= L. We recall that the Dirichlet L-function L(s, x) with character x
modulo g, for o > 1, is given by

L(s,x):gw:gc_@)

and is analytically continued to the whole complex plane, except for a simple
pole at the point s = 1 if x is the principal character.

Let ¢ = (01, 02). Now, for oy > an and oo > %, on the probability space

(£2,B(£2),mp), define the C2-valued random element
Q(Qv W, & Q) = (C(Jla w13 Q)7 C(027 w2, O[)) )

where

K L
apw n )
((o1,w13Q) = ZZ st )L(thth)L(th—+1,w17Xl>
k=1 1=1

k"l lf’l 2
+ > bQ

m=1

and
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Here,

L(ov,wi,xk) = [ [ (1 - Xk(mwl(p)>l ,

p€EP P
N -1
n . Xi(p)wi(p

L(01—2+1,W1aXl):H (1—0.17241)) )

peP p

wim)= T wi@), meN.
pT|m
prHim

We note that the second product is convergent for o > ”T’l for almost all wy €

2. Denote by P, q,« the distribution of the random element ((o,w, o; Q),
ie., B

Poagald) =my {we Q: (ewaQ) e}, AcBC?).

Set
(o +it,;Q) = (Clor +it; Q), (o2 +it, )

denote by measA the Lebesgue measure on R, and define
1
Pr¢o.qa(d) = piueas {t €[0,7]: (g +it,; Q) € A} , A B(C?.

The main result of [16] is the following theorem.
Theorem 1. Suppose that the set

{(togp:p € B), (log(m +a) : m € No) }

is linearly independent over the field of rational numbers Q, o1 > "T_l and
03 > % are fived. Then Pr¢ s q.a converges weakly to the measure Pe g g, as

T — oco.

Theorem 1 is of continuous type, since t in the definition of Pr ¢, 0, takes
arbitrary values from [0,7]. The purpose of this paper is to prove a discrete
version of Theorem 1 with the values ¢ from a certain discrete set.

For positive h; and hs, define the set

L(a, hy, hoy) = { (hilogp:peP), (hg log(m+«) :m € NO) ,27r}.
We note that L(a, hy, ha, ) is a multiset, it can have identical elements. Denote

by #A the cardinality of a set A, and let h = (hy,h2). For N € Ny and
A € B(C?), set

h 1 . )
PN’Q’Q’Q’“(A):TH# {O <k<N: (((al—i—zkhl;Q),C(Ug—i—zkhg,a)) € A} .
In this paper, we will prove the following statement.

Math. Model. Anal., 30(2):186-202, 2025.
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Theorem 2. Suppose that the set L(«, hy,ho, ) is linearly independent over
Q, and o1 > ”T_l and oy > % are fized. Then Pl%c 5.Q.a CONMVETgES weakly to
the measure Pt o, Q,a as N — 00. N

For the proof of Theorem 2, we will apply the Fourier transform method.
The identification of the limit measure is based on the ergodic theory. By the
Nesterenko theorem [34], the numbers 7 and €™ are algebraically independent
over Q. This means that there are no polynomials p(sy,s2) Z 0 with rational
coefficients such that p(m,e™) = 0. From this, it follows easily that the set
L(%, hi, he, ) with rational hq and hs is linearly independent over Q.

2 Case of 1?2

In this section, we prove a limit lemma for the probability measure

def i
Pz%,n,a(A) = ﬁ#{0<k<N ((p~™*m :peP),

((m+ )~ s € Np)) € A}, A€ B(9).

Lemma 1. Suppose that the set L(c, hy, ha, ) is linearly independent over Q.

Then PI% .o converges weakly to the Haar measure myg on (£2,B(12)) as N —
0.

Proof. We use the Fourier transform approach. It is sufficient to show that
the Fourier transform of the measure P]%’ Q.00 @ N — 00, converges to that of
the measure mpy. The characters of the group (2 are of the form

IT et I whem (m

p€EP me&Ny

» ”

where the sign indicates that only a finite number of k), € Z and ks, €
Z are not zeros. Hence, the Fourier transform fj%ga(kl,@), where k; =

(k1p < kip € Z,p € P), ky = (kam : kam € Z,m € No), of Py, , is given by

fN 2, a(klv / (H wklp H wkzm > dPN 2.«

m&ENy
—ikkiph ° —ikkamh
N n 1 Z H 1phi H (m + a) 2 2
k=0 peP mENg
N 1 Z exXp { - Zk(hl Z k1p log(p)+ha Z kam 10g(m+a)) } (2.1)
+ k=0 peP meENy

Since the set L(«, hy, ho, ) is linearly independent over Q, we have
g hi Z k1plogp + ho Z kom log(m + a) # 27r, r € Z,
peP meNy
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for (k1,k2) # (0,0), with 0 = (0,...,0,...). Therefore, in view of (2.1),

1— efi(NJrl)H

h
N = — . 2.2
fN,Q,a(EDEQ) (N—i—l)(l—e_lH) ( )
Obviously, fx o ,(0,0) = 1. This and (2.2) yield
. h _ 17 lf (El7k2) = (979)’
ngnoo IN.0,0(ky k2) = { 0, otherwise, (2:3)

and the lemma is proved as the right-hand side of (2.3) is the Fourier transform
of myg. 0O

3 Case of absolute convergence

In this section, we will apply Lemma 1 to obtain a limit lemma for absolutely
convergent series connected to the functions ((s; @) and (s, a).
Let 6 > % be a fixed number, and M € N. Define the arithmetic functions

Moreover, let

= v (m, @)
C (57@ = )
M ) mzz:o (m—l—a)s

2 ) _ 55 almn (m) e ()

n
LM (5_ S +17>Zl7w1

CM(Sa OZ,WQ) =

All above series are absolutely convergent in every half-plane o > o with finite
o9, whereas vy (m) and vy (m, «) decrease exponentially to zero with respect
to m. For o1 > "7_1 and o9 > %, set

¢ (@ +ikh,a;Q) = (Cu(on + ikhi; Q), Car (o2 + ikhg, ),

where

8

K Lo
:ZZ SXkLM<5—+1Xl)

k=11=1

m=1
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and

QM(Q + Zkhv a, W3 Q) = (CM(O—l + ikhl,wl; Q)7 CM(O—Q + ikh?; Oé,(.dg)) ’

where

K L
Q1w wi (1 n ~
Gualorni@) =3 5 AN s )L (5§ + 1,50 )

ksls
k=11=1
L S balmn(m)
m=1 m

We notice that all functions that occur in ¢ o (o, a; Q) are given by absolutely

convergent series for oy > %71 and oo > %

In this section, we will obtain the weak convergence for

h ( )def

Py st Qo {0k <N (erikh, 0 Qea}, AeB(EC?),

N+1

er 1 .
Pifrcaoa@ S g {0k <N ¢ (otikh a.wiQ)ed}, AcB(C?),

as N — oo.
Before the statement of a limit lemma, we introduce the mapping u%gg :

2 — C? given, for o > "—_1 and o9 > %, by the formula

The absolute convergence of series defining g (o, o, w; ensures the con-

)
tinuity of uMCa Hence, the mapping u%‘za is (B(£2), B(C?))-measurable.
- —1
Therefore, the probability measure Uﬁ?z =mpyg (u%%g> on (C?,B(C?)),
where, for A € B(C?),

-1 -1
Uy ,(A) =mpy (U%zg) (A) =mpg ((U%%g) A) :
can be defined.

Lemma 2. Suppose that the hypotheses of Theorem 2 are fulfilled. Then,
h h,02 .
PN,M,ﬁ,g,Q,a and PN,M,C,Z,Q,OL both converge weakly to the same probability mea-

sure UI\%?U as N — oo.

Proof. The definitions of the measures P]%, Mo.Qua and P]%’ .0 and mapping

u%% , imply that, for every A € B(C?),

1 —i
PN 160, GoA) =Nl {0 <k<N: ((p MipeP),
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Thus,

P]%MCO’,Q,Q = PI%,.Q,Q ( gz )71-
This and continuity of u® Y C » Show that the principle of preservation of weak
convergence under mappings is applicable, see [4], Theorem 5.1. Therefore, in
view of Lemma 1, we obtain that Pz%, MC.0.Q,0 CONVerges weakly to

rrLH(uCI\Q/j< ,) tas N = oo.
Now, consider the case of PN MCo.Qua For @ € (2, let the mapping @ C

£2 = C? be defined by
o(Ww)=¢,, (0 a,wd;Q).

@%’Z,g(w) = ufi% o (a(w)) (3.1)

with a : .Q — {2 given by a(w) = wd. Repeating the above arguments shows
that P](, M.(oo.Q.a COTVETZES weakly to the measure my (u%% o) tas N = oo,

It is well known that the Haar measure is invariant with respect to shifts by
elements from {2, i.e.,

mp(A) =mpg(wA) = mp(Aw)
for all A € B(£2) and w € £2. Therefore, in view of (3.1), we have

-1 1 _1
mpy ('&%’Zg) = (mHa ) (u%% U) =mpy (u%zg) .
Thus, the measure P,%’!Ai[c 5.0.00 @ N — 00, converges weakly to Uﬂ%'za as
well. The lemma is proved. O N

4 Approximation result

In this section, we will show that ¢, (o, ; Q) and S (o, a,w; Q) are close to
((o,;Q) and ((,a,w;Q), respectlvely, in the mean. We note that ((c +
ikh, o; Q) and ((o +ikh, o, w; Q) are defined similarly to ¢, (o +ikh, o; Q) and
C (o + ikh, a,w; Q), respectively. Denote by p the usual metric in C2. Then
the followmg statement is valid.

Lemma 3. Suppose that o1 > —1 and oy > % are fixed. Then,

lim hmsupizp( a—i—i/c@,oz;Q),gM(g—l—ikh,a;Q)):07 (4.1)

M—=o0o Nooo
and, if the set {(holog(m + a) : m € No), 27} is linearly independent over Q,

for almost all w € (2,

N
lim hmsup Z ( ((a+ikh, o, w; Q), ¢ (g—H’kQ,a,w;Q)) =0. (4.2)

M—o00 N0

Math. Model. Anal., 30(2):186-202, 2025.
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Proof. Equality (4.1) follows from the equalities

1
lim i —_—
i thnsup 5=y

N
> [¢lor +ikha; Q) — Cur(or + ikh1; Q)] =0
k=1

and

N

1
I g DG b ) G b )] =0

The first of them has been proven in [30]. For its proof, the integral represen-
tation for the function

Ly (s,x) = /.9 L(s+z,x)m(z)dz

% —1300
with )
s
has been used. Moreover, the discrete mean square estimate for the Dirichlet
L-function L(s, x), with o > %, 7€Rand h > 0,

N
3" |L(o + ikh +im,x)|* < N(1+ |7]),
k=0

which follows from the continuous mean square estimate with application of
the Gallagher lemma [32] connecting continuous and discrete mean square of
some functions, has been essentially applied.

The second equality has been obtained in [8], Lemma 5.

Similarly, Equality (4.2) is a consequence of the equalities

N

1 , .

= § |¢(o1 4 ikhy, wi; Q) — Car(or + ikhy, w1 Q)| =0
k=1

lim limsup
M—00 N_00 N

and

N
1
i, o oy 31000+ ik, n) =Gl ik )| =0

that are valid for almost all w; and ws, respectively. The first of them is given
in [30], the second follows from [26], Lemma 2.6. O

5 Relative compactness

Let {P} be a family of probability measures in the space (X, B(X)). In the
theory of the weak convergence of probability measures, the notion of relative
compactness of families of probability measures often is useful. Recall that
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the family {P} is relatively compact if every sequence {P,} C {P} possesses
a subsequence {P, } weakly convergent to a certain probability measure on
(X,B(X)) as r — oco. However, it is not easy to prove relative compactness.
Therefore, it is a simple notion, tightness of {P}, which implies its relative
compactness. Thus, {P} is tight if, for every ¢ > 0, there is a compact set
K C X such that

PK)>1—c¢

for all P € {P}.

Lemma 4. Under the hypotheses of Theorem 2, the sequence {UQ ‘z : M € N}
1s tight. -

Proof. Denote the marginal measures of U](Q/zg by

Ugy oy (A) =UZe (AxC), AeB(C),
and

U0y (A) = U e, (Cx A), AeB(C).
Then, Uﬁgl = mlH(uJ\Q/I’ol)_1

probability Haar measure on (£2;,8(£2;)), j = 1,2. Also, u% o 11— Cis
given by

(e} _ [ —1 . .
and Ugy ,, = mapm(ufy,,) ", where m;p is the

u%,al (W1) = CM (0'1,0.)1; Q)

and u%m 1 {29 —» C by
ug o (W2) = Cu (02, w25 ).

In the proof of Lemma 8 from [30], it was obtained that the measure U]{% o, 18
tight. Therefore, for every € > 0, there is a compact set K; C C such that

UL (Ki)>1-¢/2 (5.1)

for all M € N. Similarly, in the proof of Lemma 2.7 from [26], it was proved
that there exists a compact set Ko C C such that

Uy, (Ka) > 1—¢/2 (5.2)

for all M € N. Note that in [26] the linear independence over Q for the
set {log(m + a) : m € Ny, i—:} is required, which is ensured by the linear
independence of the set L(w,hy,ho,m). Let K = K; x K. Then K is a
compact set in C2. Moreover,

vge, ((CQ \ K) < Uge, (C\Ki,C) +UZe, (C,C\ Ky)

= Uilo, (C\E) +Ufp,, (C\ Ko)

for all M € N. Therefore, in view of (5.1) and (5.2),
Q,a 2 < €. € —_
Uta (CINK) <5 +2=c
for all M € N, and this proves the lemma. 0O

Math. Model. Anal., 30(2):186-202, 2025.
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6 Proof of Theorem 2: the first step

For w € 2 and A € B(C?), define

2.h 1 : ‘ :
Pyioqald) = m#{o <k < N:(Clor +ikhy,wi;Q),
C(O’Q + ikhz,cdg,a)) S A}
In this section, we will prove that the measures P]% 0.0 and PJ{,Z 7(:&0 0.0 have

the same limit measure in the sense of the weak convergence. More precisely,
the following lemma is true.

Lemma 5. Under the hypotheses of Theorem 2, on (C2?,B(C?)) there exists a
probability measure P?U 0. such that both measures Pl% Co.Qu and Pjg’?g 0.0

converge weakly to Pcﬂa 0.0 @5 N — o0.

Proof. Let the random variable f be defined on a certain probability space
(IT, A,v), and let

w{dn =k}=1/(N+1), k=0,1,...,N.
Consider the C2-valued random elements

X]%,M,g = X]%M,g(g, a;Q) = QM(Q+ ihOn, ; Q)
X%,g = XJ%,Q(Q;%Q) =((oc +ihfn, ; Q),

and the C2-valued random element YMﬁ = YM,Q (o, a; Q) with the distribution

UJ%ZQ Then, denoting by L, the convergence in distribution, by Lemma 2,
we have

h D
XN,M,Q m} YJV[,£~ (61)
Now, we will apply Lemma 4. Since the sequence {U]{Q/zg : M € N} is tight,

by the Prokhorov theorem, see [4], Theorem 6.1, this sequence is relatively
compact. Hence, there exists a subsequence {U]\Q/)[fc,a} C {vazj‘zg} and a prob-

ability measure Ug;‘ on (C2, B(C?)) satisfying the relation

D Q,a
YMT,Q m UQ,Q . (62)

The latter relation shows that Yas, ¢ converges in distribution to a random
element having the distribution U, g(’fa. Having in mind the above definitions,
we obtain, for every € > 0, -

h h
v{p (X3 Xv ) 2 )

= ﬁ#{o <kE<N:p (Q(Q+ikh,a;Q),ng(g+ikh’a;@)) > 6}
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N

1 _ _
= VA kZ:OP (Q(Q +ikh,a;Q), ¢, (o + ikh, a; Q)) :

Thus, in view of Lemma 3,

lim lim sup I/{p (XJ%,C’XJ%,MT,C) > e} =0.

T—=0 N_ 00

The latter equality, relations (6.1) and (6.2), show that, for the above random
elements, Theorem 4.2 from [4] is applicable. This procedure leads to the
relation . b

Xp  ——— UZ” :
NL Nooo Ug’g ’ (6 3)

Nej
g

and we have the weak convergence for P]%’C’U’Q’a toUs, as N — oo.

Now, we deal with the measure P]{i’ga’Q’a. First, we observe that relation
(6.3) implies that the measure Ug(’fa is independent of the sequence {M,.}. From

this and relative compactness of {Uﬁ? -}, it follows that
Y ¢ L) UQ’a. (64)
2 M—oco Qe

Similarly to the random elements X]% M and XJ% o introduce

2,h 2,h .
XN,M,Q = XN’M,Q(Q704)W; ) :§M<Q+ZQHN704;W§Q)

Xyt =Xytlo 0w Q) =((o+ihly, 0w Q).
Then, by Lemma 2,
2.h D
XN)M7£ —>N%OO Yue, (6.5)

and, in virtue of Lemma 3, for ¢ > 0,

lim lim sup u{p (XJ{,)?,XX,Z%C) > 6}

M=o Nooo

N
. . 1 . )
< i lmswp gy > o (Slatib 0,:Q). (il a,: Q) = 0.

0

Thus, this equality, (6.4), (6.5) and Theorem 4.2 of [4] give the weak conver-
gence for P]{?’?U Q. tO U?f‘ as N — oo. The lemma is proved. O

7 Proof of Theorem 2: the second step

In this section, we identify the measure PCQ_U 0,0 0 Lemma 5. For this, some

elements of ergodic theory will be applied. Let
ena= ("™ :p €P), ((m+a)"" :m € No)).
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Clearly, we have ep, o € 2. Define the transformation T}, o : {2 — (2 by
T@,a(w) =epaw, wE

Since the Haar measure my is invariant with respect to shifts by elements of
{2, the transformation T}, , is measurable measure preserving.

Recall that a set A € B({2) is invariant with respect to T},  if the sets Ap o =
Th.o(A) and A can differ one from another at most by a set of my-measure
zero. All invariant sets constitute the o-subfield of B(§2). The transformation
Th,« is called ergodic if the o-field of invariant sets consists only from sets
having my-measure zero or one.

In what follows, the ergodicity T}, o plays an important role.

Lemma 6. Suppose that the set L(c, hy, ha,m) is linearly independent over Q.
Then, Ty, o 15 ergodic.

Proof. Let A be an invariant set with respect to T}, o, and I4 its indicator
function. In the proof of Lemma 1, it was noted that the characters x(w) of 2

are given by
? Lk ¢ lm
x@) =11 wr® [T wi(m),
peP m&ENy

where only a finite number of integers &, and [,,, are non-zeros. First, suppose
that x(w) # 1 for all w € £2. Then,

Xena) =[] o7 [T (m+ )~

peP meNy
—exp{ — i Y kplog(p) — iha 3 b log(m + ) }.
peP meENy

Since the set L(a, hy, ho, ) is linearly independent over Q,

—ihy Y kplog(p) —ihs Y Lulog(m+a) # 2mr, 1€,

peP meN,
for k, # 0 and [,;, # 0. Therefore,
x(en,a) # 1. (7.1)
By the invariance of A, for almost all w € £2,
Ia(Tho) = La(w). (7.2)

Denoting by f the Fourier transform of f, using the invariance of the measure
mpy and multiplicativity of characters, we obtain by (7.2) that

fa(x) = /Q La(w)x(@)dmu = x(eh) /Q La(@)x(@)dmz = x(ena)Ta(x)-

Hence, in view of (7.1),
Ia(x) = 0. (7.3)
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Now, let x(w) =1, and fA(X) = a with arbitrary x. Then, by orthogonality of
characters,

if x(w) =1,

a(x) = /Q a(w)x(w)dmpy = a / x(w)dmir :{ 3 otherwise.

2

This and (7.3) show that I4(x) = é. Hence, I4(w) = a for almost all w € £2.
Thus, I4(w) = 1 or I4(w) = 0 for almost all w € 2. From this, we have
m(A) =1 or my(A) =0. The lemma is proved. O

For convenience of application, we recall the classical Birkhoff-Khinchine

ergodic theorem, see, for example, [10]. Denote by EX the expectation of the
random element X.

Lemma 7. Let g be a measurable measure preserving ergodic transformation
on the space (£2,B(£2),m). Then, for every function g € L*(£2,B({2),m),

i gy S5 () =1

for almost all & € 0.

Proof of Theorem 2. We have to show that PEU 0.0 I Lemma 5 coincides
with Pt g.0,a- N
Let A be a continuity set of the measure PCQU,Q,a' Then, in view of Lemma 5

and the equivalent of the weak convergence in terms of continuity sets, see [4],
Theorem 2.1, on .
lim PN)’;ngya(A) = ng,Q,a<A)' (7.4)

f(w){ 1, if Q(Q,w,a;Q)GA’

0, otherwise.

Hence,
E¢ = / &dmy =mpy {w € :((oc,w, Q) € A} = Pt 0..a(A). (7.5)
Q

Moreover, Lemmas 6 and 7 imply

for almost all w € 2. The definitions of £ and T}, o show that
" 1 . .h
ng (Tﬁva((.d)) :m#{weg . g(g“l‘lkh, a, Wy Q)GA}:PN,gg,Q,a(A)
k=0

Math. Model. Anal., 30(2):186-202, 2025.
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Therefore, Equality (7.5) yields
. Q.h _
]\}E}clxu PN,E,Q,Q,Q(A) - P£727Q7Q(A)

. h
for almost all w € 2. This and (7.4) show that P;ngya(A) = Pt 0,Q,a(A) for
all continuity sets of the measure ng,Q,a' Since all continuity sets form the

determining class, we obtain that ng’Q’a (A) = P g,0,a(A) for all A € B(C?).

The theorem is proved. O
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