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1 Introduction

Let 0 < a <1 and X € R be two fixed parameters, and s = o +it, o,t € R, i =
v/—1, a complex variable. The Lerch zeta-function L(\, «, s) was introduced
in [24], and is defined, for ¢ > 1, by the Dirichlet series

For A\ & Z, the function L(\, «, s) has analytic continuation to the whole com-
plex plane, while, for A\ € Z, coincides with the Hurwitz zeta-function
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Approximation of analytic functions

which is meromorphic on C with unique simple pole s = 1 with residue 1.
Moreover, with k € Z

L(kv L 3) = C(S)7

where ((s) is the famous Riemann zeta-function. These remarks show that the
Lerch zeta-function is a generalization of the classical zeta-functions ((s, «) and
C(s).

The function L(A, a, s), as (s, ) and ((s), satisfies the functional equation
connecting the variables s and 1 — s. Let, as usual, I'(s) denote the Euler
gamma-function. Then, for 0 < A < 1 and all s € C,

L\ a1 —s)=(2m)"°I(s) (exp {7T2w - 27rz'a)\} L(—a, A, s)

+ exp{?qLQma(l)\)}L(a,lA,s)) . (1.1)

The latter equation for the first time was proved in [24]. Later several authors,
among them Berndt [4], Apostol [1,2], Oberhettinger [28], Mikolds [27] gave
another proofs of (1.1). In general, the function L(\, «, s) is an interesting an-
alytic object governed by two parameters, and has wide applications in special
function theory and algebraic number theory. The analytic theory, including
(1.1), of the Lerch zeta-function can be found in [17].

Our purpose is approximation of analytic functions by shifts L(\, a, s +47),
7 € R. The problem of approximation of analytic functions by shifts of zeta-
functions comes back to Voronin who discovered in [32] the universality of the
Riemann zeta-function. Let 0 < r < 1/4, f(s) be a non-vanishing analytic
function on |s| < r, and analytic in |s| < r. Then, Voronin proved [32] that,
for every € > 0, there is a number 7 = 7(g) € R such that

max
[sI<r

f(s)—((s—|-3/4—|-i7')‘ <e.

A bit later, Voronin theorem was improved in [3,7,12,17, 31], additionally
see [9], and extended for other zeta-functions. Its last version says that every
non-vanishing analytic on the strip D = {s € C:1/2 < ¢ < 1} function can be
approximated with a given accuracy by shifts ((s + ¢7). The set of such shifts
is infinite, it has a positive lower density. Voronin’s theorem has various the-
oretical and practical applications (functional independence, zero-distribution,
moment problem, quantum mechanics), see a survey paper [25]. The impor-
tance of universality phenomenon of zeta-functions stimulates investigations in
the field including the extension of the set of universal functions. The Lerch
zeta-function which analytic properties depend on arithmetic of two parameters
is suitable object for development of universality.

The first result on approximation of analytic functions by shifts L(\, «, s +
iT), 7 € R, has been obtained in [13]. Let X be the class of compact subsets
of the strip D with connected complements, and H(K) with K € X the class
of continuous functions on K that are analytic in the interior of K. Denote by
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LA the Lebesgue measure of a measurable set A C R. Remind that a number
« is called transcendental if it is not a root of any non-trivial polynomial with
rational coefficients. In the oposite case, « is algebraic. Then, the main result
of [13] is stated as follows.

Theorem 1. Suppose that the parameter « is transcendental. Let K € K and
f(s) € H(K). Then, for every e > 0,

lim inf %2{7 € [0,T] : sup |f(s) — L\, o, s +i7)| < 6} > 0. (1.2)

T—o0 seK

Theorem 1 implies that the set of shifts L(\, o, s + i7) approximating a given
function f(s) € H(K) is infinite. On the other hand, Theorem 1 is non-effective
because any concrete shift L(A, o, s 4+ i7) approximating f(s) is not known.

The parameter A in Theorem 1 is an arbitrary real number. By the way,
it is sufficient to limit investigation for 0 < A < 1 due to periodicity of the
coefficients e27Am,

We notice that the transcendence of the parameter o in Theorem 1 can be
replaced by a linear independence over the field of rational numbers Q for the
set

V(e) ¥ {log(m + @) : m € Ng = NU {0}}.

Suppose that the parameter \ is rational, say, A = a/b, a < b, (a,b) = 1, and
« is arbitrary. Then, for ¢ > 1, we have

b—1

1 1 k+a
L 2m>\k 27rz/\k
(A a,8) = bsz Z (m + (k +a)/b)® bsZ C( )

=0

Hence, the consideration of the function L(\, «, s) reduces to joint that of Hur-
witz zeta-functions, and this was realized in [18]. However, if A is not rational,
then the latter way does not work. Additionally, we do not know any univer-
sality result for L(\, «, s) with algebraic irrational parameter «. Taking into
account this problem, in [15] a result confirming good approximation properties
of the function L(\, «, s) with arbitrary parameters A and « was proposed. De-
note by H(D) the space of analytic on D functions endowed with the topology
of uniform convergence on compacta. Then, the following theorem was given
in [15].

Theorem 2. Suppose that the parameters 0 < A < 1 and 0 < o < 1 are
arbitrary. Then, there exists a non-empty closed set Fx,o C H(D) such that,
for every compact set K C D, f(s) € §xa and € > 0, inequality (1.2) is true.
Moreover, the limit

o1 _ ‘
Tlgnoo ?ﬁ{T €[0,7): fél}g [f(s) — LA\ a,s+iT)| < 6}

exists and is positive for all but at most countably many € > 0.

The purpose of the present paper is an extension of Theorems 1 and 2 for
generalized shifts L(\, «, s + ig(7)) with a certain class of real functions g(7).
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This is inspired by the paper [29]. Researches of such a kind were continued
in [6,8,10,11,14,16,19,20, 21,22, 23, 30].

We say that a real-valued function g(7) belongs to the class U(Tp) if:

1° g(7) is defined for 7 > 0, and g(7) — o0 as T — o0;

2° g(7), for 7 = Ty, Ty > 0, has a monotonic derivative;

3° The estimate ¢g(27) < 7min(g’(7), ¢'(27)), as 7 — o0, is valid.

Here and in what follows, the notation x <y y, z € C, y > 0, is the synonym
of © = O(y) with implied constant depending on the parameter 6.
Now, we state the main results of the paper.

Theorem 3. Suppose that the set V(«) is linearly independent over Q, and
g(1) e U(Typ). Let K € X and f(s) € H(K). Then, for every e >0,

1
lim inf —S{T € 10,7 : sup |f(s) — L\, o, s +ig(7))| < e} > 0. (1.3)
T—o0 T seK

Moreover, the limit

i %s{f € 0T): sup (s) = L\ a5+ ig(r)] < o aw

exists and is positive for all but at most countably many € > 0.

Theorem 4. Suppose that the parameters 0 < A < 1 and 0 < a < 1 are
arbitrary, and g(7) € U(Ty). Then, there exists a non-empty closed set Fx,a,g C
H(D) such that, for every compact set K C D, f(s) € Fxa,y and € > 0,
inequality (1.3) is true. Moreover, the limit (1.4) exists and is positive for all
but at most countably many € > 0.

For example, every polynomial with positive main coefficient is an element of
U(1). The Gram function is the solution g(7) of the equation ¢(t) = (7 —
)m, 7 > 0, where o(t) is the increment of the argument of 7=/2I'(s/2)
along straight line connecting by points 1/2 and 1/2 +it. Then g(7) as well as
belongs to U(2).

Proofs of Theorems 3 and 4 are based on probabilistic limit theorems on
weak convergence of probability measures in the space H (D).

2 Infinite-dimensional torus

We start with a limit lemma on the torus 2 =[], .y, {s € C: [s| = 1}, which
is the set of all functions defined on Ny and taking values on the unit circle.
The infinite-dimensional torus {2 with the pointwise multiplication and product
topology can be considered as topological compact group. Denote by B(X) the
Borel o-field of a space X, and by w = (w(m) : m € Ny) elements of (2.

For A € B({2), define

P (A) = %S{T €10,7]: ((m +a)79 m e N()) € A}.
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Lemma 1. Suppose that g(7) € U(Ty). Then P§ converges weakly to a certain
probability measure P on (£2,B(2)) as T — <.

Proof. Since {2 is a compact group, it is convenient to use the Fourier trans-
forms. Thus, let F{2(k), k = (km : km € Z, m € Ny), be the Fourier transform
of P¥, ie.,

FE (k) = /Q [T «*(m)dprg,

mENg

where the sign * indicates that only a finite number of integers k,, are not
zeros. Therefore, by the definition of Pj?,

1T ;
F%Q(E):T/O H (m—l—a)_Zk’"g(T) dr

m&ENy

= ;/OT exp{ —ig(7) Z* km log(m + a)} dr. (2.1)

m&ENy
Let

k= {E: Z* kmlog(m + ) = O}, ky = {E: Z* km log(m + «) # O}.

meENg mENg

Obviously, for k € k,,
FE(k) = 1. (2:2)

For brevity, let, for k € k,,

A(r, k) = g(7) Z* km log(m + ).

meNy

Then, by (2.1), as T — oo,

e I
ReF¥ (k) = f/o cos A(1, k) dr = T/T cos A(t, k) dr + o(1)
0
1

T .
=7 /TO yue) dsin A(7, k) + o(1). (2.3)

By the second mean value theorem, as T" — oo,

T 9 1 1
— dsin A(T. k =o(T).
/;0 A ) P ATD < e o

This and (2.3) show that, ReF{?(k) = o(1) as T — oo. Similarly, we obtain
the estimate ImF$? (k) = o(1), as T — co. Thus, for k € ks,

lim Ff (k) = 0.

T—o0
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This, together with (2.2), gives

- o B 1, ifkekp
TII_I)I;OFT(]C)_{ 0, ifk€ k.

Hence, the measure PTQ converges weakly to the measure P defined by the
Fourier transform

2,y ) 1, ifkek,
F (k)_{ 0, ifk € ky. (2.4)

O

Lemma 2. Suppose that g(7) € U(Tp) and the set V() is linearly independent
over Q. Then P:,Q converges weakly to the Haar measure myg as T — 00.

Proof. Since the set V(«) is linearly independent over Q,

Z* km log(m +a) =0

m&ENy

if and only if &k = 0, where 0 = (0,0,...). Therefore, in view of (2.4), P{, as
T — o0, converges weakly to the measure given by the Fourier transform

(%} _ 17 if E = Q7
F(k) _{ 0, otherwise,

i.e., to the Haar measure mpyg. 0O

3 Absolutely convergent series

The weak convergence of the measure P5? allows to consider that for measures
defined by absolutely convergent Dirichlet series.
Let n > 1/2 be a fixed number, and, for m € Ny and n € N,

un(m, @) = exp{— (m;—a)n}

Consider a Dirichlet series for L(\, o, s) twisted by the coefficients u,(m, a),
i.e.,

oo 2miAm
def e U (M, o)
L,(\ a,s) = E —
= (m+a)

Since the coefficients u,(m, «) with respect to m tend to zero exponentially,
the series for L, (), «, s) converges absolutely in every half-plane o > o¢. For
A € B(H(D)), define

1
Praaa(4) = TS {re0,T]: L,(\, a,s +ig(r)) € A}.

Math. Model. Anal., 30(1):142-158, 2025.


https://doi.org/10.3846/mma.2025.21939

148 A. Baléiunas, T. Mikalauskaité and D. Siauéianas

Lemma 3. Suppose that g(7) € U(Tp). Then, Pr, .o converges weakly to a
certain probability measure Py x o as T — oo.

Proof. We apply a preservation phenomenon of weak convergence under con-
tinuous mappings, see, for example, Section 5.1 of [5]. For w € (2, set

= 2T (m)uy, (m, a)
L’I’L A7 ) ) = :
(A, o, w, 8) mzzo m+ )

Since |w(m)| = 1, the latter series, as for L, (), o, s), converges absolutely for
o > 0¢. Define a mapping hp x o : 2 — H(D) by hpxaw) = Ly o, w, s).

The torus {2 is endowed with the product topology, therefore, the abso-
lute convergence of the series for L, (), @, w, s) ensures a continuity for A, x .
Hence, the mapping A, » o is (B(£2), B(3{(D)))-measurable. Thus, every prob-
ability measure P on {2 induces the unique probability measure Ph;Ll)\ o On
B(H(D)) given by

Ph- (A)=P(h  A), AcB3H(D)).

n,\, o n,A\,o

Moreover, if Py, as N — oo, converges to P, then PNh;Ll)\ o

to Phpxa a8 N — co. All these remarks are given in [5].
Now, apply the above theory for measures Prp x.q, Pj? and P. The
definitions of the latter measures and hy, » o yield, for A € B(H(D)),

converges weakly

Proxa(A) = 12{7 €10,T): hpra ((m + 04)7"9(7) im € NO) IS A}

T
1 .
- T/Q/{T €0,7] ((m )90 e NO) € h;,&’aA} — PP(h} L A).
Since A is arbitrary, we have Pr, x . = P§ h;&a This equality, continuity

of hp x,a, Property of preservation of weak convergence under continuous map-
pings and Lemma 1 show that Pr,, x . converges weakly to P, » o as T — 00,
where P, ).« is a probability measure on (H(D), B(3H(D))) given by

Puxa =P9h; 3 (3.1)

n,\,a’

0O

Lemma 4. Suppose that g(7) € U(Ty) and the set V() is linearly independent
over Q. Then, Pr, o converges weakly to the measure mHh;Ll)\’a as T — oo.

Proof. Tt suffices to use (3.1) and apply Lemma 2. O

4 Approximation result

To pass from L, (A, «, s) to L(\, a, s), some distance estimates are needed.

For convenience we remind a metric in the space H (D) which induces the
topology of uniform convergence on compacta. Let {K, : r € N} C D be a
sequence of compact subsets satisfying:
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1° K. C Kyyq, forr € N;
2° The strip D is the union of sets K,;
3° Every compact set K C D lies in some K.

Such a sequence {K,} exists, for example, we can take embedded rectangles.
For f1, fo € H(D), set

oo

1 supger, fi(s) = fa(s)
22 T sup,ere, 1£1(5) — fa(s)]

d(f1, f2) =

Then, d is a metric in H(D) inducing its topology of uniform convergence on
compacta.

Lemma 5. Suppose that g(1) € U(Tp). Then, the equality

1 /7
lim limsup — / d (LA, 5 +ig(7)), Ln(X\, o, s +ig(7))) dT =0
0

n—0o0 T_ o

holds.

Proof. The Mellin formula

1 a+1i00
o ) Iz)b=*dz=e" a,b>0,
gives
n+ioco n+ioco
—z (=z/mn
1 1
e [ G () = LG 6
2mi ) n n : n n n
n—100 n—100

= exp {— (m+ oz)/n)n} .

Therefore, for o > 1/2,

oo 27r1)\m 77+i00 —z
1 1
Lo\ a,8) = E ( - (Z) <m+a) dz)
m+a 21 oo M n n

m=0
1 n-+ioco e 27r1km 1
= — Z -r (z) n® | dz
210 Jy—ioo = (m+ a)s+= n o\
1 n+ioco
=5 L\ a5+ 2)an(z)dz, (4.1)
7—1200

where a,(s) = %F (%) n®. Let K C D be a compact set. Then, there is

0 > 0 such that 1/2+d <o < 1—-4§/2 for s = 0 +it € K. Move the line
of integration in (4.1) to the left. Let n = 1/2+6/2 and my; = 1/2+6/2 — 0.
Then, —1/2+6 < m < —4d. Therefore, the integrand in (4.1) has a simple pole

Math. Model. Anal., 30(1):142-158, 2025.
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at the point z = 0 if 0 < A < 1, and, additionally, a simple pole at the point
z=1—sif A =1. Therefore, by the Cauchy theorem, (4.1) implies

1 71 +100
L,(\a,s) — LA\ a,s) =— / LA\ o, s+ 2)an(z)dz
n

270 Sy, —ico
n an(l—s), ifA=1,
0, ifo< A<l

Hence,

sup ’L()\, a,s+1ig(1)) — Ln(\ a, s + zg(7))|

seK
e 1 9 1 9
<</ A a, = —|— +iv+ig(T) ||sup |an | = + = —s+iv || dv
—00 2 seK 2 2
+ sup |an(1 —5— zg(7’))|
seEK
after a shift ¢ + v — v. Therefore, the estimate
I'(oc +it) < exp{—c|t]}, ¢>0 (4.2)
yields
1
—/ sup |L(A, o, s +ig(7)) — Ln(X, o, s + ig(7))] dr
T 0 sEK
e )
< ( ‘L(/\a2+2+w+zg )’dr)
B T
X sup an(1/2—|—6/2—s+iv)’dv+ /sup‘anl—s—zg )| dr
sek T Jo sek
def =
Ly (4.3)
The main problem in estimation of I is the estimate for
def 1 . .
J_T ‘ ()\,a,l/2+6/2—|—w+zg(r))‘dT
0
LT ) 1/2
< T/ ’L (A,a,1/2+5/2+iv+ig(7))‘ dr , (4.4)
0

with all v € R. It is well known, see, for example, [17], that, for fixed o,
1/2 <0< 1,

T
/ L\, o, 0 + i) dt <nao T, T — oo
0

From this, for the same o, we have

T
/ L\, o, 0 + i) dt < x0T (4.5)
-T
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Moreover, for o > 1/2, the bound [17]
L\ a,0 +it) Ko (14 ]t])1/2 (4.6)

is valid. For V > Tp, in view of (4.5) and properties of the class U(Tp), we
have

2V 1 §
/ L()\,a7—|—+iv+ig(7)> dr
v 2 "2
2V
B 1 5 ) dg(7)
7/\/ L<)\,a,2+2+w+zg(7)> 700
1 1 lv]+g"(2V) 1 5
L | —=+ —= / L(A,a,—i——&—iu) du
(g(V) g(QV)) —|v|—g’(V) 2 2

vl +9(2V) lg(2V)(A + Jv])

V(1 .
e iy (V), g @) iy (v), g 2v)) e VD
Now, taking V = T27%, and summing over k = 1,2,..., we obtain from this
and (4.6)
1T 1.4 ’
J2<<,\,a,5f/ L ()\,a,2+2+iv—|—ig(7')) dr+(1+|v]) €ra,6 1+0]. (4.7)
To

By (4.2), for s € K,
1 9
an (242 —s—iv ) <5 n' /20277 exp d — Sy — ¢
2 2 n
<5 n~ % exp{—ci|v]}, ¢ >0.

This, (4.7) and (4.3) yield

oo

I <) 06K n75/2/ 1+ |v|)1/2 exp{—ci|v|} dv K 0.5,k n=9/2, (4.8)

— 00

Similarly as above, for s € K, we have

1/2—6

an(1l —s—ig(r)) < n'~7 exp {—;|t + g(T)} L5 K N exp{—c29(7)}.

Therefore,

1/2-6
~ n
I <5,

T
/ exp{—cag(r)} dr
0

nt/2=9%og T T
<5 K #g + n1/275/ exp{—cag(7)}dr
log T

_slogT _
K /28 ? 4 pl/2-3

<5, exp{—cag(logT)}.

Math. Model. Anal., 30(1):142-158, 2025.
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This shows that limy_,. I = 0. Thus, by (4.8) and (4.3), we obtain

1 T
lim limsup—/ sup |L()\,a,s+ig(7')) L.\ a,s+1ig(r ’ dr = 0.
0

=0 T 400 seEK

Therefore, the definition of the metric d completes the proof of the lemma. O

5 Tightness

Recall that a family of probability measures {P} on (X, B(X)) is called tight
if, for every € > 0, there exists a compact set K C X such that

P(K)>1—¢, VPe({P}.
Let P, x,o be the probability measure from Lemma 3.

Lemma 6. Suppose that g(1) € U(Ty). Then, the sequence of probability mea-
sures {Py xa : n € N} is tight.

Proof. Let K be a compact set of the strip D, and £ is a simple closed curve

lying in D and enclosing the set K. Then, in view of the Cauchy integral
formula,

sup|L N\ a,s+ig(r ’<<

seK
< </ SEZLP / |Ln (N a, 2+ ig(r)] |dz|)1/2.

/ | Ly ( /\ @ Z—I—zg( )| |

Hence,

1 [T
sup lim sup — / sup |Ln(>\, a,s+ 19(7'))’ dr
neN T—oo 0 seK

1/2

1 T

< g sup limsup (/ sup | Ly (A, o, 0 + ig(T))|2 dT) , (5.1)
neN T—oo T 0 seK

where o > 1/2. Similarly as in Section 4, we find, for V' > Ty,
2V )
/ |Ln(X, o, 05 +ig(7))|” dr

1%

(a5 + 707) R Ik (52)

< 74-7/ L,(\,a,0x +iu)|” du. 5.2
g@2v) g (V)] J_gev K

Since the series for L, (A, o, 0k + iu)) is absolutely convergent, we have

uy (m, a)
(m + a)2ox”

g(2Vv) 00
/ |Ln ()\aaK—i-zu)’ du < g(2V) Z
—g(2V) m=0
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Therefore, (5.2) yields

v ) 4(2V) = w2(m,q)
/V sup | LnX s oxe g dr < Ceo ey 2

This together with (5.1) show that

1/2
17 = uZ(m,a)
suplimsup—/ sup | Ln(\, o, s +1ig(7))| dT <) L
neN T—oo 0 GEK‘ | mZO (m+a)26K
1/2
= 1
<LK z:l W L e < 0. (53)
m

Introduce a random variable 61 defined on a certain probability space
(2, A,v) and uniformly distributed in [0,7]. Now, let K = K,, where K,
are compact sets from the definition of the metric d. Fix ¢ > 0 and define
R, =27"etek, . Moreover, define the 3(D)-valued random element

YT,n,)\,oc - YT,n,)\,a(S) - Ln()\a Q, s + ZQ(HT)),

and denote by Y, x.o = Y, aa(s) the random element with the distribution
P, »o. Then, the above definitions, (5.3) and Chebyshev’s type inequality
yield

1
V{ sup |Yr.na,a(s)] = RT} = —2{7’ €[0,7] : sup |Ln(A, a,s +ig(7))] > RT}
seK, seK,.

TR ESII;'L (A a,s+ig(r))|dr < 2%

for all n € N. Let — mean the convergence in distribution. Then, Lemma 3
shows that
Yimae —— Yora- (5.4)
T— o0
Hence,

sup |YTn)\a| —> SUp |Yn)\a|
seK, se€EK,

From this and (5.3), we obtain that

1/{ sup |Yn 2 a(s)] = RT} <= (5.5)
seK,.

for all n € N. Define the set K = {g € H(D) : sup,cx |9(s)| < R,,r € N}.
Then, by compactness principle, the set K is compact in H(D). Moreover, by
(5.),

1
V{Yn,)\’QEK}21—EZ27=1—€

Math. Model. Anal., 30(1):142-158, 2025.
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for all n € N. This and the definition of Y,, o prove that P, x o(K) > 1 —¢
for all n € N. The proof is complete. O

6 Limit theorems

In this section, we will prove probabilistic limit theorems for the function
L(\, o, s) in the space H(D). For A € B(H(D)), set

Proa(A) = %2 7 €[0,T]: L(\ a,s +ig(r)) € A} |

Moreover, let

& e?ﬂ’i)\mw(m)
L()‘vavwvs) = Z T \s
m=0 (m + a)k

Note that the latter series, for almost all w € {2, is uniformly convergent on
compact subsets of the strip D, thus L(A, a,w,s) is a H(D)-valued random
element on the space (§2,B8(£2),my) [17]. Denote by P the distribution of
L\ a,w, s), ie.,

Pr(A) =mp{we 2: L\ o,w,s) € A}, AeB(H(D)).

Theorem 5. Suppose that the set V(«) is linearly independent over Q, and
g(1) € U(Ty). Then, Pr o converges weakly to Pr, as T — oo.

Proof. Let Or, Yr,xa and Y, x o be the same as in Section 5. Since, by
Lemma 6, the sequence {P, »,o : n € N} is tight, by the Prokhorov theorem
[5], it is relatively compact. Therefore, there are a subsequence {P,, x o} C
{Py.x,o } and a probability measure Py o on (H(D), B(H(D))) such that P, x .o
converges weakly to Py as [ — oco. In other words,

Yn;,,)\,a L 7 P)\,a~ (6].)
l—o0

Introduce one more 3 (D)-valued random element
Yraa = Yraals) = LN, a, s +ig(07)),
fix € > 0, and apply Lemma 5. This gives

lim limsup v {d(YT’n,)\’mYnM’Q) > E}

l=o0 700

= zliglo li;njotip %2 {relfo,T]:
d(L(X, s +1ig(7)), Ln, (A, v, s +ig(7))) > e}
1 /7
< T d(L(\, o, 8 +19(7)), L, (N, a, s +ig(7))) dr = 0. (6.2)
0
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The space (D) is separable and the random elements Y7, x o, Yn o and
}/}T,/\,a are defined on the same probability space (Z,.A4,v). Therefore, (5.4),
(6.1) and (6.2) show that the above random elements satisfy all hypotheses of
Theorem 4.2 of [5]. Thus, we have

" D
YT,)\,Oz ? P)\,aa
T—o0

ie., ]STJ\,O‘ converges weakly to Py, as T' — oo. Moreover, the latter rela-
tion shows that the measure Py o does not depend on the sequence { Py, r.q}-
Therefore, relation (6.1) can be replaced by

Yn,)\,a L> P)\,av
n—oo
which is equivalent to weak convergence of P, \ o to Py as n — oo. Thus,
the measures P, ) o, as n — 00, and ’PST’,\,Q, as T — 00, have the same limit
measure Py . We notice that, in view of Lemma 4, the measure P, )  is the
same as in the case g(7) = 7.
In [17, Chapter 5], the weak convergence, as T' — oo, for

Pronaa(A) = %2 [rel0,T]: L(\a,s+ir) e A}, AeB3H(D)),

was considered, and it was obtained that ]ST,n’ Ao converges weakly to the
measure Py , too, and that Py o, = Pr. This proves the theorem. 0O

Theorem 6. Suppose that g(1) € U(Ty). Then, on (H(D),B(H(D))) there
exists a probability measure Py o such that Pr o converges weakly to Py o as
T — .

Proof. It coincides with the proof of Theorem 5 without a part devoted to
identification of the measure Py . 0O

7 Proof of approximation

Theorems 3 and 4 follow easily from Theorems 5 and 6, respectively, and the
Mergelyan theorem on approximation of analytic functions by polynomials [26].
We recall the notion of a support of probability measures which also addition-
ally occurs in the proofs of Theorems 3 and 4. Suppose that X is a separable
space, and P is a probability measure on (X,B(X)). A minimal closed set
S C X such that P(S) =1 is called the support of P. The set S consists of all
x € X such that, for every open neighbourhood G of x, the inequality P(G) > 0
is valid.

Proof.  (Proof of Theorem &) It is known [17, Chapter 5], that the support of
Py, is the set H(D). Let

G = {9 € 9(D) : sup lg(s) ~ pls)| < /2,

Math. Model. Anal., 30(1):142-158, 2025.
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where p(s) is a polynomial. Since p(s) is an element of the support of Pr,, we
have

By the Mergelyan theorem, we choose p(s) satisfying

sup | f(s) — p(s)| <e/2.
seK

Then, we have that

G. < {g e 3(D) : suplg(s) — f(s)| < e} < G..
seK

Thus, in view of (7.1),
Pr(G.) > 0. (7.2)

Since the set G. is open, by Theorem 5,

liminf Pry o(Ge) = Pp(Ge) > 0,
T— o0

and the definitions of ﬁT7 Ao and G, prove the first statement of the theorem.
For the proof of the second statement of the theorem, we observe that
the boundaries of the set G. do not intersect for different €. From this, it
follows that the set G, is a continuity set of the measure Py, for all but at most
countably many e > 0. Therefore, by Theorem 5 and (7.2), the limit

lim Pro(Ge) = PL(Ge)

T—o0

exists and is positive for all but at most countably many € > 0. O

Proof.  (Proof of Theorem 4) Let §x o denote the support of the limit measure
Py o in Theorem 6. Clearly §» o is a non-empty closed set. Since f(s) € §x,a,
an analogue of inequality (7.2) for Py o is true. Therefore, by Theorem 6,

liminf Pr s o(Ge) = Pyo(Ge) > 0,
T— o0

and we have the first statement of theorem.

Similarly, as in the proof of Theorem 3, the set G is a continuity set of the
measure Py o for all but at most countably many ¢ > 0. Thus, by Theorem 6,
the limit

lim ]3T,,\7O¢(Gg) = Py a(Ge)
T—o0

exists and is positive for all but at most countably many ¢ > 0. The theorem
is proved. O
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