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1 Introduction

Let s = 0 + it be a complex variable, and 0 < « < 1 a fixed parameter. The
Riemann zeta-function ¢(s) and Hurwitz zeta-function ((s, @) are defined, for
o > 1, by the Dirichlet series

=Y e and (o)=Y e
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and have analytic continuations to the whole complex plane, except for a simple
pole at the point s = 1 with residue 1. These functions play an important role
in pure mathematics, and have various applications in other natural sciences.
One of common feature of the functions ((s) and ((s,«) (for some classes of
parameter «) is their universality. Let D = {s € C: 1/2 < ¢ < 1}, K be the
class of compact subsets of the strip D with connected complements, H(K),
K € K, class of continuous functions on K and analytic in the interior of K,
and Ho(K) the subclass of H(K) of non-vanishing on K functions. Then,
it is known [1, 18, 20, 29, 39] that there are infinitely many shifts {(s + 1),
7 € R, approximating every function f(s) € Ho(K). Similarly, the set of
shifts ((s + i7,a) with rational or transcendental « approximating a given
function f(s) € H(K) also is infinite [1,27]. Discrete shifts ((s+ikh) and ((s+
ikh, ) with fixed h > 0 and k& € N have an analogical approximation property
[1,15,16,19,33,37]. The case of algebraic irrational « is more complicated, was
discussed in [2], and the best results were obtained in [38].

H. Mishou in [35] obtained a joint universality theorem for {(s) and (s, «)
with transcendental . Denote by measA the Lebesgue measure of a measurable
set A C R. Then, the Mishou theorem is the following statement.

Theorem 1. Suppose that the parameter « is transcendental, K1, Ko € K and
fi(s) € Hy(K1), fa(s) € H(K3). Then, for everye >0,

1
lim inf —meas {T €[0,T]: sup [{(s+1i1) — fi(s)] < ¢,
T—oo T seK1

sup |((s +iT,a) — fa(s)] < 5} > 0.
seKo

The problem of algebraic parameter o was discussed in [17].
A discrete analogue of Theorem 1 was proved in [6]. Denote by #A the
cardinality of a set A C R, and define the set

L(P,a,h,m) ={(logp: p € P), (log(m + «) : m € Ny),27/h},

where P and Ny are the sets of all prime and non-negative integers, respectively.
Then the main result of [6] is

Theorem 2. Suppose that the set L(P, o, h, ) is linearly independent over the
field of rational numbers Q. Let Ki1,Ks € K and fi(s) € Ho(K), fa(s) €
H(K). Then, for every e >0,

#{Osk@v: sup [C(s + ikh) — f1(5)] <,

lim inf
N—o0 seEK;

N +1

sup |C(s +ikh,a) — fa(s)] < s} > 0.
sEKo

Generalizations of Theorem 2, including a weighted version, were given
in [7,14] and [34].

The periodic and periodic Hurwitz zeta-functions are generalizations of the
Riemann and Hurwitz zeta-functions, respectively. Let a = {a,, : m € N}
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and b = {b,, : m € Ny} be two periodic sequences of complex numbers with
minimal periods ¢; € N and g2 € N, respectively. The periodic zeta-function
¢(s;a) and periodic Hurwitz zeta-function ((s,a;b), 0 < o < 1, are defined,
for o > 1, by the Dirichlet series

[} a 00
C(S, a) = Z e and C(S Qg b Z m
m=1 m=0

The periodicity of the sequences a and b implies, for ¢ > 1, the equalities

q1 q21
((s;0) = ;Zlc( i) end  ((s,a:b) = szc( l*‘)‘)

1= 1=0

which give the meromorphic continuations for the functions ((s;a) and ¢, «; b)
to the whole complex plane, and

g2—1

Res( s;a) Zal and ReSC s, a; b) Z by.

We recall that the sequence a is multiplicative if a1 = 1 and a = aman
for all (m,n) = 1. The case of a multiplicative sequence was treated in [31].
Discrete universality for {(s; a) can be found in [3,13]. Universality of {(s, «; b)
with various types of the parameter o was considered in [8,11,28]. A version
of the Mishou theorem for periodic zeta-functions ((s;a) and ((s,a;b) was
obtained in [12].

Theorem 3. [12]. Suppose that « is transcendental number, and the sequence
a is multiplicative. Let K1, Ko and f1(s), fa(s) be the same as in Theorem 1.
Then, for every e > 0,

1
lim inf —meas {T €1[0,T]: sup |{(s+it;a) — f1(s)] <c¢,
T—o0 T S€K1

sup [C(s + iy a5 b) — fa(s)| < a} >0,
SEKo

The discrete version of Theorem 3 was presented in [13]. Define the set
L(P; 0, hy,hae,m) = {(h1logp: p € P), (halog(m + a) : m € Ny), 27},
where hy and ho are positive numbers.

Theorem 4. [13]. Suppose that the sequence a is multiplicative, and the set
L(P; «, hy, ha, m) is linearly independent over Q. Let K1, Ko and f1(s), fa(s)
be the same as in Theorem 1. Then, for every e > 0,

lim inf

< <N i ; - ’
im in N+1#{O k sup |((s +ikh;a) — fi(s)| <e

seKq

sup |C(s + ikh, a;6) — fo(s)] < s} >0,
seKo

Math. Model. Anal., 29(2):331-346, 2024.
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The aim of this paper, is an extension of Theorem 4 for certain absolutely
convergent Dirichlet series related to the functions ((s;a) and (s, a; b).
Let 6 > 1/2 be a fixed number. For u > 0, set

vy (M) = exp {— (m/u)g} , meN,
va(m, 0) = exp {~ ((m+a)/u)’}, meN,

where exp{a} = e®. Define the series

Gl = 3 g (s = Y D)
m=1 m=0

Since v, (m) and v, (m, ) are exponentially decreasing with respect to m, and
am and b, are bounded, the latter series are absolutely convergent for o > o
with arbitrary finite og.

The first universality results with certain ur — oo for (. (s;{1}) were
obtained in [21], and discrete version in [32]. The case in short intervals
was treated in [23]. A generalization of the above results for (,,(s;a) with
multiplicative sequence a was presented in [9] and [10]. Similar problems for
Cur (8,05 {1}) and Cu, (s, ;) were discussed in [26] and [5]. The papers [22]
and [24] are devoted to extension of Mishou’s theorem for absolutely convergent
Dirichlet series. In [25], the case of Dirichlet series connected to zeta-functions
of certain cusp forms was considered. We also mention the work [30] devoted
to the universality of absolutely convergent Dirichlet series with generalized
shifts.

We recall a theorem from [4] which extends the Mishou theorem for ¢, (s; a)
and (. (s, a; b) with up — oo. For its statement, we need some notation and
definitions. Denote v = {s € C: |s| = 1}, and define the sets

n=]]w and 2= ][ m

peP meENg

where v, = v for all p € P and v,, = « for all m € Ny. The tori {2, and
(25 with the product topology and operation of pointwise multiplication are
compact topological Abelian groups. Hence, {2 = 21 x (25 also is a compact
topological group, therefore, on (£2, B(£2)) (B(X) is the Borel o-field of the space
X), the probability Haar measure my exists, and we have the probability space
(£2,B(£2),mp). Denote by w = (w1,w2), w1 = (w1(p) : p € P), wa = (wa(m) :
m € Ny), the elements of 2, and extend the elements wy(p) to the set N by the
formula
wim) = ] wi). meN.
ptlm
p“rlhn,

Let H(D) stand for the space of analytic on D functions endowed with topology
of uniform convergence on compacta. On the probability space (£2, B(£2), mg),
define the H?(D)-valued random element

C(S, Q, W, ws; a, b) = (C(s7w1; a)a C(Sv Q, Waj b)) )
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where

L 2 amwi (m) N — bmws(m)
C(S,Wl,a) —7nZ:1 ms and C(S7OZ7WQ,b) _TnZ:O(m_Fa)s

The main result of [4] is the following theorem.

Theorem 5. [4]. Suppose that the sequence a is multiplicative, « is tran-
scendental, and ur — oo and ur < T? as T — oco. Let Ki,K> € K and
fl(S) S Ho(Kl), fQ(S) € H(KQ) Then the limit

1
lim —meas {7‘ €[0,T): sup |Cup(s+it;a) — f1(s)] < &1,
T—oo T se€K;

wp@A&wnmm—ﬁ@n<@}
seKo

=mﬂ{whm>eﬁzggmwwuw—ﬁ@n<m7
seKq

mmK@ﬂwm@—h@N<®}

seKo
exists and is positive for all but at most countably many 1 > 0 and €2 > 0.

Here, and in what follows, the notation x <y y, y > 0, means that there exists
a constant ¢ = ¢(6) > 0 such that |z| < cy.
We extend Theorem 5 to the discrete case by using the set L(IP; o, hy, ho, 7).

Theorem 6. Suppose that the sequence a is multiplicative, the set L(P;a,
hi,he,m) is linearly independent over Q, and uy — oo and uy < N? as
N — oo. Let K1,Ky € K and fi1(s) € Ho(K1), fa(s) € H(K3). Then, the
limit

. 1 .
J\}E)nmm# {0 <k N: Sseuig)1 [Cun (s +ikhi;a) — f1(s)| < eq,

sup |Cuy (8 + ikha, a;b) — fa(s)] < 52}
seKo

=mg {(wl,wg) c: su}() [C(s,wr;a) — f1(s)] < e1,
SEK

WPK@awmw—h@)<@}

seKo
exists and is positive for all but at most countably many 1 > 0 and €5 > 0.

We observe that the set L(P; a, hy, ha, ) is non-empty. We recall that the
numbers 71, . .., 7, are algebraically independent over Q if it does not exist any
polynomial p(s ...,s,) # 0 with rational coefficients such that p(m,...,n,) =
0. The Nesterenko theorem asserts [36] that the numbers m and e™ are alge-
braically independent over Q. From the latter theorem, it follows that the set

Math. Model. Anal., 29(2):331-346, 2024.
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L(P; 1/7, hy, ho, m) with rational positive hq and hs is linearly independent over
Q. The Nesterenko theorem implies the transcendence of the numbers 7 and
e™. Suppose, on the contrary, that the set L(P;1/m, hy,ho, ) is not linearly
independent over Q. Then there exist integers ki,..., k&, , /151, . ,Em, and %,

not all zeros, such that

kihilogpi + ... + ky hylog pr, + kihglog (my + 1/70) + . ..
+7€\T2h2 1og (My, + 1/7) + kw = 0.

Hence,
s 7 T T
P pt (my + 1/m) (g, + 1) 2 T =1
with some integers i1, ..., lAl, . ,l:z andZN, and this contradicts the algebraic

independence of the numbers 7 and e™. Similarly, the equalities

kihilogpi + ...+ k., hylogp,, —i—Elhg log (m1 +1/m) + ...
+ ki, ha log (my, + 1/7) = 0,
kihilogpi + ... + k. by logpr, -‘r%ﬂ' =0
contradict the transcendence of the numbers 7 and e™, respectively. Moreover,

it is well known that the set {logp : p € P} is linearly independent over Q,
therefore, the equality

kihilogpi + ...+ kr hilogp,, =0

gives again a contradiction.

A proof of Theorem 6 is probabilistic, it is based on a limit theorem in
the space H?(D) for periodic zeta-functions obtained in [13]. Moreover, the
application of a limit theorem requires a certain estimate in the mean for the
metric in H2(D).

2 The main equality

We start with recalling the metric in H2(D). For g1, g2 € H(D), let

1 Sk, l91(s) = g2(5)
, — 2l l ,
plo1.2) E L+ SUD,e c, [91(5) — 92(5)]

where {K; : | € N} C D is a sequence of compact embedded set such that D is
the union of the sets K, and each compact set of D lies in some K;. Then, p
is a metric which induces the topology of uniform convergence on compacta in
the space H (D). For g, = (911, 912), 1 = 1,2, let

Pz(gl,QQ) = max (p(g11, 912), p(921, g22)) -

Then, ps is a metric in H?(D) inducing the product topology.



A Discrete Version of the Mishou Theorem 337

In this section, we consider the mean value of the distance between ((s +
ikh,a;a,b) and guw (s +ikh, a; a,b), where
((s +ikh,a;a,b) = (C(s +ikhy;a),((s 4 ikh, a; b)),
Cun (s +ikh, o;a,b) = (Cup (s + ikh1;a), Cup (s + ikh, a; b))

and h = (h1, ha). For this, we apply the following lemmas.

Lemma 1. Suppose that uy — 0o and uy < N? as N — co. Then, for every
hi1 >0,

N
: 1 Z . :

The lemma is Lemma 1 from [10].

Lemma 2. For every fized 0 > 1/2, ha > 0 and t € R, the estimate

N
> " [¢(o +ikha + it 05 )] <06 N(L+ [t])
k=0

is valid.
A proof of lemma is given in [13].

Lemma 3. Under hypotheses of Lemma 1,
N_mo N1 Zp (s + ikha, a; b), Cuy (s + ikha,a;6)) =0

Proof. 1In virtue of the definition of the metric p, it is sufficient to show that
the equality

1
1 ] N =
Nm E sS»IElIIz'K (s + tkha, a;a) — Cuy (s + ikho, o b)| = 0

is true for every compact set K C D. Using the Mellin formula
1 a+100

— I(z)b*dz=e", (2.1)

2mi a—1i00

where I'(z) denotes the Euler gamma-function, and a,b > 0, leads, for o > 1/2,
to the integral representation
1 0+4ioco
Cun (8, 050) = 5 / C(s+2z,050)ly,(2)dz, (2.2)

6—ioc0

where 6 comes from the definition of v, (m, «), and
1 z\
iy (2) = 5T (=) ui.

Math. Model. Anal., 29(2):331-346, 2024.
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Actually, in view of (2.1),
1 0+ioco 1 1

Py 1 0+ico 5 m+ a (—=/0)0
— T dz = — r(: d
270 Jy_joo (M4 )* 6 (0) uy dz = 2mi (9) < uN > -

= exp {— ((m+ a)/uN)e} .

Therefore, since 8 + o > 1 for 0 > 1/2, we have

6—ico

O+ioco OO

1
CUN (870[, b) - Tm /9_7;00

1 0+ioco

b Uy (M, )

(m + a)st= un (2) dz

m=0

Cls+z,050)ly, (2)dz.

2mi 0—1io00

Fix a compact set K C D. Then, there exists a number 0 < § < % such that
1/2426<o<1—-dfors=c+ite K. Let 0 =1/24+5and 6, =1/2+0—o0.
Then, —1/2 + 20 < 61 < —0. Therefore, the integrand of (2.2), in the strip
01 <o <0,has a sunple pole at z = 0 and a possible simple pole at z =1 — s.
Hence, by the residue theorem, we find, for s € K,

1 61+ic0
Cun (8, 050) — (s, 50) = — / C(s+ z,a; )l (2)dz + Ry (s, a; b),
27TZ 01 —ioo
where
0 if rdéfRfls(j(s,oz; b) =0,
rlyy (1 —s) otherwise.

Ry (s,a5b) = {

The latter equality, for s = o + it € K, gives

Cuy (8 + ikho, a; b) — (s + ikha, a; b)

1
“om
+ Ry (s +ikhga, a; b)

o 1 1
C<2+5+it+ikh2+i7,a;b)luN (2+5—U+iT) dr

sup
seK

<</ ’C<;+5+ikhg+i7,a;b)

luy <;+5—s+ir>‘ dr

+ sup |Rn (s + ikha, a; b)).
seK

Therefore,

N
Z p|§s+zk‘h2,ab) Cun (8 +ikha, a; b)]

N
> 1
<</_Oc <N+1,§=0|C( / +6+zkzh2+27,a,b)|>

x sup [lyy (1/24+6 —s+i7) |dr
s€EK

N

1
+N—HZSEE|RN(s+zkh2,a b)| < Iy + Sy (2.3)
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For estimating of the integral Iy, we apply Lemma 2. The Cauchy-Schwarz
inequality and Lemma 2 yield

N

——— ) _|¢(1/2+ 6 + ikhy + iT, 03 b) |
N+14

N 1/2
1 . . . 2 1/2
< <N+1 kzzo|§(1/2+5+zkh2+w,a,b)| ) < (14 |TDY2 (2.4)

By the definition of I, (s), using the classical bound for the gamma-function
I'(o +it) < exp{—c(1+ [t))}, ¢>0, (2.5)

which is uniform in o lying in every fixed interval [o1, 03], we find that, for
se K,

. c
luy (/240 —s+i7) <5 u}\{z% exp{—§(1—|—|7-—t|)}
<5,K u]_\,‘S exp{—c1|T|}, ¢ >0,

because of boundedness of ¢t. This and (2.4) show that

oo
IN <6 .hy o0, K Uz_vé/ 1+ |7))"/? exp{—c1| 7|} T s hg a0, Uy~ (2.6)

— 00

By the definitions of Ry (s, a;b) and I, (s), and (2.5), for s € K, we have
Ry (s +ikha,a;b) <506 uy 7 exp{—ca(1 + khalt])}
<5,0,0,K u%%% exp{—C3(1 + k‘hg)}7 co,c3 > 0.

Therefore,

N
Z exp{—c3(1 + kha)} <5,0,6,K U}V/Q_%

k=0

_os 1
Sy <5 U%Q %N

log N 1 _oslog N
><< ng +N Z eXP{Cgkh2}> <5,0,0,K ha U}V/Q 2 ;gv .

k>log N

Thus, in view of (2.6),
_o5log N
IN + SN Ko haai Uy +uy’ 25%~
Since uy — oo and uxy < N2, this shows that
lim (Iy + Sy) =0,
N —o00
and, by (2.3), the lemma is proved. O

Now, we state the main result on the closeness of ((s, a; a,b), QuN (s,a;0a,b).

Math. Model. Anal., 29(2):331-346, 2024.
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Lemma 4. Suppose that uy — 0o and uy < N? as N — co. Then, for every
positive hy and ho,

N

1 . .
Jim kzz:opg (g(s +ikh, 0;0,0).C, (s + ikh, o0, b)) —0.

Proof. By the definition of the metric ps, it suffices to prove that

N

. 1 . .
Jim e k;p (C(s +ikhy; ), Cuy (s + ikhi;a) =0

and
N
lim 5" p(C(5 + ik, 05 ), Cu (5 + ikha, a3 5)) = 0
N_>OON+1k:Op PERC y Sun 2, Gty .

Therefore, the lemma is consequence of Lemmas 1 and 3. O

3 Limit theorems

Recall that H (D) is the space of analytic on D functions. The proof of Theo-
rem 6 relies on a discrete limit theorem for QUN (s,;a,b) in the space H2(D) on

weakly convergent probability measures. For brevity, let P be the distribution
of the random element ((s, a,ws,ws; a,b), i.e.,

Pe(A) = my {(w1,ws) € 2:((s,a,wi,wa;a,b) € A}, A€ B(H*(D)).

For A € B(H?(D)), define
Py(A) = —#{0<k < N:((s+ikh asa,b) € A}

Lemma 5. [13]. Suppose that the set L(P; «, hy, ha, ) is linearly independent
over Q. Then, Py converges weakly to FPc as N — oo.

Lemmas 4 and 5 lead to a limit theorem for (,, (s,a;a,b). Let, for A €
B(H*(D)),

1

PNMN(A) = m

#{o <k<N:¢, (s+ikhasab) e A}.
Theorem 7. Suppose that the set L(P; a, hy, ho, ) is linearly independent over

Q, and uy — o0 and uny < N? as N — co. Then, Py .y converges weakly to
P as N — oo.

Proof. Let {y be a random variable defined on a certain probability space
(£2,B(12), 1) and having the distribution pu{{x=k}=1/(N+1), k=0,1,..., N.
We will use the equivalent of weak convergence of probability measures in
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terms of closed sets, namely, if P and P,, n € N, are probability measures on
(X, B(X)), then P,, as n — oo, converges weakly to P if and only if

limsup P, (F) < P(F)

n— oo

for every closed set F' C X. Fix a closed set F' C H?(D), £ > 0, and define the

set
Fsz{geHQ( : 1nf {pz(g g) < }}
Then, the set F. is closed as well. Deﬁne two H?(D)-valued random elements
Xy =Xn(s) =((s+inh,a;a,b), Y =Y y(s) = Cun (s +i&nh,a;a,b).

By the definition of the random variable {x, the random elements X 5y and Y
have the distributions Py and Py, , respectively. Moreover,

YyeF}Cc{XyeFtu{pXy Yy)>c}

Hence,
u(Fe) < p(F) +p{p2(Xyn, Yy) > e},
Py (F2) < Py (F) 4+ p{p2(Xy. Y y) 2 €} (3.1)
By Lemma 5 and equivalent of weak convergence in terms of closed sets,
limsup Py (F) < P:(F). (3.2)
N—oc0 -

Moreover, Lemma 4 implies that

lim sup XN, Y e} = limsup
. wlp2(Xy,Yy) > e} NP N

P2 (C(s +ikh, a;a, b),(u (s + ikh, a;a, b)) > 5}

#@gng:

h]{fnjgopeN—i—l Zpg( (s +ikh, a;a,b), Cun (s+ikﬁ,a;a7b)):

Thus, in view of (3.1) and (3.2),
limsup Py (F.) < P(F).

N—oc0 -

Letting ¢ — +0, we obtain limsupy_, oo Pnuy (F) < P¢(F), and this together
with equivalent of weak convergence in terms of closed sets proves the theorem.
O

Theorem 7 implies the weak convergence for the corresponding probability
measures in the space R?. For A € B(R?), define

Qwan(4) =t {0 < ks (s 1 (4 ibTze) = )L,

seK

sup |Cuy (s + ikhe, a; b) — f2(5)|) € A} .

seKo

Math. Model. Anal., 29(2):331-346, 2024.
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Corollary 1. Suppose that the set L(IP; o, by, ho, 7) is linearly independent over
Q, and uxy — 0o and uy < N? as N — co. Let K1, Ky and fi(s), f2(s) be as
in Theorem 6. Then Qn ., converges weakly to the measure

mar o) € 2 (sup [0(ssnia) = Fo)

seK

sup [(s, w5 ) — fols >) } AcBR?), (33)

seEKo

as N — oo.

Proof. Consider the mapping u : H?(D) — R? defined by

u(g1,92) = <sup lg1(s) — 1(s)|,sseu11(> l92(s) —fz(S)I), g1.92 € H(D).

sEK

Then, the mapping u is continuous. Actually, suppose that (gn1,gn2) —
(91,92) as N — oo in the space H?(D). Since the convergence in H(D) is
uniform on compact sets, we have

lim_ sup [av;(s) ~ 0;(5)| =0, 5 =12

N—ooseiK

Therefore, using the triangle inequality, we obtain that

sE€EK; s€K;

<Sup lgn;(s) = f5(s)| = sup |g;(s) — fj(8)|> < sup |gnj = g;(s)] === 0,
seK; K —00

for j = 1,2. This proves that
lim u(gn1,gn2) = u(g1, 92),
N —oc0

i.e., u is continuous.
By the definitions of u, Py and Qn vy, for A € B(R?), we have

<N : ; ) -1
Qnuy(4) = N+1#{ <k<N guN(s+zkﬁ,a,a,b)eu A}
= PN,uN (’U,_IA) = PN’uN’U,_l(A),

ie, Qnuy = PN,uNu_l. Therefore, the continuity of u, Theorem 7 and the

preservation of weak convergence under continuous mappings, show that Qn .
converges weakly to Pgu_l, i.e., to the measure (3.3) as N — oo. O

4 Proof of Theorem 6

Theorem 6 follows from Corollary 1, weak convergence in R2, support of the
measure P, and the Mergelyan theorem on approximation of analytic functions
by polynomials. We recall that the support of the measure P is a minimal
closed set S¢ such that P¢(S¢) = 1. The set S¢ consists of all g € H?(D), for
every open neighbourhood G of which the inequality PC(G) > 0 is true.

Define S(a) = {g € H(D) : either g(s) # 0, or g(s) =0} and S(b) = H(D).
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Lemma 6. [13]. Suppose that the sequence a is multiplicative, and the set
L(P;a, hq, ho, ) is linearly independent over Q. Then the support of the mea-
sure P is the set S(a) x S(b).

The next lemma is a version of the Mergelyan theorem on approximation
of analytic functions by polynomials.

Lemma 7. Suppose that K C C is a compact set with connected complement,
and g(s) is a continuous function on K and analytic in the interior of K.
Then, for every € > 0, there exists a polynomial p.(s) such that

sup |g(s) — p:(s)| < e.
seK

Proof. (Proof of Theorem 6). It is well known that the weak convergence
of probability measures is equivalent to that of the corresponding distribution
functions. Recall that the distribution function D, (z1,z2), as n — oo, con-
verges weakly to the distribution function D(xq,z9) if

lim D, (z1,22) = D(z1,z2)
n—00
for (z1,22) € R? such that x; and x5 are continuity points of the functions
D(z1,+00) and D(+00, x2), respectively.
Define the distribution functions

1
Fn(e1,62) =———

_N+1#{0 <k <N :sup |[Cuy(s+ikhi;a) — fi(s)] < ey,

seKq

su};() [Cun (8 + ikha, a; b) — fa(s)| < 52}
se Ko

F(e1,e2) =mpy {(W1,WQ) eNn: sullg [C(s,wr;a) — f1(9)] < €1,
se K1

sup [{(s, a,wa;b) — fa(s)] < 62} :

seKo

Then, by Corollary 1, we have that Fiy (g1, e2) converges weakly to F(eq,e2) as
N — o0o. Thus,

lim FN(El,EQ) :F(El,&"g), (41)
N —o00
where €1 and ey are continuity points of the distribution functions F(e1, +00)
and F(400,e2), respectively. Since the distribution functions F(e1,+00) and
F(+00,e2) have at most countable sets of discontinuity points, the equality
(4.1) is true for all but at most countably many ¢; > 0 and €3 > 0.
It remains to show that F'(e1,e2) > 0. For this, we will apply Lemma 7.
By Lemma 7, there exist polynomials p;(s) and ps(s) such that

€ €
sup |f1(s)—ep1(s)| < —1, sup |f2(s) —p2(s)| < ey (4.2)
seKy 2 seKo 2

Math. Model. Anal., 29(2):331-346, 2024.
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Define the set

I3
G61762 = {(91792) € H2(D) ¢ Sup |gl(s) _ep1(8)| < 517
seK;

sup [fals) — pa(s)| < }

seKs 2

The point (eP(*) py(s)), in view of Lemma 6, is an element of the support of
the measure F¢. Therefore,

PS(GELEQ) > 0. (43)

Define one more set

Geren = {<gl,gz> € H(D) : smp loa(s) — ()] < e,
seKy

sup [ga(s) — fals)| < } .

se€Ko

In view of equalities (4.2), we have the inclusion G, ¢, C G, ¢,. Therefore, by
(4.3),
P£(961,€2) > PS(G€1,E2) > 0.

This and the definitions of P and e, ., gives the positivity of F'(e1,e2). The
theorem is proved. O a
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