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1 Introduction

The Lerch zeta-function L(\, a, s), s = o +it, with fixed parameters A € R and
0 < a <1 is defined, in the half-plane o > 1, by the Dirichlet series

In virtue of periodicity of e2™**™ it suffices to consider only the case 0 < A < 1.

Clearly, L(1, o, s) coincides with the Hurwitz zeta-function

C(Saa)zz;, O'>1,

and L(1,1,s) is the Riemann zeta-function

— 1
C(s) = —, o>1
o

Therefore, in those cases, the function L(A, «, s) has the analytic continuation
to the whole complex plane, except for the point s = 1 which is a simple pole
with residue 1. Moreover, the identities

L(1/2,1,8) =((s) (1—2""%), L(1,1/2,5) =((s)(2° = 1)

are valid. For A € Z, the function L(\, a, s) is entire.

The function L(A, @, s) was introduced in [22], and independently in [9].
Among other results for L(\, «, s), M. Lerch proved in [22] the functional equa-
tion. Let I'(s) denote the Euler gamma-function. Then, for 0 < A < 1 and
s € C,

L\ a,1—s) = (l;ff)) (exp {”;S - 27ria)\} L(~a, )\ s)

+ exp {_w;s + 2mia(l — )\)} L(a,1— )\73)> .

Another proofs of the functional equation for L(\,c«,s) were proposed by
B.C. Berndt [5] and T.M. Apostol [1,2]. The above and other analytic re-
sults on the function L(\, «, s) also can be found in [15]. In general, the Lerch
zeta-function is an important object of analytic number theory, and appears in
solving many problems of mathematics. In particular, the function L(\, «, s)
is useful in the theory of special functions. On the other hand, the Lerch zeta-
function is an interesting analytic object and is studied by analytic number the-
orists. Approximation problems of analytic functions by shifts of L(X, ar, s447),
T € R, is one of directions of investigations of the function L(A, a, s). We recall
that the idea of approximation of analytic functions by shifts of zeta-functions
belongs to S.M. Voronin who opened this problem in [33] for the Riemann
zeta-function and Dirichlet L-functions, and called it universality, see also [10].
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Voronin’s ideas were developed by numerous authors, see [3,8,12,23,32]. The
first result on universality of the Lerch zeta-function was obtained in [13], see
also [15]. Let D = {s € C:1/2 < 0 < 1}. Denote by K the class of compact
subsets of the strip D with connected complements, and by H(K) with K € K
the class of continuous functions on K that are analytic in the interior of K.
Let measA stand for the Lebesgue measure of a measurable set A C R. Then
the theorem of [13] is the following statement.

Theorem 1. Suppose that « is a transcendental number, and K € K and
f(s) € H(K). Then, for every e >0,

1
lim inf —meas{T €10, 7] :sup [L(\, 0, s +i7) — f(9)| < 5} > 0.
T—oo T seK

We notice that the form of Theorem 1 extends that of the Voronin theorem
in two directions. First, he approximated analytic functions only on discs of the
strip D by shifts {(s + 7). Secondly, Voronin claimed that there exists 7 € R
such that (s + i7) approximates a given function f(s), while, by Theorem 1,
there exist infinitely many shifts L(\, «, s+i7) approximating f(s). A weighted
version of Theorem 1 was obtained in [7].

Theorem 1 has its discrete version. In this case, 7 runs over a certain
discrete set. Such a version of universality was proposed by A. Reich in [30]
for Dedekind zeta-functions. A discrete universality theorem for the function
L(\, a, s) follows from a more general similar theorem for the periodic Hurwitz
zeta-function obtained in [16]. Denote by #A the number of elements of the
set A C R. Then we have

Theorem 2. [16] Suppose that the parameter X is rational, the parameter « is
a transcendental, and the number h > 0 is such that the number exp{(2m)/h}
is rational. Let K € K and f(s) € H(K). Then, for every e > 0,

fiminf =

#{0 < k< N:sup|L(\a,s+ikh) — f(s)] < 5} > 0.
seEK

Observe that Theorem 2 has a certain advantage against Theorem 1 because
a detection of approximating shifts in discrete set is easier than in a full interval
in the case of Theorem 1.

Theorems 1 and 2 have joint generalizations on simultaneous approxima-
tion of a collection of analytic functions. In this case, the important role is
played by a certain independence of shifts L(A;, oj, s+i7) or L(\;, o, s+ikh).
For example, in [17,18,19,21, 25,27, 28, 29], the algebraic independence of the
parameters aq, ..., a, was applied. Recall a joint discrete universality theorem
for Lerch zeta-functions. For h > 0, define the set

L(ay,y...,ap;h,m)
= {(log(m—i—al) :m € Np),...,(log(m+ o) :m € No),27r/h}7

where Ng = NU {0}. Then, in [19], the following assertion was proved.
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Theorem 3. Suppose that the set L(a,...,ap;h,m) is linearly independent
over the field of rational numbers Q. For j=1,...,r, let K; € K and f;(s) €
H(Kj), and 0 < X\j < 1. Then, for every e > 0,

1
lim inf {ngSN: sup sup |L(A\;, a;, s+ikh)—fi(s <E}>O.
1 1n] N+1# 1@27‘36[2‘ (Aj, )—fi(s)]
Moreover, “liminf” can be replaced by “lim” for all but at most countably many
e > 0.

All stated or mentioned above theorems are valid for some classes of pa-
rameters A and 0 < o < 1. A question arises do the above results remain valid
for all values of parameters A and 0 < a < 1. Unfortunately, this question is
an open problem. In [14,20,31], a certain type of approximation of analytic
functions by shifts of Lerch zeta-function with all parameters A and o was
proposed. This type is not universality but shows good approximation prop-
erties of the function L(\, e, s). We recall a discrete version of approximation
from [31]. Denote by H(D) the space of analytic on D functions endowed with
the topology of uniform convergence on compacta.

Theorem 4. [31] Suppose that the parameters A, « and the number h > 0 are
arbitrary. Let K be a compact set of the strip D. Then there exists a closed
non-empty set Fx o.n C H(D) such that, for f(s) € Fx an and e >0,

1
. he N . .
1}5&1ng+1#{0 <k <N:sup|LO\a,s+ikh) — f(5)| < 5} >0

seK

Moreover, “liminf” can be replaced by “lim” for all but at most countably many
e>0.

Here and in the sequel, “arbitrary o” means that « satisfies 0 < o < 1.
The aim of this paper is a joint version of Theorem 4. Denote

H"(D) = H(D) x --- x H(D).

T

The space H"(D) is metrisable. Let {K; : | € N} C D be a sequence of
compact embedded sets such that D = [J;2, K;, and, for every compact set
K C D, there exists K; such that K C K;. Then, putting

(oo}
~ SWser 191(s) — ga(s)|
) = 2 t L ) ’ € H(D ’
p(gl 92) ; 1 +SUPS€KL |gl(3) — g2(s)| g1, 92 ( )

we have a metric which induces the topology of uniform convergence on com-
pacta of the space H(D). Then,

p(g,,9,) = ggj‘dgrp(gu,mj% g, = (gk1s- -, 9kr), b =1,2,

is a metric inducing the product topology of H"(D).
The main result of the paper is the following theorem. Let A = (Aq,..., ),
Q= (ala"'aar) andh: (hla"'vhr)'
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Theorem 5. Suppose that the parameters A\j and aj, and hy >0, 5 =1,...,r,
are arbitrary. Then there exists a non-empty closed set Fx o p C H"(D) such
that, for compact sets K1,...,K, of D, (f1(s),...,fr(5)) € Faan and e > 0,

#{0 <k<N: sup sup |L(\j, a5, s+ ikh;) — f;(s)| < 5} > 0.

lim inf
N—oo 1<j<r s€K;

+1
Moreover, “liminf” can be replaced by “lim” for all but at most countably many
e>0.

Let L(A, a, 8) = (L(A1,a1,8), ..., L(Ar, 0, 5)). Theorem 5 can be generali-
zed for certain compositions ¥(L(\, «, s)). We give one example.

Theorem 6. Suppose that the parameters A\j and o, and hj > 0,5 =1,...,r,
are arbitrary. Then there exists a non-empty closed set Fx o p C H"(D) such
that if U : H"(D) — H(D) is a continuous operator such that, for every polyno-
mial p = p(s), the set (W1{p}) N F\ a.n is non-empty, then, for every compact

set K C D, f(s) € ¥(Fxa,n) and € > 0,

1
lim inf #{O <k<N: sup sup [P(L(A a,s+ikh) — f(s)] < E} > 0.
N—oco N +1 1<j<r s€K;
Moreover, “liminf” can be replaced by “Um” for all but at most countably many
e>0.

To prove Theorems 5 and 6, we will obtain a probabilistic limit theorem
for L(\, o, s) in the space H"(D). The support of the limit measure in that
theorem will be desired set F) 4,5. Theorem 5 covers the results of [4] obtained
for Hurwitz zeta-functions. Joint discrete approximation by shifts of more
general zeta-functions is given in [11].

2 A limit theorem on a group

Denote by B(X) the Borel o-field of a topological space X. Our final aim is a
limit theorem for

L o {0<k<N:L(\a,s+ikh) € A}, AeB(H (D)),

Prnyan(A) = 57 1 L()\

as N — oo. We divide a proof of this theorem into lemmas, and the first of
them is a limit lemma on the r-dimensional torus. Define 2 = HmeNo Ym,s
where v, = {s € C : |s|] = 1} for all m € Ny. With the product topology
and operation of pointwise multiplication, the torus {2 is a compact topological
Abelian group. Set 2" = [[;_, 2;, where £; = 2 for all j = 1,...,r. Then,
by the Tikhonov theorem, (2" again is a compact topological Abelian group.
For A € B({2"), define

Qnan(A) = ——#{0<E <N :((m+ 1) ™ :meNy),...,
(m+a,) ™ :m e Np)) € A}.



Joint Discrete Approximation of Analytic Functions 183

Lemma 1. Suppose that o and h are arbitrary. Then, on (£27,B(£2")), there
exists a probability measure Qg p such that Qn o pn converges weakly to Qq,p as
N — oo.

Proof. Proofs of limit theorems on compact groups usually are based on con-
tinuity theorems for Fourier transformations. Denote by w;(m) the mth com-
ponent of an element of w; € 25, j =1,...,r, m € Ng. Then the characters of

2" are of the form .
@) =TT i m),

j=1meNy

where w = (w1, . ..,w,) denotes an element of 2", and the sign “+” indicate that
only a finite number of integers k;,, are distinct from zero. Hence, the Fourier
transform gn o (k1,5 k), k; = (kjm : kjm € Z, m € Ng), j = 1,...,7, has
the representation

oty k) = [ (ITIT & m) Qs

Or J=1méeNg

Thus, the definition of Qn o 5 gives

N r
1 * —ikhiks
gvanky k) = g > (m + o)~
k=0 j=1meNy
1 N r "
= MZeXp{ —ik» h; Z kjmlog(m+aj)}. (2.1)
k=0 j=1 meNg

Define two sets of tuples (kq,...,k,). Let

Ajgn = {(kl, k) Zhj Z* kjm log(m + o) = 2xl, 3l € Z}

j=1 meENy

Ason = {(kp k) Zhj Z* kjm log(m + o) # 27l for every | € Z}.

j=1 mENg
Then, clearly, for (k,...,k,) € A1.q.n, equality (2.1) implies
ngﬁyﬁ(Ela e 7ET) = 17

while, for (kq,...,k,) € Az o 5, we have

s g

1—exp {—(N—i—l)i Z;Zl h; Z*meNo kjm log(m + aj)}
(N+1) (17 exp {fz' Z;zl h; Z*meNo kjm log(eraj)} )

This together with (2.1) shows that

gN,Qﬂ(Elv s akr):

lim gN,g,@(Ep s 7Er) = gg,ﬁ(klv s 7Er)7 (2‘2)
N—o0

Math. Model. Anal., 29(2):178-192, 2024.
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where
1 it (ky, .. k) € At g
gg,ﬂ(klv'“akr)* { 0 if (E17"'7ET) EA?,Q,@-

Denote by Qo the probability measure on ({27, B(£2")) defined by the Fourier
transform go p(k;,...,k,). Then, in view of (2.2), we obtain that Qn . con-
verges weakly to the measure ()5 o as N — co. The lemma is proved. 0O

For example, if the set
{(h1log(m + a1) : m € Ny), ..., (hlog(m + a;) : m € Ny), 27}
is linearly independent over Q, then,

1 lfk;,7 T:Qa--.7Q’
gNsOAh(kle,kr):{ R (71 ) ( 0)

Therefore, in this case, Qn,q,n converges weakly to the probability Haar
measure my on (£27,B(27)) as N — oo.

Lemma 1 allows to consider weak convergence for probability measures de-
fined by means of absolutely convergent Dirichlet series. Define

Prnpan(d) = g # {0 <K< N Ly(da,s+ikh) € A} A € BT (D)),
where
Ln(A7Q7 S) = (Ln()\la al? S)? st 7Ln(>\r7ara 3))
with
e 6271'1)\ my, m Ny )
A , s E ) j = 17 el
VEASVER 7nz::0 m—i—aj J r

v,L(m,aj):exp{ ((m+aj)/n) }, 6>1/2.

Obviously, the series for L, ();, i, s) are absolutely convergent, say, for o > 0.

Lemma 2. Suppose that A, a and h are arbitrary. — Then, on (H™(D),
B(H"(D))), there exists a probability measure Pn Mah Such that Pn p x a.h CON-

verges weakly to Pnyé,gyﬁ as N — oo.

Proof. For w € 27, define
Ln(A7gaw7 S) = (Ln(>\17 aq,wWi, 8)7 e 7Ln()"r‘7araw’r‘> S)) )

where

Ln(Xj; aj,wj, 8) = Z

m=0

™M (m) vy, (), o)

(m + a;)°

, J=1,...,7
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Let the mapping uy, o : 27 — H"(D) be given by the formula
U’N,A,Q(w) = Ln (Aa o, w, S)
Since the series defining L,, (A, o, w, s), as L,, (A, «, s), are absolutely convergent
in the strip D, the mapping u,, » o is continuous, hence, it is (B(£27), B(H"(D)))-
measurable. Moreover, by the definitions of Py, x.a.h; @N,a.h a0d Up )\ o, We
have
Un Ao (((m + al)_ikhl m € NO) e, ((m + a,.)_““hr ‘m € No))
=L,(A\aq,w,s)

and, for A € B(H" (D)),
Prnan(4) = N+1#{ <ESN:(((m+a) ™ meNy), ...,

((m+ar)—ikh7~ ;mENo) ) € 'LL;,ILQA}:QN,Q@ (U;LQA) :QN’Q’EU;}A&(A).

Therefore, Py nah = QN hu;{\ o+ Since the mapping un xq is (B,

B(H"(D)))-measurable, the measures Qn,qo hunl)\ o and Qqu hunl/\ are well de-
fined. These remarks, Lemma 1 and a property of preservation of weak con-
vergence under continuous mappings, see, for example, Theorem 5.1 of [6],

show that Py naq,n converges weakly to the probability measure P, qo.n

def
anhunAaasN—)oo. 0O

3 Distance between L(\, a,s) and L, (A, a, s)

In view of Lemma 2, to prove a limit theorem for Py ) o, it is sufficient to
show that the distance between L(\, a, s) and L, (), ¢, s) in the space H" (D)
is small. For this, we apply the following lemma obtained in [31].

Lemma 3. The equality

lim limsup
n—oo N—o00

holds for all X\, o and h > 0.

We recall that, for the proof of Lemma 3, the mean square estimates

Zp (N, a, s +ikh), L,(\, a, s +ikh)) =

T

/ ILO\, a,0 +it)|?dt <x a0 T, T >0, (3.1)
=T
T

/ I\ o0 +it) 2 dt <aao T, T >0, (3.2)
-T

for 1/2 < o < 1, the Gallagher lemma, see Lemma 1.4 of [26], connecting the
discrete and continuous mean squares, and the integral representation [15]

1 9+ZOO 1 z R
L,(\a,s)= 2—7”/0 HL()\ a, s+ z)I (5) n®dz

—100

are applied.

Math. Model. Anal., 29(2):178-192, 2024.
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Lemma 4. The equality

Zp (A a,s+tkh),L,(\ a,s+itkh)) =0

lim limsup
n—00 N_s00

holds for all A\, a and h > 0.

Proof. By the definition of the metric p,

Zp (A, a, s+ ikh), L, (A, o, s + ikh))

ZZp (Aj,aj,8 +ikhj), Ln(Aj, 05,8 +ikhj)) .

J=1k=0

Therefore, the lemma is a corollary of Lemma 3. O

4 Relative compactness

The weak convergence for Py )a,n also requires good convergence propertles
for the measure Pn Aa,h 88 1 — 00. It is sufficient that the sequence {Pn Aaht

be relatively compagti ; e., that every sequence contained a subsequence weakly
convergent to a certain probability measure. This requirement can be replaced

by a weaker one, the tightness of {]37@7%@}, i.e., that, for every ¢ > 0, there
exists a compact set K C H"(D), such that 13,@&@([() >1—c¢forallneN.

We will reduce the proof of tightness for {13%&&@} to that of sequences of
marginal measures

~

ﬁna)‘jaajahj(A) = P’ﬂ«\jﬂjﬂj (H(D) x - x H(D) xA

-1
x H(D) x - ><H(D)>, AeBHD)), j=1,...,r

Lemma 5. The sequence {Pn 2
7=1,.

:n € N} is tight for all \j, a; and hj > 0,

3,05k

Proof. We take arbitrary A\, « and h. The estimates (3.1) and (3.2) together
with the mentioned Gallagher lemma, for 1/2 < o < 1, implies

N
S IL a, 0+ ikh|* <xamo N. (4.1)
k=0

Let K; be a compact set from the definition of the metric p. Then (4.1) and
the Cauchy integral formula give

N 1/2
Z sup |L(\, o, s + ikh)| < x0.h (NZ sup |L(\, a, s +ikh)| )
k=0 5€ K1 k=0 5CK1

< xa,n N
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Hence, in view of Lemma 3, we have

N
sup lim sup sup |L, (A, a, s+ ikh)| < sup lim sup
neN N—oo N+1 kZ:OSGKl| n( )| neN N—oo N+1
N N
X Z sup | L, (A, a, s + ikh)| + sup lim supz sup |L(A, o, s +ikh)
k:OSEKl neN N—oo }c:OSEKl
— Ly(A\, a8+ tkh)| < Ry xa,n < 00. (4.2)

Let the random variable £y be defined on a certain probability space (.(AZ, B((AZ),
P) and have the distribution

P{¢éy=k}=1/(N+1), k=0,1,...,N.

On the probability space (2, B(£2), P), define the H"(D)-valued random ele-
ments

XNnaan(8) = (XNnara1,h1(8)s - XNnvan b, (8) = Ly (A, @, 8 + i€ h),
Xnxan(s) = (Xnxarn (8), 5 Xnx ., (5))

which has the distribution ]3% Aa,h- Denote by 2, the convergence in distri-

bution. Then in view of Lemma 2,

D
XNnrah = Xnaah- (4.3)
N—oo
From this, it follows that
D
XN,n,A,a,h —_— X’mk,oqh- (44)
N—oo

Let € > 0 be fixed, and M; = M;(\, o, h,e) = 2'R; x a.ne™!, | € N. Then, by
(4.4) and (4.2),

P { sup | Xnma0n(8)| > Ml} < sup lim sup P { sup | Xnnxan(s)] > Ml}

seK; neN N—oo seK;
al €
< suplimsup ———— sup |Ln(A, a, s +1tkh)| < = 4.5
neN Nooo (N +1)M; Zsem| ( ) 2! (4.5)

k=0
for all n € N and [ € N. Define the set
K=K.= {gEH(D): sup |g(s)] ng,IEN},
seK;

which is compact in the space H(D). Moreover, (4.5) shows that

oo

g
P{Xn7,\7a7heK}>1—Z?:1—e
=1

for all n € N. This and the definition of X, o, prove the lemma. O

A simple consequence of Lemma 5 is the following

Math. Model. Anal., 29(2):178-192, 2024.
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Lemma 6. The sequence {ﬁn,AQE n € N} is tight for all X\, a and h.

Proof. Let ¢ > 0 be fixed. Then, in virtue of Lemma 5, there exist compact
sets K; € H(D) such that

Poxj oy (Kj) >1—¢/r, j=1,...,m (4.6)
for all n € N. Setting K = K; X --- x K., we have a compact set in H"(D),
and, by (4.6),

Popan (H'(D)\ K) = A(U ( <X H(D) ) x (H(D)\ K))

j—1

 H(D) % -+ % ) ZPn,\ an, (H(D)\ K;) < 6:25,

[ravie 2743

proved. O
Corollary 1. The sequence {]3” A a.h ¢ € N} is relatively compact.

Proof. The corollary follows from Lemma 6 and Prokhorov’s theorems, see, for
example, [6], Theorem 6.1, which asserts that every tight family of probability
measures is relatively compact. O

5 Limit theorems

Now we are ready to obtain the weak convergence for Py x o,n as N — oo.

Theorem 7. Suppose that A\, a and h are arbitrary. Then, on (H"(D),
B(H"(D))), there exists a probability measure Py o such that Py xqpn cOn-
verges weakly to Py o, as N — co.

Proof. On the probability space (H"(D),B(H"(D),mg), define one more
H"(D)-valued random element

Xnran(s) =L\, a, s +iExh).

Since, by Corollary 1, the sequence {]3” Aa.h ) 18 relatively compact, there exists
a subsequence {]37” rant C {ﬁn Aa.ht and a probability measure Py o p on
(H™(D),B(H"(D))), such that Pnl Aok converges weakly to Py o5 as | — oo.

This can be written using convergence in distribution as
D
Xnrah — Pran- (5.1)
l—o0
Moreover, we find, for € > 0,
P {p(XN,n,M@ XNxah) > 8}

N
> p(L(A a,s +ikh), L, (A . s + ikh))

N+1 P
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thus, by Lemma 4,

lim limsup P {B(XN,n,A,g7ﬁv)?N7A;Q7E) Z E} =0.

n—00 N_o00

This and relations (4.3) and (5.1) show that all conditions of Theorem 4.2
from [6] are fulfilled. Therefore, we have

S D
XNaah — Prahs
N— oo

and this means that Py ) o, converges weakly to the measure Py o, as N —
oo. 0O

Theorem 7 implies a limit theorem for some compositions ¥(L(A, «, s)). Let
¥ : H"(D) — H(D) be a certain operator, and, for A € B(H(D)),

1

Prnowran(A) = Nii

#{0< k< N:¥U(L(A a,s+1kh)) € A}.

Theorem 8. Suppose that ¥ is a continuous operator, and Py o p s a limit

measure in Theorem 7. Then, for arbitrary A, a, and h, Py w ) an converges
weakly to the measure Py o p% " as N — o00.

Proof. From the definitions of Py ) o,n a0d Py w ),q,n, We have

—1
Py wxah =PNran¥

Since ¥ is continuous, using a property of preservation of weak convergence
under continuous mappings, see, Theorem 5.1 of [6], and Theorem 7, we obtain
that Py w x.q,n converges weakly to the measure Py o p% ' as N — co. O

6 Proof of approximation

Let P be a probability measure on (X, B(X)), and the space X is separable.
We recall that the support of P is a minimal closed set Sp C X such that
P(Sp) = 1. The set Sp consists of all elements x € X, for which arbitrary
open neighbourhood G, the inequality P(G,) > 0 holds.

Proof. (Proof of Theorem 5). Case of lower density. Denote by F o5 the
support of the measure Py o 5 in Theorem 7. Thus, Py o n(Fxe,n) = 1. There-
fore, F on 7 @ and F) 4 is a closed set. The set

G(e) = {(gl,...,gT) € H" (D) : sup sup |g;(s) — fi(s)] < 5}

1<5<r s€K;
is an open neighbourhood of (f1,..., fr) € Faq. Hence,

Pyan(G(e) > 0. (6.1)

Math. Model. Anal., 29(2):178-192, 2024.
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Thus, Theorem?7 and the equivalent of weak convergence of probability mea-
sures in terms of open sets, see, Theorem 2.1 of [6], imply

lim ianNy)\’ayh(G(E)) > P ,Oéyh(G(E)) > 0.

N oo S S
This and the definitions of Py » o,n and G(¢) prove the first part of the theorem.

Case of density. We observe that the boundaries of the sets G(g) with

different € do not intersect. Therefore, the set G(g) is a continuity set of the
measure Pj o for all but at most countably many ¢ > 0. Thus, Theorem 7,

and the equivalence of weak convergence of probability measures in terms of
continuity sets [6] and (6.1) show that the limit

lim Py xa,n(G(e)) = Pran(G(e))
N—oo

exists and is positive for all but at most countably many ¢ > 0. This and
definitions of Py xq, and G(g) prove the second part of the theorem. 0O

Proof. (Proof of Theorem 6). We start with the support of the measure
Py on¥~ 1. First we will show that the preimage ¥ ~!{p} of a polynomial in
the condition (¥~1{p}) N F) o.n # @ can be replaced by a preimage ¥~ (G) of
an arbitrary open set @ # G C H(D). Let g € G. By the Mergelyan theorem
on approximation of analytic functions by polynomials, see [24], there exists a

polynomial p(s) such that
sup |g(s) — p(s)| <
seK

for every set K € K. From this and the definition of the metric p, it follows
that p(g,p) < 24. Thus, if 6 > 0 is sufficiently small, the polynomial p(s) € G.
Since (U~H{p}) N Fyan # @, this implies that also (¢~ 'G) N F an # 9.

Now, let g € W(F) o) be an arbitrary element, and G its arbitrary open
neighbourhood. Since ¥ is continuous, the set ¥ '@ is also open, and con-
tains an element of the set F) o . Therefore, by a property of the support,
Pron(P71G) > 0. Hence,

Pron? HG) =Py on(P'G) > 0.

f1e%)

Moreover,

Pyoan? (¥ (Faxan) = Pran(W ' (Fran) = Proan(Fran) = 1.

A A fa¥)

The latter remarks show that the support of the measure P;Ha’h@’l is the set

U(Fy o) From this, it follows that the proof of Theorem 6 runs in the same

lines as that of Theorem 5 by using Theorem 8. 0O
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