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1 Introduction

In this paper, we consider the numerical approximation of the nonlinear Volterra
integro-differential equations (VIDEs) with weakly singular kernels:y

′(t) + y(t) = f(t) +

∫ t

0

(t− s)−µK(t, s)G(s, y(s))ds, t ∈ (0, T ],

y(0) = y0.

(1.1)

Here, the parameter µ ∈ (0, 1), y0 is the initial data, f and G are given contin-
uous functions. In addition, K ∈ C(D) where D := {(t, s) : 0 ≤ s < t ≤ T}.

It is proved that the solution of (1.1) at t = 0 appears singularly [3], which
poses a great challenge to traditional numerical methods. To overcome this dif-
ficulty, various numerical methods, such as collocation methods, Runge-Kutta
methods, spectral methods, have been proposed during the past few decades,
see [1, 2, 3, 4, 6, 7, 10,11,14,15,16,17,18,20] and the references therein.

Due to its characteristic, if we divide the interval [0, T ], the singularity
only appears in the first one. Therefore, it is not advisable to use only one
family of functions on the whole interval to approximate the solution. We
can take the basis functions on the first interval which are different from the
others. Fortunately, the hp-version method is suitable to our thought. Com-
bined with the basis of spectral method, the hp-version spectral method can
approximate smooth solutions with possible local singularities at high alge-
braic or even exponential rates of convergence. Wang et al. [12, 13] used three
types of polynomial interpolation techniques to express the numerical solution,
and proposed an hp-version spectral collocation method for weakly singular
VIDEs, where the hp-version optimal convergence is obtained. Since Müntz-
Jacobi functions [5, 9] can capture the singularity of the solution exactly, we
employ Müntz-Jacobi functions as the basis in the first interval, and Legendre
polynomials as the basis in the other intervals. An hp-version spectral method
is designed and developed to approximate weakly singular VIDEs. We prove
the existence and uniqueness of solution to the numerical scheme and derive
hp-version error estimates for the singular solution.

The remainder of the paper is arranged as follows. The next section is for
preliminaries. We introduce the shifted Müntz-Jacobi functions and Legen-
dre polynomials, and provide some approximation results which are significant
in the convergence analysis. In Section 3, we propose an hp-version spectral
method to approximate nonlinear weakly singular VIDEs, and prove the exis-
tence and uniqueness of solution to the numerical scheme. Meanwhile, optimal
error estimates in the hp-version are derived under the H1-norm. Numerical
results are performed to demonstrate the effectiveness of the new method in
Section 4. The final section is for conclusion remarks.

2 Preliminaries

We divide the interval I := [0, T ] as Ih = {tn : 0 = t0 < t1 < . . . < tN = T}
and let hn = tn−tn−1, hmax = max

1≤n≤N
hn, In = (tn−1, tn] and y

n(t) the solution
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of (1.1) on the n-th element, namely

yn(t) := y(t), ∀t ∈ In, 1 ≤ n ≤ N.

The model (1.1) can be rewritten as

d

dt
yn(t) + yn(t) = f(t) +

n−1∑
k=1

∫
Ik

(t− ξ)−µK(t, ξ)G(ξ, yk(ξ))dξ

+

∫ t

tn−1

(t− s)−µK(t, s)G(s, yn(s))ds, t ∈ In,

y(0) = y0.

(2.1)

Let
s = s(t, τ) = tn−1 + (τ − tn−1)(t− tn−1)/hn, τ ∈ In.

Then, the problem (2.1) becomes
d

dt
yn(t) + yn(t) := f(t) + Vn

1 y(t) + Vn
2 y

n(t),

y(0) = y0,
(2.2)

where

Vn
1 y(t) =

n−1∑
k=1

∫
Ik

(t− ξ)−µK(t, ξ)G(ξ, yk(ξ))dξ,

Vn
2 y

n(t) =
( t− tn−1

hn

)1−µ
∫
In

(tn − τ)−µK(t, s(t, τ))G(s(t, τ), yn(s(t, τ)))dτ.

2.1 The shifted Müntz-Jacobi functions on I1

For α, β > −1, the shifted Müntz-Jacobi function of degree p on I1 is defined
by

Jα,β,λ
1,p (t) = Jα,β,λ

p

( t

t1

)
= Jα,β

p

(
2
( t
t1

)λ − 1
)
, t ∈ I1, 0 < λ ≤ 1,

where Jα,β
p (x) is the standard Jacobi polynomial of degree p defined on (−1, 1).

Let

ω̃α,β,λ(t) =
λ

t1

(
1−

(
t

t1

)λ )α
(
t

t1

)(β+1)λ−1

.

The set of Jα,β,λ
1,p (t) forms a complete L2

ω̃α,β,λ(I1)-orthogonal system, and satisfy
that ∫

I1

Jα,β,λ
1,p (t)Jα,β,λ

1,q (t)ω̃α,β,λ(t)dt = γ̂α,βp δp,q

with

γ̂α,βp =


Γ (α+ 1)Γ (β + 1)

Γ (α+ β + 2)
, p = 0,

Γ (p+ α+ 1)Γ (p+ β + 1)

(2p+ α+ β + 1)p!Γ (p+ α+ β + 1)
, p ≥ 1.
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For any given integerM1 ≥ 0, let tα,β,λ1,j be the shifted Müntz-Jacobi function
quadrature nodes on the interval I1,

tα,β,λ1,j = t1

(xα,βj + 1

2

) 1
λ

, 0 ≤ j ≤M1,

where {xα,βj }M1
j=0 are the nodes of the standard Jacobi-Gauss interpolation on

the interval (−1, 1).
We introduce the finite-dimensional approximation space as follows:

Pλ
M1

(I1) = span{Jα,β,λ
1,p , 0 ≤ p ≤M1}.

Due to the property of the standard Jacobi-Gauss quadrature, there holds that
for any ϕ ∈ Pλ

2M1+1(I1),∫
I1

ϕ(t)ω̃α,β,λ(t)dt =
1

2α+β+1

M1∑
j=0

ϕ(tα,β,λ1,j )ωα,β
j , (2.3)

where {ωα,β
j }M1

j=0 are the corresponding Christoffel numbers of the standard
Jacobi-Gauss interpolation on the interval (−1, 1).

Let (·, ·)ω̃α,β,λ , ∥·∥ω̃α,β,λ be the inner product and norm of space L2
ω̃α,β,λ(I1),

respectively. We introduce the following discrete inner product and norm:

⟨u, v⟩ω̃α,β,λ =
1

2α+β+1

M1∑
j=0

u(tα,β,λ1,j )v(tα,β,λ1,j )ωα,β
j , ∥v∥M1,ω̃α,β,λ = ⟨v, v⟩

1
2

ω̃α,β,λ .

Thanks to (2.3), for any ϕψ ∈ Pλ
2M1+1(I1), it holds that

(ϕ, ψ)ω̃α,β,λ = ⟨ϕ, ψ⟩ω̃α,β,λ .

We also introduce the non-uniformly Jacobi-weighted Sobolev space:

Bm,1
α,β (I1) := {v : ∂kt v ∈ L2

ω̃α+k,β+k,1(I1), 0 ≤ k ≤ m}, m ∈ N.

Denote the projection by πα,β,λ
I1,M1

: L2
ω̃α,β,λ(I1) → Pλ

M1
(I1) as

(πα,β,λ
I1,M1

v − v, ψ)ω̃α,β,λ = 0, ∀ψ ∈ Pλ
M1

(I1).

Lemma 1. ( [19]) For any v(t
1
λ ) ∈ Bm1,1

α,β (I1), and 0 ≤ m1 ≤M1 + 1,∥∥∥πα,β,λ
I1,M1

v − v
∥∥∥
ω̃α,β,λ

≤ chm1
1 M−m1

1

∥∥∥∂m1
t {v(t 1

λ )}
∥∥∥
ω̃α+m1,β+m1,1

.

2.2 The shifted Legendre polynomials on In

The shifted Legendre polynomial Ln,p(t) on In is defined by

Ln,p(t) = Lp

(
2t− tn−1 − tn

hn

)
, t ∈ In, p ≥ 0,
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where Lp(x) be the standard Legendre polynomial of degree p defined on
(−1, 1). They form a complete L2(In)-orthogonal system, i.e.,∫

In

Ln,p(t)Ln,q(t)dt =
hn

2p+ 1
δp,q.

For any given integer Mn ≥ 0, let PMn
(In) = {Ln,0, Ln,1, . . . , Ln,Mn

},
{xj , ωj}Mn

j=0 be the Legendre-Gauss interpolation nodes and the corresponding
Christoffel numbers on (−1, 1).

Define the shifted Legendre-Gauss quadrature nodes on In by

tn,j =
hnxj + tn−1 + tn

2
, 1 ≤ n ≤ N, 0 ≤ j ≤Mn.

According to the standard Legendre-Gauss quadrature, it follows that∫
In

ϕ(t)dt =
hn
2

Mn∑
j=0

ϕ(tn,j)ωj , ∀ϕ ∈ P2Mn+1(In). (2.4)

Let (·, ·)In and ∥·∥In be the inner product and norm of space L2(In), respec-
tively. We further introduce the following discrete inner product and norm:

⟨u, v⟩In =
hn
2

Mn∑
j=0

u(tn,j)v(tn,j)ωj , ∥v∥Mn,In
= ⟨v, v⟩

1
2

In
.

Thanks to (2.4), we have that

(ϕ, ψ)In = ⟨ϕ, ψ⟩In , ∀ϕψ ∈ P2Mn+1(In).

We introduce the L2(In)-orthogonal projection πIn,Mn : L2(In) → PMn(In),
satisfying that

(πIn,Mn
v − v, ψ)In = 0, ∀ψ ∈ PMn

(In).

Lemma 2. ( [19]) For any v ∈ Hmn(In), and 1 ≤ mn ≤Mn + 1,

∥πIn,Mn
v − v∥In ≤ chmn

n M−mn
n ∥∂mn

t v∥In .

3 An hp-version spectral method for VIDEs

3.1 Spectral scheme of problem (2.2)

Let Pλ,0
M1

(I1) = Pλ
M1

(I1)∩{y(0) = y0}. The hp-version spectral scheme for (2.2)

is to look for Y 1(t)(∈ Pλ,0
M1

(I1)) and Y
n(t)(∈ PMn−1(In)), such that

(
d
dtY

1, φ
)
ω̃α,β,λ + (Y 1, φ)ω̃α,β,λ

= (f, φ)ω̃α,β,λ + (V1
2Y

1, φ)ω̃α,β,λ ,∀φ ∈ Pλ,0
M1

(I1);(
d
dtY

n, ψ
)
In

+ (Y n, ψ)In = (f, ψ)In + (Vn
1 Y, ψ)In

+(Vn
2 Y

n, ψ)In , ∀ψ ∈ PMn−1(In), n ≥ 2;

Y n(tn−1) = Y n−1(tn−1).

(3.1)

Math. Model. Anal., 29(3):387–405, 2024.
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We may rewrite (3.1) as
(

d
dtY

1, φ
)
ω̃α,β,λ + (Y 1, φ)ω̃α,β,λ = (f, φ)ω̃α,β,λ + (V1

2Y
1, φ)ω̃α,β,λ ,

∀φ ∈ Pλ,0
M1

(I1);

Y n(tn)ψ(tn)− Y n−1(tn−1)ψ(tn−1)− (Y n, d
dtψ)In + (Y n, ψ)In

= (f, ψ)In + (Vn
1 Y, ψ)In + (Vn

2 Y
n, ψ)In ,∀ψ ∈ PMn−1(In), n ≥ 2.

(3.2)

Using the shifted Müntz-Jacobi functions on I1 and the shifted Legendre func-
tions on In, we expand the numerical solutions as

Y 1(t) =
M1−1∑
p=0

y1pJ
α,β,λ
1,p (t), t ∈ I1,

Y n(t) =
Mn−1∑
p=0

ynpLn,p(t), t ∈ In, n ≥ 2,

(3.3)

where
J α,β,λ
1,p (t) := Jα,β,λ

1,p (t) + spJ
α,β,λ
1,p+1(t). (3.4)

Remark 1. According to [8], the Jacobi polynomials have the following prop-
erty:

Jα,β
p (−1) = (−1)p

Γ (p+ β + 1)

p!Γ (β + 1)
,

then the coefficient sp in (3.4) can be uniquely determined as

sp =
(p+ 1)!Γ (β + 1)y0

(−1)p+1Γ (p+ β + 2)
+

p+ 1

p+ β + 1
.

We substitute the expression (3.3) into (3.2), take φ = J α,β,λ
1,q (t), ψ = Ln,q(t),

and obtain that

M1−1∑
p=0

y1p

(
(
d

dt
J α,β,λ
1,p ,J α,β,λ

1,q )ω̃α,β,λ + (J α,β,λ
1,p ,J α,β,λ

1,q )ω̃α,β,λ

)
− (V1

2Y
1,J α,β,λ

1,q )ω̃α,β,λ = (f,J α,β,λ
1,q )ω̃α,β,λ , 0 ≤ q ≤M1 − 1,

Mn−1∑
p=0

ynp

(
− (Ln,p,

d

dt
Ln,q)In + (Ln,p, Ln,q)In + Ln,p(tn) · Ln,q(tn)

)
− (Vn

2 Y
n, Ln,q)In = (f, Ln,q)In + (Vn

1 Y, Ln,q)In

+ Y n−1(tn−1)Ln,q(tn−1), 0 ≤ q ≤Mn − 1, n ≥ 2.

Introducing the entries as

s1qp = (
d

dt
J α,β,λ
1,p ,J α,β,λ

1,q )ω̃α,β,λ , snqp = (Ln,p,
d

dt
Ln,q)In , n ≥ 2,

a1qp = (J α,β,λ
1,p ,J α,β,λ

1,q )ω̃α,β,λ , anqp = (Ln,p, Ln,q)In , n ≥ 2,

w1
q = (V1

2Y
1,J α,β,λ

1,q )ω̃α,β,λ , wn
q = (Vn

2 Y
n, Ln,q)In , n ≥ 2,

f1q = (f,J α,β,λ
1,q )ω̃α,β,λ , fnq = (f, Ln,q)In , n ≥ 2,
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vnq = (Vn
1 Y,Ln,q)In , dnq = Y n−1(tn−1) · Ln,q(tn−1), n ≥ 2,

Sn = (snqp)0≤p,q≤Mn−1, An = (anqp)0≤p,q≤Mn−1, wn = (wn
0 , . . . , w

n
Mn−1)

T ,

vn = (vn0 , . . . , v
n
Mn−1)

T , dn = (dn0 , . . . , d
n
Mn−1)

T ,

fn = (fn0 , . . . , f
n
Mn−1)

T , yn = (yn0 , . . . , y
n
Mn−1)

T ,

then we can obtain the following compact system as{
(S1 +A1)y1 −w1 = f1,

(−Sn +An +En)yn −wn = fn + vn + dn, n ≥ 2,
(3.5)

where En is Mn × Mn order matrix whose elements are all one and wm =
wm(ym), m = 1, 2, . . . , N are implicit terms.

In the actual computation, we employ an iterative algorithm to evaluate
the expansion coefficients {ynp }

Mn−1
p=0 . Briefly, we obtain the successive values

of Y n in terms of previously computed quantities {ykp}
Mk−1
p=0 , 1 ≤ k ≤ n − 1.

The following algorithm gives the concrete calculation steps.

Algorithm A simple iterative process

for 1 ≤ n ≤ N
give initial value yn,(0) ≡ (1, · · · , 1)T , perform the following iteration proce-
dure
(S1 +A1)y1,(k) = f1 +w1(y1,(k−1)), k = 1, 2, . . .
(−Sn +An +En)yn,(k) = fn + vn + dn +wn(yn,(k−1)), k = 1, 2, . . .

3.2 Theoretical analysis

We first prove the existence and uniqueness of solution to the scheme (3.1)
under the reasonable assumption on the nonlinearity.

Theorem 1 [existence and uniqueness]. Assume that K(t, s) ∈ C(D), and
G fulfills the following Lipschitz condition:

|G(s, y1)−G(s, y2)| ≤ γ|y1 − y2|, γ ≥ 0, (3.6)

then for any 1 ≤ n ≤ N and sufficiently small h2−2µ
max , the scheme (3.1) has a

unique solution.

To be undistracted from the main results, we postpone the derivation of
the formulas to Appendix A.

Let yn(t) be the solution of (2.2) and Y n(t) be the solution of (3.1), respec-
tively. Denote en(t) = yn(t)− Y n(t), 1 ≤ n ≤ N .

Theorem 2 [local error]. Assume that K(t, s)∈C(D), y(t
1
λ )|t∈I1∈B

m1,1
α,β (I1),

yt(t
1
λ )|t∈I1 ∈ Bm1−1,1

α,β (I1), y(t)|t∈In ∈ Hmn(In) with 2 ≤ n ≤ N and integers
1 ≤ mn ≤Mn + 1, G fulfills the Lipschitz condition (3.6), and

0 < µ <
1

2
, 0 < λ ≤ 1, −1 < α < 0, −1 < β <

1

λ
− 1,

Math. Model. Anal., 29(3):387–405, 2024.
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then for sufficiently small h2−2µ
max ,

∥∥y1−Y 1
∥∥2
H1(I1)

≤ ch2m1−1
1 M−2m1+2

1

∥∥∥∂m1−1
t {y1t (t

1
λ )}

∥∥∥2
ω̃α+m1−1,β+m1−1,1

+ ch2m1+1
1 M−2m1

1

∥∥∥∂m1
t {y1(t 1

λ )}
∥∥∥2
ω̃α+m1,β+m1,1

,

∥yn − Y n∥2H1(In)
≤ ceT (1 + hn)

( n−1∑
k=2

h2mk−2
k M−2mk+2

k

∥∥∂mk
t yk

∥∥2
Ik

+ h2m1−1
1 M−2m1+2

1

∥∥∥∂m1−1
t {y1t (t

1
λ )}

∥∥∥2
ω̃α+m1−1,β+m1−1,1

+ h2m1+1
1 M−2m1

1

×
∥∥∥∂m1

t {y1(t 1
λ )}

∥∥∥2
ω̃α+m1,β+m1,1

)
+ ch2mn−2

n M−2mn+2
n ∥∂mn

t yn∥2In . (3.7)

We provide the proof in Appendix B.

According to Theorem 2, summing n from 1 to N in (3.7), then we can
obtain the global errors as follows.

Theorem 3 [global error]. Let y be the solution of (1.1) and Y be its nu-
merical solution, respectively. Under the assumption conditions in Theorem 2,
there holds that

∥y − Y ∥2H1(I) ≤ c(1 + T )eT
N∑

n=2

h2mn−2
n M−2mn+2

n ∥∂mn
t yn∥2In

+ c(1 + T )eT
(
h2m1−1
1 M−2m1+2

1

∥∥∥∂m1−1
t {y1t (t

1
λ )}

∥∥∥2
ω̃α+m1−1,β+m1−1,1

+ h2m1+1
1 M−2m1

1

∥∥∥∂m1
t {y1(t 1

λ )}
∥∥∥2
ω̃α+m1,β+m1,1

)
. (3.8)

4 Numerical results

In this section, some numerical examples will be presented to show the conver-
gence and accuracy of the proposed scheme. For this, we first introduce some
quantities to measure the errors

E1(T ) = max
1≤k≤N
0≤j≤Mk

|y(tk,j)− Y (tk,j)|,

E2(T ) =
( N∑

k=1

hk
2

Mk∑
j=0

(yk(tk,j)− Y k(tk,j))
2ωj

) 1
2

,

E3(T ) =
( N∑

k=1

hk
2

Mk∑
j=0

(
d

dt
yk(tk,j)−

d

dt
Y k(tk,j))

2ωj

) 1
2

.

In the forthcoming numerical tests, we choose the uniform mode Mk ≡ M
and the uniform step size hk ≡ h.
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Table 1. A comparison of maximum errors for (4.1).

DOF method of [12] DOF new method

47 1.59E-08 16 1.48E-08
90 2.91E-11 22 9.42E-12
191 1.29E-14 28 3.74E-14

Example 1. Consider the following linear VIDE with singular kernel (cf. Ex-
ample 4 of [12]):{

y′(t) = − 1
Γ (1−µ)

∫ t

0
(t− s)−µy(s)ds+ (2− µ)t1−µ, t ∈ (0, 1],

y(0) = 0,
(4.1)

with the exact solution y(t) = Γ (3− µ)(1− E2−µ(−t2−µ)), where the Mittag-
Leffler function is Eσ(x) =

∑∞
p=0 x

p/Γ (1 + pσ). Thus, y(t) behaves like t2−µ

as t → 0+, which has a weak singularity at t = 0 for µ ∈ (0, 1). In Figure 1,
we plot the H1-errors and maximum errors in semi-log scale with µ = 0.5 and
λ = 1

2 , which show exponential decay with respect to M . This result is in
a good agreement with the theoretical prediction given in Theorem 3, stating
that the convergence of numerical solution is exponential if y(t

1
λ ) is smooth.

4 5 6 7 8 9 10 11 12 13 14

M

-16

-14

-12

-10

-8

-6

-4

-2

0

lo
g

10
(E

rr
or

)

 µ=0.5, λ=1/2

h=1
h=1/2
h=1/4

(a)

4 5 6 7 8 9 10 11 12 13 14

M

-14

-12

-10

-8

-6

-4

-2

0

lo
g

10
(E

rr
or

)

µ=0.5, λ=1/2

h=1
h=1/2
h=1/4

(b)

Figure 1. (a)The H1-errors of (4.1); (b)The maximum point-wise errors of (4.1).

In order to show the effectiveness of the new method, the maximum errors
with µ = 0.5, λ = 1

2 , h = 1
2 obtained by our method and the Legendre-Jacobi

spectral collocation method (geometric mesh, the parameter ρ = 0.2 and θ =
1.5 in [12]) are compared in Table 1. It is clear that our spectral element
method is capable of providing more accurate numerical results with relatively
less degree of freedom.

Example 2. Consider the following linear VIDE with singular kernel:{
y′(t) + y(t) = −

∫ t

0
(t− s)−µy(s)ds+ f(t), t ∈ (0, 1],

y(0) = 0,
(4.2)

Math. Model. Anal., 29(3):387–405, 2024.
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with the exact solution y(t) = tγ1 + tγ2 . The source function is

f(t)=tγ1+tγ2+γ1t
γ1−1+γ2t

γ2−1+t1+γ1−µB(1−µ, 1+γ1)
+ t1+γ2−µB(1−µ, 1+γ2),

where B(·, ·) is the Beta function.
The exact solution consists of two fractional power functions, which can fur-

ther illustrate the benefits of using our new method to solve general one-point
singular problems. In Figure 2 (a) and (b), we plot the H1-errors of (4.2) with
different parameters λ, γ1, γ2 in log-log scale. We observe that, comparing with
the classical Legendre polynomial (i.e., λ = 1) in the first interval I1, the Müntz
case (i.e., λ < 1) enhances the convergence rates. A reasonable explanation for

this excellent result is that the regularity of the solution y(t
1
λ ) is improved as

shown in the theoretical estimate of the Müntz approximation. Specifically,
the main error depends on the first interval I1 because of the singularity of the
solution at the initial time. Hence, as shown in Theorem 3 that the conver-
gence rate is determined by the regularity m1, i.e., the maximum m1 such that
∂m1−1
t {y1t (t

1
λ )} ∈ L2

ω̃α+m1−1,β+m1−1,1(I1). The theoretical convergence curves
drawn with dash lines in Figure 2 show that the convergence rates verify the
theoretical prediction given in (3.8). In Figure 2 (c), we plot the H1-errors of
(4.2) with µ = 0.1, γ1 = 1.3, γ2 = 3, fixed M = 6 and different λ in log-log

scale. The lines of slopes h
1
2 , h

3
2 and h

5
2 are also plotted in Figure 2 (c), which

clearly indicate that the convergence rate is close to h
1
2 for λ = 1, h

3
2 for λ = 1

2 ,

and h
5
2 for λ = 1

3 . This is in a good agreement with the theoretical estimate
in (3.8).
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Figure 2. The H1-errors of (4.2).

Note that the main advantage of new spectral element method lies in the
capability of dealing with more complicated nonlinear weakly singular VIDEs
with singular solutions, the following challenging cases are designed to validate
the high-efficiency of the new method.

Example 3. Consider the following nonlinear VIDE with weakly singular kernel:{
y′(t) + y(t) =

∫ t

0
(t− s)−µe2sy2(s)ds+ f(t), t ∈ (0, 1],

y(0) = 0,
(4.3)
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Figure 3. The maximum point-wise errors of (4.3).

with the exact solution y(t) = (tγ1 + tγ2)e−t. The source function is

f(t) =(γ1t
γ1−1 + γ2t

γ2−1)e−t − 2tγ1+γ2+1−µB(1− µ, γ1 + γ2 + 1)

− t2γ1+1−µB(1− µ, 2γ1 + 1)− t2γ2+1−µB(1− µ, 2γ2 + 1),

where B(·, ·) is the Beta function.
We apply the numerical scheme (3.5) and corresponding iterative algorithm

to solve the above model. The related numerical results with different parame-
ters µ, λ, γ1, γ2 are presented in Figure 3. Convergence rates are quite low in (a)
and (c) for the reason that classical Legendre polynomial ((i.e., λ = 1)) cannot
approximate the solution very well due to the singularity at the initial time.
Therefore, we choose suitable small parameter λ < 1 so that the regularity
of y(t

1
λ ) can be improved. We can observe that convergence rates are greatly

enhanced in (b) and (d), which show the efficiency of Müntz-Jacobi functions
for singular solutions.

Example 4. Consider the following nonlinear VIDE with weakly singular kernel:{
y′(t) + y(t) =

∫ t

0
(t− s)−0.5 sin2(y(s))ds+ f(t), t ∈ (0, T ],

y(0) = 0,
(4.4)

with the exact solution y(t) = t
3
2 e−t.

In Figure 4 (a) and (b), we plot the H1-errors of (4.4) with T = 4, λ = 1
2 .

The numerical results again confirm that new spectral element method (i.e.,
λ < 1) performs much better than classical spectral element method (i.e.,
λ = 1).

Math. Model. Anal., 29(3):387–405, 2024.
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Figure 4. The H1-errors and maximum point-wise errors of (4.4).

Next, we use new method to test (4.4) with large time interval [0, T ]. In
Figure 4 (c), we plot the maximum point-wise errors with h = 1,M = 12, λ = 1

2
and various T . The error curve shows that the new method is accurate and
stable for long time numerical simulation.

Finally, we provide the numerical results with variable steps to show the
consistency between theoretical analysis and numerical results. In Figure 4
(d), we plot the maximum point-wise errors of (4.4) with T = 20, λ = 1

2 ,
the uniform mode Mk = M , and the nonuniform step size distribution. More
precisely, we take

(1) N = 5, the uniform step size hk ≡ 4;

(2) N = 5, the nonuniform step size h1 = h2 = 1, hk = 6, 3 ≤ k ≤ 5;

(3) N = 10, the uniform step size hk ≡ 2;

(4) N = 10, the nonuniform step size h1 = h2 = 1
2 , hk = 19

8 , 3 ≤ k ≤ 10.

Numerical results show that such a delicate mesh can obtain better approxi-
mation results than the simple uniform mesh.

5 Conclusions

In this paper, we constructed Müntz-Jacobi functions according to the sin-
gularity expansion of the solution. An hp-version spectral method combining
Müntz-Jacobi functions and Legendre polynomials was proposed. The innova-
tion of the approach is that Müntz-Jacobi functions are capable of capturing
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the singularity of the solution exactly. We applied the new method to nonlinear
Volterra integro-differential equations with weakly singular kernels. Then we
proved the existence and uniqueness of solution to the numerical scheme and
derived the hp-version optimal convergence under some reasonable assump-
tions. Finally, we conducted numerical simulation on various models. Numeri-
cal results show that the hp-version spectral method is more effective than the
traditional spectral method.
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[9] J. Shen and Y.W. Wang. Müntz-Galerkin methods and applications to mixed
Dirichlet-Neumann boundary value problems. SIAM Journal on Scientific Com-
puting, 38(4):A2357–A2381, 2016. https://doi.org/10.1137/15m1052391.

[10] C.-T. Sheng, Z.-Q. Wang and B.-Y. Guo. A multistep Legendre-
Gauss spectral collocation method for nonlinear Volterra integral equa-
tions. SIAM Journal on Numerical Analysis, 52(4):1953–1980, 2014.
https://doi.org/10.1137/130915200.

Math. Model. Anal., 29(3):387–405, 2024.

https://doi.org/10.1090/s0025-5718-1984-0725986-6
https://doi.org/10.1093/imanum/6.2.221
https://doi.org/10.1017/CBO9780511543234
https://doi.org/10.1090/s0025-5718-09-02269-8
https://doi.org/10.1090/s0025-5718-09-02269-8
https://doi.org/10.48550/arXiv.1904.09594
https://doi.org/10.1137/0733012
https://doi.org/10.1016/j.cam.2012.10.033
https://doi.org/10.1137/15m1052391
https://doi.org/10.1137/130915200


400 Z.P. Liu, D.Y. Tao and C. Zhang

[11] X.L. Shi, Y.X. Wei and F.L. Huang. Spectral collocation methods
for nonlinear weakly singular Volterra integro-differential equations. Nu-
merical Methods for Partial Differential Equations, 35(2):576–596, 2019.
https://doi.org/10.1002/num.22314.

[12] C.L. Wang, Z.Q. Wang and H.L. Jia. An hp-version spectral colloca-
tion method for nonlinear Volterra integro-differential equation with weakly
singular kernels. Journal of Scientific Computing, 72(2):647–678, 2017.
https://doi.org/10.1007/s10915-017-0373-3.

[13] Z.-Q. Wang, Y.-L. Guo and L.-J. Yi. An hp-version Legendre-Jacobi spectral
collocation method for Volterra integro-differential equations with smooth and
weakly singular kernels. Mathematics of Computation, 86(307):2285–2324, 2017.
https://doi.org/10.1090/mcom/3183.

[14] Z.-Q. Wang and C.-T. Sheng. An hp-spectral collocation method for nonlin-
ear Volterra integral equations with vanishing variable delays. Mathematics of
Computation, 85(298):635–666, 2016. https://doi.org/10.1090/mcom/3023.

[15] Y. Wei and Y. Chen. Convergence analysis of the spectral methods for
weakly singular Volterra integro-differential equations with smooth solu-
tions. Advances in Applied Mathematics and Mechanics, 4(1):1–20, 2012.
https://doi.org/10.4208/aamm.10-m1055.

[16] Y. Yang and Y. Chen. Spectral collocation methods for nonlinear
Volterra integro-differential equations with weakly singular kernels. Bul-
letin of the Malaysian Mathematical Sciences Society, 42(1):297–314, 2017.
https://doi.org/10.1007/s40840-017-0487-7.

[17] L. Yi and B. Guo. An h-p version of the continuous Petrov-Galerkin finite el-
ement method for Volterra integro-differential equations with smooth and non-
smooth kernels. SIAM Journal on Numerical Analysis, 53(6):2677–2704, 2015.
https://doi.org/10.1137/15m1006489.

[18] W. Yuan and T. Tang. The numerical analysis of implicit Runge-Kutta methods
for a certain nonlinear integro-differential equation.Mathematics of Computation,
54(189):155–168,1990. https://doi.org/10.1090/s0025-5718-1990-0979942-6.

[19] C. Zhang, Z. Liu, S. Chen and D.Y. Tao. New spectral ele-
ment method for Volterra integral equations with weakly singular ker-
nel. Journal of Computational and Applied Mathematics, 404:113902, 2022.
https://doi.org/10.1016/j.cam.2021.113902.

[20] W. Zhen and Y. Chen. A spectral method for a weakly singular Volterra
integro-differential equation with pantograph delay. Acta Mathematica Scien-
tia, 42(1):387–402, 2022. https://doi.org/10.1007/s10473-022-0121-0.

Appendix A: Proof of Theorem 1

Proof. Consider the following iteration process (m = 1, 2, . . .) :{(
d
dtY

1,(m), φ
)
ω̃α,β,λ + (Y 1,(m), φ)ω̃α,β,λ = (f, φ)ω̃α,β,λ

+(V1
2Y

1,(m−1), φ)ω̃α,β,λ ,∀φ ∈ Pλ,0
M1

(I1),

https://doi.org/10.1002/num.22314
https://doi.org/10.1007/s10915-017-0373-3
https://doi.org/10.1090/mcom/3183
https://doi.org/10.1090/mcom/3023
https://doi.org/10.4208/aamm.10-m1055
https://doi.org/10.1007/s40840-017-0487-7
https://doi.org/10.1137/15m1006489
https://doi.org/10.1090/s0025-5718-1990-0979942-6
https://doi.org/10.1016/j.cam.2021.113902
https://doi.org/10.1007/s10473-022-0121-0


An hp-Version Spectral Method 401


(

d
dtY

n,(m), ψ
)
In

+ (Y n,(m), ψ)In = (f, ψ)In + (Vn
1 Y, ψ)In

+(Vn
2 Y

n,(m−1), ψ)In ,∀ψ ∈ PMn−1(In), n ≥ 2,

Y n,(m)(tn−1) = Y n−1,(m)(tn−1).

(5.1)

According to the definition of πα,β,λ
I1,M1

and πIn,Mn
, we know from (5.1) that{

d
dtY

1,(m) + Y 1,(m) = πα,β,λ
I1,M1

(f + V1
2Y

1,(m−1)),
d
dtY

n,(m) + Y n,(m) = πIn,Mn
(f + Vn

1 Y + Vn
2 Y

n,(m−1)), n ≥ 2.
(5.2)

Let Ỹ n,(m)(t) = Y n,(m)(t)− Y n,(m−1)(t)(n ≥ 1). Obviously, Ỹ n,(m)(tn−1) = 0.
We further get from (5.2) that{

d
dt Ỹ

1,(m) + Ỹ 1,(m) = πα,β,λ
I1,M1

(V1
2Y

1,(m−1) − V1
2Y

1,(m−2)),
d
dt Ỹ

n,(m) + Ỹ n,(m) = πIn,Mn
(Vn

2 Y
n,(m−1) − Vn

2 Y
n,(m−2)), n ≥ 2.

(5.3)

Set

Uk,(m)(t) = G(t, Y k,(m)(t))−G(t, Y k,(m−1)(t)), t ∈ Ik, 1 ≤ k ≤ n. (5.4)

Using (5.3), (2.2), (5.4), Cauchy-Schwarz (C-S) inequality and (3.6) succes-
sively, we obtain that∥∥∥ d

dt
Ỹ 1,(m) + Ỹ 1,(m)

∥∥∥2
I1

(5.3)
=

∥∥∥πα,β,λ
I1,M1

(V1
2Y

1,(m−1) − V1
2Y

1,(m−2))
∥∥∥2
I1

≤
∥∥∥V1

2Y
1,(m−1) − V1

2Y
1,(m−2)

∥∥∥2
I1

(2.2)
=

∫
I1

(∫ t

t0

(t− s)−µK(t, s)(G(s, Y 1,(m−1)(s))−G(s, Y 1,(m−2)(s)))ds
)2

dt

(5.4)

≤ c

∫
I1

(∫ t

t0

(t− s)−µU1,(m−1)(s)ds
)2

dt

C−S
≤ c

∫
I1

(∫ t

t0

(t− s)−µds

∫ t

t0

(t− s)−µ(U1,(m−1)(s))2ds
)
dt

≤ ch1−µ
1

∫
I1

∫ t

t0

(t− s)−µ(U1,(m−1)(s))2dsdt

≤ ch1−µ
1

∫
I1

(U1,(m−1)(s))2
(∫ t1

s

(t−s)−µdt
)
ds

(3.6)

≤ ch2−2µ
1

∥∥∥Ỹ 1,(m−1)
∥∥∥2
I1
. (5.5)

Meanwhile, we know that∥∥∥ d
dt
Ỹ 1,(m) + Ỹ 1,(m)

∥∥∥2
I1

=
∥∥∥ d
dt
Ỹ 1,(m)

∥∥∥2
I1

+
∥∥∥Ỹ 1,(m)

∥∥∥2
I1

+ 2

∫
I1

d

dt
Ỹ 1,(m)(t) · Ỹ 1,(m)(t)dt

=
∥∥∥ d
dt
Ỹ 1,(m)

∥∥∥2
I1

+
∥∥∥Ỹ 1,(m)

∥∥∥2
I1

+ (Ỹ 1,(m)(t1))
2 ≥

∥∥∥Ỹ 1,(m)
∥∥∥2
I1
.

(5.6)
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Thus, the combination of (5.5) and (5.6) gives that∥∥∥Ỹ 1,(m)
∥∥∥2
I1

≤ ch2−2µ
1

∥∥∥Ỹ 1,(m−1)
∥∥∥2
I1
.

Similarly, for n ≥ 2, it holds that∥∥∥Ỹ n,(m)
∥∥∥2
In

≤ ch2−2µ
n

∥∥∥Ỹ n,(m−1)
∥∥∥2
In
.

Hence, for sufficiently small h2−2µ
max , the existence and uniqueness are verified

due to ∥Ỹ 1,(m)∥I1 → 0 and ∥Ỹ n,(m)∥In → 0 as m→ ∞. ⊓⊔

Appendix B: Proof of Theorem 2

Proof. First, we know from (3.1) that{
Y 1
t + Y 1 = πα,β,λ

I1,M1
f + πα,β,λ

I1,M1
V1
2Y

1,

Y n
t + Y n = πIn,Mn

f + πIn,Mn
Vn
1 Y + πIn,Mn

Vn
2 Y

n.
(5.7)

By subtracting (2.2) from (5.7), we obtain that
y1t − Y 1

t + y1 − Y 1 = f − πα,β,λ
I1,M1

f + V1
2y

1 − πα,β,λ
I1,M1

V1
2Y

1,

ynt − Y n
t + yn − Y n = f − πIn,Mn

f + Vn
1 y − πIn,Mn

Vn
1 Y

+Vn
2 y

n − πIn,Mn
Vn
2 Y

n, n ≥ 2.

(5.8)

We also know from (2.2) that
f − πα,β,λ

I1,M1
f = y1t − πα,β,λ

I1,M1
y1t + y1 − πα,β,λ

I1,M1
y1 + (πα,β,λ

I1,M1
− I)V1

2y
1,

f − πIn,Mnf = ynt − πIn,Mny
n
t + yn − πIn,Mny

n + (πIn,Mn − I)Vn
1 y

+(πIn,Mn
− I)Vn

2 y
n, n ≥ 2,

(5.9)

where I is the identity operator. The combination of (5.8) and (5.9) leads to
e′1 + e1 = y1t − πα,β,λ

I1,M1
y1t + y1 − πα,β,λ

I1,M1
y1 + πα,β,λ

I1,M1
(V1

2y
1 − V1

2Y
1),

e′n + en = ynt − πIn,Mn
ynt + yn − πIn,Mn

yn + πIn,Mn
(Vn

1 y − Vn
1 Y )

+πIn,Mn
(Vn

2 y
n − Vn

2 Y
n), n ≥ 2.

Clearly, we derive from the Cauchy-Schwarz inequality that

∥e′1 + e1∥2I1 ≤ 2
∥∥∥y1t − πα,β,λ

I1,M1
y1t + y1 − πα,β,λ

I1,M1
y1
∥∥∥2
I1

+2
∥∥∥πα,β,λ

I1,M1
(V1

2y
1 − V1

2Y
1)
∥∥∥2
I1

≤ 2(D1 +D2),

∥e′n + en∥2In ≤ 2 ∥ynt − πIn,Mn
ynt + yn − πIn,Mn

yn∥2In
+2 ∥πIn,Mn

(Vn
1 y−Vn

1 Y )+πIn,Mn
(Vn

2 y
n−Vn

2 Y
n)∥2In ≤ 2(D3 +D4),

(5.10)



An hp-Version Spectral Method 403

where

D1 =
∥∥∥y1t − πα,β,λ

I1,M1
y1t + y1 − πα,β,λ

I1,M1
y1
∥∥∥2
I1
, D2 =

∥∥V1
2y

1 − V1
2Y

1
∥∥2
I1
,

D3 = ∥ynt − πIn,Mn
ynt + yn − πIn,Mn

yn∥2In ,

D4 = ∥(Vn
1 y − Vn

1 Y ) + (Vn
2 y

n − Vn
2 Y

n)∥2In . (5.11)

Therefore, it is sufficient to estimate Dj , 1 ≤ j ≤ 4. First, for t ∈ I1, if
−1 < α < 0, −1 < β < 1

λ − 1, then we have that

(ω̃α,β,λ(t))−1 =
t1
λ

(
1−

(
t

t1

)λ )−α
(
t

t1

)−(β+1)λ+1

≤ ch1. (5.12)

According to (5.11), (5.12) and Lemma 1, we obtain that

D1

(5.11)

≤ 2
∥∥∥y1t − πα,β,λ

I1,M1
y1t

∥∥∥2
I1

+ 2
∥∥∥y1 − πα,β,λ

I1,M1
y1
∥∥∥2
I1

(5.12)

≤ ch1

∫
I1

(y1t − πα,β,λ
I1,M1

y1t )
2ω̃α,β,λ(t)dt+ ch1

∫
I1

(y1 − πα,β,λ
I1,M1

y1)2ω̃α,β,λ(t)dt

≤ ch2m1−1
1 M−2m1+2

1

∥∥∥∂m1−1
t {y1t (t

1
λ )}

∥∥∥2
ω̃α+m1−1,β+m1−1,1

+ ch2m1+1
1 M−2m1

1

∥∥∥∂m1
t {y1(t 1

λ )}
∥∥∥2
ω̃α+m1,β+m1,1

. (5.13)

We set

Ũk(t) = G(t, yk(t))−G(t, Y k(t)), t ∈ Ik, 1 ≤ k ≤ n. (5.14)

By (5.11), (5.14), (3.6) and the Cauchy-Schwarz inequality, we derive that

D2
(5.11)
=

∥∥V1
2y

1 − V1
2Y

1
∥∥2
I1

(5.14)
=

∫
I1

(∫ t

t0

(t− s)−µK(t, s)Ũ1(s)ds
)2

dt

C−S
≤ c

∫
I1

(∫ t

t0

(t− s)−µds
)(∫ t

t0

(t− s)−µ(Ũ1(s))2ds
)
dt

≤ ch1−µ
1

∫
I1

(Ũ1(s))2
(∫ t1

s

(t− s)−µdt
)
ds

(3.6)

≤ ch2−2µ
1 ∥e1∥2I1 . (5.15)

It is clear that each ek satisfies that{
e2k(tk)− e2k(tk−1) = 2

∫
Ik
e′k(t)ek(t)dt ≤ ∥ek∥2H1(Ik)

,

ek(tk−1) = ek−1(tk−1), e1(t0) = 0.
(5.16)

Summing up all these inequalities, we obtain

e2n−1(tn−1) ≤
n−1∑
k=1

∥ek∥2H1(Ik)
. (5.17)
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By virtue of (5.10), (5.13), (5.15) and (5.16) with k = 1, we can get that

∥e′1∥
2
I1

+ (1− ch2−2µ
1 ) ∥e1∥2I1

≤ ch2m1−1
1 M−2m1+2

1

∥∥∥∂m1−1
t {y1t (t

1
λ )}

∥∥∥2
ω̃α+m1−1,β+m1−1,1

+ ch2m1+1
1 M−2m1

1

∥∥∥∂m1
t {y1(t 1

λ )}
∥∥∥2
ω̃α+m1,β+m1,1

. (5.18)

We can find constants η1 and η2 such that

0 < η1 ≤ 1− ch2−2µ
n ≤ η2 < 1, 1 ≤ n ≤ N, (5.19)

then we may rewrite (5.18) as

∥e1∥2H1(I1)
≤ ch2m1−1

1 M−2m1+2
1

∥∥∥∂m1−1
t {y1t (t

1
λ )}

∥∥∥2
ω̃α+m1−1,β+m1−1,1

+ ch2m1+1
1 M−2m1

1

∥∥∥∂m1
t {y1(t 1

λ )}
∥∥∥2
ω̃α+m1,β+m1,1

.

On the other hand, according to Lemma 2, for any integer 1 ≤ mn ≤Mn+1,

D3 ≤ 2 ∥ynt − πIn,Mn
ynt ∥

2
In

+ 2 ∥yn − πIn,Mn
yn∥2In

≤ ch2mn−2
n M−2mn+2

n ∥∂mn
t yn∥2In + ch2mn

n M−2mn
n ∥∂mn

t yn∥2In
≤ ch2mn−2

n M−2mn+2
n ∥∂mn

t yn∥2In . (5.20)

By (5.11) and (2.2) we obtain that

D4 = ∥Vn
1 y − Vn

1 Y + Vn
2 y

n − Vn
2 Y

n∥2In ≤ 2 ∥D5∥2In + 2 ∥D6∥2In ,

where

D5 =

∫ tn−1

0

(t− s)−µK(t, s)(G(s, y(s))−G(s, Y (s)))ds,

D6 =

∫ t

tn−1

(t− s)−µK(t, s)(G(s, yn(s))−G(s, Y n(s)))ds.

Thus, by (3.6) and the Cauchy-Schwarz inequality, for 0 < µ < 1
2 , we obtain

that

∥D5∥2In =

∫
In

(∫ tn−1

0

(t− s)−µK(t, s)(G(s, y(s))−G(s, Y (s)))ds
)2

dt

C−S
≤ c

∫
In

(∫ tn−1

0

(t− s)−2µds
)(∫ tn−1

0

(G(s, y(s))−G(s, Y (s)))2ds
)
dt

≤ c

∫
In

t1−2µ
(∫ tn−1

0

(G(s, y(s))−G(s, Y (s)))2ds
)
dt

(3.6)

≤ c

∫
In

∫ tn−1

0

(y(s)− Y (s))2dsdt

≤ chn

∫ tn−1

0

(y(s)− Y (s))2ds ≤ chn

n−1∑
k=1

∥ek∥2Ik .
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Similar to the estimate of D2, we have that

∥D6∥2In ≤ ch2−2µ
n ∥en∥2In . (5.21)

By virtue of (5.10), (5.17), (5.19) and (5.20)–(5.21), we can deduce that

∥en∥2H1(In)
≤c

n−1∑
k=1

hn ∥ek∥2Ik +c
n−1∑
k=1

∥ek∥2H1(Ik)
+ch2mn−2

n M−2mn+2
n ∥∂mn

t yn∥2In

≤ c
n−1∑
k=1

(1 + hn) ∥ek∥2H1(Ik)
+ ch2mn−2

n M−2mn+2
n ∥∂mn

t yn∥2In .

Consequently, we obtain from Gronwall inequality that

∥en∥2H1(In)
≤c(1+hn)eT

(
h2m1−1
1 M−2m1+2

1

∥∥∥∂m1−1
t {y1t (t

1
λ )}

∥∥∥2
ω̃α+m1−1,β+m1−1,1

+ h2m1+1
1 M−2m1

1

∥∥∥∂m1
t {y1(t 1

λ )}
∥∥∥2
ω̃α+m1,β+m1,1

)
+ c(1 + hn)e

T
n−1∑
k=2

h2mk−2
k M−2mk+2

k

∥∥∂mk
t yk

∥∥2
Ik

+ ch2mn−2
n M−2mn+2

n ∥∂mn
t yn∥2In .

The proof is ended. ⊓⊔
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