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Abstract. In the paper, we approximate analytic functions by gener-

alized shifts L(λ, α, s+ig(τ)), s = σ+it, of the Lerch zeta-function,

where g is a certain increasing to +∞ real function having a mono-

tonic derivative. We prove that, for arbitrary parameters λ and α,

there exists a closed set Fλ,α of analytic functions defined in the

strip 1/2 < σ < 1 which functions are approximated by the above

shifts. If the set of logarithms log(m + α), m ∈ N0, is linearly

independent over the field of rational numbers, then the set Fλ,α

coincides with the set of all analytic functions in that strip.
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1 Introduction

Let 0 < α ⩽ 1 and λ ∈ R be two fixed parameters, and s = σ+ it, σ, t ∈ R, i =√
−1, a complex variable. The Lerch zeta-function L(λ, α, s) was introduced

in [24], and is defined, for σ > 1, by the Dirichlet series

L(λ, α, s) =

∞∑
m=0

e2πiλm

(m+ α)s
.

For λ ̸∈ Z, the function L(λ, α, s) has analytic continuation to the whole com-
plex plane, while, for λ ∈ Z, coincides with the Hurwitz zeta-function

ζ(s, α) =

∞∑
m=0

1

(m+ α)s
, σ > 1,

Copyright © 2025 The Author(s). Published by Vilnius Gediminas Technical University

This is an Open Access article distributed under the terms of the Creative Commons Attribution License

(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduc-

tion in any medium, provided the original author and source are credited.

https://ror.org/02x3e4q36
https://journals.vilniustech.lt/index.php/MMA
https://doi.org/10.3846/mma.2025.21939
https://orcid.org/0000-0003-3986-4239
https://orcid.org/0000-0001-5105-5085
mailto:darius.siauciunas@sa.vu.lt
https://orcid.org/0000-0002-9248-8917
https://ror.org/03nadee84
https://ror.org/03nadee84
https://ror.org/03nadee84
mailto:darius.siauciunas@sa.vu.lt
mailto:darius.siauciunas@sa.vu.lt
https://creativecommons.org/licenses/by/4.0/


Approximation of analytic functions 143

which is meromorphic on C with unique simple pole s = 1 with residue 1.
Moreover, with k ∈ Z

L(k, 1, s) = ζ(s),

where ζ(s) is the famous Riemann zeta-function. These remarks show that the
Lerch zeta-function is a generalization of the classical zeta-functions ζ(s, α) and
ζ(s).

The function L(λ, α, s), as ζ(s, α) and ζ(s), satisfies the functional equation
connecting the variables s and 1 − s. Let, as usual, Γ (s) denote the Euler
gamma-function. Then, for 0 < λ < 1 and all s ∈ C,

L(λ, α, 1− s) =(2π)−sΓ (s)

(
exp

{
πis

2
− 2πiαλ

}
L(−α, λ, s)

+ exp

{
−πis

2
+ 2πiα(1− λ)

}
L(α, 1− λ, s)

)
. (1.1)

The latter equation for the first time was proved in [24]. Later several authors,
among them Berndt [4], Apostol [1, 2], Oberhettinger [28], Mikolás [27] gave
another proofs of (1.1). In general, the function L(λ, α, s) is an interesting an-
alytic object governed by two parameters, and has wide applications in special
function theory and algebraic number theory. The analytic theory, including
(1.1), of the Lerch zeta-function can be found in [17].

Our purpose is approximation of analytic functions by shifts L(λ, α, s+ iτ),
τ ∈ R. The problem of approximation of analytic functions by shifts of zeta-
functions comes back to Voronin who discovered in [32] the universality of the
Riemann zeta-function. Let 0 < r < 1/4, f(s) be a non-vanishing analytic
function on |s| ⩽ r, and analytic in |s| < r. Then, Voronin proved [32] that,
for every ε > 0, there is a number τ = τ(ε) ∈ R such that

max
|s|⩽r

∣∣∣f(s)− ζ
(
s+ 3/4 + iτ

)∣∣∣ < ε.

A bit later, Voronin theorem was improved in [3, 7, 12, 17, 31], additionally
see [9], and extended for other zeta-functions. Its last version says that every
non-vanishing analytic on the strip D = {s ∈ C : 1/2 < σ < 1} function can be
approximated with a given accuracy by shifts ζ(s+ iτ). The set of such shifts
is infinite, it has a positive lower density. Voronin’s theorem has various the-
oretical and practical applications (functional independence, zero-distribution,
moment problem, quantum mechanics), see a survey paper [25]. The impor-
tance of universality phenomenon of zeta-functions stimulates investigations in
the field including the extension of the set of universal functions. The Lerch
zeta-function which analytic properties depend on arithmetic of two parameters
is suitable object for development of universality.

The first result on approximation of analytic functions by shifts L(λ, α, s+
iτ), τ ∈ R, has been obtained in [13]. Let K be the class of compact subsets
of the strip D with connected complements, and H(K) with K ∈ K the class
of continuous functions on K that are analytic in the interior of K. Denote by
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LA the Lebesgue measure of a measurable set A ⊂ R. Remind that a number
α is called transcendental if it is not a root of any non-trivial polynomial with
rational coefficients. In the oposite case, α is algebraic. Then, the main result
of [13] is stated as follows.

Theorem 1. Suppose that the parameter α is transcendental. Let K ∈ K and
f(s) ∈ H(K). Then, for every ε > 0,

lim inf
T→∞

1

T
L
{
τ ∈ [0, T ] : sup

s∈K
|f(s)− L(λ, α, s+ iτ)| < ε

}
> 0. (1.2)

Theorem 1 implies that the set of shifts L(λ, α, s+ iτ) approximating a given
function f(s) ∈ H(K) is infinite. On the other hand, Theorem 1 is non-effective
because any concrete shift L(λ, α, s+ iτ) approximating f(s) is not known.

The parameter λ in Theorem 1 is an arbitrary real number. By the way,
it is sufficient to limit investigation for 0 < λ ⩽ 1 due to periodicity of the
coefficients e2πiλm.

We notice that the transcendence of the parameter α in Theorem 1 can be
replaced by a linear independence over the field of rational numbers Q for the
set

V (α)
def
= {log(m+ α) : m ∈ N0 = N ∪ {0}}.

Suppose that the parameter λ is rational, say, λ = a/b, a < b, (a, b) = 1, and
α is arbitrary. Then, for σ > 1, we have

L(λ, α, s) =
1

bs

b−1∑
k=0

e2πiλk
∞∑

m=0

1

(m+ (k + α)/b)s
=

1

bs

b−1∑
k=0

e2πiλkζ

(
s,

k + α

b

)
.

Hence, the consideration of the function L(λ, α, s) reduces to joint that of Hur-
witz zeta-functions, and this was realized in [18]. However, if λ is not rational,
then the latter way does not work. Additionally, we do not know any univer-
sality result for L(λ, α, s) with algebraic irrational parameter α. Taking into
account this problem, in [15] a result confirming good approximation properties
of the function L(λ, α, s) with arbitrary parameters λ and α was proposed. De-
note by H(D) the space of analytic on D functions endowed with the topology
of uniform convergence on compacta. Then, the following theorem was given
in [15].

Theorem 2. Suppose that the parameters 0 < λ ⩽ 1 and 0 < α ⩽ 1 are
arbitrary. Then, there exists a non-empty closed set Fλ,α ⊂ H(D) such that,
for every compact set K ⊂ D, f(s) ∈ Fλ,α and ε > 0, inequality (1.2) is true.
Moreover, the limit

lim
T→∞

1

T
L
{
τ ∈ [0, T ] : sup

s∈K
|f(s)− L(λ, α, s+ iτ)| < ε

}
exists and is positive for all but at most countably many ε > 0.

The purpose of the present paper is an extension of Theorems 1 and 2 for
generalized shifts L(λ, α, s + ig(τ)) with a certain class of real functions g(τ).
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This is inspired by the paper [29]. Researches of such a kind were continued
in [6, 8, 10,11,14,16,19,20,21,22,23,30].

We say that a real-valued function g(τ) belongs to the class U(T0) if:
1◦ g(τ) is defined for τ ⩾ 0, and g(τ) → ∞ as τ → ∞;
2◦ g(τ), for τ ⩾ T0, T0 > 0, has a monotonic derivative;
3◦ The estimate g(2τ) ≪ τ min(g′(τ), g′(2τ)), as τ → ∞, is valid.

Here and in what follows, the notation x ≪θ y, x ∈ C, y > 0, is the synonym
of x = O(y) with implied constant depending on the parameter θ.

Now, we state the main results of the paper.

Theorem 3. Suppose that the set V (α) is linearly independent over Q, and
g(τ) ∈ U(T0). Let K ∈ K and f(s) ∈ H(K). Then, for every ε > 0,

lim inf
T→∞

1

T
L
{
τ ∈ [0, T ] : sup

s∈K
|f(s)− L(λ, α, s+ ig(τ))| < ε

}
> 0. (1.3)

Moreover, the limit

lim
T→∞

1

T
L
{
τ ∈ [0, T ] : sup

s∈K
|f(s)− L(λ, α, s+ ig(τ))| < ε

}
(1.4)

exists and is positive for all but at most countably many ε > 0.

Theorem 4. Suppose that the parameters 0 < λ ⩽ 1 and 0 < α ⩽ 1 are
arbitrary, and g(τ) ∈ U(T0). Then, there exists a non-empty closed set Fλ,α,g ⊂
H(D) such that, for every compact set K ⊂ D, f(s) ∈ Fλ,α,g and ε > 0,
inequality (1.3) is true. Moreover, the limit (1.4) exists and is positive for all
but at most countably many ε > 0.

For example, every polynomial with positive main coefficient is an element of
U(1). The Gram function is the solution g(τ) of the equation φ(t) = (τ −
1)π, τ ⩾ 0, where φ(t) is the increment of the argument of π−s/2Γ (s/2)
along straight line connecting by points 1/2 and 1/2+ it. Then g(τ) as well as
belongs to U(2).

Proofs of Theorems 3 and 4 are based on probabilistic limit theorems on
weak convergence of probability measures in the space H(D).

2 Infinite-dimensional torus

We start with a limit lemma on the torus Ω =
∏

m∈N0
{s ∈ C : |s| = 1}, which

is the set of all functions defined on N0 and taking values on the unit circle.
The infinite-dimensional torus Ω with the pointwise multiplication and product
topology can be considered as topological compact group. Denote by B(X) the
Borel σ-field of a space X, and by ω = (ω(m) : m ∈ N0) elements of Ω.

For A ∈ B(Ω), define

PΩ
T (A) =

1

T
L
{
τ ∈ [0, T ] :

(
(m+ α)−ig(τ) : m ∈ N0

)
∈ A

}
.
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Lemma 1. Suppose that g(τ) ∈ U(T0). Then PΩ
T converges weakly to a certain

probability measure PΩ on (Ω,B(Ω)) as T → ∞.

Proof. Since Ω is a compact group, it is convenient to use the Fourier trans-
forms. Thus, let FΩ

T (k), k = (km : km ∈ Z, m ∈ N0), be the Fourier transform
of PΩ

T , i.e.,

FΩ
T (k) =

∫
Ω

∏∗

m∈N0

ωkm(m) dPΩ
T ,

where the sign ∗ indicates that only a finite number of integers km are not
zeros. Therefore, by the definition of PΩ

T ,

FΩ
T (k) =

1

T

∫ T

0

∏∗

m∈N0

(m+ α)−ikmg(τ) dτ

=
1

T

∫ T

0

exp
{
− ig(τ)

∑∗

m∈N0

km log(m+ α)
}
dτ. (2.1)

Let

k1 =
{
k :
∑∗

m∈N0

km log(m+ α) = 0
}
, k2 =

{
k :
∑∗

m∈N0

km log(m+ α) ̸= 0
}
.

Obviously, for k ∈ k1,

FΩ
T (k) = 1. (2.2)

For brevity, let, for k ∈ k2,

A(τ, k) = g(τ)
∑∗

m∈N0

km log(m+ α).

Then, by (2.1), as T → ∞,

ReFΩ
T (k) =

1

T

∫ T

0

cosA(τ, k) dτ =
1

T

∫ T

T0

cosA(τ, k) dτ + o(1)

=
1

T

∫ T

T0

1

A′(τ, k)
d sinA(τ, k) + o(1). (2.3)

By the second mean value theorem, as T → ∞,∫ T

T0

1

A′(τ, k)
d sinA(τ, k) ≪ 1

|A′(T0, k)|
+

1

|A′(T, k)|
= o(T ).

This and (2.3) show that, ReFΩ
T (k) = o(1) as T → ∞. Similarly, we obtain

the estimate ImFΩ
T (k) = o(1), as T → ∞. Thus, for k ∈ k2,

lim
T→∞

FΩ
T (k) = 0.
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This, together with (2.2), gives

lim
T→∞

FΩ
T (k) =

{
1, if k ∈ k1,
0, if k ∈ k2.

Hence, the measure PΩ
T converges weakly to the measure PΩ defined by the

Fourier transform

FΩ(k) =

{
1, if k ∈ k1,
0, if k ∈ k2.

(2.4)

⊓⊔

Lemma 2. Suppose that g(τ) ∈ U(T0) and the set V (α) is linearly independent
over Q. Then PΩ

T converges weakly to the Haar measure mH as T → ∞.

Proof. Since the set V (α) is linearly independent over Q,∑∗

m∈N0

km log(m+ α) = 0

if and only if k = 0, where 0 = (0, 0, . . . ). Therefore, in view of (2.4), PΩ
T , as

T → ∞, converges weakly to the measure given by the Fourier transform

FΩ(k) =

{
1, if k = 0,
0, otherwise,

i.e., to the Haar measure mH . ⊓⊔

3 Absolutely convergent series

The weak convergence of the measure PΩ
T allows to consider that for measures

defined by absolutely convergent Dirichlet series.
Let η > 1/2 be a fixed number, and, for m ∈ N0 and n ∈ N,

un(m,α) = exp

{
−
(
m+ α

n

)η
}
.

Consider a Dirichlet series for L(λ, α, s) twisted by the coefficients un(m,α),
i.e.,

Ln(λ, α, s)
def
=

∞∑
m=0

e2πiλmun(m,α)

(m+ α)s
.

Since the coefficients un(m,α) with respect to m tend to zero exponentially,
the series for Ln(λ, α, s) converges absolutely in every half-plane σ > σ0. For
A ∈ B(H(D)), define

PT,n,λ,α(A) =
1

T
L
{
τ ∈ [0, T ] : Ln(λ, α, s+ ig(τ)) ∈ A

}
.
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Lemma 3. Suppose that g(τ) ∈ U(T0). Then, PT,n,λ,α converges weakly to a
certain probability measure Pn,λ,α as T → ∞.

Proof. We apply a preservation phenomenon of weak convergence under con-
tinuous mappings, see, for example, Section 5.1 of [5]. For ω ∈ Ω, set

Ln(λ, α, ω, s) =

∞∑
m=0

e2πiλmω(m)un(m,α)

(m+ α)s
.

Since |ω(m)| = 1, the latter series, as for Ln(λ, α, s), converges absolutely for
σ > σ0. Define a mapping hn,λ,α : Ω → H(D) by hn,λ,α(ω) = Ln(λ, α, ω, s).

The torus Ω is endowed with the product topology, therefore, the abso-
lute convergence of the series for Ln(λ, α, ω, s) ensures a continuity for hn,λ,α.
Hence, the mapping hn,λ,α is (B(Ω),B(H(D)))-measurable. Thus, every prob-
ability measure P on Ω induces the unique probability measure Ph−1

n,λ,α on
B(H(D)) given by

Ph−1
n,λ,α(A) = P (h−1

n,λ,αA), A ∈ B(H(D)).

Moreover, if PN , as N → ∞, converges to P , then PNh−1
n,λ,α converges weakly

to Phn,λ,α as N → ∞. All these remarks are given in [5].
Now, apply the above theory for measures PT,n,λ,α, PΩ

T and PΩ . The
definitions of the latter measures and hn,λ,α yield, for A ∈ B(H(D)),

PT,n,λ,α(A) =
1

T
L
{
τ ∈ [0, T ] : hn,λ,α

(
(m+ α)−ig(τ) : m ∈ N0

)
∈ A

}
=

1

T
L
{
τ ∈ [0, T ] :

(
(m+ α)−ig(τ) : m ∈ N0

)
∈ h−1

n,λ,αA
}
= PΩ

T (h−1
n,λ,αA).

Since A is arbitrary, we have PT,n,λ,α = PΩ
T h−1

n,λ,α. This equality, continuity
of hn,λ,α, property of preservation of weak convergence under continuous map-
pings and Lemma 1 show that PT,n,λ,α converges weakly to Pn,λ,α as T → ∞,
where Pn,λ,α is a probability measure on (H(D),B(H(D))) given by

Pn,λ,α = PΩh−1
n,λ,α. (3.1)

⊓⊔

Lemma 4. Suppose that g(τ) ∈ U(T0) and the set V (α) is linearly independent
over Q. Then, PT,n,λ,α converges weakly to the measure mHh−1

n,λ,α as T → ∞.

Proof. It suffices to use (3.1) and apply Lemma 2. ⊓⊔

4 Approximation result

To pass from Ln(λ, α, s) to L(λ, α, s), some distance estimates are needed.
For convenience we remind a metric in the space H(D) which induces the

topology of uniform convergence on compacta. Let {Kr : r ∈ N} ⊂ D be a
sequence of compact subsets satisfying:
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1◦ Kr ⊂ Kr+1, for r ∈ N;
2◦ The strip D is the union of sets Kr;
3◦ Every compact set K ⊂ D lies in some Kr.

Such a sequence {Kr} exists, for example, we can take embedded rectangles.
For f1, f2 ∈ H(D), set

d(f1, f2) =

∞∑
r=1

1

2r
sups∈Kr

|f1(s)− f2(s)|
1 + sups∈Kr

|f1(s)− f2(s)|
.

Then, d is a metric in H(D) inducing its topology of uniform convergence on
compacta.

Lemma 5. Suppose that g(τ) ∈ U(T0). Then, the equality

lim
n→∞

lim sup
T→∞

1

T

∫ T

0

d
(
L(λ, α, s+ ig(τ)), Ln(λ, α, s+ ig(τ))

)
dτ = 0

holds.

Proof. The Mellin formula

1

2πi

∫ a+i∞

a−i∞
Γ (z)b−z dz = e−b, a, b > 0,

gives

1

2πi

η+i∞∫
η−i∞

1

η
Γ

(
z

η

)(
m+ α

n

)−z

dz =

η+i∞∫
η−i∞

Γ

(
z

η

)(
m+ α

n

)(−z/η)η

d

(
z

η

)

= exp
{
−
(
(m+ α)/n

)η}
.

Therefore, for σ > 1/2,

Ln(λ, α, s) =

∞∑
m=0

e2πiλm

(m+ α)s

(
1

2πi

∫ η+i∞

η−i∞

1

η
Γ

(
z

η

)(
m+ α

n

)−z

dz

)

=
1

2πi

∫ η+i∞

η−i∞

 ∞∑
m=0

e2πiλm

(m+ α)s+z

(1

η
Γ

(
z

η

)
nz

)
dz

=
1

2πi

∫ η+i∞

η−i∞
L(λ, α, s+ z)an(z) dz, (4.1)

where an(s) = 1
ηΓ
(

s
η

)
ns. Let K ⊂ D be a compact set. Then, there is

δ > 0 such that 1/2 + δ ⩽ σ ⩽ 1 − δ/2 for s = σ + it ∈ K. Move the line
of integration in (4.1) to the left. Let η = 1/2 + δ/2 and η1 = 1/2 + δ/2 − σ.
Then, −1/2+ δ ⩽ η1 ⩽ −δ. Therefore, the integrand in (4.1) has a simple pole

Math. Model. Anal., 30(1):142–158, 2025.
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at the point z = 0 if 0 < λ < 1, and, additionally, a simple pole at the point
z = 1− s if λ = 1. Therefore, by the Cauchy theorem, (4.1) implies

Ln(λ, α, s)− L(λ, α, s) =
1

2πi

∫ η1+i∞

η1−i∞
L(λ, α, s+ z)an(z) dz

+

{
an(1− s), if λ = 1,

0, if 0 < λ < 1.

Hence,

sup
s∈K

∣∣L(λ, α, s+ ig(τ))− Ln(λ, α, s+ ig(τ))
∣∣

≪
∫ ∞

−∞

∣∣∣∣∣L
(
λ, α,

1

2
+

δ

2
+ iv + ig(τ)

)∣∣∣∣∣ sups∈K

∣∣∣∣∣an
(
1

2
+

δ

2
− s+ iv

)∣∣∣∣∣ dv
+ sup

s∈K

∣∣an(1− s− ig(τ))
∣∣

after a shift t+ v → v. Therefore, the estimate

Γ (σ + it) ≪ exp{−c|t|}, c > 0 (4.2)

yields

1

T

∫ T

0

sup
s∈K

∣∣L(λ, α, s+ ig(τ))− Ln(λ, α, s+ ig(τ))
∣∣ dτ

≪
∫ ∞

−∞

( 1

T

∫ T

0

∣∣∣L(λ, α, 1
2
+

δ

2
+ iv + ig(τ)

)∣∣∣dτ)
× sup

s∈K

∣∣∣an (1/2 + δ/2− s+ iv
)∣∣∣ dv + 1

T

∫ T

0

sup
s∈K

∣∣an(1− s− ig(τ))
∣∣ dτ

def
= I + Î . (4.3)

The main problem in estimation of I is the estimate for

J
def
=

1

T

∫ T

0

∣∣∣L (λ, α, 1/2 + δ/2 + iv + ig(τ)
)∣∣∣ dτ

≪

(
1

T

∫ T

0

∣∣∣L (λ, α, 1/2 + δ/2 + iv + ig(τ)
)∣∣∣2 dτ

)1/2

, (4.4)

with all v ∈ R. It is well known, see, for example, [17], that, for fixed σ,
1/2 < σ < 1, ∫ T

0

|L(λ, α, σ + it)|2 dt ≪λ,α,σ T, T → ∞.

From this, for the same σ, we have∫ T

−T

|L(λ, α, σ + it)|2 dt ≪λ,α,σ T. (4.5)
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Moreover, for σ ⩾ 1/2, the bound [17]

L(λ, α, σ + it) ≪λ,α,σ (1 + |t|)1/2 (4.6)

is valid. For V ⩾ T0, in view of (4.5) and properties of the class U(T0), we
have∫ 2V

V

∣∣∣∣∣L
(
λ, α,

1

2
+

δ

2
+ iv + ig(τ)

)∣∣∣∣∣ dτ
=

∫ 2V

V

∣∣∣∣∣L
(
λ, α,

1

2
+

δ

2
+ iv + ig(τ)

)∣∣∣∣∣ dg(τ)g′(τ)

≪
(

1

g(V )
+

1

g(2V )

)∫ |v|+g′(2V )

−|v|−g′(V )

∣∣∣∣∣L
(
λ, α,

1

2
+

δ

2
+ iu

)∣∣∣∣∣
2

du

≪λ,α,δ
|v|+ g(2V )

min(g′(V ), g′(2V ))
≪λ,α,δ

|g(2V )(1 + |v|)
min(g′(V ), g′(2V ))

≪λ,α,δ V (1 + |v|).

Now, taking V = T2−k, and summing over k = 1, 2, . . . , we obtain from this
and (4.6)

J2≪λ,α,δ
1

T

∫ T

T0

∣∣∣∣∣L
(
λ, α,

1

2
+
δ

2
+iv+ig(τ)

)∣∣∣∣∣
2

dτ+(1+|v|) ≪λ,α,δ 1+|v|. (4.7)

By (4.2), for s ∈ K,

an

(
1

2
+

δ

2
− s− iv

)
≪δ n1/2+δ/2−σ exp

{
− c

η
|v − t|

}
≪δ n−δ/2 exp{−c1|v|}, c1 > 0.

This, (4.7) and (4.3) yield

I ≪λ,α,δ,K n−δ/2

∫ ∞

−∞
(1 + |v|)1/2 exp{−c1|v|}dv ≪λ,α,δ,K n−δ/2. (4.8)

Similarly as above, for s ∈ K, we have

an(1− s− ig(τ)) ≪ n1−σ exp

{
− c

η
|t+ g(τ)|

}
≪δ,K n1/2−δ exp{−c2g(τ)}.

Therefore,

Î ≪δ,K
n1/2−δ

T

∫ T

0

exp{−c2g(τ)} dτ

≪δ,K
n1/2−δ log T

T
+ n1/2−δ

∫ T

log T

exp{−c2g(τ)} dτ

≪δ,K n1/2−δ log T

T
+ n1/2−δ exp{−c2g(log T )}.
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This shows that limT→∞ Î = 0. Thus, by (4.8) and (4.3), we obtain

lim
n→∞

lim sup
T→∞

1

T

∫ T

0

sup
s∈K

∣∣L(λ, α, s+ ig(τ))− Ln(λ, α, s+ ig(τ))
∣∣ dτ = 0.

Therefore, the definition of the metric d completes the proof of the lemma. ⊓⊔

5 Tightness

Recall that a family of probability measures {P} on (X,B(X)) is called tight
if, for every ε > 0, there exists a compact set K ⊂ X such that

P (K) > 1− ε, ∀P ∈ {P}.

Let Pn,λ,α be the probability measure from Lemma 3.

Lemma 6. Suppose that g(τ) ∈ U(T0). Then, the sequence of probability mea-
sures {Pn,λ,α : n ∈ N} is tight.

Proof. Let K be a compact set of the strip D, and L is a simple closed curve
lying in D and enclosing the set K. Then, in view of the Cauchy integral
formula,

sup
s∈K

∣∣Ln(λ, α, s+ ig(τ))
∣∣≪ ∫

L

|Ln(λ, α, z + ig(τ))|
|s− z|

|dz|

≪
(∫

L

|dz|
|s− z|2

∫
L

∣∣Ln(λ, α, z + ig(τ))
∣∣2 |dz|

)1/2

.

Hence,

sup
n∈N

lim sup
T→∞

1

T

∫ T

0

sup
s∈K

∣∣Ln(λ, α, s+ ig(τ))
∣∣ dτ

≪K sup
n∈N

lim sup
T→∞

(
1

T

∫ T

0

sup
s∈K

∣∣Ln(λ, α, σK + ig(τ))
∣∣2 dτ

)1/2

, (5.1)

where σK > 1/2. Similarly as in Section 4, we find, for V ⩾ T0,∫ 2V

V

∣∣Ln(λ, α, σK + ig(τ))
∣∣2 dτ

≪
(

1

g′(2V )
+

1

g′(V )

)∫ g(2V )

−g(2V )

∣∣Ln(λ, α, σK + iu)
∣∣2 du. (5.2)

Since the series for Ln(λ, α, σK + iu)) is absolutely convergent, we have∫ g(2V )

−g(2V )

∣∣Ln(λ, α, σK + iu)
∣∣2 du ≪ g(2V )

∞∑
m=0

u2
n(m,α)

(m+ α)2σK
.
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Therefore, (5.2) yields∫ 2V

V

sup
s∈K

∣∣Ln(λ, α, σK + ig(τ))
∣∣2 dτ ≪ g(2V )

min(g′(2V ), g′(V ))

∞∑
m=0

u2
n(m,α)

(m+ α)2σK

≪ V

∞∑
m=0

u2
n(m,α)

(m+ α)2σK
.

This together with (5.1) show that

sup
n∈N

lim sup
T→∞

1

T

∫ T

0

sup
s∈K

∣∣Ln(λ, α, s+ ig(τ))
∣∣ dτ ≪K

 ∞∑
m=0

u2
n(m,α)

(m+ α)2σK

1/2

≪K

 ∞∑
m=1

1

m2σK

1/2

⩽ cK < ∞. (5.3)

Introduce a random variable θT defined on a certain probability space
(Ξ,A, ν) and uniformly distributed in [0, T ]. Now, let K = Kr, where Kr

are compact sets from the definition of the metric d. Fix ε > 0 and define
Rr = 2−rε−1cKr

. Moreover, define the H(D)-valued random element

YT,n,λ,α = YT,n,λ,α(s) = Ln(λ, α, s+ ig(θT )),

and denote by Yn,λ,α = Yn,λ,α(s) the random element with the distribution
Pn,λ,α. Then, the above definitions, (5.3) and Chebyshev’s type inequality
yield

ν
{

sup
s∈Kr

|YT,n,λ,α(s)| ⩾ Rr

}
=

1

T
L
{
τ ∈ [0, T ] : sup

s∈Kr

|Ln(λ, α, s+ ig(τ))| ⩾ Rr

}
⩽

1

TRr

∫ T

0

sup
s∈K

|Ln(λ, α, s+ ig(τ))|dτ ⩽
ε

2r

for all n ∈ N. Let
D−−→ mean the convergence in distribution. Then, Lemma 3

shows that
YT,n,λ,α

D−−−−→
T→∞

Yn,λ,α. (5.4)

Hence,

sup
s∈Kr

|YT,n,λ,α|
D−−−−→

T→∞
sup
s∈Kr

|Yn,λ,α|.

From this and (5.3), we obtain that

ν
{

sup
s∈Kr

|Yn,λ,α(s)| ⩾ Rr

}
⩽

ε

2r
(5.5)

for all n ∈ N. Define the set K = {g ∈ H(D) : sups∈Kr
|g(s)| ⩽ Rr, r ∈ N}.

Then, by compactness principle, the set K is compact in H(D). Moreover, by
(5.5),

ν{Yn,λ,α ∈ K} ⩾ 1− ε

∞∑
r=1

1

2r
= 1− ε
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for all n ∈ N. This and the definition of Yn,λ,α prove that Pn,λ,α(K) ⩾ 1 − ε
for all n ∈ N. The proof is complete. ⊓⊔

6 Limit theorems

In this section, we will prove probabilistic limit theorems for the function
L(λ, α, s) in the space H(D). For A ∈ B(H(D)), set

P̂T,λ,α(A) =
1

T
L
{
τ ∈ [0, T ] : L(λ, α, s+ ig(τ)) ∈ A

}
.

Moreover, let

L(λ, α, ω, s) =

∞∑
m=0

e2πiλmω(m)

(m+ α)s
.

Note that the latter series, for almost all ω ∈ Ω, is uniformly convergent on
compact subsets of the strip D, thus L(λ, α, ω, s) is a H(D)-valued random
element on the space (Ω,B(Ω),mH) [17]. Denote by PL the distribution of
L(λ, α, ω, s), i.e.,

PL(A) = mH

{
ω ∈ Ω : L(λ, α, ω, s) ∈ A

}
, A ∈ B(H(D)).

Theorem 5. Suppose that the set V (α) is linearly independent over Q, and

g(τ) ∈ U(T0). Then, P̂T,λ,α converges weakly to PL as T → ∞.

Proof. Let θT , YT,n,λ,α and Yn,λ,α be the same as in Section 5. Since, by
Lemma 6, the sequence {Pnλ,α : n ∈ N} is tight, by the Prokhorov theorem
[5], it is relatively compact. Therefore, there are a subsequence {Pnl,λ,α} ⊂
{Pn,λ,α} and a probability measure Pλ,α on (H(D),B(H(D))) such that Pnl,λ,α

converges weakly to Pλ,α as l → ∞. In other words,

Ynl,λ,α
D−−−→

l→∞
Pλ,α. (6.1)

Introduce one more H(D)-valued random element

ŶT,λ,α = ŶT,λ,α(s) = L(λ, α, s+ ig(θT )),

fix ε > 0, and apply Lemma 5. This gives

lim
l→∞

lim sup
T→∞

ν
{
d(YT,n,λ,α, Ynl,λ,α) ⩾ ε

}
= lim

l→∞
lim sup
T→∞

1

T
L
{
τ ∈ [0, T ] :

d(L(λ, α, s+ ig(τ)), Lnl
(λ, α, s+ ig(τ))) ⩾ ε

}
⩽

1

εT

∫ T

0

d(L(λ, α, s+ ig(τ)), Lnl
(λ, α, s+ ig(τ))) dτ = 0. (6.2)
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The space H(D) is separable and the random elements YT,n,λ,α, Yn,λ,α and

ŶT,λ,α are defined on the same probability space (Ξ,A, ν). Therefore, (5.4),
(6.1) and (6.2) show that the above random elements satisfy all hypotheses of
Theorem 4.2 of [5]. Thus, we have

ŶT,λ,α
D−−−−→

T→∞
Pλ,α,

i.e., P̂T,λ,α converges weakly to Pλ,α as T → ∞. Moreover, the latter rela-
tion shows that the measure Pλ,α does not depend on the sequence {Pnl,λ,α}.
Therefore, relation (6.1) can be replaced by

Yn,λ,α
D−−−−→

n→∞
Pλ,α,

which is equivalent to weak convergence of Pn,λ,α to Pλ,α as n → ∞. Thus,

the measures Pn,λ,α, as n → ∞, and P̂T,λ,α, as T → ∞, have the same limit
measure Pλ,α. We notice that, in view of Lemma 4, the measure Pn,λ,α is the
same as in the case g(τ) = τ .

In [17, Chapter 5], the weak convergence, as T → ∞, for

P̃T,n,λ,α(A) =
1

T
L
{
τ ∈ [0, T ] : L(λ, α, s+ iτ) ∈ A

}
, A ∈ B(H(D)),

was considered, and it was obtained that P̃T,n,λ,α converges weakly to the
measure Pλ,α too, and that Pλ,α = PL. This proves the theorem. ⊓⊔

Theorem 6. Suppose that g(τ) ∈ U(T0). Then, on (H(D),B(H(D))) there

exists a probability measure Pλ,α such that P̂T,λ,α converges weakly to Pλ,α as
T → ∞.

Proof. It coincides with the proof of Theorem 5 without a part devoted to
identification of the measure Pλ,α. ⊓⊔

7 Proof of approximation

Theorems 3 and 4 follow easily from Theorems 5 and 6, respectively, and the
Mergelyan theorem on approximation of analytic functions by polynomials [26].
We recall the notion of a support of probability measures which also addition-
ally occurs in the proofs of Theorems 3 and 4. Suppose that X is a separable
space, and P is a probability measure on (X,B(X)). A minimal closed set
S ⊂ X such that P (S) = 1 is called the support of P . The set S consists of all
x ∈ X such that, for every open neighbourhood G of x, the inequality P (G) > 0
is valid.

Proof. (Proof of Theorem 3) It is known [17, Chapter 5], that the support of
PL is the set H(D). Let

Gε =
{
g ∈ H(D) : sup

s∈K
|g(s)− p(s)| < ε/2

}
,
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where p(s) is a polynomial. Since p(s) is an element of the support of PL, we
have

PL(Gε) > 0. (7.1)

By the Mergelyan theorem, we choose p(s) satisfying

sup
s∈K

|f(s)− p(s)| < ε/2.

Then, we have that

Gε ⊂
{
g ∈ H(D) : sup

s∈K
|g(s)− f(s)| < ε

}
def
= Gε.

Thus, in view of (7.1),

PL(Gε) > 0. (7.2)

Since the set Gε is open, by Theorem 5,

lim inf
T→∞

P̂T,λ,α(Gε) ⩾ PL(Gε) > 0,

and the definitions of P̂T,λ,α and Gε prove the first statement of the theorem.

For the proof of the second statement of the theorem, we observe that
the boundaries of the set Gε do not intersect for different ε. From this, it
follows that the set Gε is a continuity set of the measure PL for all but at most
countably many ε > 0. Therefore, by Theorem 5 and (7.2), the limit

lim
T→∞

P̂T,λ,α(Gε) = PL(Gε)

exists and is positive for all but at most countably many ε > 0. ⊓⊔

Proof. (Proof of Theorem 4) Let Fλ,α denote the support of the limit measure
Pλ,α in Theorem 6. Clearly Fλ,α is a non-empty closed set. Since f(s) ∈ Fλ,α,
an analogue of inequality (7.2) for Pλ,α is true. Therefore, by Theorem 6,

lim inf
T→∞

P̂T,λ,α(Gε) ⩾ Pλ,α(Gε) > 0,

and we have the first statement of theorem.

Similarly, as in the proof of Theorem 3, the set Gε is a continuity set of the
measure Pλ,α for all but at most countably many ε > 0. Thus, by Theorem 6,
the limit

lim
T→∞

P̂T,λ,α(Gε) = Pλ,α(Gε)

exists and is positive for all but at most countably many ε > 0. The theorem
is proved. ⊓⊔



Approximation of analytic functions 157

References

[1] T.M. Apostol. On the Lerch zeta function. Pacific Journal of Mathematics,
1(2):161–167, 1951. https://doi.org/10.2140/pjm.1951.1.161.

[2] T.M. Apostol. Addendum to “On the Lerch zeta function”. Pacific Journal of
Mathematics, 2(1):10, 1952. https://doi.org/10.2140/pjm.1952.2.10.

[3] B. Bagchi. The Statistical Behaviour and Universality Properties of the Riemann
Zeta-Function and Other Allied Dirichlet Series. PhD Thesis, Indian Statistical
Institute, Calcutta, 1981.

[4] B.C. Berndt. Two new proofs of Lerch’s functional equation. Pro-
ceedings of the American Mathematical Society, 32(2):403–408, 1972.
https://doi.org/10.1090/S0002-9939-1972-0297721-3.

[5] P. Billingsley. Convergence of Probability Measures. Willey, New York, 1968.
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