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1 Introduction

Although the fractional calculation was proposed a few decades ago, it is an
attractive topic for researchers because it is still developing and expanding. At
first, fractional calculus was discussed only from the point of view of mathe-
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matical theory. Over time, the application of this branch of mathematics came
to the notice and a new window was opened in research activities. As far as to-
day, it can be claimed that it covers many scientific fields such as dynamics [7],
electronics [5], mechanics [18] and signal processing [10]. The main foundation
of using fractional calculus in various sciences is fractional equations. Solv-
ing these types of equations does not mean obtaining an analytical solution.
Therefore, the efficiency of numerical methods in solving fractional equations
(fractional differential or integral equations) is very important. For instance,
see [6,17,19] and references therein.

According to the types of the concept of fractional derivative (Caputo,
Riemann, Atangana-Baleanu and etc.) and the generalization of fractional
equations to fractional variable order and distributed-order equations, various
problems are also widely modeled. The fractional derivative of the distributed
order is obtained by integrating from product of the weight function and the
desired fractional derivative with respect to its fractional order. The equa-
tions that have been modeled and studied in this way include Schrédinger [20],
diffusion-wave [28], inhomogeneous parabolic [26] and telegraph equation [23].

Some authors have investigated different numerical methods for the ordinary
and fractional forms of this equation in various dimensional. For example,
the finite difference [21], radial basis functions [11], B-spline collocation [27],
Legendre spectral element [13], and adomain decomposition method [14].

The Benjamin Bona Mahony Burgers equation is a partial differential equa-
tion used to model wave phenomena in physical systems, particularly in fluid
dynamics. The Benjamin Bona Mahony Burgers equation combines advec-
tion and diffusion effects. It describes the evolution of nonlinear waves and
can exhibit a variety of interesting phenomena, including shock wave and
soliton formations and wave breaking. In summary, the Benjamin Bona Ma-
hony Burgers equation is a mathematical tool to characterize the model of the
long wavelength surface waves in liquids, acoustic, acoustic-gravity, and hydro-
magnetic waves in harmonic crystals, compressible fluids, and cold plasma,
respectively [1,8,12]. The importance of Benjamin Bona Mahony Burgers equa-
tion prompted us to generalize it to distributed-order time and fractional-order
space in the sense of Caputo. So, we are interested in the equation

F(z.t) = / 0(0)3D2v(z, t)do
0
— D'y (z,t) — DT(z,t) + D" u(z, 1) (1 + v(z,1)), (1.1)

on (z,t) = (z,y,t) € [0,&] x [0, &3] x [0, 1] with the initial condition v(x,y,0) =
vo(x,y) and the boundary conditions

U(O>yat) = ‘Pl(%t)’ U(élayﬂt) = 802(9,75)7
'U({E,Oﬂf) = @B(xat)v U(l’,fg,t) = 904(1'775);

where ©" = {D7 + Dy with 0 < £ <1, ¢; are known continuous functions
for i = 1,2,3,4 and 0(p), the distribution weight function has the properties:

6(0) > 0 and fol 0(0)do < .
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In numerical schemes for solving fractional and ordinary equations, the
application of polynomials as basis functions can be considered as an efficient
method. One of these polynomials, which has been used in the recent decade to
solve kinds of problems, is orthogonal Ultraspherical polynomials because these
polynomials are related to the famous Chebyshev and Legendre polynomials.
The Ultraspherical polynomials are utilized for solving second-order equations
[15], fractal-fractional Riccati equation [24], Lane-Emden equation [25], some
types of ordinary fractional problems [3] and (2n + 1)-order linear differential
equations [16]. See references [2,4] for more details.

In this work, we use the technique of approximating the unknown function
of distributed-order time 2D Benjamin Bona Mahony Burgers equation with
fractional-order space by two types of Ultraspherical polynomials. Since the
space variable is in two-dimensional case, these polynomials are also extended
to 2D which are introduced for the first time. Then, by using the calculated
derivative operator matrices and Gauss-Legendre quadrature integration for-
mula, the derivatives of unknown function are also approximated. The high
accuracy, flexibility, fast convergence and ease of implementation are the main
advantages of Gauss-Legendre quadrature. The method is generally stable and
less prone to numerical errors compared to other approximation techniques.
By replacing all these approximations in the main equation and using collo-
cation points, an algebraic equation system is obtained. Solving this system
is equivalent to calculating the numerical solution of problem (1.1). Finally,
some examples are considered for the correctness and accuracy of the proposed
method.

The operational matrix method is a numerical technique used to solve differ-
ential and integro-differential equations. It involves representing the equations
in matrix form, allowing for efficient computation and solution. The method
offers several advantages, including: simplicity, efficiency, accuracy, versatility,
flexibility and numerical stability. On the other hand, the cons of the opera-
tional matrix method are discretization error, limited applicability to complex
geometries, computational requirements, convergence issues and limited sup-
port for discontinuous solutions.

The choice of Ultraspherical polynomials has been motivated by two pri-
mary factors. Firstly, emphasis is placed on converting these polynomials into
a two-dimensional structure while concurrently performing an error analysis,
a task that has not been previously undertaken. Secondly, the association
between these polynomials and Chebyshev and Legendre polynomials ensures
spectral accuracy, thereby establishing one of the method’s stability prospects.

So, the novelty of the article is contingent upon two key aspects. Firstly, the
introduction of a novel equation type, which expands the existing knowledge
base. Secondly, the proposal of innovative basis functions, contributing to the
advancement of the field.

The rest of this paper is as follows: Essential prerequisites are given in
Section 2. The shifted Ultraspherical and modified shifted Ultraspherical poly-
nomials with their properties are introduced in Sections 3 and 4, respectively.
The proposed approach is explained in Section 5. The results of numerical are
provided in Section 6. The conclusion of the study is rendered in Section 7.
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2 Preliminaries

Here, we review some prerequisites used in this work.

DEFINITION 1. [22] The Caputo fractional differentiation of order x of the
differentiable function g(x) over [a,b] is defined with ¢(P)(z) for k = p and

1 T
¢Drg(r) = =—— — )P Ly (ydt, p—1 N. (21
Do) = o [ @ 0r P p-1<n<peN. @)

Property 1. For 0 < k < 1, it can be concluded §D1**g(x) = §D%¢'(z).

Property 2. [22] Suppose that s > 1 is a given constant. Then, we get

I'(s+1) _
CDK/ S - N @ 7 S—K 0 < < 1.
0% ® F(S—Ii—I—l)x ’ =
Theorem 1. [9] An M-point Gauss-Legendre quadrature integration on [a,b]
is given by
b M
b—a b—a a+b
dx ~ L T *t ’
/ag(x)x 2;wg<2z+2>
where w, = 2 > and z, represents the zeros of Py (x) (Legen-

(1-22)(Pj,(20))
dre polynomial of M degree) which are called the Gauss-Legendre integration
weights and nodes, respectively.

3 Orthonormal normalized shifted Ultraspherical
polynomials

In this part, the orthonormal normalized shifted Ultraspherical polynomials
with some properties is introduced on the interval [0, 1].

DEFINITION 2. [24] The shifted Ultraspherical polynomials of degree i, U; 5 on
[0,1] for @ > 0 are given by

)= Autt,  i=0,1,...,
k=0

k(1) [ 20+0) I(i+k+20)
=0 k(k> (i +20) Tk +0+0.5)

/\i,k

These polynomials are equivalent to Legendre and Chebyshev polynomials for
some values of 0 as

U 1 (1) = Pi(t), U o(t) =T (1), U (1) =T (1),

where P;(t) are shifted Legendre polynomials and 7:*(t) and 7;"*(¢) indicate
the first and second kind of shifted Chebyshev polynomlals on [0, 1], respec-
tively. So, the spectral accuracy of the approach is guaranteed for values
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=0, %, 1. The set of orthonormal normalized shifted Ultraspherical poly-

nomials {U;7a(t)};>0 forms an orthonormal system with respect to the weight
function wy (t) = (t — t2)°~9-5,

1
/ Uz o (U 5 (Hwo (t)dt = 633,
0

where 5;5 is the well-known Kronecker delta function. Therefore, this property
them allows us to expand any function u(t) € L2, ([0, 1]) as follows

u(t) ~ i Uil o(t) £ U P o (1), (3.1)

in which @; = fol u(t)Us o (t)wo (t)dt as

U = [ao 'L_Ll e ﬂm]T, @m’g(t) = [UO,D(t) Z/[La(t) e Z/{mya(t)]T. (32)

In this work, three types of operational matrices of the orthonormal normal-
ized shifted Ultraspherical polynomials are needed, including first-order ordi-
nary and fractional derivatives, and distributed-order differentiation which are
statemented and proved in the following theorems.

Theorem 2. The first-order classical derivative of the vector $m »(t) expressed
in relation (3.2) can be represented as

dPm »(t)
Tmal) _pMg,, ot
dt -,0( )v

where P s called the derivative matriz and obtained as

0 0 0 o 0 0
(1) (1) (1) (1) (1)
PO _ P2 P22 Ps3 . Pom Pom 1)
(1)' (1)' (1). o (1)' 1)
Patnt Ptz Pantns - Plntnm Pantnme)
which -
i—1j—
1) _ Ny, T+ 14205 (0 +0.5) -
bjj ; ; i—1,rA\j—1,1 F(T T+ 20) . ( . )

Also, the k-fractional derivative of the vector $m »(t) can be expanded as

EDEDm (1) ~ PWd, o (1),

where
0 0 0 - 0 0
(%) (%) (%) () (k)
p p p cee Pom Pom
po_ | PE R e |
(r) (r) W W (x)
Pm+1)1 Pm+1)2 Pm+1)s - Pm+i)m Pm+1)m+1)
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with
i—15—1
r 1) I l— S .
p(H— Z&uj i (r+1) I'r+{—k+2+0.5)I"(d+0.5) (3.4)
R I'(r—k+1) I'r+l—rk+20+1)

= 0, the first row of P is also equal to zero. So,

Proof. Since duiT?(t)

”° Z)\Z“rtrl i=2,....m+1.

On the other hand, it can be shown that

i—1j—1
p” =3 Xicirdio 1l7“/ L —2)2705q, j=1,... . m+1. (3.5)
r=11=0
By solving the last integral, we get
/1 (g yp-05gy - T A 140050 +0.5) (3.6)
0 I(r+1+20) ' ’

Thus, relation (3.3) is obtained via replacing (3.6) in (3.5). The same manner
is used to prove relation (3.4). Assume 0 < k < 1, then §D;Up »(t) = 0 and

r—i—l _ .
SDEU; 1 5(t) Z)\Z T /er)l)tr fooi=2,...,m+1. (3.7)

By extending the relation (3.7) by the orthonormal normalized shifted Ultra-
spherical polynomials for 1 < j < m + 1, the expressed assertion is proved
as

i—1

j—1 1
() _ ZZ I'(r+1) rrl—k 210-0.5
p” )‘2 lrJ 1l ( Ii+1) t (t—t) dt
r=1[=0

_ijix _ I'(r+1) T(r+1—r+02+0.5)(0+0.5)
_TUO e N I'r+l—rk+20+1)

O

Theorem 3. The distributed-order differentiation of the vector @m »(t) intro-
duced in (3.2) can be represented as follows

1
/ 0(0)eDEP o (t)do =~ GODy, o (1),
0

where G is an (m + 1) matriz in the form

Zwt “(z 41 )PEJ (2. +1))’

(3(z.+1)

in which P;; , w, and z, are defined in Theorem 2 and Theorem 1.
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Proof. From Theorem 2, one obtains

1 1
/ 6<@>8Df¢m,a<t>d@:( / 0<9>P<@>dg)¢m,a<t>éG<@>¢m,a<t>-
0 0

So, the proof is completed by applying an M-point Legendre quadrature as
follows

1 1
[ / 9(g>P<Q>dQ] = / b(o)pPdg ~ Zm (2(z, +1))pEE+D),
0 ij 0

Note that, we set M = 25 in this study for all examples. 0O

4 Modified orthonormal normalized shifted
Ultraspherical polynomials

In this section, we define the modified orthonormal normalized shifted Ultras-
pherical polynomials in cases of one and two dimensional. Also, we introduce
some essential properties of these polynomials which are applied to obtain an
approximate solution of the problem (1.1).

4.1 1D-modified orthonormal normalized shifted Ultraspherical
polynomials

By taking the change of variable 1z in the orthonormal normalized shifted
Ultraspherical polynomials, we dei%ne the modified orthonormal normalized
shifted Ultraspherical polynomials on [0, £].

DEFINITION 3. The modified orthonormal normalized shifted Ultraspherical
polynomials G; , () in the arbitrary interval [0, {] with u;vk:ék)\;’k is defined
as

10 § Zluz km (41)

The modified orthonormal normalized shifted Ultraspherical polynomials
G;0.¢() generate an orthogonal system with weight function wy ¢(z)=(% —

22 /£2)°=0:5 gver [0, £]. Namely, they satisfy the following relation

3
/0 g;’a,g(x)gjﬁa,g(x)wayg(x)dx = 55;5.

Any square integrable function u(z) € L2, ([0,£]) can be approximated via

the modified shifted Ultraspherical polynomials as follows

n

u(@) = Y G; o ¢(2) = CT2ng(2), (4.2)

=0

Math. Model. Anal., 30(2):277-298, 2025.
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1
in which c;:g fog u()G; 5 ¢(T)wo ¢ (2)dx and

C=lcoct .. enlty ne(x) =[Go0.(7) Groe(x) .. Gnoelx)]'. (4.3)

In the following, relationships the classic and fractional derivatives operational
matrices of 1D-modified orthonormal normalized shifted Ultraspherical poly-
nomials are calculated.

Theorem 4. Assume 2y ¢(x) is the vector defined in relation (4.3). Then, the
first order derivative of the vector {2, ¢(x) can be expressed in the following
form

A () (1)
= D(n+1)!2 e(x),
where DE )+1) is an (n+ 1) x (n+ 1) matriz with the following elements
0, =1,
[Dglll)]ij: ijzl . . TfTJrl 1F(T+Z+D 0. 5)F(D+05) 7&1
=11 olul_lymj_“ I(r+1+20) T
(4.4)
Proof. For i = 0, from relation (4.1) clearly it can be achieved dgo’gigf(z) =0
and for 7 =1,2,...,n, we have
dgz 0 5
Z i
Now, we expand dg;:lif(z) in terms of the modified orthonormal normalized

shifted Ultraspherical polynomials. More precisely, using the change of variable
T =x/¢ with dr = 1/&dx, one obtains

dg%, ,f(x) J )
;7{1; - Z [Dglll"rl)]zjgj 0 E( )

=0
where
£dG: , ()
(1) _1 0.6\ o
DEls =5 | TR0, @uog(os
Iy /E ey T T 05
=z IR T = ) da
52 gl o (5 52)

(4.5)

i
I
MR

M ST M wa
o

13
r+1 r+i—1 2\0—0.5
pi iy €7 [ g0
11 0

Il
=)

ﬂ
Il

Il
Sy
Ms.x

Z’: ] T{T“*lr(r +14+0—-05)1I0+0.5)
il I(r+1+20) '

Il
I Mm
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Finally, replacing ¢ = i — 1, and j = j — 1, the proof of relation (4.4) is resulted.
O

Theorem 5. The k-order fractional derivative (0 < k < 1) of the vector
2n¢(x) given in (4.3) can be approzimated as

§D5 O e(@) =D, ) 2o clw),
where DEQH) is an (n + 1)-order matriz as
0 0 0 ce 0 0
DE,:I)H) _ P?1 P22 P23 P2n Pz(rf+1) 6)
P(n.+1)1 p(n-'i-l)Q p(n:i-l)3 P(n;l)n P(n+1.)<n+1)
in which

i—1j—1

- I+ DI(r+1—k+0+05) 0 +0.5)
I N R eycho X1

r=11=0

Proof. Similar to proof of Theorem 4 and applying Lemma 2, the proof is
archived. So, we omit the details of proof. O

4.2 2D-modified orthonormal normalized shifted Ultraspherical
polynomials

Herein, we generalize the modified orthonormal normalized shifted Ultrasphe-
rical polynomials of two-dimensional using the modified orthonormal normal-
ized shifted Ultraspherical polynomials of one-dimensional. In order to facil-
itate the approximation of the solution to the main problem, it becomes im-
perative to establish a comprehensive definition for the modified orthonormal
normalized shifted Ultraspherical polynomials in two dimensions. The utiliza-
tion of these specific polynomials is predicated on the fundamental principle of
the separability exhibited by the exact solution.

DEFINITION 4. The 2D-modified orthonormal normalized shifted Ultraspheri-
cal polynomials @é%l’az)(x, y) is defined over [0, &;] % [0, &2] as follows

01,0 ~ ~
9;(731 2)(x,y) = G061 (x)Q;)Dz,Ez (y), 1=0,1,...,n;, 7=0,1,... no.

The family {8;@31’32)(:1:, Y) 503:0 satisfies the orthogonal condition with weight

. 01,0 .
function w2 (,y) = wa, ¢, (2)wo, £, (1), ie.,

»J

SR an0m) (01,02) (91,02)
/0 ; 0; 5 (@, y)Op 7 (w y)we, ¢, (@, y)dyde = &1€263057

Math. Model. Anal., 30(2):277-298, 2025.
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So, every function u(z,y) € L? ;. ,,,([0,&] x [0,&]) can be expanded by 2D-
Wey o
modified shifted Ultraspherical polynomials as follows:

~ 3D WO ) EWI @), (4)
i= Og 0
where w;; = 5152 Jo Jo? ulz y)@(al’%)(a@ y)wglézz)(m,y)dydx with
W = [w()() wo1 .- - ’U)()n2 wio W11 .- - w1n2 e wnlo wnll wnlng]T,
TR () = (05" (@) .. O (x,y) 615" ()
, T
ORI (x,y)]" (4.8)

For example, u(z,y) = sin(x) cos(y) on [0,2] x [0, 5] is approximated by

Us 6(x,y). The absolute errors are shown in Figure 1 for different values of 94
and 0s.

g l
.
.
T . 15 o5
y o

b)0; =0.5,0, =1

0)31:1,02:0.5 d)alzazzl

Figure 1. The absolute error of sin(z) cos(y) by 2D-modified orthonormal normalized
shifted Ultraspherical polynomials for some 01 and 03.

Theorem 6. The k-order fractional derivative with respect to x for 0 < k <1

of the vector Q/I(I?fﬁ?)(x, y) which is expressed by (4.8), is approzimated as

GDEE ) (2, y) = QUL (@, y),

T 1ni,ns n;,ns

where Q) is an (ny 4 1)(ng + 1) square matriz in the form of

(k)
Q" = D)) @ Lm0,
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in which Dgﬁ)ﬁl) is defined by (4.6) and Iy, 41y is an (ng + 1) identity ma-
trixz. Also, the k-order fractional derivative with respect to y of the wvector

Wr(lalf;lbf)(x,y) can be given as follows

EDETL) (2, ) ~ ROTLL) (2, ),

Yy~ ng,n2 ni,nz

where R s (n1+1)(n2+1) X (n141) (na+1) ~"MAlTiT as

(<)
D(‘:2+1) OEn)2+1) O(n2+1) .« e O(n2+1)
O(n2+1) D(ﬁ2+1) O(n2+1) O(n2+1)
R(n) _ . . . . ,
()
Omy+1) Omas1) D(n2+1) OEH)2+1)
_O(n2+1) O(n2+1) O(n2+1) “e D(n2+1)_

in which DE$)2+1) is the matriz defined by Theorem 5 with (ny + 1)-order and

Om,+1) is an (ng + 1)-zero matriz.

Proof. Since the proof of both parts of the Theorem is straightforward, there-
fore, it is left to the reader. O

Similarly, the first-order derivative operational matrix for the modified or-
thonormal normalized shifted Ultraspherical polynomials is calculated in two-
dimensional mode.

Theorem 7. The first-order derivatives of vector ng?f,’ff)(:r,y) satisfy the be-

low relations
OV (2, y) T (@, )

= QPP (4 4, = RGP (7, y),

833 ni,n2 ay ni,n2
where QW) = Dgf1)1+1) ® Iny,41) and
. -
DEHLH) Omo+1) Ome+ny -+ Oy
(1)
Om:+1) Dinyyny Owmorny -+ Omay
RO = : : - : ,
(1)
Omy+1) Omevy -+ Dy Ogn)m)
1
Omo+1) Omatt) Omatny -0 Dy

in which DE}HLH) is introduced in Theorem 4, Ln,11) and Om,11) are an (ng+
1) identity and (nay + 1) zero matrices, respectively.

Remark 1. The following relations can be concluded for vector W,(l?fﬁzz)(x,y)

from Property 1 for 0 < k < 1, by
6D (,y) = QUIQUWETLE) (,y) £ STTIWTLE) (2, y),

ni,n» n;,n2

6Dy TS0 (2, y) = RORWGL) (2, y) £ TUHIwL10) (2, y),
where Q. Q) RM and R™ are introduced in Theorems 6 and 7.

Math. Model. Anal., 30(2):277-298, 2025.
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4.3 Analysis of convergence

Herein, the convergence analysis of the modified orthonormal normalized shif-
ted Ultraspherical polynomials in one and two dimensions is investigated.

Theorem 8. Let u(z) and §D)Fu(x) be in C([0,€]) fori=1,2,...,n+ 1 with
0 <k <1 and un(x) be the approzimation of u(xz) by 1D-modified orthonormal
normalized shifted Ultraspherical polynomials as the relation (4.2) that is the
best approzimation of u(zx) in space of Zn o = span{Go s (), G10.e(2),. ..,
Gno.e(x)}. Then, with My = maxo<a<¢ | B'Dg(,cnﬂ)'{u(xﬂ, we have

() =1t ()| 2 M Etrintl \/F(2(n+1)n+a +0.5)I"(d+0.5) - (49)

wa,agf((n+1)ﬁ+1) I'(2m+1)k+20+1)

Proof.
B x(n+1)n
@) ~ @) < T

By the best approximation in =y ; and the change of variable v = %, we get

(C)Dg(;”l)”u(x)’.

e(@) = un@llzs, < flule) ~T@Iz5

3 (n+1) 2
€T K
< - CD(n—i-l)n d
_/0 (F((n+ r+ 1) 02a2e |07 u(@)| | wo,e(w)de
2 ¢ 9
= Ma 2/0 x2(“+1)“(§—§—2)0_0'5d:§
(F((n + 1k + 1))
MiEQ(l‘l-‘rl)rﬁ-l

- (F((n + 1k + 1))2 /01 mQ(““)”"(m — w%)*

Mi£2(n+1)n+1

1
— 5 / m2(n+1)m+ﬁ—045(1 o m)0—0.5dm
(F((n—kl)n—i—l)) 0

2 ¢2(n+1)k+1
__Mat sB(2(n+ 1)k +0+0.5,0+0.5),

<F((n+ L)k + 1))

where B is the Beta function. From the relationship between Beta and Gamma
functions, completes the proof as

M22mtl)stl P(2(n+ 1)k + 0+ 0.5) (0 +0.5)

(F ((n+1)f<+1)) I(2(n+1)k+ 20 + 1)

lu(@)—un(@)|l7, <
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Remark 2. The expansion of function u(x,y) € Liﬁ“l’”) ([0,&1] x [0, &2]) via 2D-

€1,82
modified orthonormal normalized shifted Ultraspherical polynomials according
o0 (4.7), can be rewritten as

n; nso r

_ =(01,02) (01,02)
=YY wpO ey = Y wy) W (@),
=0 j=0 k=1

where r = (n; + 1)(n2 + 1) and

W=w W ... Wmyti)mat1)l -
—(1,02) —(01,02) —(21,02) (21,0
nll,nz2 (z,y) :[@1 n (r,y) O, v (,y) ... @(n11+21) (n2+1)( ’y)]T’

in which w;, = w;; and O (01,02) (x,y) = @%1’02)(3;, y) with k = i(ny+1)+ 5 +1.

Theorem 9. If u(z,y) € C*T1([0,&1] x [0,&]) and un, n,(z,y) =
w A t'2)(30 y) is the best approximation of u(x,y) by 2D-modified shifted

ni,ny
(01,02)
Ultraspherical polynomials in space of _E}Efz = span {Qf€ V2, y)Y for 1 <
k <r, then

Hu(x,y) — Un, ny (:z:,y)||L2( ) < \/§CC£f+1 ;+3/2\/F(01 + O.5)F(02 + 0.5)
weyléy”

X \/4r+1 (r+0.5)!/va((r+0.5)!)°,
where C; = maXiM, ¢, = maxz-./vi, in which

d'u(z,y)
o’

;= max
0<z<§1,0<y<§2

)

d'u(x,y)
oyt |

0<z <&y, 0<y<E2

Proof. The truncation error Taylor series in two variables with r term yields

B o\t
<8x yay> u(z,y)'7

where (Z,7) € (0,£1) x (0,&) and @(z,y) is Taylor expansion of u(z,y). So,
we have

|u(a:,y) - ﬂ(x7y)} <

(r+1)!

€]l = Hu(m,y — Uny on, (2, Y HL2 T < Hu x,y) —u(x,y HL2 T
Ve Ex £1,62

&1 &2
:/o /0 [u(z,y) —a(z,y)] w?}’z”(z,y)dydx
1 &1 pé2 9 CI o .
Serel g rog) e al el e
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By the binomial expansion and the inequality (a + b)? < 2(a? + b?), we get

€]l < 2N2Nr+1 i

r+1

&1
Z(' +1 / / YRRy, g, (), ¢, (4)dyda.
’L —Z

i=0
Similar to the calculation of integral in Theorem 8, one obtains

O 232 P(2 40, +0.5) (01 + 0.5
€] < 207 lezg 2 (B2 0t 0901+ 03
(il +1-0))? I'(2i+ 20, +1)
F(2r+2—2z+02+0.5) (02 +0.5)

I'(2r+2—2i+ 20 +1)

(4.10)

Hence, the relation (4.10) and maxy q>0 111((22';175'2—:3{))) < 2 yield

r+1
€1l < SN2ATZ, €2 42683 (0 +0.5) (03 +05) S —
— (l(r+1-19))

4f+1(Zr +0.5)!
Vr((r+0.5)1)%

By taking the square root from the inequality, the desired result is obtained.
O

< 8C2CETTT2E (00 4 0.5) (02 + 0.5)

5 The proposed method

To solve the problem (1.1), the unknown function v(x, y,t) is approximated by
2D-modified orthonormal normalized shifted Ultraspherical and the orthonor-
mal normalized shifted Ultraspherical polynomials as follows

o, y,t) = (T2 (2,y))" Vémo(t), (5.1)

where V is an unknown r X (m + 1) matrix. So, from Theorems 2, 3 and 6
with Remark 1, one can show that

/19(9)8va(x,y,t)d (2022 (2,)) VGO Dy 4 (1), (5:2)
0

n,nz

D u(a,y, )=( QWYL (2,4)) VP o () +HEL0 (2, )T (RW) Vi o (1),

ni,ng ni,ng

D u(a, y, )=(SUHITEL (2, )TV P o (1) + (T2 (2,y) TH)T

X Vém,b(t)a ®1+Kvt(xa Y, t) = (S(1+K)]p1(1?1n022)(x3 y))TVP(l)QSm,D (t)
+ (TFIT0L0) (2,)) " VP Wi o (1), (5:3)
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Substituting relations (5.1)—(5.3) into (1.1), the residual function is obtained
as

Rz, y,t) 2 (W12 (x, ))T[V(;(e) — (8 TypM) _ (T(H+0))Typ®)
— (SN Ty _ (TN Ty 1 (QWNTV 4 (R(n))TV} B o(t)
(052 (2,)) Vo (6)) (80122 (2.) QW) V(1)

+ (2302 (@,9)) " (RO Vo (1)) = f(2.3,1). (5.4)

Also, replacing (1.1) into initial-boundary conditions yields

Mi(y. 1) 2 (T22(0,9))" Voma(t) — p1(y. 1),
Iy, 1) 2 (B39 (61.)) Vm <> a(y,t), 55
(1) 2 (T2 (2,0)) T Vb o(t) — ps(a, 1),
My(x,t) & (B2 (2,6 &) Vo, ( ) — pa(, ),

and Ty = LT/,(SI;PQZ)( )TV 5(0) — po(z,y). From (5.4)—(5.5) and the shifted
Chebyshev collocation points

¢ (2i — ) 13 (25— )m
=3 (o) w30 GaTn) 6o

1 2k —1
and t = 3 (1 —cos ((2(rn4—)17;)) , the r X (m+ 1) system is obtained as follows

R(xs, y;,t6)=0, i=2,3,...,n1, j=2,3,...,n9, k=2,3,... , m+1,
Ho(zi,y;) =0, i=1,2,...,m+1, j=1,2 ... ny+1,
Oy, t) =0, j=12.. . m+1 k=23  m+1 1=12,
O (x;,ts) =0, i=2,3,....,n1, k=2,3,....,m+1, r =3,4.

(5.7)

Eventually, the unknown vector V is computed by solving the above equation
system and the approximate solution is extracted for the problem (1.1) by
placing V in (5.1). The algorithm of the proposed numerical method in pseudo
code format is designed in Algorithm 1.

Remark 3. Considering the establishment of spectral accuracy for the constant
parameter in the orthonormal normalized shifted Ultraspherical polynomials
with three values 0,1/2 and 1, in all examples these parameters are considered
as 0 =01 = 1/2 and 92 = 1. Note that Uy o(t) = 0 and it should be omitted
from the polynomials due to the violation of the orthogonality condition.

6 Numerical results

In this section, three examples are evaluated to show the correctness of the
established method. To this end, the validity of the results is calculated by the

Math. Model. Anal., 30(2):277-298, 2025.
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Algorithm 1 Algorithm in pseudo code format

1: Inputs: &, &1, &, m, ny, ng, 01, 02, 0 and the functions 6(p), ¢o(z,y),
©1(y,t), w2(y,t), ps(x,t), pa(z,t) and f(z,y,t).

2: Define the vectors @, »(t), !Z/,(,alfﬁaf)(x, y) and operator matrices P(1), P(*%),
G, QM RH QW RW, sl+r) mltr)

3: Define the unknown matrix V and unknown function v(z,y,t) from the
relation (5.1).

4: Compute the relations (5.2)—(5.3) and the residual function R(z,y,t) from
Equation (5.4).

5: Compute the shifted Chebyshev collocation points x;, y; and t; from Equa-
tion(5.6).

6: Compute the system of algebraic equations from Equation (5.7).

7: Solve the obtained system of algebraic equations in (5.7) with command
"fsolve” to get the unknown matrix V.

8: Outputs: Compute the approximate function v(z,y,t) by inserting the
obtained matrix V in Equation (5.1).

below well-known errors formulas:

1/2

&2 &1
L¥=max |v(z,y,1)—0(z,y,1)|, 52:(// (v(m,y,1)—17(:E,y,1))2dxdy> ,
0Jo

z,y

where 0(z,y,1) is the approximation solution obtained from the mentioned
method and v(z,y,1) is the exact solution in the final time.

Ezample 1. Consider the problem (1.1) with 6(0) = I'(5— ) over (x,y) € [0, 1]?
and

(t—1) , , 45yt dahpr @b syt iyt
m@t) Y TTU—k) T(4-r) I'd—r) T(4d—r)
tm4—f~cy4 tx4y4—f£ 1Ot5x8—ﬁy8 10t5x8y8—.‘£

TG-r) TG-rn)  TG-r ' TG-nr |

f(z,y,t)=240t"

+

where the true solution is v(x,y,t) = 10t*z*y*. The initial and boundary
conditions can be derived from the expressed exact solution. For solving this
problem, we utilize our method for different values of (n;,ny, m) and . The
obtained numerical results are presented in Table 1 and Figure 2. In Table 1,
we provide £2 and L£> errors for four values x = 0.5,0.7,0.9, 1 and some values
of ni,ny, and m. One can observe that increasing the number of polynomials
bases decrease the error for each k. The convergence of the results in this table
is easily visible. Also, Figure 2 is presented to demonstrate the accuracy of
our scheme. This figure illustrates the approximate solution and its related
absolute error for ny = no = m = 7 and x = 0.9. The results of Table 1 and
Figure 2 reveal the reliability of our approach in obtaining the approximate
solution of this example.
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Table 1. The outcome errors obtained by some values of (nj,n2, m) and « in Example 1.

L2 (n1,n2,m) k=0.5 k=0.7 k=0.9 k=1
(4,4,4) 5.1787TE — 04 2.8426F — 04 7.9270F — 05 2.8558F — 07
(5,5,5) 8.6815FE — 05 4.9044F — 05 1.4350E —05 1.2712F —07
(6,6,6) 2.3319E — 05 1.3778E — 05 4.2149FE — 06 1.9634F — 08
(7,7,7) 7.1672FE — 06 4.1390F —06 1.2705E —06 1.1319F — 08

L (n1,ny,m) k=0.5 k=0.7 k=0.9 k=1
(4,4,4) 1.8220F — 03 9.3574FE — 04 2.3541F — 04 5.9512F — 07
(5,5,5) 3.6992F — 04 2.0556F — 04 5.2214F — 05 4.4241F — 07
(6,6,6) 9.7408E — 05 5.4558FE — 05 1.4763E — 05 7.8959F — 08
(7,7,7) 3.2195E — 05 9.2204F — 06 5.0375E —06 4.0906E — 08

Figure 2. The outcomes obtained for v(z,y, 1) (a) and related absolute error (b) with
n; =ng =m =7 and k£ = 0.9 in Example 1.

Ezample 2. Consider the problem (1.1) in [0, %] x [0,2] , 8(0) = I'(7T — p) and

[y, 1) = 21O 1n(t)1;(;1;(t) C 1)

X ( — 22" Moz (—2%)e Y +y T Mo . (—y) sin(x))

sin(z)e™ — (t° 4 5t*)

+ (t"sin(z)e ™Y + %) (I175M272_K(7I2)67y —y T "My o (—y) sin(:c)),
[e.e] xl
2z I'(gi+)
apply the first 20 terms of the Mittag-Leffler series in our computational. Also,
the analytical solution is v(z,y,t) = t° sin(x)e~Y. We have employed the offered
technique to solve this problem with several values of £ and (nj,ng,m) =
(6,6,7). The outcomes extracted by the stated method for y = 0.5,1,1.5 and
t = 1 are shown in Table 2. The behavior of the obtained results in y = 1,1.5
and ¢ = 1 with several values of fractional x for this problem is shown in
Figure 3. Furthermore, the graph of absolute error between the exact and
approximate solutions with x = 1 is depicted in Figure 4. According to the
results of Table 2 and Figures 3, 4, it can be seen that the reported absolute
error is suitable in some selected points x and the established method has a

good ability to calculate the numerical solution for this example.

where M . is the Mittag-Leffler function as M, ((z) = and we
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Table 2. The outcome errors obtained by some values of k with ¢t = 1 in Example 2.

H. Azin, O. Baghani and A. Habibirad

x Y K =0.5 k=0.7 k=0.9
03 0.5 4.1959F —03 3.4113E—-03 1.5243F —03
0.6 5.4598F — 04 4.7505FE — 04 2.0642E — 04
0.9 2.0693F — 03 1.5913FE — 03 6.5988E — 04
1.2 4.4774F — 03  3.3493E - 03 1.3199E — 03
03 1 22376E—-03 1.9642E—03 9.1111E—-04
0.6 8.9928F — 04 4.7628FE — 04 1.3006E — 04
0.9 2.0049FE — 03 1.2241F —03 4.0865E — 04
1.2 3.6541F — 03 2.3432E — 03 8.0943F — 04
0.3 1.5 1.0620E—03 1.1554F —03 6.0191F —04
0.6 9.8986E — 04 2.6147TE — 04 4.4065E — 05
0.9 1.7780FE — 03 6.9227TE — 04 8.0733E — 05
1.2 2.9002F — 03 1.3388E — 03 2.8168E — 04

Figure 3.

Figure 4. The outcomes obtained for v(z,y,1) (a) and related absolute error (b) with

Absolute error

The absolute errors for v(z,y,1) with y =1 (a) and y = 1.5 (b) for
k = 0.5,0.7,0.9 in Example 2.

(n1,n2,m) = (6,6,7) and x = 1 in Example 2.
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Ezample 3. Consider the problem (1.1) on [0, %]2 with 6(o) =

PVt —1)

flz,y,t) = (1) cos(x) cos(y)(t% + gt%) (xl_“Mgg_,Q(—xz) cos(y)
+y "My o (—y?) cos(x ) ( 2 + 3 cos(z cos(y))
X ( 25 My 3 (—2?) cos(y) + y* "Ma s (—y?) COS(CE)),

where the exact solution is v(x,,t) = t2 cos(z) cos(y). This problem is solved
by the suggested method for some values of (n1,ns, m) and x. The obtained
results are collected in Table 3, and it can be shown that the outcomes improve
by increasing the values (n1,ng, m). These results confirm that the numerical
solutions converges to the analytic solution. Furthermore, the behavior of the
obtained results with (nj;,ns,m) = (7,7,6) and x = 0.8 for this problem
is shown in Figure 5. From acquired outcomes, it can be observed that the
explained technique has reliability for solving this example.

Table 3. The outcome errors obtained by some values of (nj,n2, m) and x in Example 3.

£? (n1,nz,m) k=0.5 k=0.7 k=0.9 k=1
(4,4,3) 2.1178FE — 03 1.7230FE — 03 1.1671F — 03 8&.8077FE — 04
(5,5 4) 1.0134F — 03 1.1018E — 03 9.2819F — 04 7.9740F — 04
(6,6 5) 6.7290F — 04 5.4595F — 04 3.8025F — 04 2.7888F — 04
(7, 7 6) 3.1447FE — 04 3.1423FE — 04 2.8788E — 04 2.4439F — 04

L% (n1,ny, m) k=05 k=07 k=009 k=1
(4,4,3) 1.9988F — 03 1.5795E — 03 1.2968F — 03 1.1457E — 03
(5,5 4) 1.2779F — 03 1.2005F — 03 9.7397FE — 04 8.8454F — 04
(67 6 5) 7.2253FE — 04 6.2712FE — 04 4.6526F — 04 3.5316F — 04
(7,7,6) 4.0341F — 04 3.9244F — 04 3.3940F — 04 2.8042F — 04

v(xy.1)

Absolute error %,

Figure 5. The outcomes obtained for v(z,y, 1) (a) and related absolute error (b) with
(n1,n2,m) = (7,7,6) and x = 0.8 in Example 3.
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7 Conclusions

In this paper, a new family of basic functions named 2D-modified orthonor-
mal normalized shifted Ultraspherical polynomials and the novel form Ben-
jamin Bona Mahony Burgers equation in the case of distributed-order time
with fractional-order space were introduced. A direct algorithm based on oper-
ational matrices of basic functions was proposed to solve this equation. In the
presented method, the main equation is converted to solve an algebraic system
of equations in which the accuracy of the mentioned scheme was investigated
via the several numerical examples. The report of the results shows the good
ability of the approach in obtaining suitable numerical solutions. Considering
the remarkable accuracy exhibited by 2D-modified orthonormal normalized
shifted Ultraspherical polynomials in numerical solution for the distributed-
order time 2D Benjamin Bona Mahony Burgers equation, future investigations
must concentrate on multiple aspects encompassing including the expansion of
this derivative to diverse equations and the replacement of the operator matrix
approach with other numerical techniques.
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