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Abstract. The dimension reduction for the viscous flows in thin tube structures
leads to equations on the graph for the macroscopic pressure with Kirchhoff type
junction conditions in the vertices. Non-Newtonian rheology of the flow generates
nonlinear equations on the graph. A new numerical method for second order nonlinear
differential equations on the graph is introduced and numerically tested.
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1 Introduction and main definitions

The Newtonian flows in a network of tubes (tube structures) were considered
in [2,5,13,15,16,18,19]. These domains are finite connected unions of thin
cylinders (in the two-dimensional case, respectively, thin rectangles). Each
tube structure is represented by its graph: if the diameter of cross-sections of
cylinders tends to zero, then the tubes degenerate and "tend” to the edges of
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the graph. In the case of the stationary Navier-Stokes equations, set in a thin
structure, for the pressure one can derive second order ordinary differential
equations at the edges of the graph and some Kirchhoff-type junction condi-
tions at the nodes (see [2,13,15,17]). The Kirchhoff junction conditions were
introduced for some physiological applications in classical works [10, 11].

In the non-stationary case for the initial-boundary value problem for the
Navier-Stokes system, the equation on the graph becomes non-stationary and
non-local in time (see [19]). For the periodic in time setting, it was studied
in [20]. In [7], a linear stationary equation in an infinite fractal type graph is
considered.

Nonlinear equations on the graph are generated by the problems in thin
tube structures for viscous flows with non-Newtonian rheology. The case of
the Stokes equations with the shear rate dependent viscosity was considered in
the set of three papers [21,22,23], where the complete asymptotic expansion
of the solution was constructed (also see [3,4] for the Bingham law rheology
and [9] for the power law rheology). In particular, in [22] a nonlinear equation
on the graph is studied. Its unknown function is the macroscopic pressure
in the network of thin pipes. This problem is crucial for the construction of
asymptotic approximations of the solution of the Stokes type equation in tube
structures because it gives the leading term. These problems on the graph need
fast effective solvers. The present paper introduces a new numerical method of
its solution, formulates the convergence theorem and provides numerical tests.

Other one-dimension models for the blood flow applications were derived
from the general conservation laws in [6,12,25].

2 Thin tube structure and its graph

For the reader’s convenience we remind the definitions of the tube structure
and its graph given in [13].

DEFINITION 1. Let O1,0s,...,On be N different points in R”,n = 2,3, and
e1,es,...,epr be M closed segments each connecting two of these points (i.e.,
each e; = Oy, Oy, where ij, k; € {1,..., N},i; # k;). All points O; are supposed
to be the ends of some segments e;. The segments e; are called edges of the
graph. A point O; is called a node, if it is the common end of at least two
edges, and O; is called a vertex, if it is the end of the only one edge. Any two
edges e; and e; can intersect only at the common node. The set of vertices is

supposed to be non-empty.

Denote B = U}, e; the union of edges and assume that B is a connected
set. The graph G is defined as the collection of nodes, vertices and edges (see
Figure 1).

Let e be some edge, e = 0;0;. Consider two Cartesian coordinate systems
in R™. The first one has the origin in O; and the axis Oixge) has the direction of
the ray [0;0;); the second one has the origin in O; and the opposite direction,

ie. Oiige) is directed over the ray [O;0;).
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Figure 1. Graphs of tube structure.

Below, in various situations we choose one or another coordinate system
denoting the local variable in both cases by 2(¢) and pointing out which end is
taken as the origin of the coordinate system.

With every edge e; we associate a bounded domain ¢/ C R"~! containing
the origin O and having C*-smooth boundary do’,j = 1,..., M. For every
edge e; = e and associated 07 = o(®) we denote by 0'56) the set {x(e)' eR L

z(®) [e € o(e)}, and by 1% the cylinder ("tube”)
Ha(@) — {x(c) cR": a:ge) € (0, \e|),x(c)’/€ € O'(G)},

where (& = (287, .., 2{?), |e| is the length of the edge e and & > 0 is a small
parameter. Notice that the edges e; and Cartesian coordinates of nodes and
vertices O;, as well as the domains ¢, do not depend on e.

Let Oy,...,On, be nodes and Op,y1,...,On be vertices. Let wl,...,w
be bounded independent of & domains in R"; introduce the nodal domains
wl = {z e R": =9 ¢ i}

€

N

DEFINITION 2. By a tube structure we call the following domain (see Figure 2)

5. = ((Vj ) U(Q ).

Jj=

Suppose that it is a connected set and that the boundary 0B, of B, is C*-
smooth.

The fourth order smoothness of the boundary is required to prove the existence
of the solution to the non-Newtonian problem, see [23].

Consider a node or a vertex O; and all edges e; having O; as one of their
end points. We call a bundle of edges B; the union of all these edges, i.e.,
Bl = Uj20l€8]‘ej'

3 Motivation: a non-Newtonian flow in network of tubes

Let n = 2,3, v9, A > 0 be positive constants. Let v be a bounded C3-smooth
function R™"+1)/2 _ R such that for all y € R*(*+1)/2,

v(y)| < C, [VPu(y)| < C, B=1,2,3,
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Figure 2. Fluid flow tube structure.

where C' is a positive constant.
In the tube structure B, consider the steady state boundary value problem
for the non-Newtonian fluid motion equations

—div((vo + Av(%(v))D(v)) + Vp =0, =z € B,
divv =0, x€ B, (3.1)
v]oB, = €8,

where D(v) is the strain rate matrix with the elements d;; = (9% + g;f),
5 i

§(v) = (di12,d13, da3, d11, d2a, d33) if n =3 and §(v) = (di12,d11,d22) if n = 2.

Assume that the fluid velocity g at the boundary 0B. has the following
structure: g = 0 everywhere on 9B, except for the set /M1 +1 .. ~Y where
v =0B.Ndwl, j=N;+1,...,N,ie.,

g(x)|’y;: gj (((E - OJ)/E':) ‘7.57'7 J=Ni+1,..,N,
g(xﬂt)‘aBg\(Uf:Nl+17£) =0,

where g7 € H%/2(y7), 49 = e~1(yZ — O;) the corresponding dilated part of the
boundary, g € H>/?(0B.).

Let e = ep, be the edge with the end at the vertex O; and let 2(®) be the
Cartesian coordinates corresponding to the origin O; and the edge e, i.e., z(®) =
P (x — 0;), P is the orthogonal matrix relating the global coordinates
with the local ones z(¢). Denote g(®) = P(e)gi.

Let

Fi=c [ gle) n@)ds =< [ g (- 0;)/2) n(a)is
i 7
— en/ g_zl(y(e),)dy(e), — €nFj, J = Nl —+ 1)...,N,
’Yj

where n is the unit outward (with respect to B.) normal vector to 7, yle) =
29 /e, g7 (y®) = g/ ((P®)Ty(®) (here "T” denotes the transposition), F}
does not depend on . Assume the compatibility condition for the flow rates
Fjl Z;‘Izl F] =0.

An asymptotic analysis of this problem with small parameter ¢ leads to a
nonlinear elliptic problem on the graph [21,22,23]. The solution of this problem
determines the leading term of the pressure in problem (3.1).
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Let us introduce this problem on the graph.

4 Equation on the graph

For any edge e with associated cross-section o!? we introduce a function F @
€

such that

‘Fo_ée) () = /(e) vp, (z")da,

where vp, is a solution of the boundary value problem

—Ldive ((vo + A(3p(vp,)) Varvp,) =a, o' €0l (4.1)
VP, | gyt = 0.

If A = 0 then fgge) is a linear function, equal to K () Qs where K o o) is a positive
constant. For any A denote G_) (o) = F o (o) — K (o) QL.
Here 9p(vp,)=(3Vavp,,0,0) if n=2, ¥p(vp,)=(3Vyvp,,0,0,0,0) if n=3,
and « is a given pressure slope. In what follows, we omit the subscript e.
With the above notations, consider the following problem on the graph B:
given constants Fj, [ = N1 + 1,..., N, such that Zf\;Nlﬂ F; = 0 and constants

cj, 1 =1,...,Nq, (here, for any [ subscript, j is such that the edges e; have an

end point O;), find a function p which is affine with respect to x( J)

() = —a;2{ + a,
such that

9 ey — g )
PO (7o (= gt 41 )) =0 2l € o]e),

1 6%7

Z ‘F” ( (e; (0)):07 1:1,...,N1,
oo o (4.2)
Fo,(——7 a?(e] ( )=—F, l=Ni+1,..,N, O;€e,,
p(.’ﬂgej) = 0) —p(xgES) — 0) = Cljv ej : Ol c ej7 | = ]_7 .“7N1’
p(ON) =0.

The fourth condition means that the solution p may have prescribed jumps
cy; at the nodes O; € ej, | =1,..., Ny, so that for a fixed node O; at the ends
of different edges e; (when the local variable xlej) is equal to 0) the solution p
has its value which differs from the value of p at the end of the selected edge
es and the difference is equal to ¢;;. For the leading term ¢;; = 0, and so p is
continuous on the graph. However for the further terms ¢;; may be different
from zero.

Remark 1. In [21,22, 23] it is proved that for any oy > 0,C > 0 there ex-
ists Ag > 0 such that for |A| < A9, CG, is a contraction on the interval
[—ap, ap)], and there exists a solution to (4.2), unique in some ball Br = {q €

Math. Model. Anal., 28(4):581-595, 2023.
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Hoy (B), lallnm) < R}. Here H(B) is the space of functions defined on the
graph, belonging to Hl(ej) on every edge e; of the graph, and Ho, (B) is the
subspace of functions from H(B) vanishing at Op; the space H(B) is supplied
with the norm defined by the relation:

M
||Q||3{(B) = ZH‘ZH%{l(ejy
j=1

We will also consider the subspaces H'(B) of H(B) and H}, (B) of Ho, (B)
consisting of continuous on B functions, without gaps at the nodes.

The proof of the existence of the solution to problem (4.2) is based on the
fixed point method applied in some ball By in the space H(B). Every iteration
is related to the following linear problem.

For £, f{) € L2(e;), find p € H(B) such that

) (e ey ORY (
5 (50, O @) = 5 = P e (0 1ey),

_axﬁ‘*) 7 ol 6‘x§€f)
= Y ke O) == X A0, 1=1,., N,
e;:01€¢; 8 ej:01€e; (4.3)

ap .
_n[,j(a 5(0) = —Fi = f{)(0), 1=Ni+1,...,N, O€ej,

p(a!) —0) p(al) =0)=c;, e;:0€ej, 1=1,..,Ny,
(ON)—O

Let us describe a change of the unknown function p which allows to reduce
problem (4.3) to a problem of the same type but for an unknown function
continuous on the graph. Let ¢ be a C3-smooth function defined on [0, +00)
equal to zero on [0,1/6] and equal to one on [1/3,+00). Introducing on every

edge e; function (1 C( (e’)/|ej \))clj we change the unknown function p on the

edgee; (j#s)byp=p— (1-¢((x (ej)/\e]|))clj. We get for the new unknown
function p(®). Equation (4.3) with new right-hand sides

. . e of €;5) . - zled)
f(] ( (e5) ):fé J)(ng)) 1 (.I‘gj))—/ﬁgj|ej| 2<//( 1 )Clj-

(%vgej ) ;]

Function p is continuous on B and satisfies the following variational formulation:

M el % ) N
p €5 q €;j
> [ oy M(az& N —5dal™ + S Fia(0)
3=1 0 8xlj Oxy”’ I=N1+1 m
M1~ (at (e ple) (e 94 o Y
:Zf ) Ja(zy77) + f177(x177) (e))d )
Jj=1 0 Oxy”

for all ¢ € HY (B). Here

T @) = £ @8) = ko les| 72" (24 e ) ey
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It is supposed that the following compatibility condition holds:

)

d ey e, &
fo ‘ dxnz + E E =0.
I=N;+1

Mk

s
I
-

o

Treating the left-hand side of (4.4) as an inner product in the space Hp _(B)
and its right-hand side as a bounded linear functional we apply the Riesz the-
orem and prove that this problem admits a unique solution. Moreover, taking
the test function ¢ = p and applying the Cauchy-Buniakovsky-Schwarz in-
equality, we prove that there exists a constant Cz depending on B only, such
that

Ipllsucs) <Co (I follzees) + Illzecs)

Ny N-1 1/2
+y > el + (Y 1A ) (4.5)
i=1 j:e;:O;€ej ;e j=¢;, I=N1+1

For more details, see [17].

Remark 2. Note that if for any edge e, fée) =0 and fle) = const, then on each
edge e the solution p is an affine function.

5 Iterative methods to solve the equation on the graph

5.1 Classical fixed point method

Denote by H,(B) the subspace of H(B) consisting of functions linear at every
edge e. Consider the mapping £: Hp(B) N Bg — Hp(B) such that Lp is a
solution of the linear problem on the graph:

82£~p 0 ap (e5) (e5)
—Rj No ) g0j<_ ) (J,‘ ! )) , o€ (07 ‘e.'l)’
Jaxgej)z ~8m§61) ( 81‘§6J) 1 ) 1 J
oLp Op
— Z H‘]T(O) = — Z ggJ(_T(O)L l = 1, ...,Nl,
ej:OlE~ej 8.]31 J ej:01€e; 31‘1 J
oL 0
iy 5(0) = ~Ga, (- =5 (0)) = B, {=Ni+1,..,N, Oi€ej,
Oxy”’ Ox;”’
ép(wgej) =0)— Ep(xges) =0)=c¢j, €:01€e;, l=1,...,Ny,
,Cp(ON) =0.

This problem is an elementary iteration to solve problem (4.2).

Applying Remark 1, we get that there exists \p such that for all |A] < A,
L is a contraction in H(B) N Bg. Therefore, problem (4.2) can be solved by
the fixed point iterations converging for any initial approximation from Bp, for

Math. Model. Anal., 28(4):581-595, 2023.
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example, p° = 0. The iterations are defined as follows: p*t1 = Lp¥, i.e

a2pk+1 ) 3pk (e5) ()
—Kj—y3 = Go,(=—5@17) ), 217" €(0,]ej)),
J axgej)? 8 ( ( (9{1756'7) 1 ) J
akarl aplc
Z Kj (p)(o)zi Z gﬂj(i (e;) (0))5 lzlv"'lea
e;j:01€e; 8(E1 7 e;:01€e; a$1 7
apk+1 apk
—K}j x(ej) (O)Z—QUJ(—W(O))—F‘h l:N1+1,...,N, Ol 66]‘,
pk+1(x§ej)20) pE(z) (e )—0)—clj, ej:01€ej, l=1,..,Ny,
pk—H(ON) =0.

(5.1)
Each piecewise-affine function p € Hr(B) N B is in one-to-one correspondence
with the set of values of p in the ends of the edges e, so that (5.1) is equivalent
to a linear system of equations with inversible matrix M. So, it can be solved
by applying the LU-factorization of M (calculated only once for the whole
chain of iterations) and then solving the two standard triangular systems of
equations at each step of iterations. However, for large N and sparse matrix
M, the GMRES method for each iteration may be more effective.

5.2 Fixed point method with preconditioner

Consider a more robust iterative method: given a positive number 7 (further
called "artificial time”), calculate recurrently

& (p"tt —ph) d " (e ;
gt P - (R (S ), 2l € (0],
Oxy’ Oxy”’ Ox,”’
(phtl — ok Ik
-y K g y F 2 0), 1=,
e;:0,€e; Oxy” e;:01€e; Oz’
A(pkt+l — pk O
—Kjw(o):—T(fg](_%(o)) + Fl)al:Nl + 17 "'7N7 Ol € ¢y,
aflej 8xle]
pk+1(x§ej) =0) —pk“(a:ges) =0)=c¢j, €:0€e;, l=1,..,Ny,
pk+1<ON) = O.

(5.2)

Let us analyse for what values of 7 this method converges. Let A be a

positive constant such that CgG, () is a contraction with factor p. Let p be the

exact solution of problem (4.2). Then, evidently, the difference ¢* = p* — p is
a solution of the problem

82(gF+! — ¢ P op* . op e
—K;j ( )3 ) s (e,->( ;(= (e,->(“’Cg J)»_E’J(_T(ch J))))’
9z,7 Oxy”’ Oxy” Oxy”
21 € (0, |e;)),
Ag"1—q") ort

0
S (0) = Fo, (—— 5 (0))),

- X K O)=—7 X (Fo,(=
J ( : al‘ge] al’ge])

e
e;:01€e; 8.’175 i) e;:0€e;
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l: 17...’;]\{1, k &
+1 _

_Kja(qi(e)q)(()) = _T(j_-'a]_(— al()eb) (0)) - fgj(_ 8(22) (0)))7
8:E1 ’ . axl ! axl ’

l=Ny+1,...,N, 0166]7
g+ (2 )—0) (2 =0)=0, ;:0,€ej, I=1,..., Ny,

k+1(ON) _ O
ie.,
(gt — (1 —1)¢* 0 op* .
AR Ll o (e )
aa -J 8 J 8x1 J
p €j P]
o (e @ #), 2l € (0,le;),
8 qk+1 1—71 qlc apk
S ((e‘) Doy —r v (Go, (-5 (0))
e;:01€e; 5 axl 7 e;:01€e; 8351 /
P
_gaj(_a (ej)( )))) l 17 7N17
1
9" — (1-1)d") ap* p
—hy - (0)_ Tgtfj(_ .())_gdj( ()) y
! ox 561 ) ( or gej ) ox ﬁeﬂ ) )
Il=N1+1,...N, O € ey,
(@4 = (1=7)¢") (") = 0) = (¢ = (1= 7))@} = 0) =0,
ej:01€ej, l=1,..., Ny,
(@' = (1= 7)¢")(On) = 0.

Applying for ¢¥+1—(1—7)¢" the estimate (4.5) and taking into consideration
that CgG is a contraction with the contraction factor p, we get

op* e Op e;)
16541 = (1= 7)¢ sy SCBTNGa, (——5 (217)) = G, (=5 (21) | £2(8)
Oxy”’ 0xy”’

SPT||qk||L2(B)

Therefore,

1" sy < (1= Dlld" 1) + Tolld" 25)-

Note that for sufficiently small A\, we have p < 1. In this case, sequence (5.2)
converges to the exact solution to problem (4.2) due to Banach’s fixed point
theorem.

The choice of parameter 7 can be optimized to ensure the fastest conver-
gence rate if some additional information on the spectrum of the linearized
problem is known (see, for instance, [1], Chapter VI; [26], Section 5.8; or [14],
Section 1.1.1).

6 Numerical experiments

To illustrate the implementation of the iterative method and to test its ac-
curacy, it was investigated for two graph examples. To describe the flow, we

Math. Model. Anal., 28(4):581-595, 2023.
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consider a real life blood rheology corresponding to the non-Newtonian Carreau
law [8]

Vo 4+ Av(¥) = 0.00345 + 0.05255(1 + (3.313+)%) 73216 P . s,

To define the function F (), we assume that the cylinders of the tube

structure have a round shape of cross-sections, so that o§e) is a disk. To get
this relation, one should solve problem (4.1) for all a on the cross-section of
each tube. Instead, we provided the direct COMSOL 3D simulation of the non-
Newtonian flow through a cylindric tube of the length 0.1 m and diameter 0.01
m for a set of values of a. On the lateral boundary of the cylinder, the no-slip
boundary condition was set, while on the inflow and outflow the normal velocity
corresponding to the given flux was defined. We found out that F ) () can
be approximated as follows: :

Fo(a) =3.3372-10710 . o1 4104p3 /s,

Surface: Velocity magnitude (m/s)

107
25

x
02
10
20
15
g

10
0 5
0.4

0.4

o
Figure 3. Level surfaces of the velocity in a tube.

In Figure 3, one can see that the level surfaces of the velocity are parallel
everywhere except for the small zones near the bases of the cylinder (boundary
layer zones). The smallness of the boundary layer zones confirms the asymp-
totic analysis developed in [23] in the case when the thin tube structure is
presented by one thin cylinder. According to this analysis on the cross-section
in the middle of the tube, we obtain the solution of the corresponding problem
(4.1). Figure 4 shows the computed relation between the flux and the pressure
slope for several values of the pressure slope.

To fit it for a tube o, with diameter equal to 0.01e m, the following property
(see [22]) is employed:

Fo.(x) = " Fp(ex).
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F(a)

Figure 4. Curve flux/pressure slope. Continuous line corresponds to the interpolation,
while the dashed line is defined by the least square method.

6.1 A simple graph example

First, the iterative algorithm was tested for a model example pictured in Fig-
ure 5.

05 o O
e
01 o O .
4
€5
05 % 0

Figure 5. First graph example with 6 nodes/vertices O; and 6 edges e;.

The diameters of the vessels are assumed to be equal to 1073 m and their
lengths to 1072 m. For realistic fluxes, the following boundary conditions
are used: Ff = —3.75-7-107% Ff = 1.25-7-107%, F§ = 2.5- 71078,
F§ =F5 =Ff =0.

Table 1 below shows values of nodes/vertices O; computed with the iterative
algorithm. An exact solution is presented as well, which was found using the
MATLAB nonlinear equations solver Fsolve. Note that these results are subject
to one predetermined unknown (O; in this case), which is required for a unique
solution to exist.

6.2 A realistic graph example

Next, the iterative algorithm was tested on a realistic graph of blood vessels.
A segment of network from [24] was used with realistic lengths, while the di-
ameters were simplified to all equal 10™* m. Figure 6 below depicts the graph
of this vessel network.

Math. Model. Anal., 28(4):581-595, 2023.
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Table 1.  Values of graph points O; for the first example. The ”Exact” line gives the
solution found with MATLAB nonlinear equations solver Fsolve, while others show results
acquired with the proposed iterative method. Here, equations were scaled by 100 and for
the optimal convergence rate, the step size in artificial time was taken equal to 1/22.

01 02 03 04 05 06
Exact 0 6.2919 9.6323 12,5292 10.6382 15.3639
Iteration 1 0 5.3550 7.7350 9.5200 8.3300 11.9000
Iteration 2 0 6.4484 9.7529 12.4238 10.6490 15.3893
Iteration 3 0 6.2588 9.6151 12.4800 10.5902 15.3149
Iteration 4 0 6.2987 9.6445 12.5373 10.6412 15.3669
Iteration 5 0 6.2906 9.6326 12.5289 10.6357 15.3613
Iteration 6 0 6.2922 9.6331 12.5299 10.6382 15.3638
Iteration 7 0 6.2919 9.6324 12.5293 10.6381 15.3637
Iteration 8 0 6.2920 9.6323 12.5292 10.6382 15.3639
Iteration 9 0 6.2919 9.6323 12,5292 10.6382 15.3639
Iteration 10 0 6.2919 9.6323 12.5292 10.6382 15.3639

Figure 6. Second graph example with 23 nodes/vertices O; and 24 edges e;.

All values of Ff were taken zero, except for Ff = —8r - 10716, Fs =
3-m-107 F§ =1.5-7-10716, Ff, =4-7-107'7 and F§, = 3-m-10716. The
iterative algorithm was used to acquire values of O;, ¢ = 2,...,23. The results

are presented in the following Table 2.

7 Conclusions

The paper introduces and analyses the convergence of numerical methods to
solve a nonlinear equation on the graph appearing in the modeling of non-
Newtonian flows in thin tube structures. The real life rheology for the blood
flow in a realistic network of blood vessels is simulated. In future, we intend
to study numerically the influence of the choice of the parameter 7 on the
convergence rate and its optimization.
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Table 2. Values of graph points O; for the second example. The ”Exact” column gives the
solution found with MATLAB nonlinear equations solver Fsolve, while others present results
acquired with the proposed iterative method. Here, equations were scaled by 10 and the
step size in artificial time was taken equal to 1/58.

Exact TIter. 1 Iter. 2 TIter. 3 Iter. 5 Iter. 10

01 0 0 0 0 0 0
O2 0.0825 0.0856 0.0824 0.0829 0.0834  0.0834
O3 0.1704 0.1641 0.1736 0.1699 0.1715 0.1715
O4  0.2479 0.2253 0.2528 0.2473  0.2490 0.2491
Os 0.3108 0.2750 0.3172 0.3102 0.3121 0.3121
Og  0.3420 0.2994 0.3488 0.3414 0.3433 0.3433
O7 0.3290 0.2819 0.3308 0.3272 0.3302 0.3303
Og 0.3669 0.2963 0.3593 0.3625 0.3681 0.3684
Og9 0.3924 0.3126 0.3832 0.3878 0.3936 0.3939
O10 0.3507 0.2858 0.3447 0.3470 0.3521 0.3523
O11 0.3362 0.2763 0.3316 0.3330 0.3376 0.3379
O12 0.3442 0.2798 0.3375 0.3401 0.3455 0.3459
O13  0.2930 0.2467 0.2910 0.2906 0.2946 0.2948
O14 0.2553  0.2207 0.2555 0.2535 0.2570 0.2572
O15 0.2298 0.2037 0.2310 0.2284 0.2313 0.2315
O16 0.1916 0.1783 0.1941 0.1908 0.1929 0.1929
O17 0.2530 0.2197 0.2552 0.2527 0.2560 0.2562
O18 0.2516 0.2190 0.2550 0.2523 0.2555 0.2556
O19 0.2501 0.2183 0.2548 0.2517 0.2548 0.2549
Oz 0.2917 0.2508 0.2969 0.2933 0.2964  0.2966
O21 0.2082 0.1852 0.2117 0.2095 0.2120 0.2120
O22 0.1663 0.1520 0.1686 0.1673 0.1691 0.1691
O23 0.1244 0.1188 0.1255 0.1251 0.1262 0.1262
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