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Abstract. We consider a homogenization problem for the elasticity operator posed
in a bounded domain of the half-space, a part of its boundary being in contact with
the plane. This surface is traction-free out of “small regions”, where we impose non-
linear Winkler-Robin boundary conditions containing “large reaction parameters”.
Non-periodical distribution of these regions is allowed provided that they have the
same area. We show the convergence of solutions towards those of the homogenized
problems depending on the relations between the parameters distance, sizes, and
reaction.
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1 Introduction

Linear Winkler-Robin boundary conditions in homogenization frameworks have
been approached recently in the literature, cf. [2,7,8,10,19]. We also refer
to the homogenization of Winkler-Steklov type boundary conditions in [6,13].
However, the case of the homogenization of nonlinear Winkler-Robin boundary
conditions remained as an open problem that we address in this paper.
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Averaged Reaction for Nonlinear Boundary Conditions 695

We study the asymptotic behavior of an elastic body which has very large
surface reaction terms concentrated in small regions. We assume that the
elastic material fills the domain {2 of the upper half space R3*, and a part
X of its surface lies on the plane {5 = 0} and contains small regions T¢ of
size O(r), at a distance O(e) between them (cf. Figure 1 and (2.3) and (2.5)
for precise definition). The boundary conditions are nonlinear Winkler-Robin
on T¢. These regions can have different shapes but must have the same area
|T¢| = r2|T|. Outside, the surface X is free of forces while the rest of the
surface 942\ X is assumed to be fixed. Here € and r. are two small parameters
such that €2 < r. < e < 1.

As is well known, from the mechanical viewpoint, the small regions behave
as “springs” with a nonlinear elastic behavior represented by a reaction vector
function B(e)M (z,u®), which depends on the point where the reaction regions
T¢ are placed and on the displacement vector u°, while the parameter §(e),
which is referred to as the reaction parameter, can range from very small to very
large. These regions T° are assumed to be domains of the plane R? homothetics
of any prescribed domain within a set of isoperimetric domains with a Lipschitz
boundary (cf. (2.1)). For relatively large sizes of these regions (cf. (2.2)), we
analyze the different relations between the three parameters of the problem,
g, re and B(e), and find three possible homogenized problems, which range
from Dirichlet to Neumann (the so-called extreme cases in the literature) and
the intermediate case where an averaged nonlinear Winkler-Robin boundary
condition is imposed on Y. The averaged reaction term depends on the unit
area |T| and on a constant 8* which links the reaction parameter 5(g) and the
total area of the regions T°, namely,

lim B(e)r?/e* = B*. (1.1)

In the case where g* = 0, either the reaction is small or the total area
of the reaction regions is small and the homogenized boundary condition is
traction-free. In the case where * = +o0o the reaction or areas are so big
that Y remains, asymptotically, stuck to the plane. The case where g* > 0
is referred to as critical relation between the parameters. It occurs when the
total area of the reaction regions O(e~2r2?) multiplied by the parameter of
reaction §(g) is of order 1. In this way, for a given reaction [(g) we find
a critical size of the reaction regions r. = O(B(g)'/%¢) in such a way that
the asymptotic behavior is different from the extreme cases. This critical size
obviously differs from the classical one r. = O(g?) obtained in the literature
with the so-called strange terms: cf. [1,17] for the case where the small regions
are stuck to the plane, [13] for Steklov type conditions on the small regions, [7,8]
for linear Winkler-Robin boundary conditions; see also references in [5,7, 8]
and [9] for further scalar problems. Also, to each size r. corresponds a critical
reaction parameter 3(g) = O(e%r72). The role of 5(¢) is crucial in the problem
under consideration, and, as a particular case, for the elasticity operator, we
provide the averaged nonlinear Winkler-Robin boundary condition when j3(g)
is a constant and 7. = O(e) (cf. [10] for the linear case).

In the periodic case, when r. = O(e), the geometrical configuration here
considered for the elasticity system is in [6,8,10]. The three papers deal with
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the vibrations of an elastic block. [6] addresses the homogenization of Winkler-
Steklov boundary conditions, [8,10] consider the linear Winkler-Robin ones,
in particular, [8] deals with asymptotic expansions. Let us also mention the
elasticity operator and similar geometrical configurations in [20] for perforated
domains, and [1,12] for different contact laws. Nonlinear restrictions in a scalar
problem are in [23]; in this connection, we mention [3,4] for further Signorini
type variational inequalities. For non-periodic geometrical configurations in a
scalar problem with nonlinear Robin boundary conditions see [5] and references
therein.

Finally, we emphasize that the results in this paper apply to the linear
function M;(z,u®) = M;j(z)uj considered in [10] (see Remarks 1 and 3), and
therefore, here we extend the results for the linear case to a non-periodic dis-
tribution of the T¢. Also, they extend and complement those for linear and
nonlinear scalar problems addressed in [9, 24].

27,

Figure 1. Geometrical configuration of the problem and the grill

Now, let us describe the general structure of the paper. Section 2 contains
the setting of the homogenization problem. Section 3 contains the abstract
framework of the problem along with the three homogenized problems, which
depend on the different relations between the parameters. They are obtained
by means of asymptotic expansions in Section 4. Section 5 addresses the con-
vergence of the solutions in (H'(£2))3-weak for the critical relation when 8* > 0
(cf. Theorem 3), respectively in (H'(£2))® when dealing with the extreme re-
lations 8* = 0 or 8* = 400 (cf. Theorems 4 and 5). In particular, it should be
noticed that proofs rely on a convergence measure result, cf. Theorem 2, which
extends previous ones in the literature (cf. Remark 3). Its proof, along with
the preliminary necessary results, is in Section 6. We gather some concluding
remarks in Section 7.

2 Setting of the problem

Let 2 be an open bounded domain of R? situated in the upper half-space
R3* = {z € R3 : 23 > 0}, with a Lipschitz boundary 9§2. Let X be the part
of the boundary in contact with the plane {x3 = 0} which is assumed to be
non-empty and let I'p be the rest of the boundary of £2: 92 = I'p U X. For
each p = 0,1,2,...,9, let TP denote an open bounded domain of the plane
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{x3 = 0} with a Lipschitz boundary, and area |T?| = |T°| = |T|, where T = T°.
Let M denote the set of these Mt + 1 isoperimetric domains, namely

M= {TP}2 . |TP| =|T]. (2.1)

p=0>
Without any restriction, we can assume that X' and TP contain the origin of
coordinates, p = 0,1,...,9 and T? C B(0,K) the ball of radius K for a
certain K < 1/2.
Let € be a small parameter € < 1. Let r. be an order function such that

<. <e. (2.2)

For k = (kyi,ke) € Z%, we denote by Zf the point of the plane {z3 = 0} of
coordinates T§ = (ki¢, k2¢, 0), and by Tgf the homothetic domain of a certain
T? of ratio r. after translation to the point zj:

T2 =T + TP (2.3)

2y, is referred to as the center of Tipf. If there is no ambiguity, we shall write
Ty instead of Zf.

In this way, for any fixed €, we construct the grid of squares in the plane
{x3 = 0} whose vertices are the centers of the regions Tgf homothetics after
translation of 7% for some p = 0,1,2,...,9. We denote by T% this region
which can in fact be any Tgf. Let J¢ denote J¢ = {k € Z? : T: C X'}, while
N, denotes the number of elements of J¢:

N. = |X|/e* = 0(s7?). (2.4)

Similarly, for p = 0,1,...,9, we consider J5 = {k € J° : T =T%" C X}.
Finally, if no confusion arises, we denote by |JT° the union of all the T*¢
contained in Y, namely,

M
Ur=U m=U TP (2.5)
keJe p=0 keJ;

Also, in what follows © = (z1, 22, x3) denotes the usual cartesian coordinates,
while by & = (z1,22) we refer to the two first components of x € R3.

Under the basis that the domain (2 is filled by an elastic material, for
i,j,k, 1 =1,2,3, we denote by a;jii(x) the elastic coefficients of the material,

which are assumed to be continuous functions defined in §2 and satisfy the
standard symmetry and coercivity properties (cf., e.g., [21]): Va € £2,

aijri(®) = ajir(v) = apij(x), 1,5,k,1=1,2,3, (2.6)
o1 >0 ¢ aijri(2)&ii8k > ribeg, YE=(8ij)ij=1,2,3,5j =Ejir 1,5 =1,2,3. (2.7)

Also, for a given displacement vector u(z) = (uy(x),uz(x),us(x)) we use the
standard notations for stress and strain tensors o(u) and e(u); namely, we
denote by (0;(u)); j=1,2,3 the stress tensor which is related to the strain tensor
(es5(w))i,j=1,2,3 by the Hooke’s law

oij(u) = aijri(x)er(u), where eg(u)= (2.8)

(G a)
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Above, and in what follows, we use the convention of summation over repeated
indexes.

In connection with the reaction terms in the small regions 7°¢, let us intro-
duce the continuous vectorial function M (z,w) = (M (z,w), Ma(z,w), M3(z,u)),
M;(z,u) = M;(x1, 22, 23, u1,us,u3), M; € C(2 x R?), while i = 1,2, 3, satis-
fying the following properties (see also Remark 1)

M;(z,0)=0, VzxeQ, i=1,23, (2.9)

the monotonicity condition

3
Z(Mi(x,u) — M;(2,v))(ui —v;) >0, Vo, uvecR (2.10)

i=1
and the globally Lipschitz condition
|M; (2, u) = My(2',0)| < Lyl — @' + [u — o] + [u — o[ '+),
Vo, o' € 2, u,v e R3, i=1,2,3, (2.11)

for certain positive constants Ly, Lo, L3, 6 € [0, 2].
For f = (f1, fa2, f3) € (L*(£2))? let us consider the problem

0o,

%% g 0

al’j f ln ’
ut =0 on T, i=1,2,3. (2.12)
ofn; =0 on X\ |JT=,

ofng + Be)Mi(z,u*) =0 on (JT°,
Above, u® = (uf,u5,u3) denotes the displacement vector, of; = oy;(u®) =
aijrier(u®) (cf. (2.8)), while n stands for the unit outer normal to (2 along
Y, namely, n = (0,0,—1). The boundary conditions on T° linking stresses
and displacements are referred to as Winkler-Robin boundary conditions. The
parameter () can range from very large to very small or it can be of order 1.

Remark 1. Note that condition (2.11) follows in the case where M; are smooth
functions M; € C1(2 x R?), satisfying:

oM,;
au3‘

(:r,u)‘ < Dy(1+ [ul®), V(z,u) € B xR3,4,j=1,2,3,

for certain positive constants D;;, 4,5 = 1,2,3. Also they follow in the sim-
plified case where M;(z,u) = M;(x,u;), with M; monotonic and Lipschitz
function in the w; variable (see, e.g., Section 3.3.1 in [22]). In addition, in the
linear case, the functions M; read: M;(x,u) = M;;(x)u;, where (M;;); j=1,2,3
is a symmetric and positive definite 3 x 3-matrix, M;; € C(£2) (see [7,8,10]).
Also, it should be emphasized that hypotheses (2.9)-(2.11) on M; can be
weakened to be defined in X' x R? such that M;(z,¢(x))u; € H'(§2) for all

¢ € (CH(2))3 and u € (H(£2))3 (cf. (3.19) and (6.13)).
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3 The abstract framework and the limit problems

Let us denote by V the space obtained by completion of {v € (C1(£2))? : v=
0 on I'p} with the norm generated by the scalar product:

(u,v)V:/Qeij(u)eij(v) dx . (3.1)

For fixed € > 0, the weak formulation of problem (2.12) reads: find u® € V,

satisfying
/ o5 (u®)ei; (v) dz + B(e) M;i(z,u®)v; di = / fividx, Yo e V. (3.2)

7 ure o)
Above, and if no confusion arises, we have identified the point & = (z1,z2) in
the plane with (z1,22,0) € X.

On account of (2.6) and (2.7), the first integral on the left hand side of (3.2)
defines a bilinear, symmetric continuous and coercive form on V C (L?(£2))3.
As for the second integral, on account of (2.9)—(2.11), we can write

0 < B(e) M; (&, u®)us di, and (3.3)
ure

86) [ M, u oy i SCB(E)/UTE(uE+|u5|1+5)|v|dfc, (3.4)

ure

for certain positive constant C' independent of €. Note that the last integral in
(3.4) is well defined for § € [0, 2] because of the Holder’s inequality, namely,

/UT (] + [us [0 o;| it <Ce ([uf |z o) sl 2 ey

+ Huf”itié)MB(UTs)”ijL“(UTE))? (3‘5)

and the continuous embedding H!(2) C L*(X).
Also, on account of (2.9)—(2.11), we can define a monotonic, hemicontinuous
and coercive operator A° : V —— V' as follows

(Afu, v) = / oij(uw)e;;(v) dx + B(e) M;(z,u)v;dz, for u,v € V.
Q uTe
Solving (3.2) leads us to the variational inequality

(A%u®, v —uf) > (f, v — ua) Vv €V, (3.6)

(L2(£2))*?

which has a unique solution u® € V that also satisfies

/Uij(v)eij(v_ue)d$+5(5) M;(z,v)(v; —ug) di > /fi(vi—uf)dx, Yo e V.
Q

Q uT:

(3.7)
These results on variational inequalities are a consequence of Theorems 8.2-8.4
in Sections I1.8.2 and I1.8.3 of [15] (cf. [9] for further references).
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To show that the solution u® € V of (3.6) is a solution of (3.2) it suffices
to take v = u® £ w in (3.6) for any w € V. In addition, to show that u° is
the unique element of V satisfying (3.2) can be performed by contradiction, on
account of (2.10). Indeed, considering that there are two solutions of (3.2), u®
and u®, we easily get

/aij(us—ﬂe)eij(us—ﬂs)dx—&—ﬁ(a)/ (M;(#,u®) — M;(&,0°)) (uf — u5)d& =0,
17} urs

and the positiveness of the second integral provides u® = u°.
In addition, on account of the Poincaré and Korn inequalities, and (2.7),
taking v = u® in (3.2), we have

/ (ey)2dr<C, B [ Mauwidi<C, — (38)
Q uTe

where C'is a constant independent of . Therefore, we have proved the following
result on the weak solution of (2.12).

Theorem 1. There is a unique solution u¢ € V of the Equation (3.2), which
is uniformly bounded

[ufllv < C. (3.9)

As a consequence of (3.9), for any sequence, still denoted by &, we can
extract a subsequence such that

u® — v’ in (H'(2))® — weak, as e — 0, (3.10)

for some ©® € V. The aim of this work is to identify «° with the unique solution
of certain homogenized problems which depend on the parameter 8* in (1.1).

3.1 The homogenized problems

In order to make the reading of the paper easier, here we state the three ho-
mogenized problems (3.11),(3.12); (3.11),(3.13) and (3.11),(3.14), which are
obtained depending on the value of 8* in (1.1). We derive all these problems
in Section 4, by using the technique of matched asymptotic expansions. For
any 3*, u® verifies

(10
—M:ﬂ in 2, =123,

Iz (3.11)
w =0 on Ipn.

In addition, if 8* > 0, the averaged equation on X' reads
aij(uo)nj + ﬁ*‘T|MZ(i’, UO) =0 on Y. (3.12)
If 5* = 0, the boundary condition on X reads

0 (u’)n; =0 on X. (3.13)
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If 8* = 400, the boundary condition on X reads
u’=0on X. (3.14)
We state the weak formulation of each homogenized problem:
e For problem (3.11),(3.12): find u° € V satisfying
/Qoij(uo)eij(v) dz+p5*|T| /EMi(aﬁ,uO)vi dﬁ::/gfivi dx, Yv € V. (3.15)

The variational inequality satisfied by u° is
/ oij(v)e;j(v— u®) dz + 5¥|T) / M;(&,v)(v; — ul) di:
0 2

> / filv; —u?)dz, Yo € V. (3.16)
f?)
e For problem (3.11),(3.13): find u° € V satisfying

/Uij(uo)eij(v)dx:/fividx, Vv € V. (3.17)
Q o

e For problem (3.11),(3.14): find u° € (H{(£2))? satisfying

/Uij(u())@ij(v)da?:/ fividz, v e (Hj(2))>. (3.18)
Q Q

The existence and uniqueness of solution of problems (3.17) and (3.18) is
well known in the literature (cf., for example, Sections 1.3.3 and 1.3.5 in [21], [1]
and [17]), while that of problems (3.15) and (3.16) follow as that of (3.2) and
(3.7) with minor modifications (cf. the proof in Theorem 1). Note that, using
the same reasoning as in (3.4) and (3.5), we get

3

/ZMi(f%UO)Uz‘ di < C Y (||U?||L2(2)HUJ’||L2(2)+||u?||2—<|—15+6>4/3(2)”UjHL“(E))-
ij=1

(3.19)

4 Asymptotic expansions

In this section, we use the technique on matched asymptotic expansions (cf.,
e.g., [8] and references therein) to derive the homogenized problems
(3.11),(3.12); (3.11),(3.13) and (3.11),(3.14).

For simplicity, throughout the section, we consider the technical restriction
that the T¢ are homothetics of T, and that the parameters satisfy r. < e (cf.
(1.1), (2.1), (2.2) and Remark 2 in this connection).

Taking into account (3.9) we consider the asymptotic expansions for the
displacement vector u® of (2.12) as follows. Assume an outer expansion

uf () = ul(x) +reut () +...,  in 2n{x3>d} Vd>0, (4.1)

Math. Model. Anal., 29(4):694-713, 2024.
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which in fact, is supposed to be valid for z “far” from the regions T% , namely,
at a distance p > r. from the center zx. In addition, we assume a local
expansion in a neighborhood of each reaction region T%

ut(z) = VOy) +rViy) +... foryc R3+. (4.2)
Above, and in what follows, we denote by

y=(x—Tk)/7e (4.3)

the local variable in a neighborhood of each center Ty, k € J¢, and by u!, V1,
and dots we denote further terms in the asympotic series containing lower order
functions that we are not using in our analysis.
By matching the local and outer expansions for u®, at the first order, we
can write
lim VO(y) = lim u°(x). (4.4)
|y|—o0 T T
By replacing (4.1) in (2.12) we obtain Equations (3.11) for u° plus some
boundary condition on X to be determined. In order to do this, we first de-
termine VO(y) in the local expansion (4.2). On account of (2.11), let us first
obtain formal asymptotics expansions for M;(x,u®(z)), while ¢ = 1,2,3, in a
neighborhood of each region T7% :

Mi(z,uf(2)) = Mi(rey + i, u(2)) = Mi(@x, Vo)) + ... (4.5)

Taking derivatives in (2.12) with respect to y, cf. (4.3), we replace (4.2) and
(4.5) in (2.12), and take into account the continuity of the elastic coefficients
a;jki(z) and (4.4). Then, for V? we have the equations:

K (170
_M — 0 in R3+
8yj )
035, (VO)n; = on {ys = 0}\ T, i=1,2,3.
05, (VO +rB(e) Mi(#x, V) =0 on T,
VO(y) — u®(Ty) as |y| — oo, y3 >0,

(4.6)
Above, and in what follows, for simplicity, we write the upper index k in
the strain tensor to denote:
1,0V, 0OV,
k ~ k l
9355 (V) = aijr(@i)ery (V) where ey (V) = 5 (871 + Giyk)' (4.7)
We also observe a dependence of VY on € and on the center of the reaction
region Ty.

4.1 The boundary condition on X'

Considering (3.11), in order to obtain the boundary condition on X for u’,
we perform an integration by parts over the equilibrium equations in coin-
like domains, neglecting the stresses across the lateral surface. We define one
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of these domains as follows. Let us consider X; an open domain contained
in X such that 0X; does not touch any region 1%, . Let d(e) be positive,

r. < 0(g) < 1. We consider the coin-like domain

2 = 20 (5 % (0,5())). (4.8)
Let Fg( o) denote the lateral boundary of ng) in such a way that

003 = T3, U %, DG (4.9)

where Ef(a) denotes the set {x : (x1,22,0) € Xy, x5 = 6(g)}. On Ef(e), we are
“far” from the reaction regions T% and (4.1) holds. “Near” each region T°,

we need to use the local expansion (4.2). In particular, on each reaction region
T% we have (cf. (4.3) and (4.7))

UiS(Us) = Ui3(V0(y)) ~ ai3kh(55k)rl€kh,y(vo(y)) +.o.= : 53,1;(‘/0( ))

(4.10)
Now, we multiply the divergence vector in (2.12) by e’ with e} = §;;, and

apply the Green formula over Q‘;(f) (cf. (4.8) and (4.9)) to obtain

/ Ui3(ue)d£:/g()fid$+/ Uz‘j(ug)njdpﬁ/g()013(“5)0@-
SinUTE, o) r; BHS

5(e)
(4.11)
We observe that, by construction (cf. (3.9)), the two first integrals on the right-
hand side of (4.11) converge towards zero as € — 0. For the other integral, we
use the approximation (4.1), namely

= 0i3(u’)

1325(6)

4+

a,;g(us) 0
r3=

Therefore, introducing this and (4.10) in (4.11), and performing the change of
variable (4.3), we write

xXr— LC
/Zglg )di = lim Z/Eazg VO(=—E) dx_gg% Z/rg (V)

1 TREX "3y TREXY
(4.12)
Owing to the relation on T in (4.6), we rewrite (4.12) as follows

/21 0i3(u®)di ;15(1)5 Z /M T, VO(9,0))dj. (4.13)

ZkEZh

Now, using that B(e)re — 0, in (4.6), in a first approach we can take
VO(y) ~ u®(Zy), Yy € R3T, and therefore,

/21 Ui3( )d hmB( ) 2 -2 Z €2Mi(§k,uo(fk))/rfd@. (414)

e—0 .
TREX

Math. Model. Anal., 29(4):694-713, 2024.
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Under assumptions of smoothness for M; and u°, when 8* > 0, (4.14) gives

/ oia(w)dd = B°IT] [ Mi(#,0,4%(%,0))di
P 2
while, when 8* = 0, (4.14) gives [y 0i3(u”)dz = 0.

Then, using the somewhat arbitrary choice of Xy C X, we deduce the
following boundary conditions to be added to (3.11) in order to determine the
first term of the asymptotic expansion (4.1), namely u°:

01 (u)n; + B*T|M;(2,u’) =0on ¥, when 8* >0,
0;;(u’)n; =0on X, when g* =0.

It should be noted that in both cases 8(e)r. — 0 is satisfied to somehow
compensate 7.~ 2 — 400 and $* > 0 in (1.1).

Also, when * = 400, we multiply by the factor £2(3(¢)r?)~! in both sides
of the equality (4.11). Then, taking limits as € — 0, since £2(8(e)r2)~* — 0
as € — 0, using the equation on T in (4.6), and the reasoning in (4.12), (4.13)

and (4.14), under the basis that 5(g)r. — 0 (cf. Remark 2), we get

0= Eh—%ﬁ P ~Z / :gl_% Zs M;(Zx,u xk))/Tdy,

TpEX,

and therefore,
T [ M;(z,0,u°(,0))di = 0.
P

Under the new hypothesis
Llu| < [M(x,u)|, Yz 2,ucR? (4.15)

for a certain positive constant L, we get fEl |u®|di = 0, and, as above, we
have the boundary condition on X to be added to (3.11) when * = +oo:
u®=0on X.

All of this gives the homogenized problems stated in Section 3.1.

Remark 2. Let us notice that, in the case where r. = O(¢), the ansatz (4.1)-
(4.2) should be replaced by two-scale asymptotic expansions (cf., e.g, [20] for
the technique). Similarly, in the case where $* = 400 and lim._,¢ 8(g)r. # 0,
the reasoning in (4.11)—(4.14) should be suitably modified in order to get u® =
0on X (cf. [8] for the linear case). We avoid introducing here these formal
procedures since the technique used in Sections 5-6 covers these two cases as
well as the case of the isoperimetric 7?7, p =0,1,... 9% (cf. (2.1)).

5 Convergence for solutions

This section is devoted to justifying the asymptotics in Section 4. First, we con-
sider the critical case where 3* > 0 and show that the limit of u® in (H'(£2))3-
weak given by (3.10) is the solution of the homogenized problem (3.15); see
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Theorem 3. Then, we consider the extreme cases 8* = 0 and 5* = 400, and
show that the limit of u® in (H'(£2))? is the solution of the homogenized prob-
lems (3.17) and (3.18) respectively (see Theorem 4 and 5, respect.). The proofs
rely on a result of convergence of measures that we state below and prove in
Section 6.

Theorem 2. Assume (2.2) and (2.9)-(2.11). For ¢ € (C'(2))® and v €
(H'(£2))?,

52

7 ) M@ 9yuid—T /EMZ( o) i < C (/24 1/2)||v||(H1<m>3, (5.1)

where C' is a constant independent of € and v.

Theorem 3. For 3* > 0 in (1.1), the solution of (3.2) converges in (H'(§2))3-
weak towards the solution of (3.15) as e — 0.

Proof. In order to prove that the weak limit of u® given by (3.10) satisfies
(3.15), we take v = ¢ € (C'(§2))? such that ¢ = 0 on I'p in (3.7) and pass to
the limit as € — 0. Because of (3.10), we have

hm/ oij(@)ei;(¢p —u)dx —/ 0ii(¢)eij(¢ —u)dz and (5.2)

gl_rg%/fl hi —ui) alac-/fz o; T. (5.3)

Besides, by Theorem 2, (2.2) and 5* > 0 in (1.1), (3.9) and (3.10), we get

imBe) [ M@, d)(ds — uf)di — 5 |T] /E Mi(3, ) (i — ul) di

e—0 ure
2 2
=i (P57 )5 [ Mt 06—

e? A €\ 14 5 €\ 74
A SRUCOCEHIEY RUCOICEREE
+B7|T| lim | Mi(@,¢)(uf —uf) di =0, (5:4)

E— >

where we have applied inequality (5.1) to v = ¢ — u®. Then, gathering (5.2),
(5.3) and (5.4) yields

[ as(@eito —uydo+ 577 [ Mia )6 -ty di > [ (o) do
N by 0

Vo € (C1(£2))? such that ¢ = 0 on ', and, using (3.19), by density it holds for
all ¢ € V. Namely, u° is the solution of (3.16). By the uniqueness of solution,
the whole sequence u® — u° as ¢ — 0 in the weak topology of (H!'(£2))3 and
taking ¢ = u® £ v for any v € V we get that u° is also the unique solution of
(3.15). Thus, the theorem is proved. O

Math. Model. Anal., 29(4):694-713, 2024.
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Theorem 4. For * =0 in (1.1), the solution of (3.2) converges in (H(£2))?
towards the solution of (3.17) as e — 0.

Proof. Rewriting the proof of Theorem 3 with minor modifications we get the
weak convergence of the solutions in (H*(£2))3, the limit uo being the solution
of (3.17). To obtain the convergence in the strong topology, we consider v = u®
in (3.2) and take limits as € — 0, we have:

Jim (/ﬂaij(us)eij(us)dx—kﬁ(e)

e—0

M;(2,u®)u; di“)
Ure
= 1im/ fius dx :/ fiud dx :/ o1 (u?)ei;(u?) dz,
=0 /g, o 0 :
where we have used (3.17).

Now taking into account that (3.1) defines a norm in V, the lower semi-
continuity of the norm for the weak topology and (3.3), we write

/aij(uo)eij(uo)dxg lim inf/ o (u¥)e;; (u)dx
Q Q

e—0

< lim sup/ Uij(us)eij(us)dxg/ o1 (u?)e;j(u?)dz.
Q 2

e—0

Consequently,

lim [ o4(u®)e;;(u) dxz/ oij(u®)e;j(u?) dz,
e—=0 Jn 0

and the convergence of v in (H'(£2))? holds. The theorem is proved. O

Now, we consider the case where §* = 400 and we show that the limit of u®
in (H'(§2))3-weak given by (3.10) is the solution of the Dirichlet homogenized
problem (3.18); see Theorem 5.

In addition to the properties of M; (2.9)—(2.11), in order to obtain the limit
we add the hypothesis (4.15). This new assumption gives (see (3.3) and (3.8)
to compare)

3
LB(e) /UTE ;(uf)zdﬁ < B(e) e M; (&, uf)us di < C. (5.5)

Theorem 5. For 8* = +o00 in (1.1) and (4.15), the solution of (3.2) converges
in (H(£2))? towards the solution of (3.18) ase — 0.

Proof. Taking v € (C§°(£2))? in the variational formulation (3.2), the integral
over |JT¢ vanishes, and passing to the limit in the other terms, it is easy to
check that the limit u° satisfies

_ 8aij (’LLO)

Tl'j:fi in.Q, Z:172,3
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In order to prove that u® = 0 on X, we first show the following equality
/ Mi(&, o)l di =0 Vo e (C'(R2))>?, é=0on Iy (5.6)
=
Indeed, by Theorem 2, it follows that
2
lim % M;(&, p)u di = |T)| /2 M;(&, ¢)ud di: . (5.7)

On the other hand, using (2.9), (2.11), (5.5) and the area of ||JT*|, we get

2 2 1
2

9 9 1 1 3
— | M;(z cde| <C——— 2 ||u® 3 |UTE 2 <Cl —— ).
7 [ Mot da| <Co S BN Iz T <)
yre
Hence, from the hypothesis * = 400, we obtain
&2
lim — M; (&, ¢)u; dit = 0. (5.8)

Now, gathering (5.7) and (5.8), we obtain (5.6). Then, on account of (3.19),
we use a density argument to derive that

/ Mi(&,v)uddi =0 VYveV. (5.9)
X

Finally, (5.9) for v = u® and (4.15) give [, (u°)?d# = 0 and consequently,
u®= 0 on X. Thus, by the uniqueness of solution, the convergence of the whole
sequence u¢ towards u” in the weak topology of (H(§2))? holds true, as ¢ —0.

To obtain the strong convergence, we rewrite the proof of Theorem 4 with
minor modifications: here, we use again the lower semi-continuity of the norm
and consider that u° is the solution of (3.18). The theorem is proved. O

6 Proof of Theorem 2

In this section, for the sake of completeness, we introduce some auxiliary results
that prove to be useful for the proof of Theorem 2. We refer to Lemma 2.4 in
Section I1.3 of [18] for the proof of Lemma 1. We use the Poincaré inequality
(cf. Section I.1 in [21]) and a change of variable to show Lemma 2 and refer
to [10] for the proof of Lemma 3.

Lemma 1. For w € H'(2), we have

] £2(2n{0<as<c}) < CY2|w] (), (6.1)

1
‘7/ wdw—/ wd;%‘ §C£1/2Ha—w‘
€ Jon{o<zs<e} x Oz3

Lemma 2. Let Y§ = (—¢/2,¢/2)?x(0,¢). Ifw € HY(Y§) such that fYDE wdx =
0, then,

: 6.2
@) (6.2)

leollavg) < Cell Vel ).

Math. Model. Anal., 29(4):694-713, 2024.
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Lemma 3. Let Y§ be the domain defined in Lemma 2. Let K € RT such
that T C B(0,K). If r. is a positive constant such that r.T C B(0,Kr.) €
(—¢/2,¢/2)2, then,

[wll 2y < C(r e wllp2ivg)y + 2|Vl paivg)) Y € HY(YE),
where C' is a constant depending on T but independent of w and €.

We divide the proof of (5.1) into three steps.
First step: The integral over | JT¢ on the left-hand side of (5.1) is transformed
into volume integrals (cf. (6.7)).

For each k € ¢, we denote by Y3 the homothetic domain of Y= (-1/2, 1/2)?
x(0,1) of ratio ¢ after translation to the point Z%, that is

Y;, =7} + €Y.

For ¢ € (C(R2))3 fixed, i =1,2,3,p=0,1,...,Mand k € J; » let us introduce
the following problem

AGSE = 5k in YZ
9,0 =0 on OY:E \ TP* (6.3)
2 Tk Tk

0,075 + Mi(i,6) =0  on TZ*,

where v denotes the unit outward normal vector to ank7 in particular, v =n =

(0,0,—1) on X'. We find the constants ﬂf’k from the compatibility conditions
for problems in (6.3). Indeed, integrating over Y3 in (6.3), we get

A@f’k dzx = / uf’k dx = eguf’k. (6.4)
vE i

Now, using the Green formula and the boundary conditions in (6.3), we have
that the left-hand side of (6.4) satisfies

A6 dp= 9,05 ds=— M;(&,¢)di, forke J;, p=0,1...,9M,

Y: oY T2
Ty z) x)

and, consequently, we choose

ok —_ M;(#,¢)di forke J5,p=0,1....0M,i=1,2,3. (6.5)

K2

Note that above and in what follows, we avoid writing the dependence on p for
0% and St

Therefore, for each k € J¢, 4 =1,2,3, and ,uf’k defined by (6.5), problem
(6.3) has a unique solution Hf’k € Hl(Yfk) that is orthogonal to the constants
in L? (Yfk)7 namely,

/ 0 de =0 forke J% i=1,23. (6.6)
Ye

Ty
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We denote by Y = [Jc ;. Y5 and by 0° the function 07 (z) = Gf’k(m) for
1=1,2,3, mer with k € J°.

Now, we write

m
Mi(@,@)vidi == > | 0,07 vids =~ Z/GY 0,07 v; ds

ure p=0keJs " T5, keJe

and use the Green formula and the definition of Of’k to obtain

M;(&, ¢)vidi = — > VO Vi de — ) / ps vy de. (6.7)

ure kege Y Yz, keJe

Second step: Let us prove

r2 Z/ uf’kvidz+|T|/ Mi(i’,¢)vida§’ < CeV2 ||| (migays.  (6.8)
& X
wk

€ keJge

To do it, since |T?| = |T| for p=0,1...,9, we write

2
*% > / Mf’kvz’dfﬂflTl/ M;(%, ¢)v; di = S5 + S5 + S5, (6.9)
e vege Yz, z

ﬁ—zz/ 5 — 7|3 () )

p= Ok€\7E

55 —Z/’m a®<»—mmmmwm,
keJge z

Ss ;:|T\(g . Mi(x,¢>(x))vidx—/ZMi(QE,QS(;%))vid:%),

and estimate each term S for r =1,2,3.
For each k € 75, p = 0,1,...9, and i = 1,2,3, the definition of /¢ (cf.
(6.5)) and the change of variable (4.3) yields

3
ek € 1 . . ~ N~ N\ g
—ust S =5 M;(&,¢)d& = | M;(Tg + 74, o(T% + 729)) df.
re re T;pks gl

Besides, by condition (2.11), the smoothness of the functions ¢;, and the fact
that |T?| = |T| for p=0,1...,90, we get

63 € ~E
| — 1 S = 1T, 0(30)
€

SAﬂ@ﬂﬁ+n%ﬂﬁ+n@%WMﬁ¢@mH@§Cm.@m)

Math. Model. Anal., 29(4):694-713, 2024.
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Thus, (6.10) and (6.1) give

Cl Te

1S5] < ?|Y8|1/2IIUH(LZ(nm{o<z3<s}))3 < Crrel|vll a3 (6.11)

Similarly,
1S5] < CLY V2|0l (22(nfo<ws<etyys < Crellvollan oy)s- (6.12)

In addition, using (6.2), the smoothness of ¢ and the properties of M; (cf.
(2.11)) which imply m;(z) := M;(z, ¢(z)) € WH(£2) (cf. [9], [24] and refer-
ences therein), we deduce

1S5 < CY2 1| (1 (23 (6.13)

Therefore, gathering (6.9), (6.11)—(6.13) and (2.2), we obtain (6.8).
Third step: Let us prove

g2 €
Z vaf’kV’Ui dm‘ S C’rlﬁ”vH(Hl(Q))s (614)

2
7‘6 Ye
keJge Ty

For each k € J¢, we first show

/ vk
YE

Tk

Zdr < Ord, (6.15)

where C' is a constant independent of € and k. From the integral identity for
problem (6.3), and (6.6), we have

/YE|V0f’k|2dx: —/yﬁkaj’k de — | Mi(2,0)005di = — [ M;(2,¢)65" di,
= EN

P,E P,
T T

for k € J5, p = 0,1...,9M. Besides, (2.9), (2.11), the smoothness of the
functions ¢;, the Cauchy-Schwarz inequality and the fact that |T?| = |T| for
p=0,1...,9M, guarantee for each ¢ = 1,2, 3, and k € Jy,

/ VO |2 da < C|TLE|M2 ) 07% L2722y < CT5||9f’k||L2(T§:)- (6.16)
Ye

Tk

Now, we apply Lemma 3 for each TP, with p =0,1...,90, to get
||95’k||L2(T§If) <Gy (7’;/2571”0?1{”L2(Y§k) + Ti/2||V9f’k||L2(Y;k))~ (6.17)

Moreover, Lemma 2 (cf. (6.6)) and (6.17) allow us to estimate the functions
Gf’k in L2(T§k) for i = 1,2,3 and k € J, namely,

||95’k|\L2(T§;) < (,N‘pr;/2|\V05’kHL2(Y§k). (6.18)

Thus, since p =0,1...,9M, gathering (6.16) and (6.18), we deduce (6.15).
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As a result, by definition of 6°, (6.15) and (2.4), we get

V652 yg)—ZZ/ VO~ de < Crie2,

p=0keJs /5,

and, consequently, we obtain (6.14).
Gathering (6.7), (6.8) and (6.14), we conclude the proof of (5.1).

Remark 3. It is worth mentioning that Theorem 2 extends the result in Lemma 1
of [16] to the case of arbitrary plane domains instead of volumetric ones, allow-
ing a diameter O(r.) of smaller order of magnitude than the period of the grid
O(e), and different shapes of these regions (cf. (2.1)). In particular, it allows
to pass to the limit in the integrals

for a globally Lipschitz function m and a sequence of functions v® that converge
weakly H'(§2). This is why Theorem 2 applies to the scalar problem in [23] for
circular T¢ when 7. > 2 allowing a more general geometry and less restrictive
monotonic functions. Also, the results in this paper complement those in [24]
and [9] for the scalar problem, but when r. < 2. Similarly, we complement
and extend the results in [7,10] for linear Winkler-Robin boundary conditions
and non-periodic distribution of the regions T¢. In particular, for a periodic
setting and a linear M, Theorem 2 has been announced in [10] without the
proof that we provide here.

7 Conclusions

The problem under consideration (2.12) represents a model associated to the
displacements in a block of inhomogeneous anisotropic elastic material, which
has a part of its boundary I'; clamped to a rigid support, while the part in
contact with the plane {3 = 0} interacts with the soil via a series of small
springs with a nonlinear Winkler law 0%, = S(¢)M;(x,u®) involving a strong
reaction. The properties of function M are somehow optimal (cf. Remarks 1
and 3). Outside these reaction regions, | JT°, the surface is free of forces. We
provide an averaged reaction of Winkler type, which depends on the relations
for the parameters reaction, size and distances between the small regions, and
on the unit area |T'|. As a matter of fact, the results in this paper are new
and extend and complement those in the literature for the Laplacian with
linear and nonlinear Robin boundary conditions and for the elasticity operator
with linear Winkler-Robin boundary conditions. For further relations between
parameters with linear Winkler-Robin boundary conditions, we refer to [7,8,10,
11]. For extreme relations between parameters giving rise to (3.17) and (3.18),
the technique in [11] can likely be applied. When r. = O(¢?) and 8* > 0,
getting the microscopic problem (cf. (4.3)—(4.7)) remains as an open problem
under considerations by the authors. Due to the complex geometry of the

Math. Model. Anal., 29(4):694-713, 2024.
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domain, it is self-evident that obtaining a first approach to the original problem
via the homogenized problems can be useful for numerical computations cf.,
e.g., [14,22].
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