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Abstract. To improve ride comfort, an oil damper should restrain its damping force
in a high-velocity range. A lot of dampers with such properties were developed. For
example, the one controlling the flux of oil by a leaf valve is widely adapted and
reasonable. However, it is difficult to represent its dynamics with a simple mathe-
matical model, and the cost of a computational fluid dynamics is too expensive. To
overcome the disadvantages, the first author in [15] developed the other mechanical
oil damper with sub-pistons instead of the leaf valve, which enabled us to propose
a simple mathematical model with linear ordinary differential equations, thanks to
the simple mechanism to control the oil flow. In this article, we give a more detailed
mathematical model for the damper taking the dynamic pressure resistance into ac-
count, which is represented by nonlinear ordinary differential equations. In addition,
a numerical scheme for the model is also proposed and its mathematical analysis such
as the validity of the numerical solutions is shown.

Keywords: oil damper, mathematical modelling, nonlinear differential equations, structure-

preserving numerical methods.
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1 Introduction

Oil dampers used in automobile suspensions generate damping force by uti-
lizing the resistance passing oil in a cylinder through a narrow channel in the
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piston. Hence, the damping force generated by the damper depends on the
speed of the piston. It is known experimentally that the damping force of a
simple normal damper is proportional to the speed of the piston. Thus, it will
act stiffly especially against unsteady fast inputs if we make the damping force
strong relative to the speed, whereas the convergence of vibration phenomena
will deteriorate if we simply weaken the damping force. In order to satisfy
these conflicting demands, various mechanisms have been developed to adjust
the damping force generated by dampers. An reasonable and widely adopted
mechanism is that has a leaf valve installed at the outlet of the flow path ( [4]).
This is based on the fact that the stroke is relatively fast in situations where
people feel uncomfortable, such as when riding on uneven ground or when going
over steps, and the stroke is slow when the vehicle is moving, such as pitching
or rolling. When the operating speed is high, the fluid displaces the leaf valve
and flows while opening the flow path, making the damping force characteris-
tics nonlinear. There are also dampers that can exert a damping force suitable
for the driving mode by electrically controlling the flow path of the damper,
and dampers that use MR fluid to control the damping force by applying a
magnetic field to the oil ( [3, 11]), those using a complex mechanism in the
piston structure to exert damping force according to the input frequency ( [8]),
and even electromagnetic dampers that do not use oil have been developed
( [10]). Dampers in automobiles, like suspension springs, are important ele-
ments that characterize the vehicle’s ride comfort and dynamic characteristics.
Therefore, in vehicle development, it is necessary to fully consider what kind
of damping characteristics should be given to the damper in order to satisfy
the performance of the vehicle. It is also important to be able to reproduce
it. Thus, research has been conducted on methods for analytically determining
the damping coefficient of oil dampers (e.g., [5, 12, 14]). However, when mod-
eling a damper with a general piston equipped with a leaf valve type damping
force adjustment mechanism, it is difficult to accurately identify the damping
parameters that represent the characteristics of the damper. This is due to the
difficulty of predicting the behavior of the leaf valve during its stroke and the
constantly changing flow path. Herr et al. [9] and Shams et al. [13] attempted to
identify the damping parameters of a damper using computational fluid dynam-
ics (CFD). However, because these CFD methods require expensive calculation
costs, it is not realistic to use them for designing the damping characteristics
of dampers. Therefore, one of the authors proposed a novel damper with a
ring flow path piston mechanism that has a large damping force adjustment
function, and at the same time, proposed a damper that is as simple as possible
so that the damping force of the damper can be calculated sequentially in real
time when applying damper characteristics to a vehicle model. We have been
modeling a damper expressed by an equation( [15]). It was also confirmed that
the proposed damper model was in good agreement with experimental data.
The mechanism of the proposed model is simple, only adding movable sub-
pistons Pu and Pl attached to the main piston Pm with rods through springs
with spring constants Ku and Kl, as shown in Figure 1 below. These sub-
pistons play roles in adjusting the flow paths of the main damper in response
to its expansion and contraction. Namely, the tapered parts attached to the
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Figure 1. CAD models of the damper and its simplified image.

sub-pistons adjust the flow paths of the main piston. During compression, the
upper piston enlarges the flow paths to reduce resistance. On the other hand,
during extension, the lower piston enlarges the flow paths to reduce resistance.
The design is such that the resistance force decreases by the opening of the
flow channel by the upper piston during compression and by the opening of the
flow channel by the lower piston during extension.

Since this damper has a simple structure and its variable resistance function
is passive, it does not require electric power or other power and is expected to
improve durability. Furthermore, the damping characteristics can be easily
modeled since it is designed with mathematical modeling in mind.

In this paper, we first construct the mathematical model in Section 2. In the
previous work of the first author [15], a mathematical model for this damper has
already been proposed, but it is a linearized approximate model that does not
take into account the effect of dynamic pressure resistance (also called hydro-
dynamic resistance). The dynamic pressure resistance is a natural resistance
force arising from the hydrodynamic properties of the oil, and should be deter-
mined by the oil flow inside the damper. However, it is theoretically difficult to
obtain the resistance force by the precise analysis for the flow of viscous fluid
against a complex shape of a domain, including the flow path on the piston
inside the damper, and it is also inefficient to consider a numerical simulation
following the fluid dynamics. Therefore, damper models usually adopt many
approximations, and under the assumptions of these approximations, several
constants are derived empirically or experimentally. The flow paths of the sub-
pistons are tube-shaped, and the resistance force to the tube-shaped channel
is well known. On the other hand, the flow paths of the main piston have
tapered-shaped that is adjusted by a tapered (or conical) controller, so it is
necessary to propose some new model appropriate for these tapered-shaped
flow paths. More precisely, we need to determine how the pressure difference
in each channel contributes to the dynamic pressure resistance on the main
piston. As we mention in Section 2, we propose the new model under the
hypothesis that “the proportion of the cross-sectional area contributed by the
pressure difference is equal to the proportion of each flow rate.” The validity
of our model proposed here is guaranteed with high accuracy by comparison
with the experimental data obtained by CFD methods.
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Section 3 is devoted to a mathematical analysis of the numerical solution
of the mathematical model obtained here. The obtained mathematical model
is an ordinary differential equation but nonlinear, by taking the dynamic pres-
sure resistance into account. Since the nonlinear term belongs to C1,1, the
existence and uniqueness of the solution are assured by the classical Cauchy’s
existence theorem (e.g., [1, 2], etc.). Here we investigate the behavior of the
solution through numerical simulations. Although highly accurate numerical
methods for ordinary differential equations, such as the Runge-Kutta method,
are well known [7], their accuracy is not assured for nonlinear terms that are
not sufficiently regular such as our model introduced here. Therefore, in this
article, we apply the structure-preserving numerical method. The numerical
methods that inherit a structure for the original differential equation in some
sense are called the structure-preserving numerical methods. The inherited
structures are e.g., symplectic structures (see e.g., [7]), energy structures, the
positivity of solutions, and so on. We here focus on the energy structure as
introduced in [6]. The energy structure, such as the energy conservation law,
is often utilized to show the stability of the numerical solution, and the prop-
erty can also be applied for the error estimate (e.g., [16, 17]). We will derive a
structure-preserving numerical method for this mathematical model, introduce
the algorithm to calculate the numerical solution, and show the error estimate
between the numerical solution and the exact solution.

In Section 4, we demonstrate several numerical simulations using this algo-
rithm and explain that the mathematical model satisfies the expected proper-
ties of the damper. In the last section, the results obtained in this paper are
summarized as a conclusion.

2 Mathematical model for the proposed damper

As introduced in the previous section, the damper proposed in this article is a
system in which the flow path of the central piston (main piston) is adjusted
by a sub-piston called a variable flow valve (VFV) controller, as shown in the
figure in the previous section (Figure 1). The main-piston is placed between
two sub-pistons, and is fixed to the rod from the top. The sub-pistons are not
directly fixed to the rod but are connected to it through springs to allow variable
distance from the main-piston. Let us explain each piston in more detail. As
shown in Figure 2, the main piston Pm has tapered flow channels, and the sub-
pistons Pu and Pl have tube-shaped flow channels. The tapered flow channels
in the main piston are adjusted in its flow rate by conical components fixed to
the sub-piston.

When compressing the damper, the flow paths of the main piston, which
are adjusted by the sub-piston on the upper side in relation to the main piston,
are enlarged. On the other hand, when extending the damper, the flow paths
of the main piston, which are adjusted by the sub-piston on the lower side, are
enlarged. Next, we consider a model for the resistance force on each of the
sub-pistons and the main piston.

Math. Model. Anal., 29(4):600–620, 2024.
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(a) main-piston (b) sub-piston

Figure 2. Shape of flow channel.

2.1 Resistance force for sub-piston

In this subsection, we first focus on one sub-piston (VFV controller) and derive
an expression for the resistance force on it. Let Vs be the velocity of the target
sub-piston and As be its cross-sectional area.

It is known that the resistance force of the damper arises from the pressure
difference at the exit and entrance of the piston. The flow path of the sub-piston
has a simple tubular shape as shown on the right in Figure 2, and the viscous
and dynamic pressure resistances in this case are well known, namely, from the
Hagen-Poiseuille equation, the pressure difference δpsv at both ends resulting
from the viscous resistance of a single tubular channel of radius rs and length
Ls with viscosity µ and flow rate qs is given by δpsv = 8µLs

πr4s
qs, and the pressure

difference δpsk at both ends resulting from the dynamic pressure resistance of
a single tube-type channel is known to be given by δpsk = ρ

2C2
d
v2s , where ρ is

the density of oil and vs is the average velocity at the channel exit. Note that
Cd is a constant called the orifice flow coefficient, which is often taken values
between 0.7 and 1. The formula corresponds to the Bernoulli law δp = ρ

2v
2
s

adjusted empirically by the flow coefficient Cd to account for the flow reduction
and friction loss. Although Cd is originally determined from various conditions
such as fluid equations, domain and channel geometry, it is theoretically and
numerically unrealistic to analyze fluid equations on a complicated geometry
and a moving domain, and the above empirical law has been used for a long
time.

Since the sub-piston consists of more than one of these tube-shaped chan-
nels, the resistance force in that case is obtained as follows. Let ns be the
number of channels in the sub-piston, Qs the flow rate of the entire sub-piston,
and Fsv the force due to a viscous resistance on the sub-piston. Then the
relation Q = nq, Fsk = Asδpsv, Qs = AsVs holds. Therefore, we obtain

Fsv = −8µLsA
2
s

nsπr4s
Vs.

Similarly, since the cross-sectional area of one channel is πr2s and the flow
rate of ns channels is nsπr

2
svs, we see that AsVs = nsπr

2
svs. Let us denote

the force consisting of a dynamic pressure resistance by Fsk. Since the relation
Fsk = Asδpsk holds, we have

Fsk = − ρA3
s

2C2
dn

2
sπ

2r4s
|Vs|Vs,
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where we take the direction of force into account. Therefore, the total force Fs

on the sub-piston is derived as

Fs = Fsv + Fsk = −8µLsA
2
s

nsπr4s
Vs −

ρA3
s

2C2
dn

2
sπ

2r4s
|Vs|Vs. (2.1)

2.2 Resistance force on the main-piston

Next, we shall derive the resistance force on the main-piston. The main-piston
is sandwiched from both sides by the sub-pistons, and its flow rate is adjusted
by the sub-pistons. The conical-shaped components are attached to the sub-
pistons and adjust the sizes of the flow paths of the main-piston. To derive the
force on the main-piston is somewhat complicated due to the tapered shape of
the flow channel. Let Vm, Am, and Lm denote the speed, cross-sectional area,
and thickness of the main piston, respectively.

Note that the contracting (or extensional, resp.) side flow path is not
completely closed during the extensional (or contracting, resp.) stroke. The
flow paths of the main-piston are variable, and when the main-piston extends
(Vm ≥ 0), oil flows in a negative direction (Figure 3), and when the main-
piston contracts (Vm ≤ 0), oil flows in a positive direction (Figure 4). Thus,
the direction of oil flow in the main-piston depends on the sign of Vm.

Figure 3. The direction of oil flow when the main-piston extends.

Figure 4. The direction of oil flow when the main-piston contracts.

First, we focus on the equations for the viscous and dynamic pressure re-
sistances on a single tapered flow channel. Suppose that the sub-piston moves
from its initial position and the channel width is t as shown in Figure 5. Let x̃
be a new coordinate system parallel to x with the bottom of the piston at 0 and
ỹ be parallel to y with the center of the channel at 0. Let R(x̃) denote the dis-
tance from the center of the tapered channel at x̃, R(0) = R0 and R(L) = R1.
Note that for given R0 and R1, R(x̃) = R1−R0

L x̃+R0.

Math. Model. Anal., 29(4):600–620, 2024.
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Figure 5. A taper-shaped fluid path.

It is known that the dynamic pressure resistance is given by the following
formula as well as that of a tubular fluid path, namely, the pressure loss by the
dynamic pressure δpk is given by

δpk =
ρ

2C2
d

v2m. (2.2)

On the other hand, viscous resistance is different from the one for the tubu-
lar shaped channel, because it depends on the shape of the channel. The
dynamics for the incompressive fluid is represented by the Navier-Stokes equa-
tion:

∂v

∂t
+ v · ∇v = −1

ρ
∇p+

µ

ρ
∆v.

Here, the damper is symmetric with respect to the rod of piston, then we assume
that the flow is regarded as two-dimenional one. In the two-dimensional flow
v = (vx̃, vỹ), the equation for x̃-direction is denoted by

∂vx̃
∂t

+

(
vx̃

∂vx̃
∂x̃

+ vỹ
∂vỹ
∂ỹ

)
= −1

ρ

∂p

∂x̃
+

µ

ρ
∆vx̃.

Here, we assume the flow is layered and steady flow. Even under the steady
flow assumption, the left hand side is not negligible, in general. However, in
our model, we assume the left hand side is neglected, because the difference
between the cross-sectional areas of entry and exit is not so large in addition
to the fact that the viscous force is dominant compared to the inertial force.
We may thus consider the steady state ∂p

∂x̃ = µ∆vx̃. Moreover, since the layer
flow assumption implies p(x̃, ỹ) = p(x̃) and vx̃(x̃, ỹ) = vx̃(ỹ), we can rewrite

the equation to dp
dx̃ = µd2vx̃

dỹ2 . Under the boundary conditions vx̃(R) = 0 and

vx̃(R− t) = 0, the above equation is solved explicitly as

vx̃(ỹ) =
1

2µ

{
ỹ2 − (2R− t)ỹ +R2 − tR

} dp

dx̃
. (2.3)

The flux q for a tapered fluid path can be obtained by integrating (2.3) over
the cross section as follows:

q = π(2R− t)

∫ R

R−t

vx̃(ỹ)dỹ =
π

12µ
(2R− t)t3

dp

dx̃
.
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Therefore, the pressure difference δpv between both edges due to the viscous
resistance is given by

δpv =

∫ p(L)

p(0)

dp =
12µq

πt3

∫ L

0

1

2R− t
dx̃. (2.4)

Substituting R = R(x̃) = R1−R0

L x̃+R0 into (2.4) yields

δpv =
6µL

πt3(R1 −R0)
log

{
2(R1 −R0)

2R0 − t
+ 1

}
q.

Now, from the geometrical structure of the fluid path (Figure 5), we im-
pose the constraints that min{R0, R1} ≥ t and min{R0, R1} > 0, and hence
2min{R0, R1} > t. Therefore, the following relation holds

2(R1 −R0)

2R0 − t
+ 1 > 0.

In the above argument for the viscous resistance on the taper-shaped path,
we have not specifically mentioned the direction of flow. Observe that when
Vm ≥ 0, the oil flows from top to bottom with q ≤ 0 (i.e., δpv ≤ 0), and when
Vm ≤ 0, the oil flows from bottom to top with q ≥ 0 (i.e., δpv ≥ 0).

Next, let us derive a formula for the resistance force on the main piston
consisting of multiple taper-shaped flow paths, from the viscous and dynamic
pressure resistances of one taper-shaped flow path given above. We then de-
rive an expression for the resistance force on the main piston consisting of
multiple channels. As shown in Figure 7 given below, the main piston Pm is
distinguished by a subscript m, the upper sub-piston Pu by u, and the lower
sub-piston Pl by l. The effect of gravity is neglected here. From the geometric
structure of the flow paths, it is obviously seen that R0u < R1u and R0l > R1l.
Assume that the main piston has nu channels whose flows are controlled by
Pu and nl channels whose flows are controlled by Pl. Then the flow Qm of the
main piston is equal to nuqu + nlql.

Let us first derive the resistance force Fmv arising from the viscous resistance
to the main piston. From the resistance force for one taper-shaped fluid path,
flow rates by the viscous resistance are given as qu = ϕuδpv, ql = ϕlδpv, where
we set

ϕr :=
π(R1u −R0u)t

3
u

6µLm log
(

2(R1u−R0u)
2R0u−tu

+ 1
) , ϕl :=

π(R1l −R0l)t
3
l

6µLm log
(

2(R1l−R0l)
2R0l−tl

+ 1
) . (2.5)

We thus obtain the relation between the total flow Qm and the pressure differ-
ence as follows:

Qm = (nuϕu + nlϕl)δpv

=
π

6µL

 (R1u −R0u)t
3
u

log
(

2(R1u−R0u)
2R0u−tu

+ 1
)nu +

(R1l −R0l)t
3
l

log
(

2(R1l−R0l)
2R0l−tl

+ 1
)nl

 δpv.

Math. Model. Anal., 29(4):600–620, 2024.
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Let us denote the force to main piston by viscous resistance by Fmv, respec-
tively. Substituting Qm = AmVm and Fmv = Amδpv into the above equation
implies

Fmv = − A2
m

(nrϕr + nlϕl)
Vm

= − 6µLmA2
m

π

{
(R1u−R0u)t3u

log
(

2(R1u−R0u)
2R0u−tu

+1
)nu +

(R1l−R0l)t3l

log
(

2(R1l−R0l)

2R0l−tl
+1

)nl

}Vm.

Let us next derive the resistance force Fmk on the main-piston by the dy-
namic pressure resistance. The pressure difference due to dynamic pressure
resistance is given by (2.2). However, the pressure difference differs because
the flow velocity differs between the flow path controlled by the piston Pu and
the one by Pl. Here, we propose the simple model:

Ratio of cross sectional area contributed by pressure difference

equals ratio of each flow rate.
(2.6)

Namely, the composite resistance force contributed by the pressure difference
from one channel is denoted by

Fku = − ρ

2C2
d

A
qu
Q
, Fkl = − ρ

2C2
d

A
ql
Q
.

Remark that to propose (2.6) is one of our purposes of this article. The validity
of this model is ensured in the CFD-tests. In order to confirm the validity of
the proposed model equations for damping force due to viscous and dynamic
pressure resistance, we compare with the data of a numerical fluid dynamics
analysis. The graphs show a comparison of the damping force calculated by
the model equation with a steady-state flow analysis performed with a sub-
piston lift varying from 2[mm] to 6[mm] and a flow velocity corresponding to
the piston speed in increments of 0.02[m/s]. As shown in the graph (Figure 6),
the CFD results and the damping force calculated by the model equation are
compared with each other. As this graph shows, there is a good correspondence
between the CFD results and the results calculated by the proposed model.

The total flow Qm on the main-piston satisfies Qm = nuqu+nlql = (nuϕu+
nlϕl)δpm. Then we see that

qu =
ϕu

nuϕu + nlϕl
Qm, ql =

ϕl

nuϕu + nlϕl
Qm.

Denote the area of exit of compression and tension by au and al, respectively.
Then we have qu = auvu and ql = alvl. It follows from Qm = AmVm that

Fku = −nuρA
3
m

2C2
da

2
u

(
ϕu

nuϕu + nlϕl

)3

V 2
m, Fkl = −nlρA

3
m

2C2
da

2
l

(
ϕl

nuϕu + nlϕl

)3

V 2
m.

Therefore, dynamic pressure is given by

Fmk = Fku + Fkl

= −ρA3
m

2C2
d

{
nu

a2u

(
ϕu

nuϕu + nlϕl

)3

+
nl

a2l

(
ϕl

nuϕu + nlϕl

)3
}
|Vm|Vm.
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提案した粘性抵抗および動圧抵抗による減衰力のモデル式の妥当性を確認するために数値

流体解析の結果との比較を行った．サブピストンのリフト量 2mm～6mm まで変動させピ

ストンスピードに相当する流速を 0.02m/s 刻みで定常流解析をしたものとモデル式で算出

した減衰力と比較したものをグラフに示す．このグラフが示すように CFD 結果とモデル式

での算出結果は良好に対応していることがわかる． 
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Figure 6. Validity through the comparison between (2.6) and CFD.

Here, we have to pay attention to the exit areas au and al. Namely, as men-
tioned above, the oil direction is different by the sign of Vm, which means that
au and al take other values by the sign of Vm.

2.3 Input and output of damper

Let um, uu, and ul be the displacements of the main piston, the upper sub-
piston, and the lower sub-piston, respectively. We want to find the force (out-
put) Fd of the damper for a given input um. We can use ∂tum as the velocity
Vm of the main piston in the previous section, and ∂tuu for the upper sub-piston
Pu and ∂tul for the lower sub-piston Pl to the velocity Vs of the sub-piston.
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lower sub‐piston (𝑃௟)

Figure 7. Simplified image of damper.

As shown in Figure 7, let Lm be the thickness of the main-piston and Lu

and Ll be the thicknesses of the sub-pistons. The sub-pistons Pu and Pl are
spaced a little from the main piston so that tu and tl > 0, respectively. Fix
Pm to the piston rod with a spring of spring constants Ku and Kl so that
the natural length of Pm is fixed to the piston rod. Then, the forces on the
upper and lower sub-pistons due to the springs are given by −Ku(uu − um)
and −Kl(ul − um), respectively. Neglecting the effect of gravity, the forces on
the sub-piston are only the resistance force of the damper given by (2.1) and
the repulsive force of the spring. Therefore, the equations of motion of the

Math. Model. Anal., 29(4):600–620, 2024.
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sub-piston are

Mu∂
2
t uu + Cu∂tuu + C̃u|∂tuu|∂tuu +Ku (uu − um) =0, (2.7)

Ml∂
2
t ul + Cl∂tul + C̃l|∂tul|∂tul +Kl (ul − um) =0, (2.8)

where Mr and Ml are the masses of Pr and Pl, and from (2.1) the damper
resistance constants are given by

Cu =
8µLuA

2
u

nuπr4u
, Cl =

8µLlA
2
l

nlπr4l
, C̃u =

ρA3
u

2C2
dn

2
uπ

2r4u
, C̃l =

ρA3
l

2C2
dn

2
l π

2r4l
.

The output force Fd is represented by ur and ul, that is,

Fd =
(
Cm∂tum + C̃m|∂tum|∂tum

)
+
(
Cu∂tuu + C̃u|∂tuu|∂tuu

)
+
(
Cl∂tul + C̃l|∂tul|∂tul

)
,

(2.9)

where we remark that Cm and C̃m are not constants but nonlinear coefficients
depending on um, uu, and ul such as

Cm(um, uu, ul) :=
A2

m

nuϕu + nlϕl
, (2.10)

C̃m(um, uu, ul) :=
ρA3

m

2C2
d

{
nu

a2u

(
ϕu

nuϕu + nlϕl

)3

+
nl

a2l

(
ϕl

nuϕu + nlϕl

)3
}
.

(2.11)

For the readability we recall the definition of ϕt and ϕc given in (2.5) here

ϕu :=
π(R1u −R0u)t

3
u

6µLm log
(

2(R1u−R0u)
2R0u−tu

+ 1
) , ϕl :=

π(R1l −R0l)t
3
l

6µLm log
(

2(R1l−R0l)
2R0l−tl

+ 1
) ,

where tu and tl are given by

tl := tl0 +
Rl1 −Rl0

Lm
(ul − um), tu := tu0 +

Ru1 −Ru0

Lm
(uu − um). (2.12)

Since au and al are the channel areas at the exit of flow path of the main piston,
we need to separate the cases according to the positivity or negativity of ∂tum.
Indeed, recalling Figures 3 and 4, au and al are the areas of lower sides when
∂tum ≥ 0 and are the areas of upper sides when ∂tum ≤ 0. Note that the area
of a donut-shaped region with outer diameter R and inner diameter R − t is
given by πR2 − π(R− t)2 = πt(2R− t), then we see that

au =

{
πtu(2R0u − tu), if ∂tum ≥ 0,

πtu(2R1u − tu), if ∂tum ≤ 0,
al =

{
πtl(2R0l − tl), if ∂tum ≥ 0,

πtl(2R1l − tl), if ∂tum ≤ 0.

Consequently, we obtain the mathematical model of the damper. Namely,
the output Fd is given from the input function um by solving the nonlinear
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ordinary differential equations (2.7)–(2.8). Remark that it is not trivial that
the solutions uu and ul for the Equations (2.7) and (2.8) are obtained explicitly,
because the nonlinear terms are not standard polynomials due to including the
absolute values. Even if we can find the explicit solution formula, the formula
for calculating the value of Fd is complicated, so it is more realistic to calculate
it numerically than theoretically. In what follows, we introduce a scheme for
obtaining numerical solutions of the nonlinear ordinary differential equations
(2.7)–(2.8) and error estimate for the approximate solutions.

3 Numerical methods

Each of the Equations (2.7) and (2.8) is written as

Mi∂
2
t ui + Ci∂tui + C̃i|∂tui|∂tui +Kiui = Kium,

for i = u, l. Obviously, the each equation of (2.7) and (2.8) is solved indepen-
dently for given um. Then let us consider the equation:

M∂2
t u+ C∂tu+ C̃|∂tu|∂tu+Ku = f, (3.1)

for given function f . Setting v := ∂tu, the Equation (3.1) can be decomposed
to the system of first order differential equations:{

∂tu = v,

M∂tv = −Cv − C̃|v|v −Ku+ f.
(3.2)

We give the mathematical analysis for the system such as error estimate be-
tween strict solution (u, v)t and an approximate solution by using the structure-
preserving numerical method given below. Regarding the system (3.2) as
∂tu = g(u) for u := (u, v)t, g(u) := (v, (−Cv − h(v) − Ku + f)/M)t with
h(v) := C̃|v|v, such the Runge-Kutta method seems to be more applicable and
efficient. However, we should remark that g is not sufficient smooth. Indeed,
to utilize the error estimate of the order O(∆t4), it requires C4-regularity for
u. On the other hand, it is easily seen that h ̸= C4 but h ∈ C1,1. Then the
C4-regularity for the solution is not assured. This is the reason why we shall
use the structure-preserving numerical method. Multiplying v by the second
equation derives the following energy law:

∂t

(
M

2
v2 +

K

2
u2

)
+ Cv2 + C̃|v|3 = vf. (3.3)

Integrating over t ∈ [0, t], we obtain the total energy conservation law:

M

2
v2(t) +

K

2
u2(t) +

∫ t

0

(
Cv2(s) + C̃|v|3(s)

)
ds

=

∫ t

0

v(s)f(s)ds+
M

2
v2(0) +

K

2
u2(0).

Math. Model. Anal., 29(4):600–620, 2024.
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The Young inequality ab ≤ C̃a3+ 2

3
√

3C̃
b3/2 implies the a priori estimate (energy

estimate) for the solutions as follows:

max
t∈[0,T ]

(
M

2
v2(t) +

K

2
u2(t)

)
+ C

∫ T

0

v2(t)dt

≤ M

2
v2(0) +

K

2
u2(0) +

2

3
√
3C̃

∫ T

0

|f | 32 (t)dt.

Let (Un, Vn)
t be the solution for the numerical scheme corresponding to

the solution (u, v)t at t = n∆t with the time splitting size ∆t. Our numerical
scheme is as follows:

Un+1−Un

∆t = Vn+1+Vn

2 ,

M Vn+1−Vn

∆t = −C Vn+1+Vn

2 − C̃
∣∣∣Vn+1+Vn

2

∣∣∣ Vn+1+Vn

2

−K Un+1+Un

2 + fn+ 1
2
,

(3.4)

where fn+ 1
2
:= f

((
n+ 1

2

)
∆t

)
. The scheme inherits the above energy conser-

vation law in the following sense. Multiplying Vn+1+Vn

2 by the second equation
yields

1

∆t

{(
M

2
|Vn+1|2 +

K

2
|Un+1|2

)
−
(
M

2
|Vn|2 +

K

2
|Un|2

)}
+ C

(
Vn+1 + Vn

2

)2

+ C̃

∣∣∣∣Vn+1 + Vn

2

∣∣∣∣3 =
Vn+1 + Vn

2
· fn+ 1

2
,

which corresponds to (3.3). In a similar fashion as above, summing the equa-
tion from n = 0 to n = n − 1, we obtain the discrete version of the energy
conservation law:

M

2
|Vn|2+

K

2
|Un|2 +

n−1∑
ℓ=0

{
C

(
Vℓ+1 + Vℓ

2

)2

+ C̃

∣∣∣∣Vℓ+1 + Vℓ

2

∣∣∣∣3
}
∆t

=

n−1∑
ℓ=0

Vℓ+1 + Vℓ

2
· fℓ+ 1

2
∆t+

M

2
|V0|2 +

K

2
|U0|2,

(3.5)

and using the Young inequality

max
n=0,1,...,N

(
M

2
|Vn|2 +

K

2
|Un|2

)
+ C

N−1∑
n=0

(
Vn+1 + Vn

2

)2

∆t

≤ 2

3
√
3C̃

N−1∑
n=0

∣∣∣fn+ 1
2

∣∣∣ 3
2

∆t+
M

2
|V0|2 +

K

2
|U0|2.

In this sense, the finite difference scheme (3.4) is called the structure-preserving
numerical scheme. We remark that the scheme possesses the property of the
symplectic integrator, and is also identified with the so-called mid-point rule.
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3.1 Existence of solution

Let us discuss the existence and uniqueness of solution for (3.4). In general,
it is not trivial that the system of nonlinear equations has a unique solution.
However, in the case of our equation, it is almost trivial because the system
is almost quadratic. Nevertheless, we introduce the existence of a solution
because it will be used as the actual numerical simulations.

Set V := Vn+1+Vn

2 and U := Un+1+Un

2 . Then the system (3.4) is rewritten
as

2

∆t
U − 2

∆t
Un =V,

2M

∆t
V − 2M

∆t
Vn =− CV − C̃|V |V −KU + fn+ 1

2
.

(3.6)

Eliminating U from the system, we obtain the equation for V ;

C̃|V |V +

(
2M

∆t
+

K∆t

2
+ C

)
V +

(
KUn − 2M

∆t
Vn − fn+ 1

2

)
= 0.

Let us furthermore denote
(
2M
∆t + K∆t

2 + C
)
/C̃ and

(
KUn − 2M

∆t Vn − fn+ 1
2

)
/C̃

by α and β, respectively. Thus, the resulting equation is |V |V + αV + β = 0.
Since

y =

{
V 2 + αV + β, V ≥ 0,

−V 2 + αV + β, V < 0,

we thus obtain
dy

dV
=

{
2V + α, V ≥ 0,

−2V + α, V < 0.

Observe that α ≥ (2
√
MK+C)/C̃ > 0 from the arithmetic mean and geometric

mean inequality. Then it holds that dy
dV ≥ α > 0 for any V ∈ R. Therefore,

we conclude that the Equation (3.6) has a unique solution V . Namely, for
given (Un, Vn)

t and f , there exists a unique solution (Un+1, Vn+1)
t for the

Equations (3.4). The existence of a solution (Un, Vn)
t for given (U0, V0)

t follows
from the inductive argument. More concretely, we have the explicit formula:

V =


−α+

√
α2−4β

2 , β < 0,
α−

√
α2+4β

2 , β ≥ 0.

Consequently, in the actual numerical simulation, our scheme is calculated as
follows:

Theorem 1 [Algorithm]. The solution for (3.4) is calculated by the following
scheme. For each n, we first calculate α =

(
2M
∆t + K∆t

2 + C
)
/C̃ and β =(

KUn − 2M
∆t Vn − fn+ 1

2

)
/C̃. Next, we calculate Vn+1 and Un+1 as follows.

(i) In the case β < 0,

Vn+1 = −α+
√
α2 − 4β − Vn, Un+1 = Un +

Vn+1 + Vn

2
∆t;
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(ii) In the case β ≥ 0,

Vn+1 = α−
√

α2 + 4β − Vn, Un+1 = Un +
Vn+1 + Vn

2
∆t.

3.2 Error estimate

We denote the error (Un − u(n∆t), Vn − v(n∆t)) by (e1,n, e2,n). We obtain
the following error estimate which does not require the smallness assumption
for ∆t in spite of the fact that the problem is nonlinear. The error estimate
corresponds to the estimate given in [17] as the unconditional error estimate.

Theorem 2. Let N be arbitrarily fixed and T := N∆t. Then for any ∆t > 0,
there exists a constant such that

max
n=0,1,...,N

(|e1,n|+ |e2,n|) ≤ c
√
T |∆t|2.

Proof. Subtracting (3.4) from (3.2) at t = (n + 1/2)∆t, we can derive the
equations for errors:

e1,n+1 − e1,n
∆t

=
e2,n+1 + e2,n

2
+ ζ1,n, (3.7)

M

(
e2,n+1 − e2,n

∆t

)
=− C

(
e2,n+1 + e2,n

2

)
−K

(
e1,n+1 + e1,n

2

)
−
{
h

(
Vn+1 + Vn

2

)
− h

(
Vn+1 + Vn

2

)}
+ ζ2,n, (3.8)

where for un = u(n∆t), vn = v(n∆t) and

ζ1,n :=

{
(∂tu)

((
n+

1

2

)
∆t

)
− un+1 − un

∆t

}
+

(
un+1 + un

2
− un+ 1

2

)
,

ζ2,n :=M

{
(∂tv)

((
n+

1

2

)
∆t

)
− vn+1 − vn

∆t

}
+ C

(
vn+1 + vn

2
− vn+ 1

2

)
−K

(
un+1 + un

2
− un+ 1

2

)
−
{
h

(
vn+1 + vn

2

)
− h

(
vn+ 1

2

)}
.

Since h(v) := C̃|v|v ∈ C1,1, the boundedness of ∂2
t u, ∂

3
t u and ∂2

t v, ∂
3
t v are

assured. Indeed, from the energy estimate and the equation the boundedness
of ∂tu and ∂tv is trivial. Furthermore, from the equation, we see that ∂2

t v =
−∂v + h′(v)∂tv − ∂tu − f ′. Then the boundedness of ∂2

t v are derived and
the one for ∂2

t u is also obvious from the first equation of (3.2). Remark that
h′(v) = 2C̃|v| is the Lipschitz continuous, then there exists some constant L
such that |h′(v1)− h′(v2)| ≤ L|v1 − v2| with for any v1 and v2. Since

sup
t∈[0,T ]

∣∣∣∣ limτ→0

h′(v(t+ τ))(∂tv)(t+ τ)− h′(v(t))∂tv(t)

τ

∣∣∣∣
≤ sup

t∈[0,T ]

∣∣h′(v(t))∂2
t v(t)

∣∣+ sup
t∈[0,T ]

∂tv(t) ·
∣∣∣∣ limτ→0

h′(v(t+ τ))− h′(v(t))

τ

∣∣∣∣
≤ sup

t∈[0,T ]

|h′(v(t))| · sup
t∈[0,T ]

∣∣∂2
t v(t)

∣∣+ L sup
t∈[0,T ]

|∂tv(t)|2 ,
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we obtain the boundedness of ∂3
t v and hence also of ∂3

t u. From the Taylor
theorem, there exist constants c such that

un+1 + un

2
− un+ 1

2
=∆t2 · ∂2

t u(c),

∂tu

((
n+

1

2

)
∆t

)
− un+1 − un

∆t
=−∆t2 · ∂3

t u(c),

h

(
vn+1 + vn

2

)
− h

(
vn+ 1

2

)
=h′(c) ·

(
vn+1 + vn

2
− vn+ 1

2

)
,

where the constants c differ each other line by line. Therefore, we obtain

ζ1,n = O(∆t2), ζ2,n = O(∆t2).

Multiplying
e2,n+1+e2,n

2 by (3.8) and using (3.7) yield

1

∆t

{(
K

2
|e1,n+1|2 +

M

2
|e2,n+1|2

)
−
(
K

2
|e1,n|2 +

M

2
|e2,n|2

)}
+ C

∣∣∣∣e2,n+1 + e2,n
2

∣∣∣∣2 +{
h

(
Vn+1 + Vn

2

)
− h

(
vn+1 + vn

2

)}
· e2,n+1 + e2,n

2

=
e1,n+1 + e1,n

2
· ζ1,n +

e2,n+1 + e2,n
2

· ζ2,n.

Since h′(u) ≥ 2C̃|u| ≥ 0, we have from the mean value theorem that{
h

(
Vn+1 + Vn

2

)
− h

(
vn+1 + vn

2

)}
· e2,n+1 + e2,n

2

≥ h′(c) ·
∣∣∣∣e2,n+1 + e2,n

2

∣∣∣∣2 ≥ 0.

We thus obtain that

1

∆t

{(
K

2
|e1,n+1|2 +

M

2
|e2,n+1|2

)
−
(
K

2
|e1,n|2 +

M

2
|e2,n|2

)}
+ C

∣∣∣∣e2,n+1 + e2,n
2

∣∣∣∣2
≤

∣∣∣∣e2,n+1 + e2,n
2

∣∣∣∣ · |ζ2,n|+ ∣∣∣∣e1,n+1 + e1,n
2

∣∣∣∣ · |ζ1,n|
≤

∣∣∣∣e2,n+1 + e2,n
2

∣∣∣∣ · |ζ2,n|+ ∣∣∣∣e2,n+1 + e2,n
2

∣∣∣∣ · |ζ1,n|+ |ζ2,n| · |ζ1,n|

≤ C

∣∣∣∣e2,n+1 + e2,n
2

∣∣∣∣2 + 1

2C

(
|ζ1,n|2 + |ζ1,n|2

)
+ |ζ2,n| · |ζ1,n|,

then

1

∆t

{(
K

2
|e1,n+1|2 +

M

2
|e2,n+1|2

)
−
(
K

2
|e1,n|2 +

M

2
|e2,n|2

)}
≤ c|∆t|4.
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Summing up these inequality from n = 0 to n = n− 1 yields

max
n=0,1,...,N

(
K

2
|e1,n|2 +

M

2
|e2,n|2

)
≤ cT |∆t|4,

which completes the proof. ⊓⊔

4 Numerical simulation

In this section, we confirm the behavior of solution through several numerical
simulations of Fd for given um, which is calculated by (2.9), where the functions
ur and ul are calculated by solving (2.7) and (2.8). We give the input function
um and the initial values of uu = uu0, ∂tuu = uu1, ul = ul0 and ∂tul = ul1.
By the scheme (3.4), namely, by the manner given in Theorem 1, we calculate
(Uu,n, Vu,n) and (Ul,n, Vl,n) which are approximate values of (uu, ∂tuu) and
(ul, ∂tul). From the values Vu,n and Vl,n, we calculate Fd,n by (2.9)–(2.12)
with (2.5), which corresponds to the value of Fd.

In actual numerical calculations, the constraints tu ≥ 0 and tl ≥ 0 are
imposed. Moreover, Rl1 < Rl0 and Ru1 > Ru0 should be satisfied by the
geometrical structure. Then these conditions are rewritten as

uu ≥ um − Lmtu0
Ru1 −Ru0

, ul ≤ um − Lmtl0
Rl1 −Rl0

. (4.1)

To fulfill these conditions, if the numerical solution Uu,n+1 calculated by the
scheme given in Theorem 1 offends from the condition, namely, indicates Uu,n+1

< um,n+1 − Lmtu0

Ru1−Ru0
, we compensate by substituting um,n+1 − Lmtu0

Ru1−Ru0
for

Uu,n+1. Similarly, if Ul,n+1 satisfies Ul,n+1 > um,n+1 − Lmtl0
Rl1−Rl0

, then we sub-

stitute um,n+1 − Lmtl0
Rl1−Rl0

for Ul,n+1. We note that the error estimate for the
approximate solution with this compensation is not given in Section 3. Indeed,
if the constraint is violated in numerical simulations, then the energy structure
is broken. However, it is too complicated to consider the structure-preserving
numerical scheme with the constraint. Then here we restrict ourselves to con-
sidering the error estimate for the numerical solution without the constraints.

The parameters used in the numerical calculations are listed in Table 1.
These are based on the parameters used on the actual damper.

Table 1. Parameters for the numerical simulations.

ρ = 0.835 [kg/m3] Rl1 = 0.004/2 [m] Cd = 0.7, ns = 16
µ = 0.0266 [Pa · s] Ru0 = 0.0031/2 [m] ru = rl = 0.0002/2 [m]
L = 0.01[m] Ru1 = 0.0046/2 [m] Lu = Ll = 0.001 [m]
A = (0.0465)2π/4[m2] Rl0 = 0.0055/2 [m] Ku = Kl = 25240 [N/m]
nu = nl = 2 tu0 = tl0 = 0.00018 [m] Mu = Ml = 0.04 [kg]

Let us demonstrate several examples of numerical simulations. Throughout
the calculation, we set the time stepping size ∆t as 0.0001.
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� Case 1 (linearly increasing input velocity).
We first study the case that the input is

um(t) = 0.02t2, ∂tum(t) = 0.04t,

which means the velocity of the input ∂tum increases linearly. We set
all the initial values of the sub-pistons uu0, uu1, ul0, ul1 are zeros, and
T = 10.
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Figure 8. The solution in Case 1.

The relation between time t and output Fd and the relation between input
∂tum and Fd are shown in Figure 8. Although the shape of both graphs
is similar due to the monotonically increasing input, it can be observed
that the output decreases at higher speeds, indicating that the targeted
decrease in damping force at higher speeds is realized. The energy change
of the sub-pistons Pu and Pl is shown in Figure 11 (a). Because of the
monotonous increase to the upper direction, the upper piston offends the
constraint (4.1) in the middle, and the relation of energy conservation is
broken. On the other hand, the lower piston is not particularly affected
by the condition, so the energy conservation relation (3.5) is satisfied.

� Case 2 (oscillating input velocity).
Next, we examine the following input oscillating at the frequency of f =
0.2,

um(t) =
1

2
(1− cos (2πft)) , ∂tum(t) = πf sin (2πft) .

Here, we also calculate it under the assumptions uu0, uu1, ul0, ul1 are
zero, but T = 6. The behavior of the solution and the energy change are
shown in Figure 9 and Figure 11 (b).
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Figure 9. The solution in Case 2.

When the input oscillates, the brake is applied when the velocity exceeds
a certain speed, but the brake is also applied midway because it turns to
decrease midway due to the effect of dynamic resistance, but the brake
is significantly decreased again due to the effect of dynamic pressure re-
sistance. The relation between the input velocity ∂tum and Fd draws a
hysteresis loop. The energy conservation laws are broken due to offending
the conditions (4.1).

� Case 3 (small oscillating input velocity).
As the last example, we consider the case where the input oscillates (f =
0.2) but its amplitude is small such as

um(t) =
1

10
(1− cos (2πft)) , ∂tum(t) =

πf

5
sin (2πft) .

The relation between t and Fd and the relation between ∂tum and Fd are
shown in Figure 10. In this case, the solutions do not offend the constraint
(4.1), then we observe that the energy conservation law (3.5) holds. We
also st T = 6, but for the visibility of energy change, we set the initial
values as follows: uu0 = 0.0001, uu1 = 0, ul0 = −0.00011 and ul1 = 0.
As shown in Figure 11 (c), we can confirm that the energy conservation
law (3.5) holds when the amplitude is sufficiently small.
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Figure 10. The solution in Case 3.
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The following graphs indicate the relation between time and energies for
the sub-pistons.
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Figure 11. The energy of the sub-pistons.

5 Concluding remarks

We study the mechanical passive damper of which resistance force decreases
by the increasing of velocity. In this article, we derive the mathematical model
of the damper taking the dynamic pressure (hydrodynamic) resistance into
account. One of the problems is the complexity of the fluid paths of the main-
piston. To enable us to get a mathematical model, we propose the assumption
given in (2.6). Although this is an empirical rule and not a theoretically de-
rived law, we argued for its validity by comparing it with CFD. By adapting
the hypothesis, the mathematical model is derived. On the other hand, since
the dynamic pressure resistance is generally nonlinear effect, the derived mod-
els are nonlinear ordinary differential equations. It is not trivial to solve the
equations explicitly. We thus give the numerical scheme to solve the nonlinear
ordinary differential equations in Theorem 1, and we also give an error estimate
which assures the validity of the numerical solution. Lastly, we also demon-
strate several numerical simulations and confirm that the solution behaves as
intended. The analysis for the structure-preserving numerical scheme with the
constraint (4.1) still remains open.
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