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Abstract. The objective of this work is to establish the existence of entropy solu-
tions to degenerate nonlinear elliptic problems for L'-data f with a Hardy potential,
in weighted Sobolev spaces with variable exponent, which are represented as follows

mp(z}—?v

I

—div(@(z,v,Vu)) +g(z,v,Vv)=f+p BES

where —div(®(z,v, Vv)) is a Leray-Lions operator from Wo'** (£2,w) into its dual,
g(z,v, Vv) is a non-linearity term that only meets the growth condition, and p > 0 is
a constant.

Keywords: nonlinear elliptic equations, entropy solutions, Hardy potential, weighted vari-

able exponent Sobolev space.

AMS Subject Classification: 35J60; 35J70; 46E35.

1 Introduction

Our focus is to investigate the existence of entropy solutions for a specific set
of weighted quasilinear degenerated elliptic equations, which includes a Hardy
potential term. The presence of this term often poses significant challenges in
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finding a solution. To overcome this obstacle, we rely on the use of weighted
Sobolev spaces, which have proven to be an effective tool for our study. We
will examine a new framework that comprises Sobolev spaces with variable ex-
ponents and weights, as elaborated in Section 2. Initially, we will assume that
2 is a bounded open subset of RV, where N > 2, and that 92 denotes the
boundary of this subset. Additionally, the variable exponent p(z) : £2 — [1, o<
is a continuous Log-Holder function that depends solely on the space variable
x (definitions are provided below). Furthermore, there exists a weight function
w that is measurable and strictly positive at almost all points in w, satisfy-
ing certain integrability conditions defined in Section 2. We are interested in
studying a specific model of the problem expressed as:

|v\”(2)72v

{Ev +g(z,v,Vv) = f—|—pW in £2,

1.1
v=20 on 0f2, 1)

where L is Leray-Lions operator operating from Wol’p(z) (£2,w) to its dual space
W12 (2) (02, w*), where w* = w!'~?'(2) defines as follows

Lv = —div(@(z, v, VU)) ,

such that @ is also a Carathéodory function setting of 2 x R x RY — RN
satisfying the ellipticity, strict monotonicity and growth assumptions, while
g: 2xRxRY — R is a nonlinear term with natural growth terms with
respect to Vv and f € L1(2).

The weighted Sobolev spaces W*P?(£2) appear in general as solution spaces
for parabolic and elliptic partial differential equations. For degenerate par-
tial differential equations, it quite natural to try to find solutions in weighted
Sobolev spaces (see [5,11,16,18,20,24] for more details).

In various practical applications, we may encounter boundary value prob-
lems for elliptic equations that have perturbations in their ellipticity due to the
presence of a degeneracy or singularity. Such unfavorable behavior can stem
from both the coefficients of the corresponding differential operator and the
solution it self. One example of such an operator is the p-Laplacian, which
is characterized by a degeneracy or singularity of the classical Laplace opera-
tor (where p = 2). These differential equations arise in a variety of practical
problems, including glaciology, non-Newtonian fluid mechanics, flows through
porous media, differential geometry, celestial mechanics, climatology, oil pro-
duction, and reaction-diffusion problems. For further examples of the practical
applications of degenerate elliptic equations, see [14,17].

To carry out our analysis, we will review some previous studies that have
dealt with a particular case of the problem (1.1). Indeed, we will focus on
results related to the elliptic equation (1.1) when f in L1(£2). We will also
examine the following problem

|U‘P(Z)—2v ’

{Ev—i—g(z,v, Vu) = f—i—pw in D (02),

ve Wy (R,w),  g(z,0, Vo) € LH().

When p is constant and without weight, there is a considerable amount of
literature on the problem represented by (1.2). In [23] the author realised
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a new existence result for a class of nonlinear elliptic equations containing
a p-Laplacian operator, without any restriction on the sign of g, and with
bounded measures data. In [12] the authors studied the problem when the
second term f belongs to W17 (£2) and obtained an existence result. In [15]
the authors obtained existence results in the case where g(z,v) is monotone
and increasing in v. In [13] the authors also treated the same topic in the
case where f € L!(£2). In [28] the authors have extended these results to the
one-sided case. Likewise to the previous work, Del Vecchio [26] was the first
to prove an existence result for the problem when ¢ is not necessarily equal to
zero and does not depend on the gradient, which was later extended in [22] by
using rearrangement techniques. In their study mentioned in [6], the authors
treated the problem using Sobolev spaces with weight I/VO1 P(2,w) but with a
fixed value of p.

Moreover, in [8] the authors studied the obstacle problems associated with
equation (1.2) in the non-classical case, by considering non-standard weightless

anisotropic Sobolev spaces WO1 P(2) (£2) and proving an existence result without
sign condition on g. Recent studies on elliptic problems, Hardy potential and
entropy theory can be found in several papers by Di Fazio, Hjiej, Ragusa, such
as [7,10,19,25]. More information on degenerate nonlinear elliptic equations
can be found in [1,2,3].

The objective of this paper is to investigate the existence of entropy so-
lutions to nonlinear elliptic problems that are less regular than weak solu-
tions, under certain assumptions outlined in problem (1.2), which were first
addressed by Benilan. The key contribution of this study is to address the
non-coercivity of Lv by introducing a penalty term of the form l|v|p(z)_2v in

approximate problems. This approach enables the circumvention of the singu-
(=)-2,
. Y, which would otherwise prevent the existence of solutions.

larity of W}ZT
The regularization effect of g(z,v, Vv) is also utilized in this work. Addition-
ally, this study extends previous research on entropy solutions in unweighted
spaces to encompass weighted spaces Wol’p(z)(!?,w).

The rest of the paper is organized as follows. In Section 2, we first recall
some useful definitions and properties of weighted Lebesgue and Sobolev spaces
with variable exponents. We then describe the functional framework in which
our work takes place and make some basic assumptions. Section 3 is devoted
to the main results of this paper. Based on the theory of pseudo-monotone
operators and the strong convergence of truncations of approximate solutions,
we prove the existence of at least one entropic solution to (1.1). Finally, the

proof of the Lemma 5 is given in the Appendix.

2 Assumptions and background mathematics

2.1 Basic assumptions

In this paper, we maintain the following assumptions throughout: Consider a
weight function denoted as w, subject to the following condition

well (2) and wioT e Ll (). (2.1)



Ezistence Results in Weighted Sobolev Space . . . 463

Additionally, we make the assumption that the weight function satisfies the
following condition

w*@ e L (2), where s(2) 6] (2.2)

N 1
m,oo[ﬁ {p(z) - l,oo[.
Here, s is a positive function, which will be specified later. We also intro-
duce the Leray-Lions operator £, defined from Wol"p(z)(ﬁ, w) to its dual space
W’l’p'('z)(ﬂ, w*), given by Lv = fdiv(@(z, v, Vv)). It’s worth noting that the
function @ in the following hypotheses satisfies

8(2,5,0)] < BT [£(2) + 157 + w7 (PO, (23
[@(2,5,0) ~ @(,5,0]((~0) >0, forall (£C € RY,  (24)
(2, 5,¢) ¢ > aw| (7). (2.5)

Such that {2 is a measurable set in RY, and £(2) is a positive function in
LP'()(2), where p/(z) is the conjugate exponent of p(z), and a and § are
positive constants. Furthermore, g is a Carathéodory function with g : 2 x
R x RN — R which satisfies, almost everywhere for z € 2 and for every s € R
and ¢ € RV, the following condition:

19(2,5,0)] < h(|s))w(2)[ PP +C(2), (2.6)

where h : Rt — R is a non-decreasing, continuous and positive function,
while C(z) is a positive function in L'(£2). We assume that

fel'() and |vfPP)20/|2P®) e LY(92). (2.7)
We will use the truncation function Tj(s), which is defined by

Ti(s) = max{ — k, min{s, k:}}

2.2 Background mathematics

Let £2 be a bounded open subset of RV, where N > 2. We shall denote the
following:

C(2) = {p(z) : 2 — R such that p~ < p(z) < p* < o0},

where

p~ :=ess inf p(z); pT = esssup p(2)
e 2€02

and w(z) is a weight function, i.e., w is a measurable function that is strictly
positive a.e. in {2. Consider p belongs to C(§2) and w as a weighted function
in 2. We set

761’p(z)(!2,w) = {v: 2 — R measurable, such that
T (v) € Wol’p(z)(ﬂ,w) for each k > 0}.

First of all, we can give a simpler definition of an entropy solution of (1.2) as
follows.

Math. Model. Anal., 29(3):460-479, 2024.
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DEFINITION 1. A measurable function v is called an entropy solution of the
[u|P()—2

problem (1.1) if v € 761’p(z)(!2,w), g(z,v,Vv) € L1(0), va e L'(N),
and for each ¢ € Wol’p(z)(ﬁ,w) N L>(42), we have

/ D(z,v,Vu)VTi(v — @)dz + / 9(z,v, V)T (v — ¢)dz
Q e

|v[P() =2y

EEE Ti(v — p)dz.

fséfﬂ@*wmz+pn

We define the Lebesgue space with weights and variable exponents LP(* (Q w),
as follows

Lp(z)((),w) ={v: 2 — R, measurable : / w(z) |v|p(z)dz < oo},
Q

endowed with the norm [[v[|p(z),. = inf {p > 0: [, w( |p(z)dz <1}
Proposition 1. [4/The space (LP*)(2,w), || - ||p(z)7w) is of Banach.
Lemma 1. Let v € LP*)(2,w). There are the following assertions

LIf po(v)>1 (=15<1) e |[vpee >1 (=1;<1), respectively.

2 ollpeyw > 1, then vll7e, o, < pu(v) < 0l

p(2),w p(z) w’

BAf vllpe)w <1, then [olly ), < pu(v) < [lvlly,

p(Z) p(2),w

Proposition 2. [/] Let 2 be a bounded open subset of RN, and w be a weight
function on 2, If (2.1) is verified then LP*) (2, w) < L} (£2).

loc

We define WhP(*)(2, w) as follows
WhPE(0,w) = {ve LPE(0) : |Vl € L”(Z)(Q,w)},

equipped with the norm

N
ov
el oo = lelloe) + D 15 oo (28)
i=1 v

which is equivalent to the Luxembourg norm

_ CN 10
|||v|||:1nf{u>0:/0<‘%‘ Z’uaz

(Z)> < 1}.

Proposition 3. [4] The space (lep(z)(ﬁ,w), Il - ||17p(z)7w) is Banach, if w is
a weighted function in 2 satisfying the condition (2.1).
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We also define Wol’p(z)(ﬁ,w) as the closure of C§°(£2) in W) (2, w) with
respect to the norm (2.8). It can be observed that the space (Wol’p(z)((), w),

||-]1) is a reflexive Banach space (see [4]). Notice that the assumptions (2.1)
and (2.2) imply

B N v
HUHWOLP(Z)(QM) - z; H 0z;
i=

which is a norm defined on W&’p(z)(ﬂ, w) and its equivalent to (2.8).
We recall that the dual space of weighted Sobolev spaces Wol’p(z)(ﬂ,w) is
equivalent to W—1:#'(2) (2,w*), where w* = WP () p/(2) is the conjugate of

p(z); ie., p'(z) = p(pz()zll. For more results, we refer the reader to [1,2,3,4].

p(z)w

Proposition 4. /9, proposition 2. 1] Let us consider w a weight function which
satisfies (2.1) and ps € Cy(2). Then WHPE) (0, w) « Ws(2) ().

Corollary 1. Let ps € C (§2) and w a fuction weight which satisfies (2.1). Then

WLPE) (0, w) e LTE)(02), for 1 < 7(2) < pi(z), where pi(z) = A],pr(’(zz))

Lemma 2. [{/Letr € Cy (), w be a weighted function in 2, g € L") (02, w)
and (g,)y C L") (2,w) such that ||gy|lr(s)0 < C. If gy — g a.e. in 2, then
gn — g weakly in L'3)(0,w).

Lemma 3. Suppose that (2.3)—~(2.7) hold, let v € Wol’p(z)(ﬁ,w) and (vy)n a
sequence in Wol’p(z)((l,w), if vy — v weakly in Wol’p(z)(ﬂ,w), and

[ ol 720, =l =20) 1, — )
0

+/ (B(2, vy, V) — D(z, vy, V) (Vu, — Vo)dz — 0,
2

then, v, — v strongly in Wol’p(z)(Q,w).

Proof. The proof follows the usual techniques developed in [9, Lemma 4.1] for
the case of anisotropic weighted Sobolev space. 0O

Lemma 4. [4/Let (vy), a sequence from Wol’p(z)(ﬂ, w) such that v, — v weakly
in Wol’p(z)((Lw). Then Ty (vy) — Tk(v) weakly in Wol’p(z)(Q,w).
3 Main result

This section is intended to derive the next existence Theorem.

Theorem 1. Assume that (2.1)—(2.7) holds, then the problem (1.1) admits at
least one entropy solution v € W&’p(z)((),w),

Math. Model. Anal., 29(3):460-479, 2024.
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Proof of Theorem 1
Step 1: Approximate problems

Let us consider a sequence of smooth functions defined by (f,),en which con-
verges to f in L'(£2) and which satisfies |f,|<|f| and g, (z, s,£)=T,(9(z, s,)).
We take into account the approached problem

‘Tn(vn”p(z)_QTn(vn)
P 1/

Anvy + gy(z,09, Voy) = fy +p ) (3.1)

such that A,u = —div(®(z, T, (u), Vu)) + %|u|p(z)*2u. We consider
Gy : Wol’p(z)(ﬂ,w) — W12 () (02, w*) such that

[P 72T (v)
© +1/n

T,
(Gho, ) =/ gn(z,v,W)wd:ﬁ—p/ £t10) wdz
Q o 2P

for any v, ¢ € Wol’p(z)((l,w).
Proposition 5. The operator G, is bounded.

Proof. 'To begin the proof of this result, we apply (2.6), (2.7) and Hoélder’s
inequality. Then, for v and ¢ belonging to Wg’p(z)(ﬁ,w), we can deduce that

[T (v) [P~

o [FPO 1/

i LPO oy

<( 2,0, Vv dz) @) 2+ ( |777&7;) i 2

< ([ lanteo90laz) Tl +o( | RS leloce
+ +3/ —1_

< (P 4 pn®) ") (meas(£2)) @1 @llpz) < C’0||<p||W01,p(z)(Q,w).

a

(Goyos )] < /Q 190220, V0) ipldz + p loldz

Lemma 5. The operator B, = A, + G, : Wol’p(z)((),w) — WL E(02,w)
is a pseudo-monotone. Additionally, B, is said to be coercive in the following

sense
<B'f]u7 U>

T — 400 as ||Jul|y
||uHW01’P(Z)(Q7w) WO

,p(z)(Q’w) — OQ.

Proof. See in Appendix. 0O

According to Lemma 5 (cf. [21, Theorem 8.2]), there exists at least one weak
solution, v, in Wol’p(z)((), w) for the problem defined in Equation (3.1).
Step 2: A priori estimates

Lemma 6. Let us suppose that v, is a weak solution of the problem (3.1). In
this case, the reqularity results stated below hold.

ve Wi (02,w), (3.2)
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such that 1 < q(2) < p(z) and w=P)/(=P() ¢ L1(0),

w|Vu, [P) Np(z) — q(2)
— 1 dz< 1< A —_ .
/ i+ ‘%DA(Z)dz < C foreach 1 < A(z) < Ne@) (3.3)
/ w| VT (v,) PP dz < C(1 + k)N for all n >0, (3.4)
o

where C' is a positive constant independent of n and k.

Proof. 1In this step, we will use some methods of [27]. We choose A(z) > 1
and define the function ©(y), which defines from R to R as follows:

. 1
O(y) = sign(y) (1 - W)

It is evident that ©(v,) belongs to Wol’p(z)((l,w). Using ©(v,) as the test
function in Equation (3.1), we obtain

(am=1) [, (<iﬁzxy%d+/ﬁwa%ﬂwmwwwz

2 | T3y (vq) [P 2T ()
/\v P& =2, O (v, )dz= /f77 (vyy dz+p/ |zn\1’ Epys 2O0(vy)dz.

Additionally, the sign of ©(v,) is the same as that of v,, which makes the
third term of the previous inequality positive. Furthermore, based on the
Equation (2.5) and |O(+)| < 1 we conclude that

B w|an|p(z)
(A — ].) ‘/.Q W’r])A(Z)dZ""/Q |gn(zavmvvn)|8(vn)|dz
| T3 (0[P~

< i/ S/ VA B
<P J, e 1

dz+/ |f]d=.
0

Using the growth assumption (2.6), we get

3 w\Vv,,V’(Z)
_ - ur < p(2)
(/1 1) /Q (L o, )70 dz <Ci + Cy /Qw|Vv7,| dz

|Tn(vn) |p(z)71

_|_
P Jo TP + 1/

dz + / |f|dz.
2

Thanks to Young’s inequality, we get

|T |p(z) 1 1 p(z) dz
p [ B < L [ s s 0 [ s

According to Corollary 1, we deduce that

Yo, [P(?) 1
(A~ _1)/ Mdz+p[7|Tn(vn)|p(Z)dz

2 (1+ vy DA™
<Ci+C, (z/||p /|f|dz (3.5)

Math. Model. Anal., 29(3):460-479, 2024.
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Since p(z) > 1, the integral [, EG is finite. As a result, Equation (3.3) can

2( )
be deduced. Also, we get |, oy fun)\p “)dz < C. Using Holder’s inequality, we
can conclude that if ¢(z) is taken such that 1 < ¢(z) < p(z), then

A(z)a(z)

WTEE (14 [o,]) O

a(=)
® |V a(2)
/w|V’un|q(Z)dz Spr | UZL)W)
- (14 1)
o

W[ Vo [P N = / aac) | \1-3F
< DeETe) )
(/Q(H%DA(Z)dz) ( |l o) dz)

From (2.1) and Holder’s inequality, we have

p(2)

2 PR —a(®)

a

Vu,|P(*) i
Vo, |12) gz < /Miﬁd
/Qw| 1< ([ A de)” ol o

- +
w| Vo, [P) = PGAGNG) |\ e (1-4F)
<o [ AU az)” (/ ) P20 e
=0 /9(1+|v,,|)A(z> z (1+ Jvg]) 2 (3.6)

a(x)A(z) ||1—

(1+|v,7|)P<Z> q(2)

at
pt

We select A(z) > 1 so that % < 1, where A(z) exists if ¢(z) < lﬁ;z()z)
In view of (3.5) and (3.6), we get the desired estimates (3.2). On the other

hand, to get (3.4), we can write

w| Vo, P(2)
w| VT (v )|p<2>dz:/ w| Vo, |PHdz < (1+I<:)A+/ .
/9 ! flogl<k} (1 + vy )4

g

Step 3: Weak convergence of (Ty(vy))y in Wo'P®)(£2,w)

We first show that (v,), is a Cauchy sequence. This is possible because of the
Equation (3.4).

)
/ VT ()PP wdz < C(L+ kA 41710 for k> 1.
(9}

Consequently, if the sequence (T%(vy)),, is bounded in Wol’p(z)(ﬁ,w), then it is
possible to identify a specific subsequence denoted by (T%(vy)), such that

Ti(vy) = 0 in WoPD(2,w)  and  Ti(vy) — 6 in LPA(Q,w). (3.7)

With the help of Equation (3.4), we can conclude that there exists a constant
C~ that is independent of both k£ and 7, implying that

IV T (0n) | Lo () < CoEAT/PT for k> 1. (3.8)

Given a ball By in (2, if k is taken to be sufficiently large, by utilizing Equa-
tion (3.8) and invoking the Poincaré type inequality and Proposition 2, we
arrive at the conclusion that

k meas({|v,| > k} N Bg) = / [Ty (vy)|dz
{lvn|>k}NBR

At
< Col|VTk(vp)ll e (2,0) < Crok»™ .
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Taking A(z) such that (1 < A(z) < p(z)), we infer

1
meas ({|vy| > k} N Bg) < CIOW =0 as k— +oo. (3.9)

For each ¢ > 0, we obtain
meas ({|v, — vg| > ¢} N Bgr) < meas({|v,| > k} N Bg)
+ meas({|vg| > k} N Bg) + meas ({| T (vy) — T (ve)| > ().

By the Equation (3.9), we can take a sufficiently large value of k = k(m), where
m > 0.

meas({|v,| > k} N Bg) <m/3 and meas({|vg| > k} N Br) < m/3. (3.10)

In other words, from the Equation (3.7), let (T(vy))nen is a Cauchy sequence
in measure. Consequently, for every positive value of k and (, and for every
positive value of m, there exists a specific value ny = no(k, ¢, m) such that

meas{| Ty (vy) — T(ve)| > ¢} <m/3  for all n > no(k, ¢, m). (3.11)

From the Equations (3.10) and (3.11), we conclude that for all positive values
of ¢ and m there exists a value 19 = n9(k(m), ¢, R) such that

meas({|v, —vg| >} NBr) <m  Vn>no(k(m),(,R).

This demonstrates that the sequence (vy), converges in measure and therefore
converges a.e. to a measurable function v. As a result, we can state that

Tp(vy) — Te(v)  in WeP®(2,w),

and by means of the dominated convergence Theorem of Lebesgue, we arrive
at

Ty (vy) = Ti(v) in LP3) (2, w) and a.e in £2. (3.12)

Step 4: Strong convergence of truncations

In the following, we use the symbol m(n) to represent various functions with
real values that goes to zero as n approaches infinity.

Take s > r > 0 and define A, := v, — Ts(vy,) + T (vy)) — Tr(v). Next, let B, be
defined as Tb,(A;). Using B, as a test function in (3.1), the followmg result
can be obtained

/@(z,Tn(vn),an)VBndz—l—/gn(z,vn,an)Bndz
Q

1 T, () [P 2T, (vy)
77/ v [P =20, B, dz = / |Z\PZ)—|—1/ B, dz +/ fnBrdz.

If G =4r + s, it is easy to see that VB, = 0 on {|v,| > G}, and the sign of B,
is the same as that of v, on {|v,| > r}, (More precisely, if v, is greater than

Math. Model. Anal., 29(3):460-479, 2024.
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r, then v, — Ts(v,) > 0 and T;.(v,) — Tr.(v) > 0, it follows that 5, > 0. In the
same way, we prove that B, <0 on the set {v,, < —r}). We find

/ @(z,Tg(vn),VTg(vn))VBndz+/ gn (2,0, Vo, ) Bpdz
{lvq|<G}

1 T p(Z) 2T
+—/ |0, [P =20, B, dz = /' w)l (U"Bd—i-/fnl’)’dz
{onl<r} |Z|p +1/n

Due to Young’s inequality, we get

T p(z
o Tyl g [ mpis
{ {lvg|>r}

ogl>r} 2P +1/n
+ Cn/ ‘B;](L)dz,
{log1>r} 121

and as B, = T,(vy) — T;(v) on {|v,| < r}, therefore

[ 0 To(w). VI o) Byt [ gy (100, T (T o) - To(0))d
{lvy1<G} {lvy<r}

o TP T o) (B o) ~ Tr(0)ds (3.13
{lvnl<r}

v p(Z)*Z v
< p/ Tl ")‘ T 71) (Tr(vn) — T (v))dz
{lvyl<r}

2P +1/n

. 5,
+/ foBpdz + C / dz
9] T H {vy>r} |Z|p2(z)

Now, let’s examine each term in the previous inequality. Considering the second
and third terms on the left-hand side of Equation (3.13), in accordance with
Lebesgue’s dominated convergence theorem, we can deduce that

|9 (2, vg, Voo)| T (vg) = lgn (2,0, Vo) T(v)  in L(£2),
T (o) PO 72T (0) = | T (0) P2 T(v) im0 LY(92),

and from the fact that T;.(v,) — T,(v) weak — x in L°°({2), hence

ma (1) = /{ e DT o) ~ T (@) =0 s o

1
mao(n) =— /{ “ |Tr(v,7)|p(z)_2T,.(v,,)(T,.(vn) —T.(v))dz — 0 as n— oo.

For the terms of the second member of (3.13) one has

N L ) P
son=|f (T (vg) — T(0)d

IZI’”(Z +1/n
- Tr _Tr
gmax(rp *l,rp *1)/ %()(v)ldz—ﬂ) as 1 — oo,
{Jvgl<r} |2|Pt2
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thus, we get

/ foBydz = / fTor(v — Ts(v))dz + my(n), (3.14)
Ie) o)
T: — T,
/ |B;I<| 7 :/ e { S>(L))|dz +ms (7). (3.15)
{(ogl>ry 1277 {o|>r} |2|P*(=
According to (3.13)—(3.15), we infer
/ B(=, T (vn), VT (v))V By dz (3.16)
{lvg|<G}

|Tor (v = Ts(v))|

|Z|p2(2) dz+m6(n)

< /Q FTon(v — To(v))dz + Cha /{

[v|>r}

Conversely, we obtain

/@(z,Tg(vn),VTg(vn))VBndz:/ (D(2, T (vy), VT, (vy)) — (2, T, (vy),
{lvg1<G} 2

VT, (v)) (VT (vy) — VT, (v))dz + /Q@(Z7TT(U’7)’ VT, (v))

X (VT (vy) — VT, (v))dz +/ D(z, Ty (vy), VT, (vy,)) VT, (v)dz

{lvnl>r}

+ / D(z,Tg(vy), VIg(vy))VB,dz. (3.17)
{

r<|vy|<G}

Regarding the second and third terms on the right-hand side of Equation (3.17),
thanks to Lebesgue’s dominated convergence theorem, we have the conver-
gence T,(v,;) — T,(v) in LP®)(£2,w), which leads to &(z, Ty(v,), VI,(v)) —
®(z, T (v), VT, (v)) in LP ) (2,w*). Additionally, since VT, (v,) — VT, (v) in
LP) (0, w), it results that

mz(n) = /Q D(z, T, (vy), VI (v)) (VT (vy) — VT (v))dz = 0 as n — oo,

and as P(z,s,0) =0, we have

/@(z,Tr(vn),VTr(vn))VTr(v)dz - /@(Z,Tr(vn),O)VTr(u)dz ~ 0.
{lvy|>r} {lvy|>r}

About the last term on the right side of (3.17), thanks to (2.3) we have
(D(z, Tg(vy), VTg(vy)))y is bounded in LP'*)(2,w*). This means that there
exists a function 0, € L' (3) (2, w*) such that the absolute value of (z, Tg (vg),
VTg(v,)) converges to O, in the LP' (*)(2,w*), it follows that

lim D(z,Tg(vy), VIg(vy))VBydz = lim ®(z,Tg(vy), VIg(vy))
1700 Hr<|uy| <G} 1790 J{r <oy |[<G}N{| A, <2r}
x (Vo, — VTi(v,) — VT, (v))dz > — O6,|VT,(v)|dz = 0. (3.18)
{r<lvl<g}
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By (3.16)—(3.18), we deduced that

/Q(@(% Ty (vg), VT (vg)) = D(2, Ty (vg), V() (VT (0g) = VT (v))dz

1
< 27"/ |f|dz+27"C’13/ 2(Z)dzqtmg(n).
{v]>s} (o>} |2[P

Letting n and then s tend to infinity in the above inequality, and using (3.12),
we derive

lim (/(@(z, T (0y), VT (0y)) = B(2, T (vy), VT (0))) (VT (vy) = VT (v) ) dz

n—oo\ J
[T P o) = 1T 0O T, (o)) (T () = Ty (0))d) = .
Using Lemma 3, we get

T, (vy) — T (v) strongly in Wol’p(z)(ﬂ,w) and Vv, — Vv a.e. in £2. (3.19)

Step 5: Equi-integrability of the nonlinearitie functions

Here, we will demonstrate that

9y(2, vy, V) — g(2,v, Vo) strongly in L'(£2), (3.20)

T p(z)-2T p(z)—2

| Ty (vn)| n(vn) - |v| v strongly in L'(£2),
EEFSYE ELE

1

5|vn|p(z)_2v,7 — 0 strongly in L'(92). (3.21)

First of all, we have
Gn(z, vy, Vou) = g(z,v,Vv) a.e. in §2, (3.22)

1
E|vn|p(z)_2vn — 0 ae. in £2, (3.23)

T p(z)—2 p(z)—2
T (vy)| n(vy) N |v] v

27T + 1/ oG

Hence, to prove the uniform equi-integrability of these functions, it is sufficient
to apply Vitali’s theorem. Using T1(Ge(vy)) as the test function in Equa-
tion (3.1), where Gy (¢ > 0) is the truncation function defined by G(s) =
s —Ti(s), we get

a/ |V, [P wdz
{e<lvg|<E+1}
1

+ / 19 (22 0, V)| T3 (Gio)) |z + © / [0y P11z
{lvg|>2} M J{v,|>0+1}

< p/ |Tn(vn)|p(z)7l T (Gy(vy))|dz _|_/ | fnldz
< e ¢ :
{onzey PP +1/p ! fonl2y
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Using Young inequality, we get

| T3y (v [P~
7T G(vy))|dz
p/{un|>e} \z|P(Z)+ T2 (Ge(vy))]

1

2z o) [P(2) vy))|dz | T2 (Go(vy))|
= 3/{“}7]2“ |T77( 77)| ‘Tl(Gg( n))‘d +012/{

un|>€} |2[P*()
As a result,

L T, p(2)-1
*/ '9"(2’”n’an>|dZ+P/ %dz
3 {lvg|>£+1} {lvg|>0+1} |Z‘p(z + n

1 T
+ */ |U |p(z 1d2: < 2012/ Mdz +/ ‘fnle
{ {lvy =2} {

|”n‘>/+1} |Z|p (=) |vy, |>€}
Then, for all 7 > 0, there exists ¢(7) > 0, where
T p(z)—1 1
\gn(z,vvan)\dZ“‘/ |n|(;)(773|—|—1/d2+/ [0 [ 1d2<§- (3.24)
>0(T z|Pt# n >0(T
{lvn[=£(7)} (o 12200)) {lvn|=£(7)}
Hence, for all measurable subset E C {2, we obtain

|:Z (Un)|p(Z) ! / -1
d + + - p d
/ ‘gn(zavm Cvn)l z |Z|p(2) 1/ dz |U7]| z

< [ lsGevvy, Ton)ldz + [Ty P97 1 / 1T, (o) [Pz
B B |2[PE +1/n nJE

T p(2)—1 1
(2. Vo) e M
{lon | 2E()} {log>e(ry 122 +1/n {lon>£(r)}

In view of (3.19), there exists v(7) > 0, where: for each F C (2 such that

meas(E) < (1)

| Ty ()P
|2P(=)+1/m

(|

1
/|gn(z,vn,an)|dz—|— dz + */|Tl(r)(vn)|p(z)71dz <
E E nJe

(

® o

.25)
Finally, by combining (3.24)—(3.25), one easily has

[T (0g) [P

2,0y, VUp)ldz + | ————5F———
/E‘|g"7( n 77)| . | ‘p(z)‘i‘

1
dz + - / o, [PP)~1dz < 7
nJe
with meas(E) < (7). This means that (g, (2, vy, Vo,)y, (Jv,[P*)~%v,), and
v (=) .. - . T
(%)n are equi-integrability. In virtue (3.22)—(3.23) and Vitali’s the-
orem, one has the convergence given in (3.20)—(3.21).
Step 6: Passage to the limit
Let’s assume G = 1+ ||¢]| 0o and ¢ € Wol’p(z)((),w)ﬂLOO(Q). Using T (v,
) as a test function in (3.1), we have

Math. Model. Anal., 29(3):460-479, 2024.
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/ D(z,T,(vy), Vo, )VT, (v, — @)dz —|—/ gn (2, Ty (vy), Vo, )T (v, — @)dz
Q I?)

1
+ f/ |1)7]|”(Z)72'L)7,Tr(v77 —p)dz

(L), ()
—p [ g o, iz 4 [ £ty

Firstly, we have {|v,, — ¢| < k} C {|v,| < G}. Thus,
[ BT (00), F0) VT (0 = 9z = [ (8 Tg(0,). VT (0,)
- @(2” Tg(Un), V@))(VTQ(UW) - V@)Xﬂvnftp\gr}d'z

+ /Q@(ZaTG(Un)aV<P>(VTQ(Un) = VO)X{|vy—pl<r}d2-

It is therefore obvious that

lim gZi)(z7 Tg (Un)7 V@)(VTQ (U??) - V(p)X{\v,,,fgﬂgr}dZ

- /Q B(2, Tg(v), V) (VT (v) — Vo)X (fospi<ryd2.

By applying the Fatou Lemma, we infer

liminf/ D(z,Ty(vy), Vo )V, (v, — @)dz
o)

n—00

> /Q (@(2. To (v), VI (v)) — B(z, To(0), Vo)) (VTo(0) — V)X {jompi<rydz
+ / (2, Tg(0), V) (VT5(0) — V)X (lo— ol <r) 2
0
- /Q B(2, Tg (), VT3 (1)) (VT6(0) — V)Xol <ryd

_ / B(z,v, Vo)VT, (v — @)dz.
(]

Conversely, we can conclude that T.(v, — ¢) = T,.(v — ¢) weak-* in L>(2)
and due to (3.20)—(3.23), we infer
/Q l9(z, vy, Vg )| T (v — @)dz — /Q lg(z, v, V)| T-(v — p)dz,
1
7/ v [P =Y, T (v — )dz — 0,
n

|’U|p(z)_2'l]

p(z)—2
/ [T ()] Ty (Un)Tr(vn —)dz — | ————
ETCFSYS o 2P0

/ fnTr(Un — (P)dZ — / fTT(’U — (p)dz
2 )

So, having put all the terms together, we finish the proof of Theorem 1.

T.-(v— )z,
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Proof of Lemma 5. In the light of the Holder’s inequality and (2.3), we
obtain

1
(Aol = [ B Ty(0), To)Vipdz = [ ol 2o
(9} (9]

1
< ([ 19,7, 0), T0)P Ot P O} Tl o
2
+

1 z)—1)p(z P},
1

<5( /Q (RPE) 4T, (0) P2 + ] Vol ™) ) = Vel o (.0

1 -
- (z) pP_
+ ; (/Q |v[? dZ) ellp(z) < Callellyyrre (g0

Thus, by Proposition 5, it can be deduced that the operator B, is bounded.
Regarding the coercivity, thanks to (2.1) and Proposition 5 and for any

v e Wy (02,w) we get

1
(Byv,v) :/ @(z,Tn(v),Vv)Vvdz—i—/ gn(z,v,Vv)vdz—i—f/ v|P*)dz
Q Q nJae

| Ty (v) [P

_ it/ A B > A _ ;
p 0 |Z‘p(z) 4 1/77 |'U‘dZ = 5||UHW01’p(Z)(_Q,w) COHUHWOLP( )(Q,w)’

with 8 = min (a, 1/77) and

L.
\ = {p if HU||W01‘p(Z)(_Q,w) < ]-7
p_ if H’U”WJ,;)(z)(Q)w) > 1.
Hence, (an,v>/||v||W01,p(z)(Q’w) — 400 as ||v||W01,p(z>(va) — 00.
We still need to demonstrate that B, is pseudo-monotone. To do so, con-

sider a sequence (v, )nen In Wi 2,w) such that
0

Up — v in Wol’p(z)(Q,w), Bpv, — x in Wo_l’p/(z)(ﬁ,w*),
lim sup(By,vp, vn) < (X, ).

n—oo

(3.26)

We will prove that x = Byv and (B,v,,v,) — (X,v) as n — +oo. Given the

compact embedding Wol’p(z)(Q,w) < LP)(£2), we can infer that a subse-
quence, which we will still denote as (v, )nen, of v, converges to v in L1*)(£2).

Since the sequence (v, )nen is bounded in Wo*)(£2,w) and the growth con-
dition (2.3) holds, we can conclude that the sequence (®(z,T;(vn), Von))n

is also bounded in LP'(*)(£2,w*). This implies that there exists a function
¢y € L *)(02,w*) such that

D(z,T,(vn), Vu,) = ¢, in LV 3)(Q,w*) as n — oo. (3.27)
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Similarly, since (gn(z,vn,an))neN* is bounded in L¥' (= )(£2,w*), then there

exists a measurable function 1, in L? "(2)(£2,w*), such that
gn (2, Ty)(vy), Vu,,) = ¢, in LV (Q,w*) as n — oo. (3.28)

In view of Lebesgue’s dominated convergence theorem, we obtain

T, (v,) [P 2T, (v, T p(2)—2 ,
| n(v )|z "](IU ) SN | n(v)|z 77(7‘}) in LP (Z)(Q,w*) (329)
|2[P) +1/n |2P=) + 1/
Also, we have
L -2 L2y 0 173 (0. 0"
5|vn| Uy — EM v in LP (02 w"). (3.30)

Thus, for any ¢ € Wol’p(z)(ﬁ,w), we have

lim (Byv,, )= lim @(z,Tn(vn),an)Vgodz—l— lim /gn(z,vn,an)godz

n—oo n—oQ 0

T, ( |P<Z 2T (vy)
+ lim 7/ 0[PP 2p0dz — lim / | dz 3.31
A |v] pdz — lim_p | ‘p Ty (3.31)

T, (v)[P=)= 2T( )
p(z
/¢an0dz+/1/)ngadz+ /|v\ “2vpdz — / 2P+ 5 pdz.

Having in mind (3.26)—(3.31), we obtain

lim sup(By vy, vp) = limsup{/ D (2, T, (vn), Vop)Vopdz

n—00 n—00

z ‘T v,) [P 2T, n(vn)
/|gn Z, Up, Vo) |updz+— /|v P& dz—p Erepy vndz}

| T (0) P 2T, (v)
< [ Vvdz—l—/z/) vdz—l—f/ v dz / vdz.
Jigrvvist [t [ 1o ETCEST

Thanks to (3.28) and (3.29), we have

/ Gn (2,0, VU v, dz %/ Ypvdz  as n — oo,

Ty ( p(Z) 2T ") T ( p(z -2
| n)l (v vpdz — | o) n(v )vdz as n — oco. (3.32)
IZIP(Z +1/n IZ\p =) +1/n

Therefore,

1
limsup(/ @(Z,Tn(vn),an)andz—k7/ |vn\p(2)dz>
[ nJa

n—oo
1
S/ qﬁanderf/ [v|PPdz.  (3.33)
[0 nJa
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On the other hand, in view of (2.4) we have
/ (D(2,Ty(vn), Vo) — D(2, T, (vy), Vu)(Vu, — Vu)dz
2

1
4 ,/ (|Un|p(z)f2vn - ‘v|p(z)72v)(vn —v)dz >0,
nJo

then
1
/@(z,Tn(vn),an)andz—&—f/ \vn|p(z)d22/ D(z,T,(v), Vo) Vudz
2 nJa o)
1
+f/ |vn|p(z)_2vnvdz+/ D(z, T, (vn), V) (Vv, — Vu)dz
nJa Q

1
+ f/ [v|P*) =20 (v, — v)dz.
nJa

By the Lebesgue’s dominated convergence theorem, we can conclude that
Ty (vn) — Ty(v) in LPH) (2, w).

As a result, (2, T, (v,), Vv) — &(z, T, (v), Vo) in LP'*)(2,w*). By utili-
zing Equation (3.27), we can derive that

liminf</ (P(z,Tn(vn),Vyn)anderl/ |vn\p(z)dz>
0 nJo

n— oo
1 (=)
> [ ¢,Vodz+ - [ |v]P'¥dz.
2 nJgo

We conclude, taking into account (3.33), that

lim (/Q@(z,Tn(vn),an)andz—s-%/Q|fun|1’(z)dz>

k— o0
1
:/ anVvdz—i—f/ [|PFdz.  (3.34)
2 nJe

Therefore, by combining (3.31)—(3.32), we infer (By,vy,v,) — (X, v) as n — oo.
With the help of (3.34), we deduce

lim (/ (B(2, Ty (vn), Von) — D(2, T, (vy), Vv)) (Vv — Vv)dz
2

n—-+4oo

1
+21 / ([P O — [0 O 20) (o, — v)dz) = 0.
nJao

Thus, from Lemma 3, we have v,, — v in Wol’p(z)((),w), Vv, = Vv a.e. in £2,
then,

®(z, Ty (vy), Vo) = D(z, T, (v), Vo) in LF &) (02,w*).

By means Equations (3.28) and (3.30), we are able to derive x = B,v, leading
us to conclude the proof of Lemma 5.
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