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1 Introduction

In this paper, we consider the following compressible magnetohydrodynamic
equations which describe the motion of electrically conducting media in the
presence of a magnetic field in the isentropic case:

Op + div(pu) =0, (1.1)
Oi(pu) + div(pu ® u) + Vp = (V x H) x H + divS(Vu),
OGH -V x (uxH)=-Vx @V xH), divH=0 (1.2)

for (t,z) € [0,+00) x £2, where 2 C R? is a bounded smooth domain. System
(1.1)—(1.2) is supplemented by the following initial conditions and boundary
conditions

uly, =0,Hl,, =0,Vp-n|,, =0, (1.3)
(p7u7H)|t=0(t7$) = (p07u07H0)(x) for z € ‘Qv (14)
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where n is the unit outward normal vector. The unknowns p, u € R? and H €
R3 denote the particle density, the velocity, and the magnetic field, respectively.
The pressure p(p) = Ap” is assumed to depend on the particle density with
constant A > 0 and the adiabatic exponent v > 1. S denotes the standard
Newtonian viscous stress

S(Vu) = p (Vu+ Viu — (2/3)divul) +ndivul, x>0, n>0.

Note that S depends only on the symmetric part of its argument. v > 0 is the
magnetic diffusivity acting as a magnetic diffusion coefficient of the magnetic
field. The symbol ® denotes the Kronecker tensor product. (V x H) x H is the
magnetic force per volume of fluid. The electric field can be written in terms
of the magnetic field H and the velocity u:

E=vVxH-uxH.

Although the electric field E does not appear in system (1.1)—(1.2), it is indeed
induced according to the above relation by the moving conductive flow in the
magnetic field.

The isentropic compressible magnetohydrodynamic equations (1.1)—(1.2) re-
ceived a great deal of attention from physicists and mathematicians because
of their physical importance, complexity, rich phenomena, and mathematical
challenges, such as [1,4,5,8,9,10,17] and the references cited therein. In par-
ticular, Hu-Wang [12] established the global weak solutions to the nonlinear
compressible magnetohydrodynamic equations (1.1)—(1.2) with general initial
data. Hu-Wang [11] and Jiang et al. [14] studied the low Mach limit (or in-
compressible limit) problem of (1.1)—(1.2) for different cases. Yang-Dou-Ju [16]
established the weak-strong uniqueness in the class of finite energy weak solu-
tions to (1.1)—(1.2).

The concept of measure-valued solutions to partial differential equations
(more precisely for hyperbolic conservation laws) was first introduced by
DiPerna [3]. Later, Neustupa [15] analyzed the measure-valued solutions to
compressible Navier-Stokes equations but his theory does not involve the en-
ergy. Demoulini et al. [2] defined a notion of a dissipative measure-valued so-
lution for Polyconvex Elastodynamics and showed that such a solution agrees
with a classical solution with the same initial data, when such a classical solu-
tion exists (weak-strong uniqueness principle). Recently Feireisl et al. [6] intro-
duced a new concept of dissipative measure-valued solutions to compressible
Navier-Stokes system and gave the first instance of weak-strong uniqueness for
measure-valued solutions of a viscous fluid model. Huang [13] obtain the global
existence of dissipative measure-valued solutions to the three-dimensional com-
pressible micropolar fluid system and gave the weak-strong uniqueness principle
to this system.

Motivated by the above results, in the present paper, we shall prove the
global existence of dissipative measure-valued solutions to the isentropic com-
pressible magnetohydrodynamic equations (1.1)—(1.2) and obtain its weak-
strong uniqueness principle. Because the term fOT fQ <Yt7x; |v — ﬁ|2> dzdt, where
u is the corresponding strong solution, is not included in the relative entropy,
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some new techniques are required to decouple the velocity. By using general-
ized Poincaré’s inequality, Sobolev’s inequality, and a Korn-type inequality to
decouple the velocity and magnetic field, we have solved the difficulties caused
by the complicated interaction between velocity and magnetic field. To our
best knowledge, there is no result on the dissipative measure-valued solutions
to the compressible magnetohydrodynamic equations.

The rest of the paper is organized as follows. Section 2 will give the precise
definition of dissipative measure-valued solutions to the isentropic compress-
ible magnetohydrodynamic equations (1.1)—(1.2) and state our main results.
Section 3 gives a detailed proof of Theorem 1 by constructing an approximate
system. In Section 4, we will show the weak-strong uniqueness principle to
the compressible magnetohydrodynamic equations (1.1)—(1.4) by fine energy
estimation.

2 Main results

Let
Q:{[p,u,H] | p>0, uecR3 HER?’}

be the natural phase space. The symbol P(Q) denotes the space of (Borel)
probability measures, i.e., for u € P(Q), we have u(Q) = 1.

2.1 Measure-valued solutions to system (1.1)—(1.4)

We shall first focus on the existence of dissipative measure-valued solutions
to the compressible magnetohydrodynamic equations (1.1)—(1.4). To do that,
let’s state the definition of dissipative measure-valued solutions to (1.1)—(1.4).

DEFINITION 1. We say that a parameterized measure {Yt,z}(t 20T X2

Y;f,z € L\?Voeak_ (*) ([OvT} X Q,P(Q)) ) <Y—t,z;s> =P, <Y;,I;V> =u, <Y—t,:mB> =H
is a dissipative measure-valued solution of the compressible magnetohydrody-
namic equations (1.1)—(1.4) in [0,7] x {2, with the initial conditions Y, and
dissipation defect D(7), with D € L>°[0,T],D > 0, if the following holds.

1. Equation of continuity.
For any ¢ € C([0,T] x £2) and T € [0, T],

/ <Y'r,:v; S> ¢(7—7 )d(E - / <Y0,93; S> ¢(07 )de‘
19 10
= / /Q [(Yt,z; 50+ (Yo sv) - w} dedt.  (2.1)
0
2. Momentum equation.
u=(Y.;v)eL? <O,T; Jif (Q;R3)>

Math. Model. Anal., 30(1):17-35, 2025.


https://doi.org/10.3846/mma.2025.19998

N
o

J. Yang, H. Wang and Q. Shi

and for any ¢ € C1([0,T] x 2) with ¢|,, =0,
/ (Yraisv)-(r, )da — / (Yo,o38v) - (0, -)da
7 o

:/()T/Q(<nm;sv> D+ (Yias s(v@V)) t Vbt (Vi As™) div ) dadt
- // (<Yt,z;B ©B): Vo~ o (Vi [BP) divw) dadt
0 2

- / / S(Vu) : Vepdadt + / <7~V;w> dt (2.2)
o Jo 0
with the measure r¥ (1) = {r}/;(1)} € L%, (0,T; M(£2)) satisfying

(1 (V9| < D) Wl

3. Magnetic field equation.
For any w € C([0,T] x ) with w|,, =0,

/Q<Ym;B> (Tw)-wdw—/ (Y02 B) - w(0,)da

o]

- /OT /Q [(Yt,m;B> (7,) - Ow + (Yiu: (v x B)) - (V x w)} dadt

- ,,/ / VH : Vodadt 7/ <rH;Vw> dt
0o Jo 0
with the measure r(7) = {T’ZHJ (1)} € L2, (0, T; M(£2)) satisfying

’ <,AH(T);VQ/;> ‘ < CD()[Yller(w)-

4. Energy inequality. For any 7 € [0,T],

1 As? 1
Yr . =slv]? —|BJ? Ndx +D
[ (i o+ 255 4 1B ) (72 4 D7)

+/ /S(Vue):VuedxdtJr/ /V|VH|2dxdt
0 2 0 2

1 5 AsT 1,
< Q= = Nde. .
< /Q<Y0’m’ 2s|v\ + po— + 2|B\ >(0, )da (2.3)

5. Generalized Poincaré’s inequality. For any 7 € [0, 7],
/ / <Yt7x;|vfu|2+|BfH|2>d:17dt§ CD(7).
0o Jo

Now, we state the result on the existence of dissipative measure-valued
solutions to the compressible magnetohydrodynamic equations (1.1)—(1.4).
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Theorem 1. Let 2 C R? be a bounded smooth domain. If (po,ug, Hg) is the
initial data with finite energy, then there exists a dissipative measure-valued
solution to the compressible magnetohydrodynamic equations (1.1)—(1.4) with
initial data
l/O,ac = 5(p0.,u07H0)-

Remark 1. For simplicity, here the pressure function p(p) is given by the isen-
tropic pressure-density state p = Ap”Y with v > 1, although more general cases
can be treated as well.

2.2 'Weak-strong uniqueness to the compressible
magnetohydrodynamic equations (1.1)—(1.4)

For the weak-strong uniqueness to the compressible magnetohydrodynamic
equations (1.1)—(1.4), i.e., a measure-valued solution and a standard smooth
classical solution originating from the same initial data coincide, we have the
following result.

Theorem 2. Let 2 C R?® be a smooth bounded domain. Let {Y; ,;D(t)} be a
dissipative measure-valued solution to the compressible magnetohydrodynamic
equations (1.1)—(1.4) with the initial state Yy o, in the sense specified in Defini-
tion 1. Suppose that {p, fl,I:I} s a strong solution to the compressible magne-
tohydrodynamic equations (1.1)—(1.3) with the initial data

{ﬁm, ) = 5(0) = po € CH(R), po=p>0,

w(0,) =0y =up € C?(2), H(0,-)=Hy=Hy e C?*), divH;=0
in [0, T] x £2 belonging to the class
(5,Vp, 0, Vi, H, VH)eC([0, T]x2), (atﬁ,atfl) cL? (o,T; C(%; R3)), (2.4)
= 0. 2.
09 0 (25)
Then, there exists a constant C(T), such that

1 A 1 .
[ (i gty a2 7 = = ) = )+ 5B HP Yo
S\ N1 2

p>p>0, uly,=0 H

+ D) + / ' / (S(Vu) — S(ViR)) : (Vu — Vit)de dt
—I-I//T/ |VH — VH|? dz dt < C(T)

1 - A oy . N 1 -
[ (Yos gotv—tif (572 (5= )3 45 BT )
j &

1
for any T € [0,T). In particular, if the initial states coincide, meaning
Yor= 5[50,]3071;10] for a.a. x € 2,

then one gets that D(17) =0 and
Yo = 0(5(r.),a(r2),H(r,a)) JOT 0-0- (T,2) € [0,T] x £2.

Math. Model. Anal., 30(1):17-35, 2025.
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3 Proof of Theorem 1

To obtain the existence of measure-valued solution of compressible magnetohy-
drodynamic equations (1.1)—(1.2), we consider the following model of a viscous
compressible fluid, where the density p, the velocity u and the magnetic filed
H satisfy

pt + div(pu) = eAp, (3.1)
(pu); +div(pu @ u) + Vp = (V x H) x H 4+ divS(Vu) + ediv(u ® Vp),
H;,—-Vx(uxH)=-Vx (wVxH), divH=0, (3.2)

where € > 0 is a parameter. System (3.1)—(3.2) is supplemented by the following
boundary conditions

uly, =0,H|,, =0,Vp-n|,, =0, (3.3)

where n is the unit outward normal. It is easy to know that the sufficiently
smooth solutions of system (3.1)—(3.3) obey the total energy balance

d 1 5  ApY 15
Rl 2P CHP |4
i [ [gotP ¢ 2 piEE o

+/ [S(Vu) Vu-i——‘Vp? +V|VH|2] =0,
7

where we have used the following equality
Vx(VxH)=VdivH- AH = -AH

due to divH = 0.
We assume that the energy of the initial data is bounded

1o, Al)”
/Q [200|uo|2+w_01 |H *|dz < C
uniformly for e — 0. So, we can obtain the following energy inequality
1 o  A(p) |1 2
T €|44€ ZIH¢ d
[ [P+ S i as

g 4eA
+//[S(Vu L Vu© +€—V
0 (9]

1 AE'Y
< [ [yritugl + 20+ |Hﬂmsa (3.4)
o2 Y-

wp

+ V|VH€|2:| dzdt

1

It is easy to deduce the following fact:

plnpc e (=1/e,0), 0<p<1,
plnp® < Co(p)?,  p°21
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with Cyp = max {%, ﬁ} Then, due to the boundedness of domain (2 and

the energy balance (3.4), by using Korn inequality and Poincaré inequality, we
can obtain the following bounds

sup / (p)” (7,-)dz < C( = sup / plog p(r,)dx < C), (3.5)
T€[0,T] J 2 T€[0,T] J 2

sup / [H|?dz < C, (3.6)
T€[0,T)J 2

sup / pflucPdr < C, (3.7)
T€[0,T)

(9]
T T
//S(Vue):Vudedth(ﬁ// (jue? + ) d;z:dt§0>, (3.8)
0 Jn 0JNR

e/OT/Q)wa)%

uniformly for e — 0.
Using the following calculus formula

2 T
dzdt < C, / / |VH|* dzdt < C, (3.9)
0 2

(Vxa)xa= (a-V)a—%V|a|2, diviaxb)=b-(Vxa)—a-(V xb)
for vectors a and b, we rewrite system (3.1)—(3.2) in the following weak form
t=1 T
[/ peqbdx] = / / [0t + pSuf - V¢ — eVp© - V| dadt (3.10)
(%} t=0 0 (]
for any ¢ € C1([0,T] x £2),
t=T1 T
[ / puc - wdx} = / / [pfuc - Oyp+p° (U @) : V+A(p°)Y div ] dadt
2 t=0 0JN
f/ / {H5®Hf AV 1|H6|2 ~div | dadt
0o Jo 2
- / / [S(Vu®) : Vi + € (u° ® Vp°) : Vo] dadt (3.11)
0o Je
for any v € C1([0,T] x 2) with 1|,, =0,
t=1 T
[/H6 -wdx] :// [H - Qjw+ (uxHS) : Vxw—vVHS : Vw| dzdt (3.12)
2 t=0 0J0R

for any w € C*([0,T] x £2) with w|,, = 0.
We find that the e-dependent quantities

e/ /Vp€~V¢dxdt and e/ /(uE®V,05):V1pdmdt
) 0 Jo

Math. Model. Anal., 30(1):17-35, 2025.
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vanish in the asymptotic limit ¢ — 0 as long as (3.5)—(3.9) hold. To see this,
note that at least on the set 2 = {z € £2|p¢ > 1}, the two integrals above can
be controlled by (3.5)—(3.9),

//Qlwp Vol dudt = f/ /Q

ceal ]
6/0 /Q1 [(u @ Vp°) : Vo| dadt

2‘[/ /!21 <\Fu " )( )g> V| dzdt < C+v/e

[ fwae ]

Now, we begin to estimate Vp¢ on the set 25 = {z € 2|p¢ < 1}. Multiplying
(3.1) on p¢ and integrating the result equations, we get

T 1 1 T

e/ / |V dadt < 7/ |p8|2dx+f/ / |p°?| div u®|dzdt
0o Jo, 2Ja, 2Jo Jo,

1 €12 1 i : €

= |p5|dx + = | div u®|dadt

2 )0, 2Jo Jo,

1 T
f/ |p8|2dx+/ / (14 |Vue?)dadt < C.
2 Ja, 0 Ja,

Then the e-dependent quantities

6/ /Vp6~V¢d:rdt and e/ /(u6®Vp€):V1/)dxdt
0 Jo 0 Jo

on the set 25 = {p® < 1} can be controlled by (3.5)—(3.9),

e/ / |Vp© - Vo|dadt = ﬁ/ / |VeVp© - V| dadt
0 Qz 0 -92

T T
e/ / |Vp6|2dxdt—|—/ / |V¢|2dxdt] —0 (when €—0),
0 .Qz 0 92

(3.15)
e/OT/QQ|(uE®Vp€)sz|dxdt:\/E/oT/92

T T
< Cye // |u€|2dxdt+e/ / Vp€|2da:dt]
0 (o2 0 £22

%()Vgﬁ
VeV -

/ /Q dedt] 0 (when ¢ — 0), (3.13)

dadt

dxdt} — 0 (when e —0). (3.14)

IN

IN

< Cye

(u° @ VeVp©) : w’ dadt
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< Cye

T T
/ / |Vu6|2dxdt+e/ / |Vp|? dzdt| — 0 (when e — 0). (3.16)
0 .QQ 0 92

Next, we can get that the following quantities are relative compactness in
Lebesgue norm L!.

1. p is equi-integrable in L. In fact, we use (3.5) to have

log G pSlog pfdz < C,

‘dx < /
{z€R|pe>G} {z€R]pe>GY

with G € (0,400). So, when G — +00, it gives that sup/ pfdx — 0.
€ [mEQ\pezG]

2. pfu‘ is equi-integrable in L.. In fact, in view of (3.5) and (3.7), we get

[pfuf|dz < / V pelog pey/ptluf|dz
/{169p5u€|>G} legG {z€Q|p>VG}

—= Vot Pde
e /{xemuﬂz@}

1 / , C
< — p° logpedx—i—/ pfluflfdz | < .
Vig G ( {2€ 200 >G} 2 VIog G

Therefore, one gets sup [pfuf|dz — 0 as G — +o0.

¢ /{xeo(peufxz)zc}
3. H€ is equi-integrable in L.. By (3.6), we have

G [H|?dx < / [H|?dz < / [H|?dz < C.
{ze||H|>G} {zeR||H*|>G} 0

So, we get sup |Hf|dz — 0 as G — +o0.

c /{zenH6<z>|>G}

4. u® and H¢ are also equi-integrable in L} ,. Using (3.8) and (3.9), we
obtain that

/ \u\dmdt<—/ lu|® dz dt
{&o)ac(t,2)[>G} {t)|[uc(t,z)|>G}

/ /|u| dzdt < — / /|Vu| dxdt<—

1
/ |H¢| dedt < — [H|? dedt
t,2)|[He (1,2)| > G} G Ji)Be(t2) 20

<7/ /\H5| ddt<—/ /|VH€| ddt<—

Math. Model. Anal., 30(1):17-35, 2025.
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So, as G — +o00, we have that sup/
¢ J{(t.2)|lus(t,2)|>G}

|H¢| dzdt — 0.

|u|dxdt — 0 and
sup/
€ J{to)[He(t,2)|2G}

Now, we use the well-developed framework of parametrized measures asso-
ciated with the family of equi-integrable functions {p¢, u®, H¢}.~( generating
Young measure

Yie € P(Q), aa. (t,z)e (0,T)x 2.

For simplicity, we use the notation p(t,z) = (Y;4;s),u(t,x) = (Y45 v) and
H(t,z) = <Y},x; B>. Now, we perform the limit ¢ — 0 in the weak form of the
approximate system.

For the weak formulation (3.10) of continuity equation, in view of (3.13)
and (3.15), the last term in (3.10) vanishes as e — 0. So, we have

/ (Yrai8) o(7,)dz — / (Yo.2:5) (0, -)dz
2 o}

= / /Q |:<}/:t7w; 5> O + <Yt,I; sv> V(b} dzdt
0
for any ¢ € Cl([O’T] % f))

Using the no-slip boundary conditions, the viscous dissipation term can be
rewritten in the following form

/ /S(Vué) s Vudadt
0o Je
T € t. € 2 : € : €
= u| Vu® + Via —gdlvu]l +ndivul| : Vu)dadt
0 Jo
:/ / [MVu€|2+ <“+n) | div uef?
0o Jo 3
= / / (,u|VuE|2 + Al div u6|2) dzdt,
0o Jo

where A = £ +n > 0. For energy inequality (3.4), in view of the L'— bounded-
ness in (3.5)—(3.9) and, one gets that

1 €,4€]2 A(pe)'y
M

dzdt

+ %\HE|2 — B weakly- (%) in L2, (0,T; M(£2))

weak

with non-negative measure Fo, = F — <Yt,z3 1s|v®+ % + %\B|2> dx;

p|Vuc? + A divu‘|? + v|VH|> = o weakly- (¥) in MT([0,T] x 2)
with non-negative measure
‘2

2 2
Goo =0 — (M‘WYM;V)‘ + A |div (Viasv)[ 40|V (V0 B)| )dxdt.
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Then, we may perform the limit € — 0 in the energy inequality (3.4) obtaining

[ (i ol 4 55 4 SR ) da D7)
//(u‘v Yiui v ‘ +A‘div<yt,z;v>‘ +V‘V<Yt’x;B>’2> dzdt

As?
g/ <Y0,m;s|v|2 5 |B|2>dw
17 2 v—1

with D(1) = Ex(7)[2] + 05[]0, 7] x 2] for any 7 € [0, T].

For the weak formulation (3.11) of momentum equation, noting that
[p¢ (u @uc)| < pfluf|? and |H® @ H¢| < |H¢|?, using (3.14), (3.16) and the
equi-integrability of other terms, we derive from Lemma 2.1 in [6] that

/ < 7_»L,SV> w de—/ <}/O,173V>w(07)dx
Q )
://(<Ym;sv>.at¢+<yt)$;s(v®v)>:Vw-i—A(}/m;s”)divw) dadt
0JN

7/7/ <<Ym;B®B>:V¢;<Yt,x;B|2>divw> dzdt
0 2
_/OT/Qg(vu):Vzpdde/oT (rV; v dt

for any ¢ € C'([0,T] x 2) with |, = 0, where the measure |7”V(T)| =

{riV,j(T)}ijzms < CEu(n), {r;(N} € L3 (0.T:M(2)) for ae. 7 €

(0,7).
For the weak formulation (3.12) of magnetic field equation, noting that
lu¢ x H¢| < 1(Ju‘|? + |H¢|?), we can obtain that

/<Ym,B dx—/ (Yo.u;B) - ,-)dx:—/OT<TH;Vw>dt

/ / <Y}x, 8tw+<Ym,v><B>:wa—uVH:Vw}dxdt

for any w € C*([0,T] x £2) with w|,, = 0, where the measure

] = [0}

for a.e. 7€ (0,T).
For generalized Poincaré’s inequality, we have

//<Yt7z;|v—u\2+|B7H|2>dxdt
0 2

= lim/ / (|uf —u? +|H - H|2) daxdt
e—0 0 0
<C lim/ / (\vue — Vul? + |VH — VH|2) dadt < CD(7).
2

e—0 0

< OBue (), {rf(r) } € L%, (0.T: M(2)

Math. Model. Anal., 30(1):17-35, 2025.
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4 Proof of Theorem 2

We assume that (p, 0, ﬁ) is a strong solution to the compressible magnetohy-
drodynamic equations, satisfying

Op + div(pa) = 0, (4.1)
1 S |

O+ (0~ V)a+ Ayp'?Vp = E(v x H) x H + 5 divS(Va), (4.2)

OH -V x (uxH)=vAH, divH=0 (4.3)

with the property (2.4)—(2.5).
Now, we introduce the following relative entropy inequality for the measure-
valued solutions to the compressible magnetohydrodynamic equations,

Emw(T) = Emu(p, u, H|p, 4, I:I) (7)

1 ~
v, (57 =275 =)= ) + 5IB ~ FE ) da

s

1
I;§S\V—ﬁ|2—|— —

_ oo AT g\, .

= <Y7_7_T, 25\v| + po— + 2\B| >dz /Q <YT,z,sv> udx
1 _ Aypr !
o Y‘r x; 2d _/ Y'Fﬁ;

/_Q 2 < ’ S> |u| T _Q< ’ 8> ,Y _ 1

—/ <Ymﬁ;B>~I:Idx+/ 1|I:I|2dx. (4.4)
2 _(22

dx—i—/ Apdx
Q

Take ¢ = 11 as a test function in momentum equation (2.2) to obtain that

_/Q<ym;sv>.ﬁ(7,~)dx+/Q<Yo,x;SV>'ﬁ(Ow)dfﬂ

= 7/ / <<Yt7r;sv> -0a + <Yt,m;s(v ®v)> : Va+ <Yt,m;A5“’>divﬁ) dadt
0JN
+/ / (<Y}I;B®B>:Vﬁ—1<th;|B2>divﬁ) dzdt
0o Jo ’ 2\ "
+ / / S(Vu) : Vadzdt + / <r";va> dt.
0 (9] 0

~12
Next, we use ¢ = % as a test function in continuity equation (2.1) to yield
the following equality

[ (e gelit?) (e = [ (Yo golil? ) 0.
o\ 2 o\ 2

:/ / [<Yt,r;5ﬁ> O+ (Yizs0@v) Vﬁ} dzdt,
0o Jo

where we have used sv -V (“12‘2) = s(®v) : Va. Similarly, we chose test
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function ¢ = Ayp?~1/(y — 1) in continuity equation (2.1) to yield that

Ly Ay | Ay
_/Q<YT’I7S> po— (T,-)dx—i—/9<Yo’x,s> o) (0,-)dz

= —/ / [<}/t,x; s) AypY 20,5 + (Y a38v) - A'ypNV’2Vﬁ} dxdt.
0o Jo

From Equation (4.1), one gets that

[ arode = [ A= [ [ Ao o
(9] (9} 0 (%}

Using H as a test function to the equation of magnetic equation, one gets
that

/(YTI,B> H(r, )dx+/r2<%,w;B>~fI(0,-)dx

// (Yia:B) -0 H + (V,,;V x (v x B)) - H)]dxdt

+u/ /VH:Vdedt+/ <rH;vﬁ>dt
0 2 0

Recalling that the smooth functions H and @ solve (4.3), we use I:I’BQ =0
to deduce that

3 | ARG [ AR
= —y/ / |VH|? dz dt +/ V x (@ x H) - Hdzdt. (4.5)
0 2

Combining (2.3) with (4.4)-(4.5), we obtain that

Emw //SVu (Vu—Va) d:z:dt—i—/ /V|VH|2dxdt

1 A v
< / <Yo,z;2 L5727 (5 0) -7+ 5B FLf?  do
] :

_/0 /Q (<y;’x; sv) - O+ (Y as(vev)) : Vﬁ) dadt

K
+/T/ [(K,w;sﬁ>atﬁ+<nw;sﬁ®v> : Vﬁ} dzdt
0 Jo -
- / ' / [<Yt,x;8> Avﬁ”’zatﬁJr(Y;,x;sv)~Aw~ﬂ*2w} dadt
0 Jo .
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/ /Avp Youp dxdt—/ / th,As >d1vudxdt
+/ / (<Ym;B®B>:Vﬁ—<Ym;|B|2>divﬁ> dadt
0o Jo ’ 2\

Ks
// (YiriB) - OH + (Y;; V x (v x B)) - )}dxdt
Kg
+/ /Vx(ﬁxI:I)-I:Ida:dt—i—u/ /VH:VI:Idxdt
0 2 0 9]

K7

I//OT/Q|VI:I|2 da dt+/0T <rV;va> dt+/0T <rH;vf{> dt.  (4.6)

Using the momentum equation (4.2), we have that
K+ Ky = —/ / <Ym;s(v - ﬁ)> - Oyudxdt
0o Jo
— / /<Ym, s(v—u) ® v) : Vadzdt
0Je
—/ / (Yig;s(v—1u)® (v—u)): Vadzdt
0o Jo
+ / / (Viass(v — ) - Ay =2V pdadt
0o Je
T 1 ~ ~
- / / (YViai(s—p)(v—i1))- = ((v x H) x H + divS(Vﬁ)) dadt
0o Jo P
- / / (Vierv—it) - ((VxFD) ) dadr s / / S(Vid) : (Vu—Vit)dadt
0J2 0J2
< C/ Emau(p, u7H|ﬁ7ﬁ7ﬁ)(t)dt+/ /(Yt@; s(v—1)) - Ayp" 2V pdadt
0 0Je
T 1 - -
- / / (Yia;(s—p)(v—1)) = ((V x H) x H+ diVS(Vﬁ)) dadt
0Jn P
- / /<Ym .- VH- (v—ﬁ)> dxdt+/ /<Yt,x; (v—i1)-VH - H> dadt
0/ 0/
+ / / S(Vi) : (Vu — Vi)dzdt.
0o Je

Using the equation of continuity (4.1), we get that

Ks+ Ky = —/ / (Yi,05 As7) div udadt — / /A'yﬁ'y_ldiv(ﬁﬁ) dzdt
) 0J0

+ / / (Y23 8) Ayp? 2 div(pu)dadt— / / (YVi,0:8v) - Ayp? *Vpdadt
0 2 0J0N
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T
= —A/ / <Yt,x; sT —yp T (s — p) — ﬁ7> div adzdt
0 2
T
— / (Via;s(v—mu))- Aypr 72V pdadt
0 2

< C/ Emp(t)dt — / / (Yio;s(v—1)) - AypY 2V pdadt (4.7)
0 0o Jo

due to

- / / Avyptdiv(pa) dedt = — / / Ayp? diva dzdt
0 2 0 (9
—/ /Aym—l a-Vp dxdt:—/ /A(y—l)ﬁ"’divﬁ dadt.
0 2 0 2

Using the following calculus formulas
V x(axb)=adivb—bdiva+ (b-V)a—(a-V)b
and the magnetic filed equation (4.3), by integration by parts, we deduce that

T 1
Kg,:/ /<Yt,z;B®B:Vﬁ—|B|2divﬁ>dxdt
0 2 2
T 1
:/ /<th;B.Vﬁ-B|B|2divﬁ>d;cdt,
o Jo\ 2

—/ /(YM;B>- |V x (@ x H) + vAH] dadt
0 (9]
7/ /<Y}7m;V><(v><B)>-I:Idxdt
0 2
f/ /<Yt,x;ﬂ~Vﬁ~Bfﬁ~VI;I~B7B~I;Idivﬁ>dxdt
0 2
+u/ /VH:Vﬂdxdt+/ (YiasB-VH:v—v.VH-B) dzdt,
0J 2
T 5 B 1 .
K7:/ /(H-Vﬁ~H—§|H|2divﬁ)dxdt. (4.8)
0 2

Let m = (V x H) x H + divS(Va). Putting (4.7)(4.8) into (4.6), we have
that

5mv(7)+2>(7)+/ /V|VH—vfI|2dxdt
/ / (Vu) va)) : (Vu— Va)dzdt
4 -1 5 =Y 1 T 12
= YO“” S‘V | "’71(5 —YPq (s = P0) = pg) + 5B —Ho|" ) du

+C/ Emn(t dt—/ /<Y}x, v—u)> —da?dt
// Vi H - VH- (v—i) dxdt+// Y0 (v—it) - VH - H>d:cdt
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+

1
<Yt,x; B-Vi-B - 3|Bdiv ﬁ> dzdt

<ym;ﬂ.vﬁ.B_ﬁ.Vﬂ-B—B-ﬂdivﬁ>dxdt

+

|
S—ST— 5

<m,w;B-vﬁ-v—v-vﬁ-B>dxdt

+
B‘
S~

e

Vit - ﬁ—%|ﬁ|2 div ﬁ)dxdt—f—/OT<rv; Vﬁ> dt+ /OT<7”H; vﬁ> dt

1 3 A o L 1 .
Yo, §s\v—uol2+ﬁ(s”—7pg (s —po) — pg) + 5\3 - Ho|2> dz

T

+ I
Q Q
o\/\

& Hp 0 )0 | ' [ (issls = ) = ) - o

3

S— 5— 5

+

<Yt7x; (B-H)-VH- (v — ﬁ)> dadt

<Ym; (v—i) VH- (B - ﬂ)> dadt

+

S— S— 55—

<Yt,m; (B-H) Vi (B - ﬁ)> dadt

<Ym.; ;|B—I:I|2> div adzdt+ /OT<7"V; Vﬁ> dt+ /OT<7‘H; VI:I> dt

1 . A . . T
<Yo,x; goIV =P+ (57 g H(s=p0) = 3)+5IB — Hy|* ) dz

T

Il
S~
S—

+ C/ Emu (t)dt 4+ Ri1+Ro+ Rz + Ry, (49)
0
where

Ri== [ [ (Giails = pv - @) Zaaatr,
Rg:/OT/Q<YW;(B—III)-Vﬂ-(v—ﬁ)>dxdt
—/OT/Q<Y,5J;(V—1~1)~VP~I~(B—ﬂ)>dxdt,

Rg:/OT/Q<YW;(B—IEI)-Vﬁ-(B—ﬁ)>dxdt

T 1 -
—/ /<Y;7$;B—H|2>divﬁdxdt,
0 (7 2
R :/ rV; Vi dt+/ rf.VH) dt.
1= ) (ravajaes (V)

Now, we begin to estimate R;(i = 1,2,3,4). We rewrite Rq to

Rlz—/OT/Q<Y}@;(s—p~)(v—ﬁ)>~r;)ldacdt
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! m
- (Vewi (s — D)(v — ) - Tdads
{0<s<p/2hU{5/2<s<27} p
/ / (Yio;(s—p)(v—1))- —dxdt. (4.10)
{s>2p}

Similar to [7], we use Holder’s inequality, Sobolev’s inequality, and a Korn-type
inequality to get that

/ / (Yrzi (s — p)(v — 1)) - =dadt
{0<3<P/2}U{P/2<5<2P} p

H /gmv( dt+6/ / Y, ui v — >d:z:dt
C([0,T]x 2)
<O(5)/ Emu(t dt+5/ / m,|v—u|2+|u al? >dxdt

/ Emu(t)dt + 5/ S(Vu) — S(Va)) : (Vu — Va)dzdt + 6D(1)
7

for any 6 > 0. Here, we have used the following equality:
/ (S(Vu)—S(V@d)) : (Vu—Va)ds = / (,u|Vu—Vﬁ|2+)\| div u— div ﬁ|2) da
¢ Q
On the other hand, it is easy to find that the following inequalities

s—p
s

1_
s2° 2

<C

S (s ) - ll —(+1) (;)]

hold for s > 2p > 2p > 0 and v > 1. Then, using Holder’s inequality, we have
that

‘_ /OT /{szzﬁ} (Yrai (s = p)(v—1)) - ; M

< // Y‘r,m;
0 J{s>25}
gonmnc([ojw)/o /{ . <Y77m;57+s|vfﬁ|2>dxdt§C’/ova(t)dt.
$>25

For Rs, we deduce from Holder’s inequality and Soblev’s inequality that

R2§2HVFIH //<YT7$;|B—fI\|v—ﬁ|>dasdt
c(o,11x2) Jo Jo

) /O /Q (S(Vu)=S(Vir)) : (Vu — Va)dzdt 4 6D(1) + C(9) /0 (1)t

s—p 1
p’sQ_’zy

P ~s%(v - ﬁ)> B zdt
sp

p

for all § > 0. For R3, we get that
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w
!

Rs3 SCHVﬁHC([o,T]xQ)/ va(t)dtSC/ Emp(t)dt
0 0

for all § > 0. Moreover, in view of the Definition 1, we have that

R4 < C([IVUll oo 1<) + ||Vﬂ||c([o,T]x§))/0 D(t)dt < C/O D(t)dt.
(4.11)

Combining (4.10)—(4.11) with (4.9) and using the smallness of 4, one gets that
1 (7 N
0o Jo

+; /O ' /Q (S(Vu) — S(V@R)) : (Vu — Vir)dadt

1 . A - | .
S/ <Yo,x;28v—Uo|2+ (s” —vpg 1(s—po)—08)+|B—H02>dx
0 v—1 2

+C / [Emu(t) +D(t)] dt. (4.12)
0
Applying Gronwall inequality to (4.12), we conclude the proof of Theorem 2.
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