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1 Introduction and main results

In this paper, our focus is on a class of critical anisotropic Schrédinger-Kirchhoft-
type equations with variable growth conditions. This type of nonlinear par-
tial differential equation describes the behavior of waves in an anisotropic
(direction-dependent) system by combining the Schrédinger equation [22], which
describes the quantum mechanical behavior of particles, and the Kirchhoff
equation [18], which describes the behavior of waves in a medium. This equa-
tion includes variable exponent terms, which allow for a more flexible and
accurate description of the wave behavior in the anisotropic system. This is
especially important in systems that have complex and dynamic properties,
such as materials with varying levels of anisotropy or systems that are subject
to changes in temperature, pressure, or other external factors. And also the
critical nonlinearities in these equations can have important implications for
the behavior of the wave, such as the formation of singularities, the collapse of
the wave, and the generation of shock waves. These behaviors are important
for understanding the behavior of waves in complex media and for predicting
how these media will interact with light, for more details, we refer the reader
to [1,20,21,23]. More precisely, we show the existence of nontrivial solutions
for the following class of equations,

N
1 (@ w@)
—M(/Q; 19, ulP >+p7|u|17 ( >dg;) (A?(I)(u) (1.1)

pi(z) w ()
- w(x)|u|pM(””)72u> = |u|P =2y 4 A f (@, u) in 2,
u=0 on 92, (1.2)

where 2 C RY(N > 2) is a bounded domain with a Lipschitz boundary 92,
w € L*>(£2) satisfies wg := ess infyepw(x) > 0, and X is a positive parameter.
7 : 2 — RY is a vector function defined as P (z) = (p1(x),...,pn(x)), with
each component p; € C (£2) satisfying

1< oy i= 0] {pn(@)} < pn(@) = min {pi(2)} < pile) < pasa)

_ Npp(x)

= , for all zef2.
N—pm(x)

= . < + = * :
max {pi(x)} < pj; sup {pm (@) }<p;,(2)

The operator
N

Agy(w) ==, (|6$iu
i=1

is referred to as the 7(3:)7Laplacian operator, which is a natural extension of
the Laplacian operator when all p;(x) = 2. The functions M : R™ — RT and
f: 2 xR — R are continuous and satisfy the following conditions:

(H pr,) There exists MMy > 0 such that M(s) > My for all s > 0;

pil@)=2g, u)

(H p,) There exists v € (pL 1] such that M\(s) > vM(s)s for all s > 0, where

*— 3
Pm

M(s) = [ M(t)dt;
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(Hy,) fl(z,s) = 0(\5\1’&’1) as s — 0, uniformly for x € (2;

(H,) There exist a positive continuous function £(z) € (p},,pj") for all z € 2
such that
f(z,s)

= =0, uniformly for x € (2;
|6 =2

|s|—+o0 |S

(Hy,) There exists o € (p};/v,pj) such that 0 < aF(x,s) < sf(z,s) for all
x € 2 and s # 0, where F(z,s) fo (z,t)dt and v is given by (H )
below.

Much interest has been generated in problems involving critical exponents,
since the publication of the celebrated paper by Brezis and Nirenberg [5], which
considers the case p;(.) = 2 for all ¢« € {1,2,...,N}. For further study of
problems with critical exponents, we refer the reader to [2,3,4,6,7,8,10,14,15,
16,17], and the references therein.

Our approach to tackling problem (1.1), inspired by the ideas in [3], is pri-
marily variational in nature, and we employ minimax critical point theorems
as our primary tool. The main challenge we face arises from the absence of
compactness in the embedding Wol’?(z)(ﬂ) — LPn(®)(02). Consequently, it
becomes unfeasible to directly verify the Palais-Smale condition for the asso-
ciated energy functional. To address this hurdle, we turn to the new version
of the Lions concentration-compactness principle [19], specifically designed for
anisotropic variable exponent Sobolev spaces. This adaptation was introduced
by Chems Eddine et al. in [9], and it plays a crucial role in addressing this
challenge effectively.

So the main result of the paper reads:

Theorem 1. Assume that assumptions (H y,)~(H ar,) and (hy, )—(H £,) hold.
Then, there exists Ay > 0 such that for all X > A, problem (1.1) has at least
one nontrivial solution.

2 Proof of the main result

We define the energy functional associated with problem (1.1) as
Ey: Wol’?(w)(ﬂ) — R, given by

N

_/p ()\u|pmz)dx /\/Fa:ud

where WO1 ’?(I)(Q) represents the anisotropic Sobolev space, and its norm is
. N
given by [jul =322, ||8xiu||Lm<w>(Q)~

Proposition 1 [see [9]]. The embedding WOI’?(I)(Q) — LM®)(0) is continu-
ous for any h(z) € [1,p%,(x)] such that p,, € Cfg(ﬁ). Moreover, the embedding
W()l’?(:c)((}) — LM®)(02) is compact for any h(z) € [1,p%,(2)).
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The following Poincaré-type inequality holds:

N
lall pors o2y < C S 100,ull poncor oy for all we Wo? D (2),  (2.1)

i=1

where C' is a positive constant independent of u € W1 P @) ( ) (see [12, Theo-
rem 2.6]).
Through standard calculus, it can be observed that E) is a function in

CI(WI’?(I)(Q),R) and its Fréchet derivative is expressed as follows:
(Ex). 0 =M( | z i e

X (/ Z |0, u|P 20, udy, v+ w(z) |ulP7 2y dx)
24=1

7/ |u\p:ﬂ($)*2uvdmf)\/ flz,u)vda,
o) f?)

for all u,v € Wol’?(x)(Q). Therefore, the weak solutions of (1.1) coincide
with the critical points of F). Consequently, our focus is on establishing the
existence of these critical points.

To apply variational methods, we present certain results related to the
Palais-Smale compactness condition. It’s important to note that a sequence
{tn }nen is considered a Palais-Smale sequence of E) at the level ¢y if both
Ex(un) — ¢y and Ej (uy,) — 0.

Notations: Strong convergence is denoted by —, while weak convergence
is denoted by —. Constants are represented by C, C;, and C!, which can vary
from one line to another and depend on specific conditions. The symbol 6,
represents the Dirac mass at ;. For any p > 0 and « € {2, B(x, p) denotes the
ball with radius p centered at x.

In the following, we prove that the functional E) exhibits the mountain
pass geometry. This assertion is established in the forthcoming lemmas.

pl(:z: ( ) pum ()
sz( )| . d )

Lemma 1. Under the assumptions (H ar, ), (Hy,) and (Hy,), there exist pos-
itive constants r and p such that for all u with ||u|| = r, it holds that Ex(u) >
p>0.

Proof.  First, from assumptions (H ¢,) and (H y,), for any € > 0, there exists a
positive constant C(g) such that the following inequality holds for almost every
x € {2 and all s € R:

|F(x, )] < e|s?a + C(e)]s|" . (2.2)

Next, by using [13, Theorem 1.3] and Jensen’s inequality on the convex
function ¢(t) = tPmM for p,, pr > 1, we obtain that

_ Pm,
Hu”p'm,l\l N Zil ||uHLP1(1‘)(Q) ]\4< Pm,M Di a})d
Nﬁﬂl,]\l_l_ N Z ||u||LP1(L)(Q)*Z |u| MZ
(2.3)
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where P, = piy if ||ul| < 1 and pp, s = py, if [lul| > 1.
Now, consider 0 < |Ju|| < 1. By using (M), (2.2), (2.3), and Proposition 1,
we have

Ba(u) > — 220y phi
p+ Nprl

= (= aecs™ e
M

Let € = ’yﬂﬁﬁ(%\CépLNpL_l) and define &(t) as follows:

B(t) = &gtzﬁ&
2p+ Nru—1

AeCLPH [ullPhe — AC()Chlullt” (2.4)

n TLAC ()l T

Loy T = AC(e) Ottt L

Since py, < £~ < pi,, there exists » > 0 such that max;>o®(t) = &(r).
Consequently, by (2.4), we deduce the existence of p > 0 such that E)(u) > p
for all ||u|| = r. This completes the proof of Lemma 1. O

Lemma 2. Under the assumptions (Hyy,) and (Hy, ), for all X > 0, there exists
1,7 () ( )

a nonnegative function z € Wy’
Iz|l > r and E\(z) < 0.

, which is independent of \, such that

Proof. Choose a nonnegative function ¢g € C5°(§2) with ||¢o|| = 1. By inte-
grating (H ,7,), we obtain

-

1 = 1

]/\4\(3) < Z/\l\(so)s?/so7 < cps7 forall s > sg > 0. (2.5)

By assumption (H ), fQ x,tpg)dx > 0. So, by using Propisition 1, the
Poincaré inequality (2.1), (2.5), and the following inequality

.
Py
S ol ) <c(Z||azluuW @)

=1
with ¢ is a positive constant, we obtain

li
E\(t¢o) < Qtp?{f/v _

P @z for all t > t.
b

Given that p?[j /v < pk7, the lemma is proved by choosing z = t.¢o with £, > 0
large enough. 0O

In view of Lemmas 1 and 2, we can employ an version of the Mountain
Pass theorem, even without the Palais-Smale condition, to obtain a sequence

{un} C W&’F(x)(ﬁ) with the properties
Ex(up) — ¢y and  FEj(u,) — 0,
where
cx = inf Jmax Ex(#(t)) >0,

with I' = {¢ € C([0, 1, Wg'7 @ (2)) : (0) = 0, Ex(6(1)) < 0}.
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Lemma 3. Under the assumptions (H pr,)~(H ar,) and (Hy, )—~(H ), it holds
that limy_, o cy = 0.

Proof. For a given z as established in Lemma 2, we observe that

lim; 4o Ex(tz) = —oo, which implies the existence of ¢y, > 0 such that
Ej\(txe) = I&&mch)\(tz). Hence, we have (E}(txz),taz) = 0, that is

pi(z)

N
Oz, (trz p’(z)+7( 2) txz|PM @ dg / Oz, (trz
/sz (022) pM()|/\| )( Q;‘ ((hr2)
w(x)|tyz[P @ dx) :/ |ty z|Pm (@) dx—!—/\/ flz, trz)trzda.
2 7

Therefore, by using assumption (H z,), Proposition 1, the Poincaré inequality
(2.1), and (2.5), it follows that

/ p+ /v pL/V p:; ]):,; 3
C'||z||Pm/ 5 > ||Z||LPZT(Q)t>\ with g < ty.

Since pi; /v < pi, {tr}r is bounded. Therefore, there exists a sequence
An — 400 and §g > 0 such that ty, — 0o as n — 00. Hence by continuity

of M, we have { (fg i1 pl(x 510z, (tx, z)|Pi(®) 4 22 )dx)} is
bounded, and so, there exists C' > 0 such that "

(5t
([ Sl

i=1

pu ()

pie) , _w(2) P ()
+ M(m)|t 2| dx)

pilz) 4 w(x)|t>\nz|pM(w) dx) <C

for all n € N, which implies that,

)\nt,\n/ f(;v,t)\nz)zdx+/ ti‘)’\fn
Q Q n

If 5o > 0, the inequality mentioned above implies that

2[Pm () g < (C for alln € N.

Antx, /fact,\ zzdx—|—/tiiﬂ|Z|P2,(r)dx—>+oo§C, as n — oo,
Q

which is impossible, and consequently do = 0. Let ¢.(t) = tz for t € [0,1].
Clearly ¢. € I', then, by using assumption (H f,), we have

0<er, < max By, (6x(0) = Br, (1,2
tel0,1

<M / sz Oy, (tx, 2) 7@ + M((gj) [t 2[PM ”)dx) (2.6)
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Since the function M is continuous and dy = 0, we get

N
— 1
limM/E ——|0x; (tr, 2
n— 00 ( 2= pz($)| ( A )

So, by relation (2.6), it follows that lim, _,oc cx, = 0. Moreover, by virtue
of assumption (H y,), we can deduce that {c)}, forms a monotone sequence.
Consequently, we can establish that limy_,,,cy =0. O

w(z)

pi(w) 4 7\t)\nz|pM(I)dx) =0.
pm ()

Let S, denote the optimal positive constant of the Sobolev embedding
Wol’?(x)(ﬂ) < LPm(®)((2), which can be expressed as

Sy = inf [l

uwew 7 @ (2)\{0} Hu”Lan(T)(Q).

Proof. [Proof of Theorem 1] From Lemmas 1, 2 and 3, we can establish the

existence of a sequence {uy,}, C Wol’?(w)(ﬂ) such that Ej(u,) — ¢y and
FE} (u) — 0, with

Pl (z)p};

1 —m_: J M
1 1 + 5 (2)—p7,
e € (0, (f _ —) mln{ inf (smgM Nl—PDS*> T
(6] p jeJ

m

" _
P (25)Pm,

1 —m_ Jr-m

pT + (@) —Pm
inf (90gM N1Pag, ) T
jeJ

for A > .. Consequently, we can find a constant C' > 0 such that |Ey(u,)| < C.
Moreover, by the assumption (H y,) and for sufficiently large n, it follows from
the assumptions (H yy,) and (H ys,) that

N

€+ lunll 2 Batun) = (i an)on) 2 9o [ [2( X —lonum

N
w(gc) pum(z) ) _ l pi () pum ()
g P )) a(;a@un + w(w) w2 | da

pum ()

W&
Py @0
On the other hand, for each n, let us denote by B,,, and B5,,, the indices sets
B,, = {z € {1,2,..., N} [0z, unl| iy () < 1}, B,, = {z €{1,2,...,N}:
HamunHLW)(m > 1}. Then, we have

C’+||un||2(’yp9ﬁ0 OV (X 10l oyt D 10t )

1€Bn, 1€Bn,

Moy My . .
= ( FE 7) Z HaxlunHI;;:(x)(_Q) - Z (”811‘“71“%2,;(@(9)
i=1

Py 1€Bn,

pi(z)

Pi(®) g,
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N
+ M M -
_ i 0y 0) (2: P _ )
||adiiun||Lpi(x)(Q)):| Z ( p;\z o P ||8LL'1'UHHLP1-(I)(Q) N).

Hence, by using Jensen’s inequality (2.3) (applied to the convex function h :
Rt — R, q(t) = tPm, p,, > 1), for n large enough we have

Moy M P
C + ||unl| = (pT”—J) (”“”_N).

M o) NpPm—1

Since a > pJT/[/ v, {un} is bounded. Therefore, up to a subsequence, we may
assume that

Uy, — u  weakly in Wol’?(z)(()), Uy — U a.e. in £2
U, = u  in LM"®(0Q), 1 < h(z) < pl(z),

N
2_19s,un
i=1

[ [P ™) — v, (weak*-sense of measures), (2.7)

N
pi@) sy = E i (weak*-sense of measures),
i=1

where p and v are nonnegative bounded measures on {2. Then, according to
the new version of Lions’s concentration—compactness principle for anisotropic
variable exponents [9], there exists an index set J which is at most countable,
such that

1 :|u P () + ZV]'(SI]. , V> 0,
jeJ
N
P> |0 ulP ) > pibe, >0,
i=1 jed
. 1/p, 1/p,,
Nl—PES*yjp:”(mj) < max { (Mj) /pM, (,uj) /pm}. Vi e J, (2.8)

with d,; is the Dirac measure mass at z; € 0.
We consider ¢ € C°(RY [0, 1]) such that ||[Vt)||o < 2 and

a) = {1 if 2] < 1,

0 if |z| > 2.

For j € J and € > 0, let ¢;.(z) = (*==). Given that F}(u,) — 0 and

(¢j,eun) is bounded, it follows that (E} (uy), ¥ u,) — 0 as n — oco. In other
words,

N

N
x/{2¢j7€(;|8xiun

N

= —M</Q (Z %‘a@un‘m(m) + w((xaz)uan(a;)> dx)

i Pi Py

PR+ w(@) a4 ) da
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N
X E / U | O U,
= Jao

pi(m)_ani Unaxiwj,e d'r + / ‘u7l|pm*(x)wj’a dx
(9]

+ )\/ (@, un)j cun dz + o, (1). (2.9)
o)
First, we will show that
lim |:hm sup M / Z O U, pi(x) + MWHPM(@ dx> X
€0 | n—oo o= pi(z) " ()

(2.10)

pi(w)ila.’ﬂﬂﬁj’s dl‘:| =0.

IZ/ Un |0z, un,
i=17%

By applying the Holder inequality and considering the boundedness of {uy, }nen
in W&’?(x)(ﬁ), we obtain

’/ Un|3ziun|pi($)_16xi¢j»fdx‘ S/ |8xlun|pz($)—l|unaxzw]’6|dm
2

o)1

< 2[||0z;up @ ||3Iﬂ/fj,sun||pi(m>(g)

LW(Q)
1
§C’max{(/ [, pi(r Py /|u Pi ””)) T}.
19,

Therefore, by Lebesgue’s Dominated Convergence Theorem, we get

pi(z)|8xi¢j,g pi( )|3$z¢]

‘/ un|8miun|p'i(””)_16xi@/}j,€dx‘
0

1
k!

pi(@ |azl¢j €

= Cmax{(/ [ul?" |0 i), pi(m " / |u
Q
Moreover, by Holder inequality

/ P @) |9z . | da
2

< OflfufP @) [0z i)j

Py
LN (B(z;,2))

L7 (B(xj,2¢))

Note that
2\ N 4N
/ \&Biqu’gw dox < (—) meas(B(xj,Qg)) = —Su,
B(x;,2¢) € N

with Sy is the surface area of an N-dimensional unit sphere. We have

.
PO <max{ ([ jows¥az) )
LPi® (B(z;,2¢)) B(

xj,2¢€)
L —
L)) } é C

(/ |8x11/1j,5\Ndx) (P%
B(:Dj ,25)

1101,
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with C' is a positive constant that doesn’t depend on . Therefore,

limsupH/ un|8miun|pi(””)_18$iz/)sdxH
n—oo 7]

n

=
P }
( (B(xg, 5)) LN- p ) (B(I7725))

<C’{|||u

But,

1

[

AR
P < maX{(/ lu p?(ﬂf)dx> (v=2)
LN=Pi(®) (B(x;,2€)) B(z;,2¢)

1
|u

(/ ) (=) }
Bl(z;,2¢)

From this, it follows that

)

lim lim sup ‘ / U, |0, U [P L D9 dx‘ =0forallie{l,2,...,N}.
2

e=0 nooo
(2.11)

Since {up } is bounded and the function M is continuous, we can choose a
subsequence, and there exists tg > 0 such that

N

M / |0, U [P @)+ —"L |, |PM @) dx) — M(ty) > My,
(Q(;pi(x)| | Slunl? ) (to) = M,

bm (x

as n — oo. Then, by (2.11), we obtain that (2.10) is proved.
On the other hand, we obtain, by using assumptions (H z, )-(H z,), (2.7),
and Lebesgue’s Dominated Convergence Theorem, that

lim f(x Up ) Un¥je dx 7/ flz, u)up; o de,

n— oo
lim / |t [PM @ e Az = / [u[Pr @ da, (2.12)
n— oo
once that, when ¢ — 0, we find
lim f(x wupe dr =0, lim / [u[Pr @, dax = 0. (2.13)
e—=0 e—=0 Jn

Since v; . has compact support, going to the limit n — oo and letting € — 0
n (2.9) we deduce from (2.10), (2.12) and (2.13) that

Mop; < v; forany j € J,
Thus, from relation (2.8), we conclude that

P (2 )pM P ()P,

1
. T o+ Pl (x;)—p], P (25)—Pm
vj Zmln{(fmSMNl pMS*> M (Smple Pit MG, ) ’
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Let us demonstrate that this inequality cannot hold. Let us assume that

P (@ Jo) M p:n("”j())prin

1
En o* (22 )1
vj, > min { (zmgM NP S*> P a0) 7 (zm"m Ni-Plis, )Pm(”JO)

for some jo € J. From (H pp, )—(H m,) and (H ¢,) we see that

er = Bn(un) = (B} un)on) +0,(1) 2 (£ - =)

X 1 1 X
x/ |un|pm(z)dx+0n(1)2< *_>/¢j0,s|un|pm<w>d:c+on(1).
(9] 2

« Pm

Letting n — oo, we obtain

1 1 1
o2 (2o L) Tveteg 2 (- 1)

jeJ
1 p;‘”(zj)p;(d ) i ()P,
. . Pt T Pi, (z5)—p], . o _ T P () —Pm
x min q inf ( Mg™ NP G, )M inf ((ompm NTTPMS, )T .
JEJ jed
This contradicts Lemma 3. Therefore, J = ), and consequently, u, — u in

LPn(®)(§2). By assumptions (H )~ (H fz) nd Hélder inequality, we have

/ |f (2, un) (uy — u)|de < / (5|un|pL_1 + Celun|® ) un — uldx < 2e
o 7

Py _ -1 _
X [Pt i i = ull g, o5F2Cellunl™ | A )||un ullpe= (-
LPM~1(2)
Then, using again (2.7), we obtain
lim [ w(@)|un P @2, (uy,—u)de = 0, lim f(z,up)(up—u)dz = 0.
(2.14)
As u, — u in LPn(®) (), it follows that
lim / |t |P ) =20, (1, — w)da = 0. (2.15)
n—oo

Additionally, from (Ef(u,), un, — u) = 0,(1), we deduce

N

(B} ()t — ) = M(/Q (; ﬁ\@xiun pile) 4 munpmz)) da:)

N
am» n
7/ \un|p:ﬂ(‘r)72un(un —u)dx — )\/ flz,un)(uy — u)de = 0,(1).
2 2

pi(z)fzaziunami (up — u) + w(x)|un|pM(I)*2Un(Un — u))dw
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This, (2.14) and (2.15) imply
N
n—oo 0 ;

Since {un fnen converges weakly to u in W&’?(I)(Q), we have

Pi(m)—Qaziun (8I1un _ amlu) dr < 0. (2.16)

n—oo

N
lim 9)?0/ Z |61,L,u|p"(x)_26miu(8xiun — Op,u) dz < 0. (2.17)
=1
So, by combining relation (2.16) and relation (2.17), we have

N
dm S [ (0u
(2.18)

Hence, by applying some elementary inequalities (see, e.g., [11, Chapter I ]),
for any o > 1 there exists a positive constant C, such that

pi(m)_28w,iun—|8wiu

pi<z>—2a%u) (D0 ttn— 0y u)d < 0.

CylE—nl° ifo>2

Co etz (&,m) # (0,0) if 1<0<2,

for any £, € R. Then, by (2.18) and (2.19), we find that

N
lim g /|8xiu7,,—8xiu
n—00 4 Q
1=1
1

Hence, we can infer that w,, — u strongly in WO’?(QC)(Q), and consequently,
EY (u) = 0, this implies that u is a nontrivial weak solution to problem (1.1)
for every A > \,. 0O

(el 2= Inl"?n, €=n)> { (2.19)

Pi(®) dg = ().

3 A special case

Now, we consider a special case of the problem given by Equation (1.1). The
problem is described as follows:

Moo
_ (a—&—b/{liz:;pi(x)wmu

% (Do) () = wl@) [uf O 720) = =2y 4+ Af (@, u) in 2,
u=0 on 012, (3.1)

pe,(m)+ w(x) u|PM (@) 4
PM(f)‘ | )

where 2 is a bounded smooth domain of RY, a and b are a positive constants.
Assuming M (s) = a+ bs, it is evident that M(s) > a. Additionally, we can
compute M (s) as follows

1
M(s) = /0 M(t)dt = as + %bs2 > %(a + bs)s = vyM(s)s,
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where v = 1/2. Therefore, the conditions (H »s,) and (H ps,) are satisfied.
In this specific case, a typical example of a function f(zx,s) that satisfies
the conditions (H s, )—(H #,) is given as follows:

Fla,s) =" gi(w)]s|“() 2,
=1

where k > 1, pi, < ;(x) < pj and the nonnegative functions g;(z) € C(£2).
Based on Theorem 1, we can derive the following corollary:

Corollary 1. Under the assumptions (H f, )—(H s, ), there exists a positive con-
stant A, > 0 such that for any A > A, the problem described by Equation (3.1)
has at least one nontrivial solution.

Acknowledgements

The second and third authors like to thank Faculty of Fundamental Science,
Industrial University of Ho Chi Minh City, Vietnam, for the opportunity to
work in collaboration.

References

[1] M.J. Ablowitz, B. Prinari and A.D. Trubatch. Discrete and continuous nonlinear
Schrodinger systems, volume 302. Cambridge University Press, 2004.

[2] C.O. Alves and J.L.P. Barreiro. Existence and multiplicity of so-
lutions for a p(z)-Laplacian equation with critical growth. Jour-
nal of Mathematical Analysis and Applications, 403(1):143-154, 2013.
https://doi.org/10.1016/j.jmaa.2013.02.025.

[3] C.O. Alves, F. Corréa and G.M. Figueiredo. On a class of nonlocal ellip-
tic problems with critical growth. Differ. Equ. Appl, 2(3):409-417, 2010.
https://doi.org/10.7153 /dea-02-25.

[4] J.F. Bonder, N. Saintier and A. Silva. The concentration-compactness principle
for fractional order sobolev spaces in unbounded domains and applications to the
generalized fractional Brezis—Nirenberg problem. Nonlinear Differential Equa-
tions and Applications NoDEA, 25:1-25, 2018. https://doi.org/10.1007/s00030-
018-0543-5.

[5] H. Brézis and L. Nirenberg. Positive solutions of nonlinear elliptic equations in-
volving critical Sobolev exponents. Communications on Pure and Applied Math-
ematics, 36(4):437-477, 1983. https://doi.org/10.1002/cpa.3160360405.

[6] N. Chems Eddine. Existence and multiplicity of solutions for Kirchhoff-type
potential systems with variable critical growth exponent. Applicable Analysis,
pp. 1-21, 2021. https://doi.org/10.1080/00036811.2021.1979223.

[7] N. Chems Eddine. Multiple solutions for a class of generalized critical nonco-

operative Schrodinger systems in R™. Results in Mathematics, 78(6):226, 2023.
https://doi.org/10.1007 /s00025-023-02005-2.

[8] N. Chems Eddine and M.A. Ragusa. Generalized critical Kirchhoff-type potential
systems with Neumann boundary conditions. Applicable Analysis, 101(11):3958—
3988, 2022. https://doi.org/10.1080/00036811.2022.2057305.


https://doi.org/10.1016/j.jmaa.2013.02.025
https://doi.org/10.7153/dea-02-25
https://doi.org/10.1007/s00030-018-0543-5
https://doi.org/10.1007/s00030-018-0543-5
https://doi.org/10.1002/cpa.3160360405
https://doi.org/10.1080/00036811.2021.1979223
https://doi.org/10.1007/s00025-023-02005-2
https://doi.org/10.1080/00036811.2022.2057305

Anisotropic Schridinger-Kirchhoff- Type Equations 267

[9] N. Chems Eddine, M.A. Ragusa and D.D. Repovs. On the concentration-
compactness principle for anisotropic variable exponent Sobolev spaces and ap-
plications. Fractional Calculus and Applied Analysis, 2024.

[10] N. Chems Eddine and D.D. Repovs. The Neumann problem for a class of general-
ized Kirchhoff-type potential systems. Boundary Value Problems, 2023(1):1-33,
2023. https://doi.org/10.1186/s13661-023-01705-6.

[11] E. DiBenedetto. Degenerate parabolic equations. Springer Science & Business
Media, 1993. https://doi.org/10.1007/978-1-4612-0895-2.

[12] X. Fan. Anisotropic variable exponent Sobolev spaces and p(z)-Laplacian
equations. Complex Variables and Elliptic Equations, 56(7-9):623-642, 2011.
https://doi.org/10.1080/17476931003728412.

[13] X. Fan and D. Zhao. On the spaces L (w) and W™P®)(w).  Jour-
nal of Mathematical Analysis and Applications, 263(2):424-446, 2001.
https://doi.org/10.1006 /jmaa.2000.7617.

[14] A. Fiscella and E. Valdinoci. A critical Kirchhoff type problem involving a
nonlocal operator. Nonlinear Analysis: Theory, Methods & Applications, 94:156—
170, 2014. https://doi.org/10.1016/j.na.2013.08.011.

[15] Y. Fu. The principle of concentration compactness in LP@®) spaces and its applica-
tion. Nonlinear Analysis: Theory, Methods & Applications, 71(5-6):1876-1892,
2009. https://doi.org/10.1016/j.na.2009.01.023.

[16] Y. Fu and X. Zhang. Multiple solutions for a class of p(z)-Laplacian equa-
tions in involving the critical exponent. Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Sciences, 466(2118):1667—-1686, 2010.
https://doi.org/10.1098 /rspa.2009.0463.

[17] A.Hamydy, M. Massar and N. Tsouli. Existence of solutions for p-Kirchhoff type
problems with critical exponent. FElectron. J. Differential Equations, 105:1-8,
2011.

[18] G. Kirchhoff. Vorlesungen iiber Mechanik, volume 1. Teubner, Leipzig, 1883.

[19] P. Lions. The concentration-compactness principle in the calculus of variation,
the limit case, part 1. Annales de 'Institut Henri Poincaré C, Analyse non
linéaire, 1(2):109-145, 1984. https://doi.org/10.1016/S0294-1449(16)30428-0.

[20] V.D. Radulescu and D.D. Repovs. Partial differential equations with variable
exponents: variational methods and qualitative analysis, volume 9. CRC press,

2015.
[21] D. Repovs. Stationary waves of Schrédinger-type equations with vari-
able exponent. Analysis  and  Applications, 13(06):645-661, 2015.

https://doi.org/10.1142/S0219530514500420.

[22] E. Schrodinger. An undulatory theory of the mechanics of atoms and molecules.
Physical Review, 28(6):1049, 1926.

[23] C. Sulem and P.-L. Sulem. The nonlinear Schrédinger equation: self-focusing
and wave collapse, volume 139. Springer Science & Business Media, 2007.
https://doi.org/10.1007 /b98958.

Math. Model. Anal., 29(2):254-267, 2024.


https://doi.org/10.1186/s13661-023-01705-6
https://doi.org/10.1007/978-1-4612-0895-2
https://doi.org/10.1080/17476931003728412
https://doi.org/10.1006/jmaa.2000.7617
https://doi.org/10.1016/j.na.2013.08.011
https://doi.org/10.1016/j.na.2009.01.023
https://doi.org/10.1098/rspa.2009.0463
https://doi.org/10.1016/S0294-1449(16)30428-0
https://doi.org/10.1142/S0219530514500420
https://doi.org/10.1007/b98958

	Introduction and main results
	Proof of the main result
	A special case
	References

