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Abstract. The aim of this work is to prove the existence and the

uniqueness of the solution of one dimensional initial boundary value

problem for a parabolic equation with a Caputo time fractional

differential operator supplemented by periodic nonlocal boundary

condition and integral condition. First, an a priori estimate is es-

tablished for the associated problem. Secondly, the density of the

operator range generated by the considered problem is proved by

using the functional analysis method.

Keywords: energy inequality; fractional differential equation; Caputo derivatives; integral boundary con-
ditions; strong solution.

AMS Subject Classification: 35R11; 34K37; 35D35; 35K05; 35K20.

Corresponding author. E-mail: bouthina-sabah.hammou@univ-msila.dz

1 Introduction

Some problems related to physical and technical issues can be effectively
described in terms of nonlocal problems with integral conditions in partial
differential equations. These nonlocal conditions arise mainly when the val-
ues on the boundary cannot be measured directly, while their average values
are known. This type of problem can be found in various physics problems
such as heat conduction [8, 9, 12, 17, 18], plasma physics [28], thermoelastic-
ity [30], electrochemistry [11], chemical diffusion [14] and underground water
flow [15,25,31].

In recent years, fractional differential equations are playing a major role
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in various fields such as physics, biology, engineering, signal processing, con-
trol theory, finance, fractal dynamics and many other physical processes and
diverse applications [10, 21, 26]. Studying or finding approximate and exact
solutions to the partial fractional differential equations is regarded as a very
important task. Many powerful and efficient methods have been proposed to
obtain the numerical solution [3] and the exact solution of partial fractional
differential equations such as optimal homotopy analysis method [5], optimal
homotopy asymptotic method [29], variational iteration method [7], Adomian
decomposition method [6], and many others. As a result, fractional boundary
value problems have gained increasing attention in research, as a large number
of physical phenomena and many problems in modern physics and technology
can be described in terms of nonlocal problems for example problems in partial
differential equations with integral conditions.

Several methods have been used to investigate the existence and unique-
ness of solution for fractional partial differential equations, including the Lax-
Milgram theorem, fixed point theorem and numerical method such as finite
element methods or spectral methods [13,16,20]. For our problem (2.1)–(2.3),
we use the functional analysis method, the so-called energy inequality method,
because it’s the most powerful tool to prove the existence and uniqueness of
the solution for fractional differential equation with integral condition. In the
literature, there are many papers using the functional analysis method such
as [1, 2, 4, 19,22,23,24].

The motivation of this paper lies in developing the used method for a frac-
tional order partial differential equation with periodic and nonlocal condition
of integral type. First, a priori estimate is established for the strong solution of
the problem. Subsequently, the existence and uniqueness of the strong solution
of the problems is established. This paper is organized as follows: In Section 2,
the problem is stated. Section 3 deals with the proof of the uniqueness of the
solution using an a priori estimate. For the existence of the solution, the den-
sity of the range of the operator generated by the considered problem is proved
in Section 4. Finally, Section 5 presents the conclusion.

2 Statement of the problem

In this section, The problem of fractional partial differential equation with
integral condition is stated as follows: Let us consider the rectangular domain
Q = [0, 1] × [0, T ] such that 0 < T < +∞. In the domain Q, we consider the
following equation.

Lu = c
0∂

α
t u− ∂

∂x

(
a(x, t)

∂u

∂x

)
= f(x, t), ∀(x, t) ∈ (0, 1)× (0, T ), (2.1)

with the initial condition

ℓu = u(x, 0) = φ(x), ∀x ∈ (0, 1),

the periodic boundary condition

u(0, t) = u(1, t), ∀t ∈ (0, T ), (2.2)
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and the integral condition∫ 1

0

u(x, t)dx = 0, ∀t ∈ (0, T ). (2.3)

In addition, we assume that the function a(x, t) satisfies the condition:

0 < a0 ≤ a(x, t) ≤ a1, ∀(x, t) ∈ Q, (2.4)

and the function φ(x) satisfies the compatibilities conditions:

φ(0) = φ(1),

∫ 1

0

φ(x)dx = 0.

The symbol c
0∂

α
t denotes the time fractional derivative operator in the Ca-

puto sense of order 0 < α < 1. It is defined by

c
0∂

α
t v(t) = I1−α ∂v(τ)

∂τ
,

where

I1−αv(t) =
1

Γ (1− α)

∫ t

0

(t− τ)−αv(τ)dτ,

for a certain function v [27], where Γ (·) is the Gamma function. For α = 1 the
Caputo derivative becomes a conventional first derivative of the function v(t).

The given problem (2.1)–(2.3) can be considered as finding a solution of
the operator equation Lu = (Lu, ℓu) = F = (f, φ), where the operator L has
as a domain of definition D(L) consisting of functions u ∈ L2(Q) such that
∂u
∂x ,

∂2u
∂x2 ,

∂u
∂t ∈ L2(Q) and satisfying the conditions (2.2) and (2.3).

The operator L is an operator acting on E into F, where E is Banach space
of functions u ∈ L2(Q), with a finite norm

∥u∥2E =
∥∥x(1−x)c0∂

α
t u
∥∥2
L2(Q)

+ sup
0≤t≤T

I1−α

(∥∥∥x(1−x)
∂u

∂x

∥∥∥2
L2(0,1)

+ ∥u∥2L2(0,1)

)
.

F is Hilbert space of functions F = (f, φ), with the finite norm

∥F∥2F =
∥∥x(1− x)f

∥∥2
L2(Q)

+
∥∥∥x(1− x)

∂φ

∂x

∥∥∥2
L2(0,1)

+ ∥φ∥2L2(0,1) .

Then, we show that the operator L has a closure L and later on, in Section 3,
we establish an energy inequality of the following type (see Theorem 1):

∥u∥E ≤ C ∥Lu∥F , ∀u ∈ D(L). (2.5)

Definition 1. A solution of the operator equation Lu = F is called a strong
solution of problem (2.1)–(2.3).
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Since the points of the graph of the operator L are limits of sequences of points
of the graph of L, we can extend the a priori estimate (2.5) to be applied to
strong solutions by taking the limits, that is, we have the inequality

∥u∥E ≤ C
∥∥∥Lu∥∥∥

F
, ∀u ∈ D(L).

From this inequality, we deduce the uniqueness of a strong solution, if it
exists, and that the range of the operator L coincides with the closure of the
range of L.

Proposition 1. The operator L : E −→ F admits a closure L.

The following a priori estimate gives the uniqueness of the solution of the
formulated linear problem.

3 Uniqueness of the solution

In this section, the uniqueness of the solution will be proved using the energy
inequality method.

Theorem 1. There exists a positive constant C, such that for each function
u ∈ D(L), we have

∥u∥E ≤ C ∥Lu∥F , ∀x, t ∈ Q. (3.1)

Proof. Let

Mu = x2(1−x)2c0∂
α
t u+

∫ 1

x

dζ

a(ζ, t)

∫ x

0

2(2ζ − 1)(ζ − ζ2) + λ
∫ ζ

0
dη

a(η,t)∫ 1

0
dζ

a(ζ,t)

c
0∂

α
t udζ

+

∫ x

0

dζ

a(ζ, t)

∫ 1

x

(
λ−

2(2ζ − 1)(ζ − ζ2) + λ
∫ ζ

0
dη

a(η,t)∫ 1

0
dζ

a(ζ,t)

)
c
0∂

α
t udζ,

where λ is a scalar parameter such that λ > 2a1.

We denote by ℑxu =
∫ x

0
u(ζ, t)dζ, taking the scalar product in L2(Qt),

where Qt = [0, 1] × [0, t] of (2.1) and the operator Mu, with 0 < t ≤ T , we
have∫

Qt

c
0∂

α
τ uMudxdτ −

∫
Qt

∂

∂x

(
a(x, τ)

∂u

∂x

)
Mudxdτ =

∫
Qt

fMudxdτ. (3.2)

Substituting Mu by its expression in the first term in the left-hand side of
(3.2), integrating by parts with respect to x, we obtain∫ 1

0

x2(1− x)2c0∂
α
τ u

c
0∂

α
τ udx =

∫ 1

0

x2(1− x)2(c0∂
α
τ u)

2dx,
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∫ 1

0

c
0∂

α
τ u

∫ 1

x

dζ

a(ζ, τ)

∫ x

0

2(2ζ−1)(ζ−ζ2)+λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζdx

=

∫ 1

0

c
0∂

α
τ ℑxu

a(x, τ)

∫ x

0

2(2ζ − 1)(ζ − ζ2) + λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζdx

−
∫ 1

0

2(2x− 1)(x− x2) + λ
∫ x

0
dζ

a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ u

c
0∂

α
τ ℑxu

∫ 1

x

dζ

a(ζ, τ)
dx,

∫ 1

0

c
0∂

α
τ u

∫ x

0

dζ

a(ζ, τ)

∫ 1

x

(
λ−

2(2ζ−1)(ζ−ζ2)+λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

)
c
0∂

α
τ udζdx

=
λ

2

∫ 1

0

(c0∂
α
τ ℑxu)

2

a(x, τ)
dx+

∫ 1

0

c
0∂

α
τ ℑxu

a(x, τ)

∫ 1

x

2(2ζ−1)(ζ−ζ2)+λ
∫ ζ
0

dη
a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζdx

−
∫ 1

0

2(2x− 1)(x− x2) + λ
∫ x

0
dζ

a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ u

c
0∂

α
τ ℑxu

∫ x

0

dζ

a(ζ, τ)
dx.

From the last equalities, we get

∫ 1

0

c
0∂

α
τ uMudx =

∫ 1

0

x2(1− x)2(c0∂
α
τ u)

2dx+
λ

2

∫ 1

0

(c0∂
α
τ ℑxu)

2

a(x, τ)
dx

−
∫ 1

0

(
2(2x− 1)(x− x2) + λ

∫ x

0

dζ

a(ζ, τ)

)
c
0∂

α
τ u

c
0∂

α
τ ℑxudx

+

∫ 1

0

c
0∂

α
τ ℑxu

a(x, τ)
dx

∫ 1

0

2(2ζ − 1)(ζ − ζ2) + λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζ. (3.3)

Integrating by parts the last two terms in the right-hand side of (3.3), with
respect to x, we get

∫ 1

0

c
0∂

α
τ uMudx =

∫ 1

0

x2(1− x)2(c0∂
α
τ u)

2dx+
λ

2

∫ 1

0

(c0∂
α
τ ℑxu)

2

a(x, τ)
dx

+
1

2

∫ 1

0

(
12(x− x2)− 2 +

λ

a(x, τ)

)
(c0∂

α
τ ℑxu)

2dx

−
∫ 1

0

c
0∂

α
τ ℑxu

a(x, τ)
dx

∫ 1

0

12(ζ − ζ2)− 2 + λ
a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ ℑζudζ. (3.4)

Similarly, substituting Mu by its expression in the second term of the left-
hand side of Equation (3.2), integrating by parts with respect to x and using

Math. Model. Anal., 30(3):405–420, 2025.
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the condition (2.3), we obtain

−
∫ 1

0

x2(1−x)2
∂

∂x

(
a(x, τ)

∂u

∂x

)
c
0∂

α
τ udx =

∫ 1

0

2a(x, τ)(1−2x)

× (x− x2)
∂u

∂x
c
0∂

α
τ udx+

∫ 1

0

x2(1−x)2a(x, τ)
∂u

∂x
c
0∂

α
τ

∂u

∂x
dx,

−
∫ 1

0

∂

∂x

(
a(x, τ)

∂u

∂x

)∫ 1

x

dζ

a(ζ, τ)

∫ x

0

2(2ζ−1)(ζ−ζ2)+λ
∫ ζ
0

dη
a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζdx

= −u(1, τ)

∫ 1

0

2(2ζ − 1)(ζ − ζ2) + λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζ

+

∫ 1

0

2(2x− 1)(x− x2) + λ
∫ x

0
dζ

a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

uc
0∂

α
τ udx

+

∫ 1

0

2(2x−1)(x−x2)+λ
∫ x

0
dζ

a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

a(x, τ)
∂u

∂x
c
0∂

α
τ u

∫ 1

x

dζ

a(ζ, τ)
dx,

−
∫ 1

0

∂

∂x

(
a(x, τ)∂u∂x

)∫ x

0

dζ
a(ζ,τ)

∫ 1

x

(
λ−

2(2ζ−1)(ζ−ζ2)+λ
∫ ζ
0

dη
a(η,τ)∫ 1

0
dζ

a(ζ,τ)

)
× c

0∂
α
τ udζdx = u(0, τ)

∫ 1

0

2(2ζ − 1)(ζ − ζ2) + λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζ

+

∫ 1

0

(
λ−

2(2x− 1)(x− x2) + λ
∫ x

0
dζ

a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

)
uc
0∂

α
τ udx

−
∫ 1

0

(
λ−

2(2x−1)(x−x2)+λ
∫ x

0
dζ

a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

)
a(x, τ)

∂u

∂x
c
0∂

α
τ u

∫ x

0

dζ

a(ζ, τ)
dx.

From the last equalities and using the condition (2.2), we get

−
∫ 1

0

∂

∂x

(
a(x, τ)

∂u

∂x

)
Mudx

=

∫ 1

0

x2(1−x)2a(x, τ)
∂u

∂x
c
0∂

α
τ

∂u

∂x
dx+λ

∫ 1

0

uc
0∂

α
τ udx. (3.5)

From (3.4) and (3.5), equality (3.2) becomes∫
Qt

x2(1− x)2(c0∂
α
τ u)

2dxdτ +
λ

2

∫
Qt

(c0∂
α
τ ℑxu)

2

a(x, τ)
dxdτ

+
1

2

∫
Qt

(
12(x− x2)− 2 +

λ

a(x, τ)

)
(c0∂

α
τ ℑxu)

2dxdτ

−
∫
Qt

c
0∂

α
τ ℑxu

a(x, τ)
dx

∫ 1

0

12(ζ − ζ2)− 2 + λ
a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ ℑζudζdτ
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+

∫
Qt

x2(1−x)2a(x, τ)
∂u

∂x
c
0∂

α
τ

∂u

∂x
dxdτ+λ

∫
Qt

uc
0∂

α
τ udxdτ=

∫
Qt

fMudxdτ. (3.6)

By using Holder’s inequality in the fourth term in the left-hand side of (3.6),
we get∫

Qt

c
0∂

α
τ ℑxu

a(x, τ)
dx

∫ 1

0

12(ζ − ζ2)− 2 + λ
a(ζ,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ ℑζudζdτ (3.7)

≤
∫ t

0

√
λ

∫ 1

0

(c0∂
α
τ ℑxu)2

a(x, τ)
dx

√∫ 1

0

(
12(ζ−ζ2)−2+

λ

a(ζ, τ)

)
(c0∂

α
τ ℑζu)2dζdτ.

Using the fact that

2u(t)c0∂
α
t u(t) ≥ c

0∂
α
t (u(t))

2, 0 < α < 1, (3.8)

and (2.4), the last two terms in the left-hand side of (3.6) are controlled by∫
Qt

x2(1−x)2a(x, τ)
∂u

∂x
c
0∂

α
τ

∂u

∂x
dxdτ≥a0

2

∫
Qt

x2(1− x)2c0∂
α
τ

(
∂u

∂x

)2

dxdτ, (3.9)

λ

∫
Qt

uc
0∂

α
τ udxdτ ≥ λ

2

∫
Qt

c
0∂

α
τ (u)

2dxdτ. (3.10)

Using the Dirichlet formula and integrating by parts the right-hand side of
(3.9) and (3.10), with respect to τ , we get

a0
2

∫
Qt

x2(1− x)2c0∂
α
τ

(
∂u

∂x

)2

dxdτ

=
a0

2Γ (1− α)

∫ 1

0

x2(1− x)2
∫ t

0

∂

∂s

(
∂u

∂x

)2 ∫ t

s

(τ − s)−αdτdsdx

=
a0

2(1− α)Γ (1− α)

∫ 1

0

x2(1− x)2
∫ t

0

(t− s)1−α ∂

∂s

(
∂u

∂x

)2

dsdx

=
a0
2
I1−α

∥∥∥x(1−x)
∂u

∂x

∥∥∥2
L2(0,1)

− a0
2Γ (2− α)

t1−α
∥∥∥x(1− x)

∂φ

∂x

∥∥∥2
L2(0,1)

, (3.11)

and

λ

2

∫
Qt

c
0∂

α
τ (u)

2dxdτ =
λ

2Γ (1− α)

∫ 1

0

∫ t

0

∂(u)2

∂s

∫ t

s

(τ − s)−αdτdsdx

=
λ

2(1− α)Γ (1− α)

∫ 1

0

∫ t

0

(t− s)1−α ∂(u)
2

∂s
dsdx

=
λ

2
I1−α ∥u∥2L2(0,1) −

λ

2Γ (2− α)
t1−α ∥φ∥2L2(0,1) . (3.12)

Therefore, by combining (3.7), (3.11) and (3.12) with (3.6), we get the following

Math. Model. Anal., 30(3):405–420, 2025.
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expression:

∫
Qt

x2(1−x)2(c0∂
α
τ u)

2dxdτ +
a0
2
I1−α

∥∥∥x(1−x)
∂u

∂x

∥∥∥2
L2(0,1)

+
λ

2
I1−α ∥u∥2L2(0,1)

+
1

2

∫ t

0

(√
λ
∫ 1

0

(c0∂
α
τ ℑxu)2

a(x,τ) dx−
√∫ 1

0

(
12(x−x2)−2+ λ

a(x,τ)

)
(c0∂

α
τ ℑxu)2dx

)2

dτ

≤
∫
Qt

fMudxdτ+ λ
2Γ (2−α) t

1−α ∥φ∥2L2(0,1) +
a0

2Γ (2−α) t
1−α

∥∥x(1−x)∂φ∂x
∥∥2
L2(0,1)

.

(3.13)

Substituting Mu by its expression in the first term in the right-hand side of
(3.13), we obtain

∫
Qt

fMudxdτ =

∫
Qt

x2(1− x)2f c
0∂

α
τ udxdτ

+

∫
Qt

f

∫ 1

x

dζ

a(ζ, τ)

∫ x

0

2(2ζ − 1)(ζ − ζ2) + λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζdxdτ

+

∫
Qt

f

∫ x

0

dζ

a(ζ, τ)

∫ 1

x

(
λ−

2(2ζ−1)(ζ−ζ2)+λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

)
c
0∂

α
τ udζdxdτ. (3.14)

Using (2.4) and ϵ-Cauchy inequality, each term in the right-hand side of
(3.14), can be, respectively, controlled by

∫
Qt

x2(1−x)2f c
0∂

α
τ udxdτ≤

1

4

∫
Qt

x2(1−x)2(c0∂
α
τ u)

2dxdτ+

∫
Qt

x2(1−x)2f2dxdτ,

∫
Qt

f

∫ 1

x

dζ

a(ζ, τ)

∫ x

0

2(2ζ − 1)(ζ − ζ2) + λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

c
0∂

α
τ udζdxdτ

≤ 1

8

∫
Qt

x2(1− x)2(c0∂
α
τ u)

2dxdτ +

(
64a21
a20

+
16λ2a21

a40

)∫
Qt

x2(1− x)2f2dxdτ,

and

∫
Qt

f

∫ x

0

dζ

a(ζ, τ)

∫ 1

x

(
λ−

2(2ζ−1)(ζ−ζ2)+λ
∫ ζ

0
dη

a(η,τ)∫ 1

0
dζ

a(ζ,τ)

)
c
0∂

α
τ udζdxdτ

≤ 1

8

∫
Qt

x2(1−x)2(c0∂
α
τ u)

2dxdτ+
(64a21

a20
+
16λ2a21

a40

)∫
Qt

x2(1−x)2f2dxdτ.
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By combining the previous inequalities with (3.13), we arrive at

1

2

∫
Qt

x2(1− x)2(c0∂
α
τ u)

2dxdτ +
a0
2
I1−α

∥∥∥x(1− x)
∂u

∂x

∥∥∥2
L2(0,1)

+
λ

2
I1−α ∥u∥2L2(0,1) +

1

2

∫ t

0

((
λ

∫ 1

0

(c0∂
α
τ ℑxu)

2

a(x, τ)
dx
)1/2

−
(∫ 1

0

(
12(x− x2)− 2 +

λ

a(x, τ)

)
(c0∂

α
τ ℑxu)

2dx

)1/2)2

dτ

≤
(
2
(
64a21/a

2
0 + 16λ2a21/a

4
0

)
+ 1

)∫
Qt

x2(1− x)2f2dxdτ

+
a0

2Γ (2− α)
T 1−α

∥∥∥x(1− x)
∂φ

∂x

∥∥∥2
L2(0,1)

+
λ

2Γ (2− α)
T 1−α ∥φ∥2L2(0,1) .

If we drop the fourth term in the last inequality and by taking the least
upper bound of the left side with respect to t from 0 to T , we get the desired
estimate (3.1) with

C2=max

(
128a21
a20

+
32λ2a21

a40
+1,

a0T
1−α

2Γ (2−α)
,

λ

2Γ (2−α)
T 1−α

)
/min

(
1

2
,
a0
2
,
λ

2

)
.

⊓⊔

Consequently, the a priori estimate (3.1) can be extended to strong solutions,
then we have the inequality

∥u∥E ≤ C
∥∥∥Lu∥∥∥

F
, ∀u ∈ D(L).

The last inequality implies the following corollaries:

Corollary 1. A strong solution of (2.1)–(2.3) if it exists, it is unique and depends
continuously on F .

Corollary 2. The rang R(L) of L is closed in F and R(L) = R(L).

Corollary (2) shows that, to prove that problem (2.1)–(2.3) has a strong solution
for arbitrary F , it suffices to prove that the set R(L) is dense in F.

4 Existence of the solution

To prove the existence of the solution of problem (2.1)–(2.3), it is sufficient to
show that R(L) is dense in F, that is R(L) = F.

The proof is based on the following lemma.

Lemma 1. Suppose that a(x, t) and its derivatives are bounded.
Let D0(L) =

{
u ∈ D(L), u(x, 0) = 0

}
. If, for u ∈ D0(L) and for some

function w ∈ L2(Ω), we have∫
Q

x2(1− x)2

a(x, t)
Luwdxdt = 0, (4.1)

then w = 0.
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Proof. From (4.1) we obtain∫
Q

x2(1− x)2

a(x, t)
c
0∂

α
t uwdxdt =

∫
Q

x2(1− x)2

a(x, t)

∂

∂x

(
a(x, t)

∂u

∂x

)
wdxdt. (4.2)

For a given w(x, t) ∈ L2(Q), we introduce the function

v(x, t) = (x− x2)w +

∫ x

0

a(ζ, t)
∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
w(ζ, t)dζ,

then, ∫ x

0

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
vdζ =

x− x2

a(x, t)

∫ x

0

a(ζ, t)
∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
w(ζ, t)dζ,

this implies ∫ 1

0

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
vdζ = 0.

Equality (4.2), can be written as follows:∫
Q

c
0∂

α
t uNvdxdt =

∫
Q

A(t)uvdxdt, (4.3)

where A(t)u = ∂
∂x

(
(x− x2)∂u∂x

)
,

Nv = x−x2

a(x,t)v −
∫ x

0
∂
∂ζ

(
ζ−ζ2

a(ζ,t)

)
vdζ = (x−x2)2

a(x,t) w.
(4.4)

We introduce the smoothing operators:

J−1
ϵ = (I + ϵc0∂

α
t )

−1
and (J−1

ϵ )∗ =
(
I + ϵct∂

α
T

)−1
,

with respect to t, then these operators provide the solution of the problems:uϵ(t) + ϵc0∂
α
t uϵ(t) = u(t), uϵ(0) = 0,

v∗ϵ (t) + ϵ
∫ T

t
(s−t)−α

Γ (1−α)
∂v∗

ϵ (s)
∂s ds = v(t), v∗ϵ (T ) = 0.

We also have the following properties:
for any g ∈ L2(0, T ) the function J−1

ϵ g, (J−1
ϵ )∗g ∈ W 1

2 (0, T ). If g ∈ D(L), then
J−1
ϵ g ∈ D(L) and we havelim

∥∥J−1
ϵ g − g

∥∥
L2(0,T )

= 0, for ϵ → 0,

lim
∥∥(J−1

ϵ )∗g − g
∥∥
L2(0,T )

= 0, for ϵ → 0.

Substituting the function u into (4.3) by the smoothing function uϵ and
using the relation
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A(t)uϵ = J−1
ϵ A(t)u,

we obtain ∫
Q

uN c
0∂

α
τ v

∗
ϵ dxdt =

∫
Q

A(t)uv∗ϵ dxdt. (4.5)

The left-hand side of (4.5) is a continuous linear functional of u, hence

the function v∗ϵ has the derivatives (x − x2)
∂v∗

ϵ

∂x ∈ L2(Q), ∂
∂x

(
(x− x2)

∂v∗
ϵ

∂x

)
∈

L2(Q), and the following conditions are satisfied:{
xv∗ϵ |x=0 = (1− x)v∗ϵ |x=1 = 0,

x
∂v∗

ϵ

∂x |x=0 = (1− x)
∂v∗

ϵ

∂x |x=1.

Substituting the function c
0∂

α
t u in (4.3), such that

c
0∂

α
t u =

x− x2

a(x, t)
v∗ϵ −

∫ x

0

(
ζ
∂

∂ζ

(ζ − ζ2

a(ζ, t)

)
+
ζ − ζ2

a(ζ, t)

)
v∗ϵ (ζ, t)dζ

−
∫ 1

x

(
ζ − ζ2

a(ζ, t)
− (1− ζ)

∂

∂ζ

(ζ − ζ2

a(ζ, t)

))
v∗ϵ dζ, (4.6)

and using the properties of the smoothing operators, we have∫
Q

c
0∂

α
t uNvdxdt=

∫
Q

A(t)uv∗ϵ dxdt+ϵ

∫
Q

A(t)u

∫ T

t

(s− t)−α

Γ (1− α)

∂v∗ϵ (s)

∂s
dsdxdt. (4.7)

Integrating by parts each term in the right-hand side of (4.7), using (4.6)
with respect to x and t, we obtain∫

Q

A(t)uv∗ϵ dxdt+ ϵ

∫
Q

A(t)u

∫ T

t

(s− t)−α

Γ (1− α)

∂v∗ϵ (s)

∂s
dsdxdt

= −
∫
Q

a(x, t)
∂u

∂x
c
0∂

α
t

∂u

∂x
dxdt+ ϵ

∫
Q

a(x, t)

(
c
0∂

α
t

∂u

∂x

)2

dxdt.

Using (3.8) and (2.4), Equation (4.7) becomes∫
Q

c
0∂

α
t uNvdxdt ≤ −a0I

1−α
∥∥∥∂u
∂x

∥∥∥2
L2(0,1)

+ ϵ

∫
Q

a(x, t)
(
c
0∂

α
t

∂u

∂x

)2
dxdt. (4.8)

We replace c
0∂

α
t u by its representation (4.6) in the left-hand side of (4.8),

we obtain∫
Q

c
0∂

α
t uNvdxdt =

∫
Q

x− x2

a(x, t)
v∗ϵ (ζ, t)dζNvdxdt

−
∫
Q

∫ x

0

(
ζ
∂

∂ζ

(ζ − ζ2

a(ζ, t)

)
+
ζ − ζ2

a(ζ, t)

)
v∗ϵ (ζ, t)dζNvdxdt

−
∫
Q

∫ 1

x

(
ζ − ζ2

a(ζ, t)
− (1− ζ)

∂

∂ζ

(ζ − ζ2

a(ζ, t)

))
v∗ϵ dζNvdxdt.

(4.9)
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Substituting Nv by its expression in each term in the right-hand side of
(4.9), integrating with respect to x, we obtain∫

Q

x− x2

a(x, t)
v∗ϵ dζNvdxdt =

∫
Q

(
x− x2

a(x, t)

)2

|v|2dxdt

−
∫
Q

x− x2

a(x, t)
v

∫ x

0

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
vdζdxdt+

∫
Q

x− x2

a(x, t)
Nv(v∗ϵ−v)dxdt, (4.10)

−
∫
Q

∫ x

0

(
ζ
∂

∂ζ

(ζ − ζ2

a(ζ, t)

)
+
ζ − ζ2

a(ζ, t)

)
v∗ϵ dζNvdxdt

= −1

2

∫ T

0

(∫ 1

0

ζ − ζ2

a(ζ, t)
vdζ
)2

dt−1

2

∫ T

0

(∫ 1

0

dx

∫ x

0

∂

∂ζ

(ζ − ζ2

a(ζ, t)

)
vdζ

)2

dt

+

∫
Q

x

(∫ x

0

∂

∂ζ

(ζ − ζ2

a(ζ, t)

)
vdζ

)2

dxdt−
∫
Q

x− x2

a(x, t)
v

∫ x

0

ζ
∂

∂ζ

(ζ − ζ2

a(ζ, t)

)
vdζdxdt

+

∫
Q

∫ x

0

∂

∂ζ

(ζ − ζ2

a(ζ, t)

)
vdζ

∫ x

0

ζ − ζ2

a(ζ, t)
vdζdxdt

−
∫
Q

∫ x

0

(
ζ
∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
+

ζ − ζ2

a(ζ, t)

)
(v∗ϵ − v)dζNvdxdt, (4.11)

and

−
∫
Q

∫ 1

x

(
ζ − ζ2

a(ζ, t)
− (1− ζ)

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

))
v∗ϵ dζNvdxdt

= −1

2

∫ T

0

(∫ 1

0

ζ − ζ2

a(ζ, t)
vdζ

)2

dt− 1

2

∫ T

0

(∫ 1

0

dx

∫ x

0

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
vdζ

)2

dt

+

∫
Q

(1− x)

(∫ x

0

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
vdζ

)2

dxdt+

∫
Q

x− x2

a(x, t)
v

∫ 1

x

(1− ζ)

× ∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
vdζdxdt+

∫
Q

∫ x

0

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
vdζ

∫ 1

x

ζ − ζ2

a(ζ, t)
vdζdxdt

−
∫
Q

∫ 1

x

(
ζ − ζ2

a(ζ, t)
− (1− ζ)

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

))
(v∗ϵ−v)dζNvdxdt. (4.12)

By combining (4.10)–(4.12), we get∫
Q

c
0∂

α
t uNvdxdt =

∫
Q

(Nv)
2
dxdt−

∫ T

0

(∫ 1

0

Nvdx

)2

dt

+

∫
Q

[
x− x2

a(x, t)
−
∫ x

0

(
ζ
∂

∂ζ

(
ζ − ζ2

a(ζ, t)

)
+

ζ − ζ2

a(ζ, t)

)
−
∫ 1

x

(
ζ − ζ2

a(ζ, t)
− (1− ζ)

∂

∂ζ

(
ζ − ζ2

a(ζ, t)

))]
(v∗ϵ−v)dζNvdxdt.

Since∫
Q

(Nv)
2 −
∫ T

0

(∫ 1

0

Nv

)2

=
1

2

∫ T

0

∫ 1

0

∫ 1

0

∣∣(Nv) (x, t)− (Nv) (y, t)
∣∣2 dxdydt,
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using (4.8), for sufficiently small ϵ, we conclude that

Nv(x, t) = Nv(y, t) ∀x, y ∈ [0, 1], t ∈ [0, T ].

then Nv = 0, so from (4.4), the assertion of the Lemma 1 is established. ⊓⊔

Theorem 2. The range R(L) of the operator L is dense in F.

Proof. Since F is a Hilbert space, we have R(L) = F if and only if the relation∫
Q

x2(1− x)2fgdxdt+

∫ 1

0

x2(1− x)2
dℓu

dx

dφ1

dx
dx+

∫ 1

0

ℓuφ1 = 0, (4.13)

for an arbitrary u ∈ D(L) and (g, φ1) ∈ F, implies that g = 0 and φ1 = 0.
Putting u ∈ D0(L) in (4.13), we conclude from Lemma 1 that g = w

a(x,t) = 0,

then g = 0. a.e. Taking u ∈ D(L) in (4.13) yields∫ 1

0

x2(1− x)2
dℓu

dx

dφ1

dx
dx+

∫ 1

0

ℓuφ1 = 0,

Since the range of the trace operator is everywhere dense in Hilbert space
with the norm ∫ 1

0

x2(1− x)2
∣∣∣∣dℓudx

∣∣∣∣2 dx+

∫ 1

0

|ℓu|2 = 0.

Hence, φ1 = 0. This completes the proof. ⊓⊔

5 Conclusions

In this work, we studied the existence and uniqueness of a strong solution
for a parabolic equation with a Caputo time fractional differential operator
supplemented by periodic nonlocal boundary condition and integral condition.
The used method is one of the most efficient functional analysis methods for
solving fractional differential equations with boundary integral conditions, the
so-called energy-integral method or a priori estimates method. We constructed
suitable multiplicators for each problem, which provide the a priori estimate.
From there, it was possible to establish the solution’s uniqueness and contin-
uous dependence on the initial data. Subsequently, we established the main
result concerning the existence of the solution for the considered problem. Our
approach primarily relies on operator theory.
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