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1 Introduction

The classical three-body problem [26] is a well-known model of celestial me-
chanics in the framework of which a motion of three bodies Py, P;, P of
masses mg, My, Me, respectively, under their mutual gravitational attraction
is studied. The bodies are assumed to interact according to Newton’s law of
gravitation that is a good approximation in the case of spherically symmet-
ric bodies. However, real heaven bodies may have different shape and mass
distribution and their interaction is more complicated. To make model more
realistic some authors take into account an oblateness of heaven bodies and
some other perturbing forces like radiation pressure and quantum effects (see,
for example, [1,2,13]). Such perturbations can modify motion of the bodies or
change the regions of permissible motion but the problem is the stationary one
as physical parameters of the system remain constant.

From the other side, real-life celestial bodies are non-stationary; their char-
acteristics such as mass, size, shape, and internal structure, may vary with
time (see, for example, [8,9,25]). Non-stationarity of the bodies may influence
the dynamical evolution of their systems that makes a study of such systems
highly relevant (see [3,11,16]). At the same time, non-stationarity complicates
essentially the corresponding mathematical models of the bodies motion. Even
in the case of classical two-body problem, a general solution of which is well-
known, dependence of mass on time makes the problem non-integrable; only
in some special cases its exact analytical solution can be found (see survey of
such models in [4,23,24]).

The bodies masses influence essentially on their interaction and motion and
so it is especially interesting to investigate the dynamics of the many-body
system with variable mass. One of the first works in this direction were done
by T.B. Omarov [20] and J.D. Hadjidemetriou [10] who started investigation of
the non-stationary two-body problem and showed that mass variability affects
essentially on the dynamic evolution of the system. Later these investigations
were generalized to the system of three bodies although works in this field are
not numerous (see, for instance, [3,14,27,28]).

As the equations of motion are non-integrable the perturbation theory is
usually used (see [5]). Its application involves quite cumbersome symbolic
computation which can be best performed with computer algebra [21]. Investi-
gations of the three-body problem with variable masses, changing isotropically
or anisotropically, were continued in a series of works [15, 17,18, 22], where
equations of motion were obtained in terms of the second system of Poincaré
elements (see [7]) in the framework of the Hamiltonian formalism. In order to
obtain equations of motion accurate to linear terms of the orbital elements we
need to compute the series expansion of the perturbing functions in terms of
the orbital elements up to second order inclusive. It should be noted that it is
a nontrivial task and we demonstrated that it may solved efficiently with the
aid of the computer algebra (see [15,18,21,22]).

In the present work, we study the dynamical evolution of two-planetary sys-
tem of three bodies when two planets P;, P, move around a central star Py in
quasi-elliptic orbits such that their orbits do not intersect. In the first approx-
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imation, these orbits are determined by the exact solutions of the unperturbed
equations of motion which can be obtained in analytic form for arbitrary laws of
mass variation of the bodies (see [16]). Mutual attraction of the bodies Pj, Ps
and reactive forces arising in the case of anisotropic mass variation enforce the
orbital elements to change. In contrast to our previous works (see [15,18,22]),
the differential equations determining the perturbed motion of the bodies are
obtained in terms of the osculating elements in the framework of Newton’s
formalism what enables to write out expressions for the reactive forces and to
obtain directly differential equations for the orbital elements (see [6]). In the
case of small eccentricities and inclinations of the orbits the perturbing forces
may be expanded in series in these parameters up to any desired order but here
we consider only the first order terms what is sufficient to obtain the results
corresponding to the accuracy of the observations. Averaging the equations of
the perturbed motion over mean longitudes of the bodies Py, P» in the absence
of a mean-motion resonances, we obtain the differential equations describing
the evolution of orbital elements over long periods of time. These equations
are solved numerically for different laws of the masses change. All relevant
symbolic and numerical calculations are performed here with the aid of the
computer algebra system Wolfram Mathematica [29)].

2 Model description

Consider a system of three bodies of variable mass attracting each other ac-
cording to Newton’s law of universal gravitation. Denoting the position vectors
of the bodies P, P relative to the primary Py by 7; = («;,y;, z;) and applying
Newton’s second law, the equations of motion may be written as (see [15,16,18])

d>7; i =
— 4@ 2 -2y =F;, j=1,2. 2.1
a2 + G(mo + mj)r;” v i = (2.1)

Here G is the constant of gravitation, and the twice differentiable functions
~1(t) and y2(t) are defined by

moo + Mjo

mot) +m; (@) 0 = 7

,-YJ (t) = ) j 3 )
where moy = mo(to), mjo = m;(to) are the masses of the bodies Py, P;, P,
respectively, at the initial instant of time. The forces Fy and F5 on the right-

hand side of (2.1) can be represented by

B =Gy (7‘2;7‘1 T ) I (2.2)
712 ) "

Fy =G, ( 17 _ ) PG, (2.3)
12 1 Y2

where

rio = /(w2 —21)2 + (2 — y1)% + (22 — 21)?, Tj:mdfl 2,
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and the reactive forces Q1, Qs are determined by the expressions (see [12])

G = T2 = 20V, Gy = 22V, — 20, (2.4)
mp 0 ma mo
The dot above a symbol in (2.2)—(2.4) denotes the total time derivative of the
corresponding function, and V’j, (j = 0,1,2) are the relative velocities of the
particles leaving the body P; or falling on it.

Note that in the case of constant masses when 1 (t) = 1, v2(¢) = 1 equations
(2.1) reduce to the well-known equations determining relative motion of the
bodies in the classical three-body problem. These equations are not integrable
and are usually studied by methods of perturbation theory using an exact
solution of the two-body problem as the first approximation (see, for example,
[5,19]). Similar approach may be also applied in the case of variable masses
but the corresponding two-body problem is integrable only for some special
laws of mass change (see [23,24]). To obtain integrable two-body problem for
arbitrary law of the mass variation we add the terms %;/v;7; in the left-hand
side of Equations (2.1) and in expressions (2.2), (2.3) for the forces Fy, Fy. As
a result, a general solution of equations obtained from (2.1) at Fi=0,F,=0
could be written for arbitrary laws of mass variation of the bodies.

Actually, at F’;— =0,(j = 1,2) two equations (2.1) become independent of
each other and each of them has an exact solution that describes aperiodic
motion of the body P;, (j = 1,2) on a quasi-conic section (see [16]); it can be
written as

xj = v;p; (cos(w;j + vj) cos £2; — sin(w; + v;) sin £2; cos i),
y; = vjp; (cos(w; + v;) sin £2; + sin(w; + v;) cos 2 cosi;) ,
zj = yjp; (sin(w; +v;) sini;), (2.5)
where v; is the true anomaly and
p; =a;(1—¢€7)/(1+e;cosvy). (2.6)

The constants a;, e;,4;, {2; and w; in (2.5), (2.6) are analogs of the well-known
Kepler orbital elements and are determined from the initial conditions of motion
(see [16]). The true anomaly v; characterizes the position of the body on the
orbit; introducing an analog of the eccentric anomaly F; by the relation

tan(v/2) = /(1 +¢)/(1 - ¢5) tan /2, (2.7)
we obtain the known Kepler equation
E;j —ejsinEj = M; (2.8)
where the mean anomaly Mj is given by
M; = /R5/a5 (@5(t) = B5(75)) (2.9)

Math. Model. Anal., 28(4):636-652, 2023.



640 Zh. Imanova, A. Prokopenya and M. Minglibayev

and k; = G(moo + m;jo), (j = 1,2). The functions $;(t) have the form

t
Di(t) = / ~; 2 (t)dt. (2.10)
to
By 7; in (2.9) we denote an analog of the time when the body P; passes through

the pericenter.

It is readily seen that, for given orbital elements aj,e;,;, £2;,w;, and 7; of
each of the bodies P; and P> and the known functions v1(¢) and v2(t), which
depend on the laws of mass variation of all three bodies, Equations (2.7)—(2.10)
make it possible to find the mean anomalies M}, the eccentric anomalies F;
and true anomalies v; as functions of time. As a result, solutions (2.5), (2.6)
enable to compute the relative Cartesian coordinates of the bodies P; and P; at
}_7"1 =0, ﬁg = 0 as functions of time and to describe their unperturbed motion.

Using Equations (2.6)—(2.10), one can write the total time derivatives of
the coordinates (2.5) in the form

xj —yjp;v; (sin(w; + v;) cos £2; + cos(w; + v;) sin £2; cosi,) ,

Z; = (% + pfj zj +v;p;v; (cos(wj + ;) sini;) , (2.11)
j j

b VE;j (I+e; cosz/j)Q.
! a?m(l —e3)3/2 73 (t)

3 Equations of perturbed motion

In the absence of forces (2.2), (2.3) the orbital elements a;,e;,;, £2;,w;, and
7; of the bodies P;, P> do not change with time. However, mutual attraction
and reactive forces (2.4) arising in the case of anisotropic mass variation of
the bodies affect their motion and the orbital elements must necessarily vary
with the time. Solving Equations (2.1) at Fy #0, Fy # 0 numerically, one can
find the perturbed coordinates of the bodies as functions of time but it will be
equally effective to obtain the orbital elements as functions of the time. These
functions may be used then to investigate the long-term evolution of orbital
elements which is the most interesting for applications in celestial mechanics.

Taking into account the dependence of the orbital elements on time, the
solutions to Equations (2.1) can be written in the general form

Ty = xj(aj(t)7ej(t)ﬂij(t)7“Qj(t)ij(t>7Mj(aj77—j7t)vt>7
Yj = yj(aj(t)’ ej(t)vij(t)a Qj(t)awj(t)7 Mj(aj’Tj’t)vt)v
zj = zj(a;(t), e;(t), i5(t), 12;(t),w; (t), M;(a;, 75, ), 1), (3.1)

where the functions in the right-hand sides are determined by expressions (2.5),
in which true anomalies v; are replaced by the mean anomalies M; and relations
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(2.9), (2.10) determine the explicit dependence of the mean anomalies M; on
the parameters a; and 7;. Such representation of solutions is well-known in
the theory of differential equations as the method of the variation of arbitrary
constants.

Direct substitution of solutions (3.1) into Equations (2.1) gives six second-
order differential equations for 12 unknown functions a;(t), e;(t), ¢;(t), £2;(¢),
w;(t), M;(t),7 = 1,2. Since each such system has an infinite number of solu-
tions, we should introduce six additional equations for the variables a;, e;, i;,
25, wj, Mj,j = 1,2. Usually such equations are obtained from the condition
that the rates of variation of the perturbed coordinates &;,y;, 2; are equal to
the partial derivatives of functions (3.1) with respect to time. It means that in
perturbed motion both the coordinates and the velocity components at time ¢
are given by the formulas (2.5), (2.11) expressed in terms of the time and the
instantaneous orbital elements at ¢. Such instantaneous elements are known as
osculating elements (for details, see [6]).

As a result, we obtain the following equations

Oxjda; | Ovjde; | Ovjdij | Ov; d2; | Oxjdw; , Ow; dM; _

—L =7 =0
Baj dt 86j dt ('%J dt 0()] dt 80.)]‘ dt 8MJ dt ’
Oy; daj | Oy de; | Oy; diy | Oy; A2 | Oy; dw; | Oy; dM; _
Oaj dt — Oej dt ~ di; dt ~ 09 dt ~ Ow; dt ~ OM; dt
Oz day | Oz de; | Oz diy 0z Ay 0z dwy | Oz dMy g o)

8aj dt aej dt é%j dt 8(2J dt 8&)]‘ dt 8Mj dt

where j =1, 2.
The time derivatives of the coordinates (3.1) can be formally written as

ij = d5(a;(t), e;(t),i;(t), $2;(t), w;(t), Mj(a;,75,t), 1),
U5 = Yj(a;(t), e;(t), (), £2;(t), w;(t), Mj(a;, 75,t), 1),
2y = zj(a;(t), €;(t),4;(t), 125 (1), w;(t), Mj(az, 75,t), 1), (3.3)

where the functions in the right-hand sides are determined by expressions
(2.11). Taking into account that solutions (2.5), (2.11) satisfy the equations of
motion (2.1) in the absence of perturbations and substituting (3.3) into (2.1),
we obtain the following equations for the functions &;, ;, %;

da; dt ' Be; dt ' di; dt = ; dt = dw; dt | OM; dt IV
0y; daj | 0y de; | 09; diy | 04; A2 | O dw; | Oy; dM; _
8aj dt 8€j dt 82] dt 8(2] dt awj dt 8Mj dt T
9% da; | O%de; | 0% diy 0% Ay | 0% dwy 0% dM; _
8aj dt 6ej dt 8ij dt 6Qj dt 8wj dt an dt I
(3.4)

Oi;day | Diyde; | 0i;diy | 0b, % | Oiyduy | Oby dM;

where j = 1,2. By solving Equations (3.2), (3.4), we can obtain explicit ex-
pressions for the derivatives of the orbital elements a;, €5, ¢;, §2;, w;, and

Math. Model. Anal., 28(4):636-652, 2023.
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Mj for each body P; and P,. Note that carrying out the corresponding cal-
culations and deriving the differential equations for the orbital elements re-
quires quite cumbersome symbolic computations. Such computations can be
performed efficiently using a computer algebra system such as Wolfram Math-
ematica (see [29]). By performing the corresponding calculations, we finally
obtain the following system of differential equations for finding the dependence
of the orbital elements on time:

3/2
da 2a;"";(t) ( .
daj _ SInE; F 4+ 4/1— 2FT»), 3.5
dt  /kj(1—ejcos Ej) Cjsm By Frj+ KR (3:5)

2
de. \Jai(1=€5)7;(t)
95 ! ) (1/1—6? sin B F,;+(2cos Ej—e;—ej cos® Ej)FTj> ,

dt \//Tj(l—ej cos I;
di; a;v;(t

aj MFM ((cos E; —ej)cosw; — mSinw]— sin Ej) )
k(1 —e?)

J

dn. a;v;i(t F,;
TtJZ \/77J() : J ((cosEj—ej)sinwj—l—\/1—7€?COSWjSinEj),

Iﬁ:j(l _ e?) SN 2
dw; /@ 75 (t) cot i;

e Fj((cosEj—ej)sinwj+,/1—e§cosszinEj>

k(1 — e?)

Va7, (t
. J’YJ( ) ( cosE / FT‘]
ej/k;(1 —ejcosEj)
- (2- e? — ejcos Bj)sin E; Fyj)

dM; Va7 (¢
7 - 5 (¢) (,/1—@( 24 €7 + ej cos E;) sin E; F
dt ej/k;(1 —ejcos Ej)

m»
+ ((1+ 36?) cosE; —e;(3+ e? cos(2E;))) Frj) + L7 j=1,2. (3.6)

3/2
a’j/ 'Ygz'(t>

dt

The forces F,;, Frj, and F,; on the right-hand sides of (3.5)-(3.6) are the
radial, transversal and normal components of the forces ﬁl, FQ, respectively,
determined by expressions (2.2), (2.3). As the reactive forces Ql, @2 defined by
(2.4) are usually determined in the orbital systems of coordinates of the bodies
Py, P, the forces ﬁl, ﬁg are also written in these systems of coordinates. The
direction cosines of the unit vectors €,; = (esj,€yj,€25), €rj = (Tujs Tyjs T2j),
and €,; = (ngj,nyj,nz;) along the radial, transversal, and normal directions,
respectively, can be easily written on the basis of solutions (2.5):

ez; = cos(w; + ;) cos £2; — sin(w; + v;) sin {2} cos i,

eyj = cos(wj + v;) sin £2; + sin(w; + v;) cos 2, cos i;,

e.j = sin(w; + v;) sini;, (3.7)
Tpj = —sin(wj + v;) cos 2; — cos(wj + v;) sin £2; cos i,

Ty; = —sin(w; + v;) sin £2; + cos(w; + v;) cos {2 cos i,
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T»j = cos(wj + v;) sini;,

Ngj = sin{2;sini;, n,; = —cosf2;siniy, n,; =cosi;, j=1,2. (3.8)

Denoting the components of the relative velocities of particles leaving the
bodies P;, and P or falling on them along the radial, transversal, and normal
directions in the orbital system of coordinates related to the body P; by V1,
Vro, V1, Vro, Vi, and Vi, and using (2.2)—(2.4), we obtain for the first body

Y1 r1 T2 N, .
Foi=——r — GmgT + Gmy (3 — 2> (€ra erl) + Qr1,
gal T'12 12 T3

F.1 = Gmo (7“2/7“?2 — 1/7“3) (€r2 - €r1) + Qr1, (3.9)
Fnl = GTI’LQ (Tz/ng - 1/7'5) (€r2 ' é’nl) + th

where the corresponding components of the reactive force le are given by

my My my o my mg
‘/;“07 Q‘rl = 71 — VTO) in = nl — Vn0~
mi mo mq mo

er = — V1 — —
my mo
Similarly, denoting the components of the relative velocities of particles leaving
the body P, or falling on it along the radial, transversal, and normal directions
in the orbital system of coordinates related to the body P» by Via, Vio, Vio,
we obtain the radial, transversal, and normal components of the force F, in
the form

0 r T 1 I
Fo= _BTQ — Gml% + Gmy (31 — 2> (Era - €r1) + Qro,
V2 T'12 12 T1
Fro=Gmq (7‘1/7“:1)’2 — 1/7“%) (é;l . é}g) =+ QTQ, (310)
Fpo = Gmy (r1/r3y — 1/17) (01 - €n2) + Qna,
where
m m Lo LS Lo
Qra = — Vg — —2 (Voo (81 - @2) + Vio (Er1 - En2) + Vino (Bt - E12))
meo mo
m m Lo S o Lo
Qro = Vg — —2 (Voo (801 - @r2) + Vi (Er1 - @r2) + Vino (G - Er2)), (3.11)
meo mo
m m N S S S o
Qn2 = 72‘/7& - (V;”O (erl : €n2) + VTO (eTl . en2) + VnO (enl . en2)) .
ma mo

Note, that the relative velocities Vj in (3.11) of the particles leaving the
body Py or falling on it are given in the orbital system of coordinates related
to the body P;. If the relative velocities ‘70, ﬁ, and ‘72 and laws of variation
of body masses are given, Equations (3.5)—(3.11) completely determine the
perturbed motion of the bodies Py, Ps.

4 Small eccentricities and inclinations

It is quite obvious that exact solution to nonlinear differential equations (3.5)—
(3.6) cannot be obtained and one can try to find only approximate solutions.

Math. Model. Anal., 28(4):636-652, 2023.
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Note that in many problems of celestial mechanics, eccentricities and inclina-
tions of body orbits are small (see [6,19]). Here we consider this practically im-
portant case of small eccentricities e; << 1 and inclinations i; << 1, (j = 1,2)
and expand the right-hand sides of Equations (3.5)—(3.6) in series in these
parameters up to first-order terms.

First, we can find approximate solution to the Kepler equation (2.8) and
represent the eccentric anomaly in the form of a converging series in e; (see [19])
E; = Mj +e;sin M; + ... . Using this solution, we obtain

cos Ej=cos M;—% (1—cos(2M;)) +. .., sin Ej=sin M;+% sin(2M;)+....
(4.1)

On substituting expansions (4.1) into solutions (2.5) and expanding the
expressions obtained in series in small parameters, we obtain

Tj=a;v; (COS(Mj—I-wj—‘er)—‘r% (cos(2Mj+w;+12;)—3 cos(wj—i—!?j))) ,
yj=a;y; (sin(Mj+w;+92;)+5 (sin(2M;+w;+62;) =3 sin(w;+£2;))) ,
zj = a;7;tjsin(M; +wj), j=1,2. (4.2)

Using (4.2), we find

Ty =\/T3 4+l + 28 = a7 (1 —ejcos My), j=1,2. (4.3)

The distance between the bodies P; and P, may be written then as
Lo\1/2 e1
T2 = (T% + 7’% —2r '7”2) ?= Po — ; (a%’yf cos(A1 —wi — f2)
0

1
+ 201027172 (cos(2A1 — Ao — w1 — 1) — 3cos( Ay —wy — Ql)))

1
- (6@722 cos(Ay —wa — () + 501027172 (cos(A1 — 2Ag + wa + 22)

— 3cos(A; —wg — QQ)))@/PO,

where the mean longitude A; = M; + w; + §2; has been introduced instead of
the mean anomaly M; for the convenience of computations (see [19]), and

1/2
po = (ai7f — 2a1a27172 cos(A1 — A2) + a373) /2, (4.4)

Using (2.7), expansions (4.1)-(4.3), and the expressions for the direction
cosines (3.7)—(3.8), we find the scalar products of the units vectors appearing
in the expressions for the components of the forces Fi and F) along the radial,
transversal, and normal directions (see (3.9)—(3.11)). They are given by

(€01 - €r2) =cos(A1 — Ag) — 2e1 sin(A; — o) sin(Ay —wy — §21)
+ 2ep8in(A; — A2) sin(Ag — we — 25),

(€r1 - €ra) = —sin(A; — Aa) — 2e1 cos(A; — A2) sin(A; — w1 — §27)
+ 269 cos(A1 — Ag) sin(Ag — we — ),
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(En1 - €r2) = — i1 sin(Ag — 21) + i sin(Ag — (25),

(€r1 - €r) =sin(A; — A2) 4 2e1 cos(A1 — Ag) sin(A; — wy — £27)
— 2e5co8(A1 — A2) sin(Ag — we — £2),

(€r1 - €ra) =cos(A1 — Ag) — 2e1 sin(A; — Ag) sin(A] —wy — )
+ 2e9 sin(A1 — Ag) sin(Ag — wo — §22),

(€n1 - €ra) = — i1 cos(Ag — £21) + iz cos(Aa — 25),

(€1 + €n2) =iy sin(Ay — £21) — g sin(A; — ),

(€r1 + €na) =t1 cos(A1 — £21) —ig cos(A — (22),

(€n1 - €n2) =1 (4.5)

Since pg is a periodic function of the variables A; and Ay (see (4.4)), the
expressions 1/pg, 1/p3, 1/p which will appear in the expansion of r1_23 in small
parameters (see (3.9), (3.10)), may be replaced by the corresponding Fourier
series

11 X 1

—_ == Apcos (k(AM—X2)), w=——"7-— By, cos (k —A2)),
Po 2k;oo 08 (k{1 =s)) Py 2a1a27172 Z i 2))

1 1 =

—= Z C cos (k(A1 — A2)), (4.6)

pg 2aia3rin3 e

where Aj, By, and Cj are the Laplace coefficients satisfying the recurrences
(see [7,19])

Ak:M(a+l)Ak1—2k Ap o, k>2
a

2k —1 2k
2k +1 1 2
Bk:( + Da ( +Q)Ak—2a(2k+1)Ak k>0,
2 2 +
(1-a?) (1—a?)
2k + 3 1 2 —
Ck:( +)a( Jra)Bk o?(2k 1)Bk L ESO.
2 +
(1-a?) 3(1—a?)?

All the Laplace coefficients can be computed using the above recurrences and
the following expressions for Ag and A;:

2 T A 4o
Ao = > 2 = o T2/
mazy2 Jo (1 + a2 —2acos)) mazy2(1+ a) (1+a)
A — 2 T cos AdA
1= 2 1/2
ma272 Jo (1 + a? —2acos )
2 4o

s (o (rrap) ~ 0 (ap))

where the functions K (ﬁ), E (ﬁ) denote the complete elliptic inte-

gral of the first and second kinds, respectively, and the parameter o = % < 1.

The body P» is assumed to be an outer planet and the trajectory of body P;
is located inside of the trajectory of body Ps.
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On substituting the expansions (4.1)-(4.5) into (3.9)—(3.11), we compute
the expansions of the right-hand sides of Equations (3.5)—(3.6) in powers of
eccentricities e, eo and inclinations iq,45. The coefficients of these expansions
are periodic functions of mean longitudes A1, A2, and they are rational expres-
sions the numerators of which include the trigonometric functions cos(k\;),
sin(kA;), cos(kA1 £ nAg), and sin(kA £ nh2), (k,n =1,2,...). These expres-
sions are quite bulky and so we do not write them here. Since we are interested
in the behaviour of the orbital elements on long time intervals, the terms on
the right-hand sides of Equations (3.5)—(3.6) determining the short-term oscil-
lations of the orbital elements can be eliminated by averaging the equations over
the mean longitudes A; and g (see [6,7,19]). We assume that the mean-motion
resonances are absent in the system and the masses mg(t), mi(t), ma(t) of the
bodies and velocities Vp, Vi, V5 in Equations (3.5)-(3.6) change very slowly
with time and the procedure of averaging does not change them.

Recall that averaging of the function W(Aq, /\2) over the variables A\; and
A2 and transition to the secular perturbations W(¢¢) is reduced to calculating
the integral

1 27
(2m)? Jo
By substituting for the function W (A1, \2) the right-hand sides of Equations
(3.5)—(3.6) in which expansions in the small parameters are made and taking
into account the expressions (3.9)—(3.11) for the forces and expansions (4.1)—
(4.6), we obtain the following differential equations:

day _ 20} (1, o
dt — TL] m T1 mo 70 | >
de; S\F o Gmaey

der _ My Moy 7(18B 2B, + 21C
dt SN ( Y +16\/m 0 =Bl

305 —6(a+1/a)(3C — 02)) sin(wr — w + 21 — 2s),
div  3yar o Gmaia
ﬁ_2f1%(m”mﬂ@mmuﬁm

dfy S\ﬁ (Vl_mov 0) sin wq

11

Wisee) = W (A1, A2)dArdAs.

B1 SiH(Ql — .QQ),

at 2 m
_ GmgBl (
4\ /a1Kk1

d 3 /ar . . .
7;1 =3 (V 11— Vn0> sinwy + vy 04! (mlvrl - mOVro)
\/ K 21 \/ K1 mq mo
3/2
3a1/

_ 54 Gmaes
2\/77171 1661\/a11€1
x (3Cy — Cg)) cos(wy —wa + 21 — ) +

(18Bo + 2B; +21C1 +3C5 — 6(a + 1/a)

G’I’I’Lg 2
8\/0,1/{1 (60( CO
— 6a(By + 2C1) + 15Cy — 9Cs — 2B, (1 + 2—2003(91 - 92))),
1
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daz 2a3/2 7 iy,
dt /K2 Mo T

d62 3 m

der vz (M2 gy, T -0

at 2\ﬁ < eaVro - Vroelsm(wl wy + {21 — 2)>
3,/

BN

- igvno (o)) LOQ) —

'yg— (e1Vrp cos(wr — wa + 21 — £29) + i1 Vo cos(wa — (21 + §22)

Gm1€1

16“&2%2
1
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7t 2\/» ( - . 0 | coswa W 1sin($2 2),
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dt 21/ " mo " ig
Gm1B1 ’Ll
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dt 2 Jm 2
(e1Vio cos(wi — wa + 21 — £29)

(1830 + 2By +21C4
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Gm1€1
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Gm 6 6
— 02)) COS(Wl —wo + 21 — Qg) 8\/& ( Co — 7(30 + 201)
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2

Equations (4.7) determine the secular perturbations of the orbital elements
of the bodies P; and P,. We do not write the averaged Equation (3.6) here
because due to the integration of Equations (3.5)—(3.6) with respect to the
mean longitudes an information about the location of the bodies in the orbits
is lost and we can analyze only slow changes of the orbital parameters a;, e;,
ij, £2;, and w; in time.

5 Numerical solutions to evolution equations

Although the averaged Equations (4.7) are approximation of (3.5)—(3.6) accu-
rate to the first order in eccentricities and inclinations their general solution
cannot be found in symbolic form. In order to investigate an influence of masses
change on the dynamic evolution of the system we can choose some realistic
values for the system parameters and solve Equations (4.7) numerically. To

Math. Model. Anal., 28(4):636-652, 2023.
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simplify the calculations it is convenient to use the dimensionless variables.
For example, we use initial values of the semi-major axis a19 = a1 (tp) and the
mass mgo of body Py as units of distance and mass, respectively, and define
dimensionless distance a}, mass m; and time ¢t* by
* aj * m; * -3/2 .
af=— mi=—"L t"=t/Ka , 7=0,1,2.
7 ae 7 moo o /

The masses variation are described by the Eddington-Jeans law

1
I—n;

i) = ((mi0) ™ = Bi(1—m)@ = 5)) L = 0,12,

where for the bodies Py, P;, and P> we choose, respectively

1 1
ng=n; =2, ng =3, fo= , B =

—1.
300000 100000° 2

To be able to test the model we consider the Sun, Jupiter, and Saturn as
bodies Py, P, and P», respectively, and choose the following initial values for
orbital elements (see [19]):

moo = 1989,1 x 10%7kg, mio = 1898, 6 x 10** kg, mag = 568,46 x 10%*kg,
aip = 5,2034AU, az = 9,5371AU, e1g = 0,0484, ey = 0,0565,

i10 = 1,305°, iog = 2,485°, 219 = 100,56°, 209 = 113,72°,

wip = 273,98°, wyy = 335, 72°.

Figure 1. Long-term evolution of the eccentricities ey, es, inclinations i1, i2, and
longitudes of ascending nodes {21, 22 (solid curves — constant masses, dashed curves —
isotropic mass changes).

In the case of constant masses of the bodies the system (4.7) describes
the secular perturbations of the orbital elements in the framework of the clas-
sical three-body problem and its solutions correspond to the known results
(see [6,7,19]). Taking into account the isotropic masses variation according to
the Eddington-Jeans law when reactive forces do not arise results in only some
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quantitative changes of solutions to (4.7) (see Figure 1). The semi-major axes
a1 and ao remain constant while the period of oscillations of the eccentrici-
ties, inclinations and longitudes of the ascending nodes increase as the masses
decrease.

100000 200000 300000 F 100000 200000 300000

2500
2000
1500

1000

500
i 100000 200000 300000 r 100000 200000 300000

Figure 2. Long-term evolution of the eccentricities ej, e2 and the arguments of
pericenter w1, wa (solid curves — constant masses, dashed curves — isotropic mass changes,
dotted curves — non-isotropic mass changes, V,.o = 1).

If only one component of the relative velocity V.o of the particles leaving
the most massive body P, along the radial direction becomes greater than zero
(Vo = 1) dependance of the eccentricities e1, ea and arguments of pericenter
w1, we on time changes (see Figure 2). However, the corresponding component
of the reactive force does not influence the other orbital elements.

i

100000 200000 300000 100000 200000 300000

100000 200000 300000 100000 200000 300000

Figure 3. Long-term evolution of the eccentricities e1, ez and inclinations i1, i2 (solid
curves — constant masses, dashed curves — isotropic mass changes, dotted curves —
non-isotropic mass changes, V0 =1, V1 = =1, Voo = 1).

Solving the system (4.7) in the case of V0 = 1, V;; = =1, Vo = 1, when
reactive forces along the radial, transversal and normal directions arise demon-
strates noticeable changes in evolution of the orbital elements (see Figure 3).
Period of the eccentricity oscillations decreases in comparison to the case of

Math. Model. Anal., 28(4):636-652, 2023.
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absence of the reactive forces while the inclinations undergo additional oscilla-
tions with greater period. Note that numerical solutions to the system (4.7) and
visualization of the results are performed with the aid of the system Wolfram
Mathematica.

6 Conclusions

In this paper, we investigated a non-stationary three-body problem for bod-
ies of variable masses that attract each other according to Newton’s law of
gravitation taking into account the reactive forces arising due to anisotropic
variation of the bodies masses. The original equations of motion of the bodies
in the relative system of coordinates are obtained in the framework of Newton’s
formalism, which makes it possible to write the reactive forces on the basis of
Meshcherskii equation. Using the exact solutions of the non-stationary two-
body problem (see [16]) and applying the method of variation of constants, we
derived differential equations of the perturbed motion in terms of osculating
elements of the aperiodic motion along quasi-conical section. It should be em-
phasized that the obtained Equations (3.5)—(3.6) are valid for any laws of the
mass variation of the bodies and completely determine the perturbed motion
of the bodies Py, Ps.

In the case of small eccentricities and inclinations of orbits, we have ex-
panded the right-hand sides of Equations (3.5)—(3.6) in power series in terms
of the orbital elements up to the first order. As the coefficients of ey, es and
11,42 in the obtained expressions are periodic functions of the mean longitudes
A1, Ag, we replaced them by the corresponding Fourier series. Finally, we have
shown that the right-hand sides of differential equations (3.5)—(3.6) contain the
terms describing behaviour of the orbital elements on long time intervals and
quite cumbersome terms determining the short-term oscillations of the orbital
elements. Assuming that the mean-motion resonances are absent in the system
and averaging the equations over the mean longitudes A1, Ao, we derived differ-
ential equations determining the secular perturbations of the orbital elements.
Note that the equations obtained describe the perturbed motion of the bodies
in the general case when the masses of all three bodies vary anisotropically,
and reactive forces occur.

To test the model, we have solved the averaged Equations (4.7) numerically
for some realistic values of the system parameters and some laws of the masses
variations, the obtained results are presented on Figures 1-3. Comparison
with the case of constant masses which is well-known (see, for example, [19])
demonstrates that masses variation can significantly affect the evolution of
orbital parameters. In the next paper we plan to use the model proposed to
investigate numerically some real two-planetary systems of three non-stationary
bodies and to investigate an influence of the masses variation on their evolution.

Note that all symbolic and numerical calculations were carried out using
Wolfram Mathematica (see [29]).
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