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1 Introduction

Let us start with the nonstationary boundary value problem to the heat equa-
tion

up(z,t) — Au(z,t) = f(z,t), (z,8) € 2x(0,T),
u(z,t)|oox 0,1 =0, (1.1)

where 2 C R™, n = 2,3, is a simply connected bounded domain, the boundary
012 is C? smooth, f is the internal source that heats or cools the system, u is
the temperature and ug is the initial temperature. For the case when functions
f, up are prescribed and w is the unknown function, we have the classical
initial boundary value problem for heat equation. The unique solvability of
this problem is standard and well-established (see, for example, [8]).

There is an amount of papers where some additional integral condition

/ (e, t)dz = F(8), F(0) = / o (w)d (1.2)
2 2

is prescribed (see, e.g., [2,3,4,6,9,10,11,12,13,14]). Then, the solution of
problem (1.1)—(1.2) is a pair of functions w and f. In other words, problem
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(1.1), (1.2) can be seen as an inverse problem where we prescribe the time
dependent function F. Inverse problems were studied by many mathematicians,
starting with the works of J. R. Cannon (see [3,4]) and then by the others
(see [6,11,12,13,16]). However, in all mentioned papers, problem (1.1)—(1.2)
was considered under assumption that function F(t) is sufficiently smooth,
for example, assuming that the derivative F”(t) exists. Nevertheless, in recent
papers (see [7,15]) problem (1.1)—(1.2) was studied under the minimal regularity
of function F(t), i.e., assuming that F € L?(0,T).

In some papers, for example in [3,4], integral (1.2) is called an energy!.
However, in this paper instead of the linear side condition (1.2) we consider
the nonlinear side condition:

/ P, t)de = B2(1), E(0) = Juoll -
(9]

It can be interpreted as the energy functional for the heat equation and it
measures the distance (in L?-norm) from the trivial equilibrium solution u = 0.
This expression also reminds the elastic potential energy of a spring.

2 Notation and auxiliary results

In this paper, we will use the following notation. If G is the domain in R",
C*°(G) means, as usual, the set of all infinitely differentiable functions in G
and C§°(G) is the subset of functions from C'°°(G) with compact supports in

G. The space C™(G) (m is a nonnegative integer number) consists of m times
continuously differentiable functions in G with the norm

[ullgmy = D sup |Du(x)].
|or|=0 zeG

For nonnegative integer [ and ¢ > 0 we use the usual notation for Lebesgue
L4(G) and Sobolev Wh4(@G) spaces with the norms

1/q l 1/q
o) = ( [ fu@ae) . ulwiae = (32 [ 10at@pra) "
|a]=0

vyl—l/w(aG) is the trace space on G of functions from W¢(G). The space
W12(G) is the closure of C§°(G) in the norm of W'2(G) (see [1,8]).

The space W~22(G) denotes the dual space of W22(G)NW2(G) with pairing
< h,( >¢ for any functional h € W=22(G) and test function ¢ € W22(G) N
W12(G). The norm in W~22(@) is defined in a usual way:

< h,( >
[hllw-22(6) = sup I<h¢>]
CEW22(G)NW2(G) ||C||W2=2(G)

The space W~1/22(0G) denotes the dual space of W1/22(9G) with pairing
< g,€ >p¢ for any functional g € W—1/22(9G) and function &€ € W/22(9G).

I Notice that integral (1.2) does not actually describe ”energy” in the physical sense.
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The norm of an element u in the function space V is denoted by |lu||y. Then,
L?(0,T;V) is the space of functions u, depending on the space variable z and
time variable ¢, such that u(-,t) € V for almost all ¢ € [0,T] and the norm

T 1/2
Jullssorar = ([ a0l at)
0

is finite.

Lemma 1. Let G is_a bounded domain in R™ and IG is C?-smooth. Let
vi(z) € W22(G) N WH2(G) and numbers \i, are eigenfunctions and eigen-
values of the Laplace operator:

—Av(x) = Mop(z), 2z € G,

x)‘ac =0.

Then, A\, > 0 and klirn M = oo. The eigenfunctions vi(x) are orthogonal in
—00

L?(G) and we assume that vi(x) are normalized in L*(Q), i.e.,

1, =k
de =6, =<’ ’
/Gvk(:r)vl(ac) T 1k {0’ DLk

Moreover,

Aoy 1=k
/ Vvk(x) . Vvl(x)dx == /\k6lk = ko ’
G 0, I1#k.
For the details see [8].
Lemma 2. Let G be a bounded domain in R™,n > 1, {vi(x)} be a basis in

Hilbert space W1’2(G) and h(z) = Y hpog(z).
k=1

1. Isz g )\2 < o0, where A, is an eigenvalue corresponding eigenfunction
vi(z), then / h(z)n(x) dx is a bounded functional in W22(G).

2. If H(n) be a bounded functional in W22(Q), i.e. H(n) € W=22(G), then
2

H(n) = [, h(z)n(z)ds and Z < 0o for any n € W22(Q).

1+A2

Proof.

1. Using the properties of the eigenfunctions and the Cauchy—Schwarz in-
equality we get

/Gh(x) (z dx-}\}gnoo/ thvk anvk Yda = hm thﬁk

agznm(ilﬁ%)”(i taean) " <o Sataep)
k=1 k k=1 k=1

= cln(@)w22(c)-

Math. Model. Anal., 30(1):109-119, 2025.


https://doi.org/10.3846/mma.2025.20204

112 T. Belickas, K. Kaulakyté and G. Puriuskis

2. Let us denote hy = H(vi(z)). Then,

H(n(x)) = lim H(anvk )— lim anH (vk(x)) = hm anhk

N—>oc

o0

= by = /G h(a)n(a) da,

where h(z) = io: hrvg(x).

Next, we prove that Z )\2

< oo. Since H(n) is a functional in

W22(@G), we have that

[H ()| < cllnllwz2c),

ie.,
o0

thnk < C||’I7||W2 2(Q) < C(ZT] 1 + )\2 )1/2. (21)

k=1 k=1
Let us take

(2.2)

Tk = 0, k>N.

Substituting (2.2) into (2.1) we obtain

3 ] = | 3 ik < o 3 o 00)
k=1 k=1

22
Ak k1

(i)

I /\

R‘l\)

N 1/2
k11+A2‘_ (k 11+)\2)

i.e.,

N h? 1/2 N h? 1/2
Dividing both sides by <k¥1 1 +k)\2) we get (kgl 1_'_’“)\% ) < e
Since constant ¢ in the last estimate does not depend on N, we can pass
to a limit as N — oo and we obtain:

e 2
S <o
i

0O

Remark 1. If function h depends on time variable ¢ and space variable =,
Lemma 2 remains valid with only difference that hy depends on ¢.
hi;

Remark 2. Notice that ||H|lw-22(q) ~ Y —5-
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3 Formulation of problem and main result

In a bounded simply connected domain 2 C R”, n = 2,3, with C? smooth
boundary 02 we consider

ug(z,t) — Au(z,t) = f(z,t), (z,t) € 2x(0,T),
u(z,t)|agxjo,r) = 0, (3.1)
u(z,0) = ug(z),

with additionally prescribed nonlinear side condition

/Q (. )z = E2(t), E(0) = [uo] 12, (3.2)

where v and f are unknown functions while E and wug are given functions.

DEFINITION 1. The palr (u(a: t), f(z,t)) with functions u € L?(0,T; L*(12)),
ug € L?(0,T;L*($2)) and f € L*(0,T;W=22(2)) is called a very weak so-
lution of problem (3. 1) (3.2) if the function w satisfies the initial condition

u(z,0) = ug(z), the pair (u(z,t), f(x,t)) satisfies the integral identity for any
n € L2(0, T;W22(2) N Wh2(02))

/OT /Qut(:t,t)’?(:c,t)dm — /OT /Qu(%t)An(xJ)dx = /OT /Qf(x,f)n(iv,t)dx

and u satisfies the nonlinear side condition (3.2).

Deriving the definition of a very weak solution, we multiplied the heat
equation (3.1); by the test function n € L*(0,T; W*2(2) NW'2(£2)) and then
we integrated twice by parts over {2 the second term on the left-hand side.
Doing this we got two integrals over the boundary 02 :

/ (Vu -n)nds, / u(Vn-n)dS,
a9 a9

where n is a unit vector of the outward normal to 942.

Since neL?(0, T; W22(2)nW12(02)), i.e., n=0 on the boundary 942 in the trace
sense, the integral faQ (Vun)ndsS is equal to zero. The integral fém u(Vn-n)dS
must be understood as the functional u € W~/22(902) applied to the test
function Vi € W1/22(98). Indeed, since n € W22(£2) N W12(£2), we have
Vn € Wh2(2) and Vi € W1/22(00) (see [1]). This implies that the boundary
condition (3.1), yields [,,u(Vn-n)dS = 0.

The main result of this paper is formulated in the following theorem.

Theorem 1. Let 2 C R", n = 2,3, be a bounded simply connected domain,
the boundary 012 is C? smooth, initial function ug € L?(£2)and function E €
W2(0,T), E(0) = |luollr2(). Then, there exists at least one very weak solu-
tion of problem (3.1)—(3.2).

Math. Model. Anal., 30(1):109-119, 2025.
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4 Proof of the main result

We look for the approximate solution in the form:

N

u™(z Zwk ), FV,t) =3¢V W), (41)

k=1

where vy (z) are eigenfunctions of the Laplace operator.

Functions w,(CN)(t) and q,(cN)(t) can be found from the following system:

U(N) (N X v X N) Jf v
/Qt<>]<v> /Q <t>Akd/f ) o (),
u™ (2,0) = Z:: vk (), (4.2)

1 Y 2 2
/|u (z,t)] ||u0||L2(Q) kz:lﬁkE (1),

where B, k=1,...,N, are the Fourier coefficients of ug(z).
Equality (4.2), and initial condition (4.2), yields the following problem:

N ! N N
(™) +2w™ e = o™ o),

(4.3)
w™(0) = 6.
For all | = 1,2, ..., N the solution of (4.3) is:
N) ! (V)
wi™(t) = / e~ M D) g™ (TYdr + By (4.4)
0

Substituting (4.1) into the nonlinear condition (4.2), and using the orthogo-
nality properties of the eigenfunctions v; (see Lemma 1) we get

2
/|u(N) (z,t 2dx—/‘Zw(N) ‘ dz

(4.5)
N
2 2
=Y (uM0) [ eberde =3 (wM0) = 37 B0
=1 ° =1 1=1
where > 2 77 = 1.
In order to satisfy condition (4.5) we choose that
2
(wf™®) =2 B2 (1), e, w™M(t) = E@), (4.6)

where we take v, = £i/]|uol|z2(2)
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Let us calculate the norms of u¥) and ugN) in L2(0,T; L*(£2)) :

[Ju™ HL2(OTL2(Q))_/ /Z|w(N) )[2vj (z)dzdt
/lem )[2dt = /Z’”ﬂ’“E ‘dt (4.7)

ug||L2(2)
N

1 T
= 52/ E*(t)dt
HU'OH%?(_Q) ,; g 0

and

T N
[T — / /Q Zuw,im(t))t\%i(x)dxdt
(N) 2 / Br E'(t ’
dt = dt 4.8
/Z Z‘HUOHL?(Q ( )
||uO|| Zﬁk/ B (1) dt

Next, we get the estimate for ql(N) which leads to the estimate of the un-

known function f*). Notice that from (4.3), and (4.6) we have

Bi

lluollz2(2)

(V)

dM) = ()\l E(t)+E’(t)), Vi=1,..N. (4.9)

Let us square both sides of (4.9) and then divide by 1+ A3:

2
N !
0p g (EOTEW) g 1E0R
33

(B2(t) +1E'®)F).

= luollz2(2)

Summing up from 1 to N, we derive:

O e 3
E2(1) + |E'(1) ) 52, (4.10)
Z 1+)\2 ||u0|L2(.Q)( ;
i.e., due to Lemma 2 we have
N
g™ (1)

NN 0. mw—2202)) < 271 v

Zﬂk/ (1207 + B(0))da.

H“O||L2<n> k=1

(4.11)

Math. Model. Anal., 30(1):109-119, 2025.


https://doi.org/10.3846/mma.2025.20204

116 T. Belickas, K. Kaulakyté and G. Puriuskis

Therefore, estimates (4.7), (4.8) and (4.11) show that sequences {u(™)}, {ugN)}
are bounded in the space L?(0,T; L?(§2)) and the sequence { ™)1 is bounded
in the space L?(0,T;W~22(£2)). Thus, we can choose subsequences {u(")},
{uENJ)} and { (i)} weakly converging in the spaces L2(0,T; L?(£2)) and
L2(0,T; W=22(42)), respectively.
Let us take integral identity (4.2), for N = Nj:
/u,ENj)(:C,t) vg(z)de —/ uN) (1) Avy(z)dz :/ FOD () 8) vp (z)da. (4.12)
Q Q fo)

We multiply (4.12) by di(t) € L*(0,T), then sum up from 1 to M, M < N;
and integrate with respect to ¢ from 0 to T

T M T M
/0 /Qu,ENj)(:E,t)kZ_lvk(x) dk(t)dmdt—/o/Qu(Nf)(x7t)A<ka(x) dk(t))dmdt

) Ny k=1
_ / / SO0 (@) S vg() di (1) dadt.
0 Jg k=1

Denote Zi\il vg(x) di(t) = n(x,t). Then, we have

T T
/ /u,ENj)(x,t)n(x,t)dxdt—/ /u(Nf)(x,t)An(a:,t)dxdt
0 [0} 0 (9]
T
= [ [ 199 @t e st
0o Jo

where n(z,t) € L2(0, T; W22(2)nW12(£2)). Since {u™1)} and {ugNj)} weakly
converge in L2(0,T; L*(£2)), and {fV9)} weakly converges in
L2(0,T;W=22(£2)), we can pass to a limit as N; — oo in equality (4.13):

/()T/Qut(x,t)n(z,t)da:dt—/OT/Qu(x’t) QAn(z, t)dadt
:/OT/Qf(ﬂf,t)n(x,t)dxdt.

Note that (4.14) is now proved for n(z, t)=3"p_, vg(x) di(t)€L2(0, T; W22 (82)
NW12(£2)), and M is an arbitrary natural number. Since the set of all li-
near combinations Y o, vy (z) di () is dense in the space L2(0,T; W22(£2) N
Wh2(02)), for every n(xz,t) € L2(0,T; W2(£2) N W2(£2)) there exists a sub-
sequence {r;} such that

(4.13)

(4.14)

Hnl - nHLZ(O,T;W2v2(Q)ﬂW1>2(Q)) —0 asl— oco.

So, for every n; the equality (4.14) is valid, i.e.,

/OT([ut(x,t)m(JJ,t)dxdt—/OT/(Zu(x7t) Ay (z, )dadt

:/OT/Qf(x,t)m(x,t)dxdt.

(4.15)
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Then, we can pass to a limits as [ — oo in (4.15):

/OT/Qut(:c,t) n(z, t)dadt— /OT/Qu(x,t) An(z, t)dedt= /OT/Qf(:c,t) n(z, t)dxdt,

for arbitrary function n(z,t) from the space L2(0,T; W22(£2) N W2(02)).
Next, we need to prove that

/ |u™) (z,8)2de — E2(t).
2

Let us denote

/2
M) = [u™ ()l 20) = </ U(N)|2d$> : (4.16)
Then, (M) (t))" is:
/2 ! /u(N)u,EN)d:E
(P / uPar) ) = e
[ (- t) 222
¢ (4.17)
(N)2 (N) 2 1/2
|u |dx g |d:1:)
(N) v = ||u§N)||L2(.Q)
[[ut™(, )||L2(!2)
So, applying estimates (4.16) and (4.17) we get
oW oW N
| e @Ra = [ e = 1 o sy (439)

and

T T
N
/0 (™) (&) 2dt < / 1™ 2ot = 0™ sz (419)

Since the L2(0,T; L2(£2)) - norms of functions u®™) and u{" are finite (see
(4.7) and (4.8)) and the estimates (4.18), (4.19) are valid, we conclude ¢(t) €
W12(0,T). The embedding W2(0,T) < C([0,T]) is completely continuous
(see [5]). Therefore, from ") — ¢ in W2(0,T), follows that ¢¥) — ¢ in

c([0,T)), i.e
/|u(N)(-,t)|2da:—>/ (-, £)2d. (4.20)
2

Since T 0”2 Zk | BEE%(t) — E?(t) as N — oo, we can conclude that

Jo lu(z t)|2dx = EQ( ). Due to the condition E(0) = |lugl|z2(2), we obtain
fn|ux0\dx—f9|uo )|2dz.
In order to prove u(zx,0) = ug(z) we need to get that

lim flu(-, ) = uoll£2(2) = 0- (4.21)

Math. Model. Anal., 30(1):109-119, 2025.
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Let us estimate the norm |[u(-,t) — uo||r2(0) :

[u(-,t) — wollL2(oy < lJul-,t) — u™ (1) 20

(4.22)
F ™ (1) — a2 + 1l — ol L2

Let us choose an arbitrary small e > 0. From the weak convergence u™) to u
and (4.20) we conclude that u™!) converges strongly. So, there exists N, such
that for every N; > N,

u(-,t) = uNO (1| 20y < /3. (4.23)

Since u(()Nl) is the partial sum of the Fourier series of the initial function wug,

the number N, can be find such that for every N; > N,

™ — ol L2y < €/3. (4.24)

Let us fix N;. Then,

N N Ni 2 \1/2
™D (- 8) — uS™ || paq) = (/Q’Zw,g ”(t)vk(x)—z:ﬂm(x)] dz)
k=1 k=1

il (Ny) 2 1/2 al (Ny) (Ny) 2 1/2
= (Y™ w-807) =@ O-u™©)?) T <e/3 (4.25)
k=1 k=1

for any ¢t < (). Here we used the fact that functions w,gNl) are continuous.

Substituting (4.23), (4.24) and (4.25) into inequality (4.22) we arrive at (4.21).
This implies that the obtained solution u satisfies the initial condition
u(z,0) = up(x).

Remark 3. The constructed solutions of problem (3.1)—(3.2) depend on the
Fourier coefficients (5 of the initial function ug. In the case when ug = 0
the function E(t) has to satisty condition E(0) = 0. Then instead of the coeffi-
cients 7y, we can take in (4.6) arbitrary coefficients ay, such that > o, o = 1.
So, there is no uniqueness of the solution if uy = 0.
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