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Abstract. We analyze how different relations in the lower order terms lead to the
same regularizing effect on singular problems whose model is —Au+g(z,u) = f(x)/u”
in £2,u=0 on 9, where £2 is a bounded open set of RY, v > 0, f(z) is a
nonnegative function in L*(£2) and g(z, s) is a Carathéodory function. In a framework
where no Hg(f2) solution is expected, we prove its existence (regularizing effect)
whenever the datum f interacts conveniently either with the boundary of the domain
or with the lower order term.
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1 Introduction

In this paper, we study the following boundary value problem
—div(M (z)Vu) + g(z,u) = f(z)/u” in 2, (1.1)
u=20 on 0f2. ’
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Here, 2 is a bounded open subset of RY (N > 2) and M(z) is a bounded
elliptic matrix, i.e., there exist a, 8 > 0 such that

alg* < M(2)¢-€, [M(x)| < B (1.2)

for every ¢ € R and for almost every x in £2. We also assume that f € L'(£2)
is a nonnegative function and that g(z, s) is a Carathéodory function (that is,
measurable with respect to z for every s € R and continuous with respect to s
for almost every = € £2).

The scope of this paper is to analyze the existence of solutions to (1.1)
in H}(£2) in a wider range of values of the parameter v or functions g than
currently known (regularizing effect). Therefore, we put in evidence that in
spite of the fact that the datum f only belongs to L!(£2), the interplay given
by f and the boundary of §2 or with the lower order term provides a regularizing
effect on the problem (1.1). We review now the literature of problems related to
(1.1) in order to present our main results. Then we will carry out an exhaustive
analysis of our hypotheses which will show that they are natural with respect
to such literature.

The boundary value problem

{ —div(M (z)Vu) = h(z,u) in 2,

u=0 on 012, (1.3)

with h(x,s) singular at s = 0 has been extensively studied. In [8] the authors
dealt with some singular problems including the cases h(x,s) = f(z)e'/® or
h(zx,s) = f(xz)/s” for a regular function f(x) and they proved the existence of
classical solution to problem (1.3) with M (x) being the identity matrix. Similar
results were proved in [7,17] for a regular matrix M (z) and a regular function
h(z, s) uniformly bounded for s > 1 with lims_,¢ h(x, ) = +oo uniformly for
x € §2. Furthermore, in [7] it is proved some continuity properties of the
solution if h(x, s) does not depend on z.

In [13], the authors studied the problem (1.3) with h(x,s) = f(x)/s” and
f(x) a positive Holder continuous function in (2 and it is showed that this
problem has a classical solution which may not be in Hg(£2). Concretely, it is
proved that the solution belongs to Hg(£2) if, and only if, v < 3. Moreover,
they established that for 4 > 1 the solution is not in C'(£2) (confront these
results with Theorem 1 below). Some extensions may be found, in the case
h(x,s) = f(x)h(s), among others in [11,12] for 2 = R and in [18] for bounded
domains. In this last case f(z) may be singular at the boundary.

We highlight the paper [4], in which the authors extensively studied problem
(1.3) in the case h(z,s) = f(x)/s” with f € L™(£2) for m > 1 and existence
results depending on v and on the summability of f are obtained. For v =1
and f € L'(§2), they proved the existence of a solution belonging to H}(£2). A
similar result for the case v < 1 is proved but they imposed more summability
on f, namely f € L™(£2) with m > C(N,~) > 1. Finally, for the case v > 1
and f € L'(2) it was proved the existence of a solution u belonging to H{. ({2)
satisfying that «(7+1)/2 belongs to HJ (12).

In [2], the authors partially improved the results in [4] for the case v > 1
by adding more restrictive hypotheses. Specifically, in a regular domain and
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for f € L™({2) greater than a positive constant the existence of a finite energy
solution to (1.1) is proved, with g = 0, for every 1 < v < (3m —1)/(m+1).
These results seem to be optimal since, for f € L°°({2), it is proved in [13] that
such solution belongs to Hi (£2) for all v < 3. The existence of energy solutions
is also discussed in [3] for elliptic systems involving a singular equation related
o (1.1), for which, with frozen unknown, they prove existence and uniqueness
of bounded solutions.

We also have to mention that existence of solution for problem (1.3) in the
case h(xz,s) = f(z)/s” with f € L™(2) for m > 1is obtained in [9,10] where the
notion of solution is understood in a different sense from the one studied in the
paper [4]. We point out that the cases h(x,s) = f(x)/s”+u and h(z, s) = ph(s)
with p a nonnegative Radon measure have been studied in [14,15]. Moreover the
case of a variable exponent v = ~(x), i.e., h(z,s) = cf(z)/s"® is considered
in [6].

Now, we present our principal results. Our approach is twofold, on one hand
we extend to the problem (1.1) some known results for (1.3) and on the other
hand we analyze the regularizing effect produced by different interplays of f(z),
illustrated here according to whether v is greater or less than one. Firstly, we
prove some regularity and non-regularity results for the problem (1.1) when
~ > 1 depending on the interplay of the behavior of the datum f(x) near the
boundary of {2 and the behavior of g(z,s) when s is near zero. Secondly, we
study the problem (1.1) with v < 1 and g(x,s) = a(z)g(s) according to the
interplay between f(z) and a(x).

In the first case (y > 1), we will assume that there exists r > —1 such that,
the function f(x) satisfies, for some m; > 0, that

f(@) > myp] ae. in £2, (1.4)

where ¢, denotes a positive eigenfunction associated to the first eigenvalue
of the operator —div(M (x)V-) with zero Dirichlet boundary condition. The
relation between ¢ and a solution u to problem (1.3) when h(x,s) = f(z)/s”
and v > 1 was highlighted in [13] where the authors proved that u'r /o1 18
bounded by two positive constants. They also observed that this result can be
slightly improved when (1.4) is imposed (with 0 < r < y+1). Thus, we remark
that hypothesis (1.4) (and also (1.8) below) is quite natural and more general
with respect to the previous results in [13].

Regarding the function g: 2 x R — R we assume that is a Carathéodory
function verifying that

g(x, s) is nonnegative and increasing in s for a.e. z € {2, (1.5)
g(-,8) € L, .(2) for each s > 0 fixed. (1.6)
Moreover, we suppose that there exists some 0 < sg < 1 and some c¢y,co > 0
such that -
g(z,8) < s o if r > 2,

g(z,8) < cis+ 02)%, if r < 27, (L.7)

for every 0 < s < sp and almost every x € 2. A simple model of function g is
g(z,s) = a(z)s' with a € L>(£2) and ¢t > max {0, (r —2)y/(2+7r)}.

Math. Model. Anal., 28(4):561-580, 2023.
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Finally, the regularity result is obtained when there exists mo > 0 and an
open neighborhood of 0f2 in {2, denoted by I, such that

f(x) <mayp] ae. in I (1.8)
The main result of the paper in the case v > 1 is the following one.

Theorem 1. Assume that {2 satisfies the interior sphere condition, v > 1,
M(z) verifies (1.2) and that g(x,s) satisfies (1.5) and (1.6). Assume also
that there exists v > —1 such that 0 < f € LY(£2) satisfies (1.4) and g(z,s)
verifies (1.7). Then, there exists u € HL _(£2) solution to (1.1) such that the

loc
function v’z € HY($2) and:
i) If v > max{1,r + 1}, then u ¢ C*(2).
i) If 1 <~y < 2r + 3 and f(x) satisfies (1.8), then u € H}(£2).
iii) If v > 2r+3, f(x) satisfies (1.8) and u is bounded in I', then u & Hg(£2).

We remark that, under more restrictive hypotheses, Theorem 1 improves
the results in [2] when —1 < r < 0. Indeed, (1.8) implies that f € L™(I)

for every m < -1 and we establish the existence of a solution in H{(£2) for

1 <y <2r+3 1In[2], for f € LY""(2) the authors obtain this existence
result only for 1 < v < (3+7)/(1 —r) (note that (3+r)/(1 —r) < 2r + 3 if
—1<r<0).

Third item of Theorem 1 gives, in some sense, the sharpness of the exponent
2r+3 in order to obtain energy solutions. We remark, that condition u bounded
in I" can be removed under additional conditions on f and g. Indeed, whenever
f satisfies (1.8) in {2 then u € L*°(£2). Also arguing as in [3] it is possible to
prove that solutions are bounded if g(x, s)s¥ > f(z) for s large.

In the second case (y < 1), we are inspired by [1]. We assume the particular
case g(z,s) = a(x)g(s), where §: R — R is a function satisfying that

g is continuous, increasing and odd and we denote o, = lirll g(s). (1.9)
S—+00

We also assume that
0 <a(x), f(z) € L*(2) (1.10)
and the “Q-condition”:
there exists @ € (0, §oo) such that f(z) < Qa(z) a.e. in (2. (1.11)

Notice that (1.11) is now quite natural in order to obtain more regularity
since this regularizing phenomenon was first pointed out in the literature by
D. Arcoya and L. Boccardo in [1].

Our main result of the paper in the case v < 1 is the following one.

Theorem 2. Assume that v < 1, M(x) satisfies (1.2) and g(z,u) = a(z)g(u)
where § verifies (1.9). Assume also that a(x) and f(x) both satisfy (1.10)
and (1.11). Then the problem (1.1) has a unique solution u € H}(£2)NL>(2).
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The plan of the paper is the following. In Section 2, we establish the
definition of solution that we adopt in this paper and we prove some preliminary
results mainly related with Theorem 1. Then, in Section 3, we prove Theorem 1,
which is based on a comparison principle between the approximated solutions
and a suitable power of ¢, proved in the preceding section. Finally, Section 4
is devoted to the proof of Theorem 2.

2 Preliminaries

The concept of solution we adopt is gathered in the following definition.

DEFINITION 1. A function v € H}}_(£2) such that u > 0 a.e. in (2, satisfying
also that g(-,u) € L{ (£2), f/u? € LL .(£2) is a supersolution to problem (1.1)
if
/M(I)VUV¢+/ zu¢>/—¢,VO<¢€C( ).
Ie)

When the reverse inequality is satisfied and u” € Hg(£2) for some 7 > 0, we
understand that u is a subsolution for problem (1.1).

A function u € H} _(£2) is a solution for (1.1) if it is both a subsolution and
a supersolution for such a problem. If, in addition, u € H}(§2), we say that u
is a finite energy solution for problem (1.1).

Let us clarify that the function i(Z) takes the value +oo in the case u =0
and f¢ # 0 while takes the value zero whenever f¢ = 0.
Remark 1. A sufficient condition to obtain f/u” € Li .(£2) is that u be uni-
formly bounded from below by a positive constant in every subset compactly
contained in (2. Namely, for all w CC (2 there exists some ¢, > 0 such that
u>c,>01in w.
Remark 2. Arguing as in [5, Appendix], if u € HE(£2) N L>®(§2) is a solution
of (1.1) with g(-,u) € L*(£2), then %¢ € LY () for all ¢ € HI(£2) N L>($2)

u

and

/QM(QC)VUV¢—|—/I2 T, u)p = / =6, Vo € Hi(2)N L>=(0Q).

In order to prove our main results we proceed as usual by approximation.
For any k > 0 we set Ti(s) = min{k, max{s, —k}} and Gi(s) = s — Ti(s).

The proofs of Theorem 1 and Theorem 2 rely on approximating the problem
(1.1) by a certain sequence of approximated problems

1\~

V(M (@)Vun) + gae ) = fu@)/ (Jun +5) " w2 g
Up =0 on 012,

and on the fact that the sequence of solutions to (2.1) converges, as n — oo,

to a solution to (1.1).

In the next result, we summarize the main existence results for the approx-
imated problems (2.1).

Math. Model. Anal., 28(4):561-580, 2023.
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Lemma 1. Assume that 0 < f, € L= (2) and g,(z, s) is a Carathéodory func-
tion with g, (z,s)s > 0 for every s € R and a.e. x € 2 and g,, is bounded for s
in bounded sets. There exists 0 < u,, € H(£2) solution of (2.1) for every fized
n € N. In addition, for v < 1 we have that u,, € L>(§2). Moreover, in the case
v > 1, the existence of solution u, € H}($2) is deduced even for f, € L'($2).

Proof. The existence of u,, € H}(R2) for f, € L>(§2) is consequence of the
Schauder Theorem. In the case v < 1 using Stampacchia Theorem (see [16]), we
can assure that u,, € L®(§2). Moreover, for f,, € L'(§2) we can use the previous
existence result approaching f,,(x) by fnm(z) = T (frn(x)) and passing to the
limit as m — oco. Here, to obtain the a priori estimate in H{(£2) it is key to
use the fact that v > 1.

Finally, let us remark that u,, > 0 since f,, is nonnegative and g, (z, s)s > 0.
O

The rest of the section is devoted to the case v > 1 where we approximate
the nonlinearity g(z, s) by a suitable sequence of Carathéodory functions g,
defined in {2 x R. Specifically, we define

Tn(g(z,s)),  s=1/n,
gn(z,8) =< nsT,(g(z,s)), 0<s<1/n, (2.2)
0, s <0.

Observe that g,(x,s) is increasing in s for a.e. € {2 when (1.5) is satisfied
and that g,(x,s) < g(x, s) for s > 0.

According to whether r, given by (1.4), is positive or negative, we also
approximate or not the datum f(z). In order to deal with both cases simulta-
neously we define x(r) = 0 for r < 0 and x(r) = ¢; + 1 for r > 0, where ¢; is
given by (1.7). Thus, we approximate f(z) by f,(z) as follows

Fa(@) = f(x) + x(r)/n" T/, (2:3)

Following the ideas in [2], we prove that a certain power of an approximation
of ¢ is a subsolution of (2.1) in the following result.

Lemma 2. Assume that v > 1, M(z) verifies (1.2), g(x,s) satisfies (1.5) and
there exists v > —1 such that 0 < f(x) € LY(R2) verifies (1.4) and g(x,s)
verifies (1.7). Then, there exist C > 0 (independent of n) and ng € N such
that, for every n > ng, the function

247
2(@) = (Cor () 4+ 1/nOFD/EED) T

is a subsolution of (2.1) with g, and f, given by (2.2) and (2.3) respectively.
Moreover, denoting u, to the solution of (2.1) given by Lemma 1, we have

Zn < uy, a.e. in §2.

Proof. First, let us note that z, € Hg(2)NL>(£2) since p1 € HL(2)NL>(£2).
Let us denote
wp(z) = Cpy(z) + ]_/n(’YJFl)/(Q‘H)’
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On the one hand, we have

Tz, = C2ED  (hr-n/ 4D g,

v+1
and thus

—div(M(2)Vz,) = -V (Wwﬁ}“w/(%l)) M (z)V, (2.4)
Y

%wgww)/(w) (= div(M(2)Vey))
v

C*2+7r)(y—r—1) (r—27)/(v+1)
= CESIE wy M(z)Ve1Vr

CM@2+1) atr)/ere)
y+1 "

C {C(?—kr)('y—r—l)

T W@ /G

¥1

)\1(2-’-’1")
M(x)Vp1V _—

wn@l

c? [5<2+r>|v ~r

—1 2
< \Y% o
_w§L2,Y7T)/(,Y+1) ("Y + 1)2 || “PIHL (£2)

)\1(2 + T) 2
+ i1 (H@lHLoo(rz) + H<P1||L°°(Q))
c2 C2huw” C2huw”

T @O T a@EGED T (4 1n)T

Now, since g(z, s) satisfies (1.7), we deduce in the set {z,(x) < so}

y+1
i 1\ T é(zm+2)" awl,
In (@, 2n) < g(w,2,) < € (zn + n) = G 1) = B (2.5)

where ¢ = ¢; in the case r > 0 and ¢ = C in the case —1 < r < 0. Actually
we claim that, using (1.7), given —1 < r < 0, for every fixed small C, and
r—2~y
for n large enough there exists so(C) € (0,1) with g(z,s) < C(s + 1)=F for
every 0 < s < so(C) and (Ccpl(aj))% < 50(C). Indeed, observe that since
1+4+7r—~ <0, it is enough to take
at 24
TT CQ 2y —7r
leilli i) < ==

247 co (Cle
7 (Cllorllne(o) ™ < 50(C) < 2 (Cfea)™r Pl
P o L= (Cler) P

Thus, given C' > 0 small and s¢(C') as above, we can choose ng € N large
enough such that

zn(z) < 50(C), Vz € 2, Yn > nyg.

Math. Model. Anal., 28(4):561-580, 2023.
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Combining the inequalities (2.4) and (2.5), and taking into account (1.4)
we have, for C' small enough, that

(C%b+ e)w”,

—div(M (2)Vz,) + gn(z, 2n) < (2.6)

(on + 1/n)"
_ @00 [Sr@) + 3G )
8 (on + /)7 S Gt /)

i.e., that z, is a subsolution of (2.1). Here we have used that (C?b+¢)C™ — 0
as C — 0 (in the case —1 < r < 0 we have that ¢ = ().

Now, we take (2, —u,)T € H}(£2) N L>(£2) as test function in the inequal-
ity (2.6) satisfied by z, and in the problem (2.1) that satisfies u,. Then, we
subtract them, and applying (1.2) and that g,(z, s) is increasing in s by (1.5)
it follows that

a/|V(zn—un)+|2 <a |v(z’ﬂ_un)+|2+/[gn(x7zn)_gn(xaun)] (Zn_un)+
2 2 2

< [ 50 |Gy~ Gy ) <0

Therefore, we deduce that (2, — u,)™ = 0 a.e. in {2 and we can conclude
that z, < u, a.e.in 2. O

In [4] it is proved existence of a solution to (1.1) with g(z, s) = 0. In order to
do that the authors approached the problem (1.1) with g(x, s) = 0 by a suitable
sequence of approximated problems such that, its corresponding sequence of
solutions {v,, } is an increasing sequence. Then, they apply the strong maximum
principle to v; and, in this way, they obtain the uniform lower boundedness of
vy, in every subset compactly contained in f2.

Here, we cannot obtain that {u, }, the sequence of solutions to (2.1) with g,
and f,, given by (2.2) and (2.3) respectively, is an increasing sequence. In fact,
we could not even apply the strong maximum principle to any u,. However,
Lemma 2 allows us to obtain an uniform lower bound for u,,, for n > ng, and
this suffices to prove the existence of a solution of (1.1). The first part of this
proof is similar to [4, Lemma 4.1], but we include it here for the convenience
of the reader.

Theorem 3. Assume thaty > 1, M(z) verifies (1.2) and g(x, s) satisfies (1.5)
and (1.6). Assume also that there exists r > —1 such that 0 < f(z) € L'(£2)
satisfies (1.4) and g(x, s) verifies (1.7).

Then, there exists u € HL (£2) solution of (1.1) satisfying that the function

y+1

u'z € HY(2). Moreover, if u, satisfies (2.1) with g, and f, given by (2.2)
and (2.3) respectively, then u, — u a.e. in (2.

Remark 3. If v < 1 the existence and regularity results cotained in [4] are still
true for (1.1) with the hypotheses of this theorem.
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Proof. First of all, let us note that since ¢ € C({2) is positive and the function

s+ (c+ s2¥7 )7+ — s with ¢ > 0 is greater than a positive constant in [0, 1],
we deduce thanks to the Lemma 2 that

Yw CC 2, de, : up > ¢, > 0 in w for every n > ny, (2.7)

where ng € N is given by the Lemma 2. So, in what follows, let us fix n > ny.

Now, we claim that the sequence {us, (r+1 /2}n>n0 is bounded in H{ (£2). For
v > 1 we take Ty (u,)? € Hi(£2) N L>®(2) with k > 0 as test function in (2.1)
and, using (1.2) and (1.5), we obtain

o [ T < [ m
S/ (un+1/n” —/ f”—/ F+ital
Since
| VD) T = s [ 9T
0 (v+1)?
we deduce that {7} (u,) LH} >, 18 bounded in H(£2) by a constant inde-
pendent of k, so we can apply Fatou Lemma to conclude that {u 'y+1)/2}n2n0

is bounded in Hg (£2). Moreover, by the Sobolev embedding we have that the
sequence {Uy }n>n, is bounded in L7(£2) with 7 = 2*(y +1)/2.

After this, we will prove that {u,},>n, is bounded in H}, ( ).

Let ¢ € C}(£2) and let w = {¢ # 0}. Choosing Ty (u,)d? 6 H02) ﬂLOO( )
with & > 0 as test function in (2.1), we have, recalling (1.2), (1.5) and (2.7),

9.9 fnTk(Un)¢2
o /Q IV T (1) 26242 /Q M (2)Vun V' MW“/ (un +1/n)7

S/ (uﬁq/i /f"¢2

By (1.2) and by Young inequality, we deduce

L / M) Vun Vo Te(un)é < 28 / IVt [V 1 |6
N 0

2 2
<5 [ wupe+ 2 [ vepe
2 Jo a Jo
and thus

2,2 1 2 & 2,2 23> 2 2
a [ |VTp(un)|"¢" < —= | fod™+ 5 | [Vua|"¢" + — [ [Vo|7us,.
%) o 2 /g a Jo

Taking limits when & — +o0o and applying Fatou Lemma in the left hand side

integral we obtain
2 2
S [ 1VunPe + 2= [ vop.
2 Ja a Jo

J,

Math. Model. Anal., 28(4):561-580, 2023.
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Finally, due to the boundedness of {uy, }n>n, in L7(§2) with 7 > 2 we have

1 232
9/|wn|2¢>2g —,1/ fn¢2+i/ Vo[22
2 Jo o a Jo

1912 262
<= [ 1l + 20l e [ o < O 60)

Cw

so that the sequence {uy,},>n, is bounded in H{ _(£2).

Thanks to this boundedness, there exists a function v € H\ () and a
subsequence of {u,}, still denoted by {u,}, such that {u,} converges to u
weakly in Hl _(£2) and a.e. in £2. As a consequence of (2.7), u also satisfies
that

Yw CC 2, e, :u>c¢, >0in w. (2.8)

Now, we prove that g(z,u) € L'(§2). Since gn(z,u,) is bounded by a

constant in the set {u, < so} due to (1.7) it follows that

/ Gy 1) = / g, un) + / gn(z,un) < Crt / (s 1),
(9} {u,<so} {un>s0} {un>s0}

Taking ¢ (u,) = Th (maX{O, %(un - %0)}) € HE(2) N L>(£2) as test function

in (2.1) and dropping positive terms we get

fn
/[un>so} g’ﬂ(m?u") = /{un>520} (Un + 1/n)’Y

() oy = () [y

so the sequence {gn(x,u,)} is bounded in L!(§2) and thus g(x,u) € L*(£2) as
a consequence of Fatou Lemma.

To conclude the proof it only remains to pass to the limit on n in the
equation satisfied by wu,

fn®

o o 177 0 €GO

/ M(x)vunvdj + / Qn(l‘, un)d) =
Q Q
Let us fix ¢ € C}(£2). First, since u, — u in HL_(£2), it is satisfied

lim M(m)Vuan’)Z/ M(z)VuVe.
Q

n—o0 Q

Furthermore, as w,, satisfies (2.7), we deduce

fnd
(un +1/n)"

9]l (2)
= CZ

(f +1+¢1) € LY(92),

where w is the set {¢ # 0}. Thus, since also u,, — u a.e in {2, we can apply
Lebesgue Theorem and it follows that

lim Jn = &

n—o0 [o (up +1/n)"  Jour
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To obtain the limit of / gn(x,u,)¢ we use Vitali Theorem. In order to do

o)
that we fix w CC 2 and € > 0. For E C w, we have by (1.5)

/ (s ) = / o, 1) + / (s )
E En{u,<k} En{up,>k}
< / oo k) + / (2, 0. (2.9)
E {un>k}

On the one hand, if we use T1(Gg—1(u,)) € H}(£2) N L>(82) for k > 2 as test
function in (2.1) and we drop positive terms, we obtain

fn
R =il I T I IS u)
/{un>k} {un>k—1}(un + l)7 {un>k—1} {un>k—1}

n

because (u, + +)” > 1 on the set {u,, > k—1}. Since f € L*(£2) and {un }n>n,
is bounded in L!(£2), there exists k1 > 2 such that

/ gn(,u,) <
{un>k}

On the other hand, by (1.6) there exists ko > ki such that g(z, ko) € Li (£2).
Then, by the absolute continuity of the integral, there exists d > 0 such that

/Eg(x’ko) <

Thus, joining (2.9), (2.10) and (2.11), for every E C w such that meas(E) < §
we have

/ gn(x,up) < / g(z, ko) +/ gn(z,uy) <€, Yn > ng,
E E {un>ko}

i.e., the sequence {g,(x,un)}n>n, is equiintegrable in each w CC 2. As we
also have that g,(z,u,) — g(x,u) a.e. in §2 since meas{u = 0} = 0 by (2.8),
we can apply Vitali Theorem to obtain

5 vk 2 kl, Vn Z ng. (210)

N ™

, VE C w with meas(E) < 0. (2.11)

NCRNO)

lim an(x7un)¢:/ng(x’u)¢

n—oo

and thus the proof is concluded. 0O

3 Regularizing effect due to the behavior of the data at
the boundary of 2
In this section we prove Theorem 1.

Proof of Theorem 1. In the first place, since v > 1 we can apply Theorem 3 to
assure the existence of a solution u € HL_(£2) of (1.1) such that u™> € HE(£2)
which is also the a.e. limit in {2 of the sequence {u,} of solutions of (2.1).
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In order to prove item 4), i.e., that u ¢ C'(£2) if v > r + 1 we follow the
ideas in [13]. Arguing by contradiction, suppose that u € C*(£2) for v > r + 1.
First, observe that if zy € 02 and we denote by 72 the inner normal to 0f2 at
Tg, then

lim LTS g Prlotsn) Zei@0) _ g s 0,
s—0+ s s—0+ s
Now, due to Lemma 2 we have
247
Me* <wae. in 2

for some M > 0 since u, — u a.e. in {2. Let us remark that v > r + 1 implies
that ¢ := (24 r)(y+ 1) < 1. Since u € C({2), then u(zg) = 0 and for s > 0 it
follows that

u(zo + s7) — u(xg) > Moy (o + s)=1 w1(xo + sn)
s s

Therefore, we have

lim U(xo + Sn) _ U(.’L'O) = +00,
s—0t S

which contradicts that u € C*(2).
Now, we deal with item 4) and we prove that u € H(£2) if 1 <~ < 2r+ 3.

Taking (Tk(un) + 1)~ € HH(2)NL®(£2) with 0 > max {0,7 - %}

as test function in (2.1), we obtain after applying (1.2) and dropping a positive
term

(T ( un)Jrl/n) —1/nf

of /Q (T () +1/n)° " [T () 2 < / i

(un +1/n)7
< [ a1/ (3.1)
Q
First of all, let us note that
a9/ (Tho(wn) + 1/n)" " [V Tk (wn)|* (3.2)
0
40 (0+1)/ 9;1 2
=517 /‘v (Tio(un) + 1/n) —1/n )’ .

If we take 6 < -y, we can apply the Lemma 2 to deduce
(247)(0—v) /7+1
/fn (up + 1/71)9_7 < / fn (C’<p1(x) + 1/n(7+1)/(2+r)) . (3.3)
Q 0

On one hand, there is C; > 0 such that ¢ > C; in £2\I" (I" given by (1.8))
since @1 > 0in £2, p1 € C(£2) and 2\I is closed. Therefore, we have

@+r)(6—=v)
+1

1 v
/Q\F fn (C%@l(x> + {n‘(,}_i,l)/(QM) <Oy /Q(f+ l+c).  (34)
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On the other hand, applying hypothesis (1.8), and using the definition of f,
given by (2.3), it follows that

2+r)(6—=7)/(v+1)
[ 50 (Corta) 1ty O
r

. x(r) 1
< /F <m2@1(fﬂ) *,me) (C%(x)*mwmm

. x(r) x(r) T
< Cs/r (%01@) + n(v+1)/(2+)) (“71(“"”) pcEe)

( ) , ( ) (2+T)J£917w)
x(r X\ !
< 04/F <<P1($) + nw/@_m) (901(95) + HOTD/CT)

r+(2+r)(0—7)/(v+1)
= [ (a(o) + xtr) 1/ e
r

(2+r)(0—=v)
Y41

In addition, let us note that
/ o () HEDE-D/ D) < 4o
r

since 7+ (2+7)(0 —v)/(y+1) > —1 because § > v — (r+1)(y+1)/(2+ )
and Jf2 satisfies the interior sphere condition.
In this way, we can deduce from (3.1)—(3.5) that the sequence

(@) + 1) D72 — 1002

is bounded in H}(§2) by a constant independent of k. For this reason, we can
use Fatou Lemma to assure

{(un n 1/n)(9+1)/2 B l/n((’“)/Q}

is bounded in H}(§2) and thus, up to a subsequence, we can assume that it
converges weakly in H}(£2). Since u,, — u a.e. in §2, this weak limit has to be

equal to u™3" and, consequently u5 € HL(92).
Finally, let us note that

0 € lmax {0,y — (r+1)(v+1)/(2+7)},7]
if, and only if,
(0+1)/2 € lmax{0.5,(v+ 1)/(2(24+ 7))}, (v+1)/2]

and that
1€ ]max{0.5,(y+1)/(2(2+ 7))}, (v +1)/2]

if, and only if, 1 <y < 2r + 3.
Finally, we prove item i) i.e., u ¢ H}(82) if ¥ > 2r + 3 and u is bounded
in I". We argue by contradiction, so we assume that u € H}($2).
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In that case, 2(z) = (K1 (z)) /0D i a supersolution of
—div(M (2)Vz) + g(z,2z) = f(z)/z” in T,
z=0 on 0I'N 942, (3.6)
z=u on 92N 12,

for large K. Indeed, we get

K MM( )V Vi +A1(2+T)(K@1)@1}

2
_div(M(2)Vz) = O+ M (3.7)
(Kpy) 57
K2b K20(Kp)"  K2b(Kpy)"
Z 2= SCEEO N ~ )
(Kspl) ~+1 (K(pl) ~+1 z

where b is a positive constant. This inequality is possible since v > r + 1,
01 €C®(£2), 1 > 01in 2 and M (z)Vp1Ve; > 0 in 92 by (1.2) and by Hopf
Lemma.

Now, we use that g(x, z) > 0 by (1.5), the inequality (3.7) and the hypothe-
ses (1.8) to deduce for K large enough that

K2(Kp) _ 50 @) _ fa)

—div(M(2)V2z) + g(x, 2) > >

,xel, (3.8)

27 27

i.e., 2 is a supersolution of (3.6). Now, we take (u — 2)* € H} ()N L*>()
as test function in the problem satisfied by w in I" and in the inequality (3.8)
satisfied by z and subtracting we yield to

@) U—Z+2 8] U,—Z+2 r.u) — T,z U—Z+
Ajv< )2 < A}v< >|<+A@<,> gz, 2))(u— 2)
s/&ﬂmﬂN—fuvwﬂu—a+so
I

Therefore, we deduce that u < z a.e. in I.
We recall that g(z, u) 6 Ll(Q). Thus we can take as test function in (1.1)

Ty (u), for some k > Kgp”“, (see Remark 2) and, due to (1.2) and (1.4), we
obtain for some K; > 0 that

Bl ) + Mol 28 [ 19ul+ [ gl
{u<k} 2

f g Q=0 @)
> | =Ti(u) > / fut™ > / fuTT > K / o1 T =400
o u’ {u<k} r r

The last equality is due to v > 2r + 3, since in this case r + (1_3)# < -1

This is a contradiction which assures that u & Hg(£2) and we conclude the
proof. O
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4 Regularizing effect thanks to the Q-condition

In this section, we prove Theorem 2.

Proof of Theorem 2. Inspired by [1], we define the approximated problems

: N 1))
—div(M (2)Vuy) + an(x)§(un) = Tanl+ 1/ in (2, (41)
Uy =0 on 042,
where f(a) ()
x a(x
PO imre T T @/mat
Note that as the function s +— T —|—ss/n is increasing, we deduce by (1.11)
fn(x) < Qan(x) ae. in £2. (4.2)

Since a,(x) and f,(z) are nonnegative functions by (1.10) and g(s)s > 0
for all s € R by (1.9), we can apply Lemma 1 to assure the existence of
u, € H3(£2) N L%°(£2) solution of (4.1), i.e., satisfying

/Q ()vunv¢+/ Glun)p = / Iun|+1/ 7,w)e1L1r0(rz)mL°<>(Q).

(4.3)

Moreover, these hypotheses allow us to prove that u, > 0 for all n € N by
taking u,, € Hg(£2) N L>(£2) as test function in (4.3).

The scheme of the rest of the proof is as follows:

Step 1. {u,} is bounded in L>°(§2) and in H}($2).

Step 2. Control of the right hand side integral of (4.3).

Step 3. Passing to the limit in (4.3).

Step 1. In this step we apply the ideas in [1]. To obtain the boundedness
of {un} in L°°(2) we use Gi(u,) € H(2) N L>(£2) as test function in (4.1),
with k& = max{1,§71(Q)}. Let us remark that we are allowed to write §~(Q)
since by (1.9) g has an inverse 57! in (—Juo, Joo) and 0 < @ < Joo. Therefore,
taking G (uy,) as test function we get thanks to (1.2) and to (4.2)

2 . Ju(2)Gi(un)
oz/Q|VGk(un)| +/Qan(z)g(un)Gk(“n) S o (un+1/n)"
Qan( )Gk un
= Jo Gy / Quale)Gilte)

where in the last inequality we have used that (u, + %)7 >wu) >kY>1on
the set {u, > k}. Thus, we obtain

o [ 96w+ [ an@)(g(ua) ~ QIGi(un) <0
Q Q
Since the second integral of the previous inequality is nonnegative because
g(un) > Q on the set {u, > k} we conclude that |[Gx(un)|my() = 0. Then,
{un} is bounded in L>(§2) with |[un ||z 0y < k.
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Now, using u,, € H}(£2) N L%°(2) as test function in (4.1) and using this
boundedness of {u,} in L>(§2), we can deduce by (1.2), (1.10) and (1.9)

a/Q|Vun|2§/QM(x)VunVun—|—/Qan(x)§(un)un
- Ty < f o < [ an

It should be noted that we have been able to obtain this a priori bound since
v <1

Thus, {u,} is bounded in H{(£2). Therefore, there exists a subsequence,
still denoted by {u,}, which converges weakly in H{({2) and a.e. to some
0 <wue Hj(2) with |[ul| Lo < k.

Step 2. In this part, we follow the ideas in [9]. We introduce for § > 0 the
function

1, if0<s<é,
Zs(s) =< —s/6+2, ifo<s<20,
0, if 20 < s.

Taking Zs(u, )¢ € Hg(2)NL>(£2) as test function in (4.1), where ¢ belongs
to Hg(£2) N L>(£2) with ¢ > 0, one has

/ M(2)Vun Vo Zs(un) + / o (2)5 (1) Zs (1)
2 2

. M@V Vuno+ [ LD 7)o,

"0 {5<u, <25} o (un +1/n)"

Since Zs(un) = 1 in {u, < 0} and the first integral of the right hand side

is positive, we deduce the inequality

(@) N
0< -/{u"<6} m¢ < /QM(m)Vunv(ﬁ Zs(un)+ -/!;ln(x)g(un)Z(;(un)(ﬁ

Using that {u,} is bounded in L>°(§2) and converges weakly in H}(£2) and
a.e. in {2 to u, we can easily pass to the limit in n to obtain

| (o) , 0z
0<hmsup/{un<5}( 1/n) ¢ < /M )VuVoZs(u) + /Q( x)g(u) Zs(u)p.

n—-+oo

Now, we pass to the limit as 0 tends to 0. Let us note that Zs(u) — X {u=0y}-
We use the fact that §(0) = 0, since g is odd by (1.9), and we also use that
Vu =0 a.e. in {u = 0}, since u € H}(£2). This allow us to conclude

: fn(@)
lim sup/ —————¢—>0asd— 0. 4.4
n—to0 J{un<s} (Un + 1/”)”b 44

Step 3. Let ¢ € H}(02) N L>(£2) with ¢ > 0. Since u, — u weakly in
H}($2) and u,, — u a.e. in 2 and {u,} is bounded in L*°(2), we can pass to
the limit in the left hand side of (4.3) to assure

/QM(x)VunV¢>+/Qan(x)§(un)¢>—>/QM(LU)VUVQS—i-/Qa(x)g(u)gb. (4.5)
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Now, we choose d,, — 0 such that meas{u = §,,} = 0 (observe that this is
posible since the set {§ > 0 : meas{u = 0} > 0} is at most countable) and we
split the right hand side integral of (4.3) into two parts, namely

/n (un+1/n)7¢— /{unqm} (“n+1/”)w¢+/{un>am} (un+1/n)7¢' (4.6)

With respect to the second integral of the right hand side of (4.6), we
express it as

/{Un>5m} (un+1/n ¢ / un+1/n X{un>6 }¢

Now, for every fixed m we have

= (un +1/n)7

X{un>6m1® < f(s(f)éﬁ € L'(2)

and

fn(z f(x
Wﬁ—(l/)WYX{u">6m'} — %X{u»m} a.e.x € {2 when n — oo.

Thus, one has by Lebesgue Theorem

_fnl®) (@)
/{un>5m} (un + 1/n)w¢ — /{u>5m} o ¢ as n — +oo.

Observe that thanks to (4.3), (4.5) and (4.6) we get

fule @
e {un <6} (Un + 1/” m /M VUWSJF/ (gt {u>6,} W ’
and, using (4.4), we obtain
0= lim lim In(2) ¢ (4.7

m—00 Nn—00 {un<5m} (un —+ 1/”)

:/ M(x)Vqu)—i—/ a(x)g(u)p — lim Md)
2 Q

S
m=o0 Jiu>s,,} U

In particular, using Fatou Lemma we deduce that %gﬁ € L'({u > 0}) and
then, using Lebesgue Theorem

. f(x) f(x)
lim = . 4.8
6 /{ 6 (4.8)

m=0 Jryss,,y W us0} U7

Now we observe that (4.4) also implies that |, {u=0} )gb = 0 or equivalently

uYy

that meas{u = 0, f¢ # 0} = 0. Indeed, note that for every § > 0 it follows

et fula) fula)
n\T n\T
/{u:O} (un + 1/n)? X{un<s}9 < ~/{un§§} (un +1/n)" @.
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Moreover, for every § > 0

ful@) f()
Qo 1/ X0

a.e. in {u = 0} when n — oo.

Then, we can apply Fatou Lemma to obtain

/ I )¢<hmsup/ %qﬁ, Vé > 0.
{ {un <58} (

u=0} u? n—+o00 un+1/ )

In view of (4.4), this implies

f@),
/{u—O} w ¢

[ L [ 1,

u>0} U7 o u

and, as a consequence

This, combined with (4.7) and(4.8) give us

[ ma@vavo [ awiwo- [ L2

and, in this way,

[ m@vavo+ [ awito= [ 18

Moreover, g(z,u) = a(z)j(u) € L'(£2) since u € L®(2) and L € L} ()
since [, %W < 400 for every ¢ € HE(£2) N L>(§2). Thus, it is proved that
the function u € Hg (£2) N L>(£2) is a solution of (1.1), as desired. Uniqueness
is deduced, as usual, from (1.9). Indeed, given uy,uy € HJ(£2) N L>®(§2) any
two solutions to (1.1) with g(x,u) = a(x)g(u) where g verifies (1.9), then taking
(u; —ug)™ as test function in the problems satisfied by u; and ug, subtracting
and taking into account (1.2), (1.9) and (1.10), we yield to

Y0 < ¢ € Hy(2)NL>®(02)

Vo € HY (2) N L>®(92).

/ |V (uy —ug)t|? < / M (z)V (uy — u)V(ug —ug)™
/ (@)(g(u1) — luz))(ur — u2)™ = /f (1/ui = 1/u3) (w1 —uz)™ <0.
2

this implies that (u1 —u2)™ = 0, i.e., u3 < ug, and since both are arbitrary
solution we also have the reverse inequality and the proof is finished. O
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